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STRATEGY: RECURSIVE METHOD

@ Step 1: Find a recursive decomposition of each object in your
class

@ Step 2: Write functional equations which characterise the
generating function F(7)

o Step 3: Solve the functional equations
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STRATEGY: THETA FUNCTION METHOD

@ Step 1: Find a recursive decomposition of each object in your
class

@ Step 2: Write functional equations which characterise the
generating function F(7)

o Step 3: Solve the functional equations using theta functions!
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PROBLEMS SOLVABLE WITH THETA FUNCTIONS

@ Quadrant walk models with small steps (all D-algebraic cases)
(Bernardi, Bousquet-Mélou, Raschel)

Square lattice walks weighted by winding number (Budd)

Six vertex model on 4-valent maps (Kostov/Bousquet-Mélou,
E.P., Zinn-Justin)

height functions on quadrangulations NEW'!

Properly coloured triangulations NEW! (Previously shown to be
D-algebraic by Tutte)

Triangular lattice walks by winding number NEW!
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LAST TIME: THE THETA FUNCTION

Definition: For 7,z € C, im(7) > 0,

War)= Y (—1yeF) it
=23 (=i e in (204 1)2)
n=0

8

eWTTi (eiz _ e—iz) (1 _ errTnH-Ziz) (1 . 627r7'ni—2iz) (1 _ eZTr‘rm')

n=1

Useful facts for fixed 7:
° 19(_2¢ 7—) = _19(177_)
e V(z+m1)=—-9z,7T)
° V(z+ 7T, 7) = —e 2TTTY(z, T)
@ Roots of ¥(z, 7) form the lattice 7Z + 777
e All elliptic functions f(z) with periods 7 and 77 can be written as
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LAST TIME: THE THETA FUNCTION

Useful facts for fixed 7:
o J(—z,7)=—0(z,7)
e Jz+m,1)=—0(z,7)
@ V(z+ 7T, 7) = —e 2TTTY(z, T)
@ Roots of ¥(z, 7) form the lattice 7Z + 777

@ All elliptic functions f(z) with periods 7 and 7 can be written as

Other useful facts:
o 429(z,7) =9"(z,7)

e J(z,7) is differentially algebraic (in both variables)
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LAST TIME: CONFORMAL PARAMETRIZATIONS
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LAST TIME: CONFORMAL PARAMETRIZATIONS
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LAST TIME: CONFORMAL PARAMETRIZATIONS

9(z,27)° o—Q7
COGtai2r)d(z—aiar) 1« TT +7T
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Today (Part 2): Quadrant walks with
small steps
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KREWERAS PATHS

Q(X, y) = Q [ X y Z Z t#stepsxayb'

a,b=0  paths from
(0,0) to (a,b)
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KREWERAS PATHS

Qz,y)= 1
+

rytQ(z,y)

+

/-_\ ’ %(Q(xvy) - Q(an))
+
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KREWERAS PATHS

The generating function Q(¢,x,y) = Q(x, y) is characterised by
0(x.y) = 1410 y)+1 (Q(x.) = Q0.3)+ | (0(x.3) - 0(x.0)).

Aim: Solve this equation
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KREWERAS PATHS

The generating function Q(¢,x,y) = Q(x, y) is characterised by
0(x.y) = 1410 y)+1 (Q(x.) = Q0.3)+ | (0(x.3) - 0(x.0)).

Aim: Solve this equation using theta functions!
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QUADRANT WALKS

More generally: Take a step set S C {—1,0, 1}? and write
Ps(x, y) Z A1yt
(ij)es
The generating function Qs(#,x,y) = Q(x,y) is characterised by

ny(x,y) =Xxy+ tPS(x7y)Q(xay) - tPS(O7y)Q(Ovy)
— tPs(x,0)0(x,0) + tPs(0,0)Q(0,0).
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QUADRANT WALKS

More generally: Take a step set S C {—1,0, 1}? and write
Ps(x,y) Z PaRNAS
(ij)es
The generating function Qs (¢, x,y) = Q(x,y) is characterised by
xyQ(x,y) = xy + tPs(x,y)Q(x,y) — 1Ps(0,y)Q(0, )
- tPS('x7 O)Q(X, 0) + tPS(O7 O)Q(O’ 0)
Solving:
@ Fix t < 1/9 and think of Q(x,y) as an analytic function of x,y
(the series converges for |x|, [y| < 1).
e Kernel method: write K(x,y)Q(x,y) + R(x,y) = 0. Then
whenever K (x,y) = 0, we have R(x,y) = 0.
K(x,y) = xy — tPs(x,y),
R(xa y) =Xy — tPS(an)Q(O’y) - l‘Ps(X, O)Q(xa O) + tPS(Ov O)Q(07 0)
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Part 2a: Elliptic parameterisation of
K(x,y)=0
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QUADRANT WALKS: PARAMETERIZING K(x,y) =0

Write K (x,y) = A(x)y* + B(x)y + C(x), then

_ —B(x) £ \/B()c)2 —4A(x)C(x)
Yx) = 2A(x)

parameterizes K (x, Y(x)) = 0. Typically, Y, (x) is meromorphic on:
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QUADRANT WALKS: PARAMETERIZING K(x,y) =0

Write K (x,y) = A(x)y* + B(x)y + C(x), then
_ —B(x) £ \/B(x)? — 4A(x)C(x)
Y = 2A(x)

parameterizes K (x, Y(x)) = 0. Typically, Y, (x) is meromorphic on:
A

T X9 €3 54
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QUADRANT WALKS: PARAMETERIZING K(x,y) =0

Write K (x,y) = A(x)y* + B(x)y + C(x), then
_ —B(x) £ \/B(x)? — 4A(x)C(x)
Y = 2A(x)

parameterizes K (x, Y(x)) = 0. Typically, Y, (x) is meromorphic on:
A

7
.—.ﬂ. + 7!'27'

&

T1 T3 L3 54 <
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0

5
=

o —F— 0 s
T+ 5

=
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0
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Theta functions in enumerative combinatorics Week 2: Quadrant walks Andrew Elvey Price
S
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0

~

. .
/ .
1 [
4 ]
3 ]
] 1
' ]
A ’
A 4
-~ .

Seme’

Andrew Elvey Price

Theta functions in enumerative combinatorics Week 2: Quadrant walks
S




QUADRANT WALKS: PARAMETERIZING K(x,y) = 0
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0
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QUADRANT WALKS: PARAMETERIZING K(x,y) = 0

s T+TT
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QUADRANT WALKS: PARAMETERIZING K(x,y) =0

 IT T+7TT |7T + 7T2i
X 1 2 1
X(0) X (=47) é © S
X(3) X (%) ' '
o——o—0
0 g s

By symmetry, for r € R:
e X(r)=X(m—r)=X(-r)

o X('F +r)=X(5 —r)
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QUADRANT WALKS: PARAMETERIZING K(x,y) =0

I T+7T |7T+ %
X(z 1 2 1
X(0) X (=) < © i ? J
- — @ > i 3
X (3) X (%) ' '
s
0 7 ™

Forz € C:
° X(z2) =X(m—z) =X(—2)
@ X(z) =X(nt —2)
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QUADRANT WALKS: PARAMETERIZING K(x,y) =0

 IT T+7T v + %
X(z 1 2 1
X(0) X (=) * ' ? '
- — @ > ' '
x(3) % < : :
o l‘fr ¢
0 7 s

Forz € C:
0 X(z2) =X(m—2) =X(—z) =X(n7 +2)
° X(z) =X(71 —2)
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QUADRANT WALKS: PARAMETERIZING K(x,y) =0

A

Q@ T
T merr N T2

2 12 .
X() X (=) {(( b S
— —e —e > ! !
x(3) X (%) ' '
*——00—0

0 g by
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QUADRANT WALKS: PARAMETERIZING K(x,y) =0

S ¢ U+ T
X(z 12 =
X(0) X (=77) é © s : ]
— o —=0 —0—0 > i 3
X(3) X(5) E 3
*r——o—e
0 T 71'

Recall:

_ —B(x) £ V/B(x)2 — 4A(x)C(x)
y(x) 240 _
Consider Y(z) = y(X(z)). By symmetry, for r € R:

e X(r)=X(—r),s0Y(r)+Y(—r) = _%.

e Similarly, Y (% + r) +Y (% _ r) w
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QUADRANT WALKS: PARAMETERIZING K(x,y) =0

M e LS
X(0) X (=5) é o ; Lo ;
x(3) X (F) ; ;
o %

Recall:

Consider Y(z) = y(X(z)). For z € C:
° Y(z)+Y(—2) = —ggg;

B(X(2))

AX(@)
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QUADRANT WALKS: PARAMETERIZING K(x,y) =0

y IT Y Tt
X(z 1 2 '
X(0) X (=77) é © s : ]
e &—0 > i 1
X(3) X(F) ' '
o—o—¢
0 s s

Forz € C:

° Y(0) +¥(~2) = ~ 153}

0 Y(2)+Y(rr—2) = fgg)
SoY(z) =Y(z+nT)=Y(z+m)

Pz — ) (z—9)
cﬁ(z—e)ﬁ(z—’y—(ﬂ—e)'
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PARAMETERIZATION OF K (x,y)

Equation characterising Q(x,y) = Q(t, x, y) for quadrant walks:
K(x,y)Q(x,y) + R(x,y) = 0.
K(x,y) = 0 is parameterised by

V(z — a1)d(z— p)
Iz =)z~ d1)

Iz — ap)¥(z — Ba)
Iz —7)0(z— )’

where the constants satisfy a; + 8; = ; + 0; forj = 1, 2.
So, R(X(2), Y(z)) = 0.

X(z) =c1

and Y(z) =
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Part 2b: Solution for Kreweras paths

{
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KREWERAS PATHS

In general: K(x,y) = 0 is parameterised by

. Pz —oq)d(z— Br)
Y0z = m)0(z - o)

with o + j = v; + d; forj = 1,2.

Yz — )V (z — Ba)
29z — )0z — &)’

X(z) = and Y(z) =c
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KREWERAS PATHS

For Kreweras paths:
0(x,y) = 1+91Q(x,y)+1 (0(x.5) = Q0. ))+ | (0(x.y) ~ 0(x.0)).

Then K(x,y) = xy — tx’y? — tx — ty = 0 is parameterised by

Wz —a1)d(z— Br) Uz — )iz — Bo)
Wz —v1)Hz— ) Yz —7)0z— &)’

with o + ; = v; + d; forj = 1, 2.

X(z) = c and Y(z) =
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KREWERAS PATHS

For Kreweras paths:
0(x,y) = 1+91Q(x,y)+1 (0(x.5) = Q0. ))+ | (0(x.y) ~ 0(x.0)).

Then K(x,y) = xy — tx’y? — tx — ty = 0 is parameterised by

Wz —a1)d(z— pr) Vz — a2)d(z — Ba)
Wz =71)0(z =) Wz =)z —02)’
with o + ; = v; + d; forj = 1, 2.

e K(0,0) =0, s0 WLOG o = o, = 0.

X(z) = c and Y(z) =
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KREWERAS PATHS

For Kreweras paths:
0(x,y) = 1+91Q(x,y)+1 (0(x.5) = Q0. ))+ | (0(x.y) ~ 0(x.0)).

Then K(x,y) = xy — tx’y? — tx — ty = 0 is parameterised by
¥(2)(z — br) V(2)9(z — P2)
Wz — 1)z — 01) Iz — 1) (z— )’

with o + ; = v; + d; forj = 1, 2.
e K(0,0) =0,s0 WLOG o = ap = 0.

X(z) = ¢ and Y(z) =
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KREWERAS PATHS

For Kreweras paths:

0(x,y) = 191005, ) 4+ (0(x,) = (0, (0(x,y) = 0(x,0)).

Then K(x,y) = xy — tx’y? — tx — ty = 0 is parameterised by
¥(2)(z — br) V(2)9(z — P2)
(2) = Wz — 1)z — 01) an (2) C219(z — ) (z— )’

with o + ; = v; + d; forj = 1, 2.
e K(0,0) =0,s0 WLOG o = ap = 0.

@ asx — 0, we have y(x) ~ —x or y(x) ~ —é, so Y(z) has a
double pole at z = f;.
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KREWERAS PATHS

For Kreweras paths:
0(x,y) = 1+91Q(x,y)+1 (0(x.5) = Q0. ))+ | (0(x.y) ~ 0(x.0)).

Then K(x,y) = xy — tx’y? — tx — ty = 0 is parameterised by

1 I(2)0(z — B) V(2)9(z — B2)
Iz — )9z — 1) Iz —p1)?
with o + ; = v; + d; forj = 1, 2.
e K(0,0) = 0, 50 WLOG ay = a = 0.

@ asx — 0, we have y(x) ~ —x or y(x) ~ —é, so Y(z) has a
double pole at z = f;.

X(z) = and Y(z) =
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KREWERAS PATHS

For Kreweras paths:
0(x,y) = 1+91Q(x,y)+1 (0(x.5) = Q0. ))+ | (0(x.y) ~ 0(x.0)).

Then K(x,y) = xy — tx’y? — tx — ty = 0 is parameterised by

V(2)0(z — B) V(z)V(z — 2p1)
Iz —7)9(z— 1) Iz—p1)?
with o + ; = v; + d; forj = 1, 2.

e K(0,0) = 0, 50 WLOG ay = a = 0.

@ asx — 0, we have y(x) ~ —x or y(x) ~ —é, so Y(z) has a
double pole at z = f;.

X(z) = c and Y(z) =
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KREWERAS PATHS

For Kreweras paths:
0(x,y) = 1+91Q(x,y)+1 (0(x.5) = Q0. ))+ | (0(x.y) ~ 0(x.0)).

Then K(x,y) = xy — tx’y? — tx — ty = 0 is parameterised by

J(2)9(z — A1) (2)0(z — 25)
Iz —7)9(z— 1) Hz—P1)?
with o + ; = v; + d; forj = 1, 2.

e K(0,0) =0, s0 WLOG o = o, = 0.

@ asx — 0, we have y(x) ~ —x or y(x) ~ —é, so Y(z) has a

double pole at z = f;.
e Similarly: X(z) has a double pole at z = 3, = 20;.

X(z) = c and Y(z) =
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KREWERAS PATHS

For Kreweras paths:
0(x,y) = 1+91Q(x,y)+1 (0(x.5) = Q0. ))+ | (0(x.y) ~ 0(x.0)).

Then K(x,y) = xy — tx’y? — tx — ty = 0 is parameterised by

‘o J(2)9(z — Bi) 9(2)0(z — 281)
Iz + B1)9(z — 2/1) Hz—P1)?
with o + ; = v; + d; forj = 1, 2.
e K(0,0) =0, s0 WLOG o = o, = 0.
@ asx — 0, we have y(x) ~ —x or y(x) ~ —é, so Y(z) has a
double pole at z = f;.
e Similarly: X(z) has a double pole at z = 3, = 20;.

X(z) = and Y(z) = ¢

Theta functions in enumerative combinatorics Week 2: Quadrant walks Andrew Elvey Price




KREWERAS PATHS

For Kreweras paths:
0(x,y) = 1+91Q(x,y)+1 (0(x.5) = Q0. ))+ | (0(x.y) ~ 0(x.0)).

Then K(x,y) = xy — tx’y? — tx — ty = 0 is parameterised by

N 9(2)9(z — B1) ¥(z)9(z — 261)
Iz + B1)9(z — 2/1) dHz— 1)
with o + ; = v; + d; forj = 1, 2.
e K(0,0) = 0, s0 WLOG a; = ay = 0.
@ asx — 0, we have y(x) ~ —x or y(x) ~ —é, so Y(z) has a
double pole at z = f;.
e Similarly: X(z) has a double pole at z = 3, = 20;.
e So3p8; =nT.
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KREWERAS PATHS

For Kreweras paths:
0(x.y) = 1+910(x. )+ (0(x.3) = Q(0.9) 1 (Q(x.y) ~ 0(x.0)).

Then K(x,y) = xy — tx*>y? — tx — ty = 0 is parameterised by

D)y 2 e )
9 (z+ )0 (z— 57) 4 rg=e 9 (z— =)

with o + 3; = ~; + ¢ forj = 1,2.
@ K(0,0) =0,s0 WLOG o) = a; = 0.
@ asx — 0, we have y(x) ~ —xor y(x) ~ — %, s0 ¥(z) has a
double pole at z = j;.
e Similarly: X(z) has a double pole at z = 5, = 2[3;.
e So3p8; =mnrT.
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KREWERAS PATHS

For Kreweras paths:
0(x.y) = 1+1Q(x. )+ (Q(x.) ~ Q0.3))+ | (0(x.3) ~ 0(x.0)).

Then K(x,y) = xy — tx*y? — tx — ty = 0 is parameterised by

920 (z — =)
V(24 %) 9 (= - 57

I(z)9 (z+ %T)
0 (=) (e +57)

X(z) =c1 and Y(z) =
with o + 8; = v + ¢ forj = 1, 2.
e K(0,0) = 0, s0 WLOG a; = ay = 0.
e asx — 0, we have y(x) ~ —x or y(x) ~ — %, 50 ¥(z) has a
double pole at z = ;.
e Similarly: X(z) has a double pole at z = /5, = 2/3;.
e So3p3 =nT.
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KREWERAS PATHS

For Kreweras paths:
0(x.y) = 1+1Q(x. )+ (Q(x.) ~ Q0.3))+ | (0(x.3) ~ 0(x.0)).

Then K(x,y) = xy — tx*y? — tx — ty = 0 is parameterised by

920 (z — =)
V(24 %) 9 (= - 57

I(z)9 (z+ %T)
0 (=) (e +57)

X(z) = ¢ and Y(z) =
with o + 8; = v + ¢ forj = 1, 2.
e K(0,0) = 0, s0 WLOG a; = ay = 0.
@ asx — 0, we have y(x) ~ —x or y(x) ~ —x%, so Y(z) has a
double pole at z = ;.
e Similarly: X(z) has a double pole at z = /5, = 2/3;.
e So3p3 =nT.
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KREWERAS PATHS

For Kreweras paths:
0x.y) = 14+1Q(xry)+1 (Q(x.) = Q0.3)+ | (0(x.y) - 0(x.0)).

Then K (x,y) = xy — tx*y> — tx — ty = 0 is parameterised by

T (- ) 99 e+ )
e G i TSy ey

X(z) =

with o + Bj = v + dj forj = 1,2.
e K(0,0) = 0, s0 WLOG a; = a = 0.
@ asx — 0, we have y(x) ~ —x or y(x) ~ —x%, so Y(z) has a
double pole at z = f;.
e Similarly: X(z) has a double pole at z = 3, = 20;.
e So3p8; =7nT.
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CHANGE OF VARIABLES

Then K (x,y) = xy — tx*y> — tx — ty = 0 is parameterised by

4rTi
e 5 9(z,37)9 (z —77,37)
A2) = d Yz)=X
© Y (z+77,37) 0 (z — 277, 37) an (2) (z+77),
where
P 1
X(@)Y () + X&)+ ¥ ()
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CHANGE OF VARIABLES

Then K (x,y) = xy — tx*y> — tx — ty = 0 is parameterised by

_4wTi

e 3 ¥z,37)0 (z — 77, 37)

X(z) = L v x
) Y (z+ w7, 37) 9 (z — 277, 37) an (2) (z+7T),
where
t — 19/(07 37)
= e 3 '
4i(n7, 37) + 69/ (77, 37)
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CHANGE OF VARIABLES

Then K (x,y) = xy — tx*y> — tx — ty = 0 is parameterised by

4mTi
e 5 9(z,37)d (2 — 77, 37)
X(z) = 4 7o) —x
) Y (z+ w7, 37) 9 (z — 277, 37) an (z) (z+77),
where

i ¥(0,37)
- 4id(77, 37) + 69 (7, 37)
Now: Ast — 0, we have 7 — ioo.

t=e
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KREWERAS PATHS: DETERMINING Q(x,0) AND Q(0,y)

Recall: Q(x,y) is characterised by
K(x,y)Q(x,y) = R(x,),

where
K(x,y) =xy — Xy’ —x — ty
R(x,y) = xy — 90(0,y) — xQ(x,0).
Since K(X(z),Y(z)) =0,
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KREWERAS PATHS: DETERMINING Q(x,0) AND Q(0,y)

_4mTi

Recall:
X(2) = e 3 9z,37)0 (z — 77, 37)
9 (z+77,37) 9 (z — 277, 37)
Aim: Solve for Q(x,0) and Q(0,y) using

X(2)Y(z) —1Y(2)Q(0, Y (2)) — X(2)Q(X(2),0) = 0.

and Y(z) =X(z+77)
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KREWERAS PATHS: DETERMINING Q(x,0) AND Q(0,y)

_4mTi

Recall:
e 5 9(z,37)0 (z— 7T, 37)
X(@) = 9 (z+77,37) 9 (z — 277, 37)
Aim: Solve for Q(x,0) and Q(0,y) using
X(2)Y(z) —1Y(2)Q(0, Y (2)) — X(2)Q(X(2),0) = 0.
But what does Q(X(z),0) mean?

and Y(z) =X(z+77)
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KREWERAS PATHS: DETERMINING Q(x,0) AND Q(0,y)

_4mTi

Recall:
e 5 9(z,37)0 (z— 7T, 37)
X(z) = I (z+ 77,37) 9 (z — 277, 37)
Aim: Solve for Q(x,0) and Q(0,y) using
X(2)Y(z) —tY(2)0(0,Y(z)) — tX(z2)Q(X(z),0) = 0.

But what does Q(X(z),0) mean?
Recall: Q(x,0) converges for |x| < 1.

and Y(z) =X(z+77)

Theta functions in enumerative combinatorics Week 2: Quadrant walks Andrew Elvey Price
S




UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Poles and roots of X(z):

o o o
BT
x X x x x
PrT
o [ o o o
T
—@ o L 4 @ o
— T o0t 3
x X x x x
=TT
o o o

Theta functions in enumerative combinatorics Week 2: Quadrant walks

Andrew Elvey Price




UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Let 2 be the largest neighbourhood of 0 in which |X(z)| < 1.
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UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Let 2 be the largest neighbourhood of 0 in which |X(z)| < 1. For
z € Q, define A(z) = O(X(2),0). Then A(77 — z) = A(z).
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UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Let 2 be the largest neighbourhood of 0 in which |X(z)| < 1. For
z € Q, define A(z) = Q(X(z),0). Then A(n7 — z) = A(z).
Similarly, defining B(z) = Q(0, Y(z)) around z = 0 implies
B(—7nT — z) = B(2).

The equation becomes:

X(2)Y(z) — tX(2)A(z) — tY(z)B(z) = 0.
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UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Let 2 be the largest neighbourhood of 0 in which |X(z)| < 1. For
z € €, define A(z) = Q(X(2),0). Then A(77 — z) = A(z).
Similarly, defining B(z) = Q(0, Y(z)) around z = 0 implies
B(—7nT — z) = B(2).
The equation becomes:
X(2)Y(z) — 1X(2)A(z) — 1Y (2)B(z) = 0.
From K (X(z), Y(z)) = 0, we have

XY () 1 1 1
O =1~ 55~ 75
t X(z) Y(2)
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UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Let 2 be the largest neighbourhood of 0 in which |X(z)| < 1. For
z € €, define A(z) = Q(X(2),0). Then A(77 — z) = A(z).
Similarly, defining B(z) = Q(0, Y(z)) around z = 0 implies
B(—7nT — z) = B(2).
The equation becomes:
X(2)Y(z2) - 1X(2)A(z) — 1Y (2)B(z) = 0.
From K (X(z), Y(z)) = 0, we have

XY () 1 1 1
O =1~ 55~ 75
t X(z) Y(2)
Theta functions in enumerative combinatorics Week 2: Quadrant walks Andrew Elvey Price
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UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Let 2 be the largest neighbourhood of 0 in which |X(z)| < 1. For
z € €, define A(z) = Q(X(2),0). Then A(77 — z) = A(z).
Similarly, defining B(z) = Q(0, Y(z)) around z = 0 implies
B(—7nT — z) = B(2).

The equation becomes:

1 1 1
- — —— —— —tX(2)A(z) — tY(2)B(z) =0
XE T XA - @ER)
From K(X(z), Y(z)) = 0, we have
1 1 1
X@QYE) =~-— = — o~
O R E)
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UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Let 2 be the largest neighbourhood of 0 in which |X(z)| < 1. For
z € Q, define A(z) = Q(X(z),0). Then A(n7 — z) = A(z).
Similarly, defining B(z) = Q(0, Y(z)) around z = 0 implies
B(—7nT — z) = B(2).

The equation becomes:

1 1 1
- — —— —— —tX(2)A(z) — tY(2)B(z) =0
XE T XA - @ER)
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UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Let 2 be the largest neighbourhood of 0 in which |X(z)| < 1. For
z € Q, define A(z) = Q(X(z),0). Then A(n7 — z) = A(z).
Similarly, defining B(z) = Q(0, Y(z)) around z = 0 implies
B(—7nT — z) = B(2).

The equation becomes:

1 1 1
—— —— — —— —tX(2)A(z) — tY(z)B(2) =
R A RCLT
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UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Let 2 be the largest neighbourhood of 0 in which |X(z)| < 1. For
z € Q, define A(z) = Q(X(z),0). Then A(n7 — z) = A(z).
Similarly, defining B(z) = Q(0, Y(z)) around z = 0 implies
B(—7nT — z) = B(2).

The equation becomes:

1 1 1
———— —tY(2)B(z) = —— + tX(2)A(2).
v OB = g +XEAG)
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UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Let 2 be the largest neighbourhood of 0 in which |X(z)| < 1. For
z € Q, define A(z) = Q(X(z),0). Then A(n7 — z) = A(z).
Similarly, defining B(z) = Q(0, Y(z)) around z = 0 implies
B(—7nT — z) = B(2).

The equation becomes:

Q)= - IVEZ) Y (2)B() = X;Z) + X(RA().

From LHS: (z) = I(—7n7 — z). From RHS: I(z) = I(7T — 2).
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UNDERSTANDING Q(X(z),0) AND Q(0, Y(z))

Let 2 be the largest neighbourhood of 0 in which |X(z)| < 1. For
z € €, define A(z) = Q(X(2),0). Then A(77 — z) = A(z).
Similarly, defining B(z) = Q(0, Y(z)) around z = 0 implies
B(—7nT — z) = B(2).
The equation becomes:
10 = § = 75 ~ YOBE) = 55 + X(OAG),

From LHS: /(z) = I(—77 — z). From RHS: I(z) = I(77 — z).
Now I(z) has 7 and 277 as periods, so we can solve it:

1) = o2 d(mT,37) (19’(527') _V(z+7T21) i> 1

¥(0,37) \ ¥(z,21) Y (z+ 7T,27)

Then Q(x, 0) is given by

2t
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SOLUTION FOR KREWERAS PATHS

Recall: Q(x,0) is determined by

i ¥(0,37)

- 4id(7T,37) + 6/ (7T, 37)
e_yﬂ(z, 37)9 (z — 77, 37)
9 (z+7r,37) 9 (z — 277, 37)

(T, 37) (V(2,21) V' (z47T,2T) 1
I(Z)_e 3 19/(0’37_) ( — 1 +i.

2
1(z) 1
0(X(2),0)= X(z) X(2)?

t=e¢e

Hz,21) Hz+ 7T, 27)

All three have periods 677 and 7, so X(z) and Q(X(z),0) are
algebraically related.
Therefore: Q(x,0) is algebraic in x.
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SOLUTION AS FORMAL POWER SERIES

Recall: S o
Wz, 7)=e - T(ez’z,ez’”),
where -
T(u,q) =Y (=1)"q"" 2w —u).
n=0

More generally:

(mrT—22)i . .
19(/6) (Z, 7—) —e 2 ika(eZIz, eZwrr),

where
o0
T ) = 3 (1) (n + 10D (1)),
n=0
We can rewrite the solution using ¢ = ¢>™™ and u = %%
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SOLUTION AS FORMAL POWER SERIES

o0
Telu,q) = > (=1)" (20 + 1)qro D2 — (1)),
n=0
We can rewrite the solution using ¢ = ¢*™™ and u = %<

1/3 (1, q3)

—1 4T(q7 ) + 6Tl (q7 )
o— g2 L) T (u/g,. )
T (ugq,q) 9 (ug=2,43)

I(x) — q71/3 T(qaq ) < ( 7q2) Tl(”quz) - 1) + l

Tl(lvq ) (quz) T(”‘]qu) 2t
Q(X, 0): ISCC) - tx%
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Part 2c: Solutions for other quadrant
models
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SOLUTION IN GENERAL

Equation to solve:

O(x,y)K(x,y) = R(x,y),

where

R(x,y) = xy = P1(y)Q(0,y) — P2(x)Q(x,0) + ¢

@ K(x,y) = 0is parameterised by

Iz — a1)d(z— B)
Y0z =)0z — o)

V(z — )z — f)
Iz —12)0(z— )

X(z)=c and Y(z) =
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SOLUTION IN GENERAL

Equation to solve:

X(2)Y(z) = P1(Y(2))Q(0, Y(2)) — P2(X(2))2(X(2),0) +¢ =0

@ K(x,y) = 0is parameterised by

(z — a1)d(z — Bi1)

c Wz — an)¥(z — ()
Y9z =)0z — 1)

X = 0z )9 —0a)

and Y(z) =
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SOLUTION IN GENERAL

Equation to solve:

X(2)Y(z) = P1(Y(2))Q(0, Y(2)) — P2(X(2))2(X(2),0) +¢ =0

@ K(x,y) = 0is parameterised by
Iz — a)d(z— Bi) U(z — )iz — B2)
Dz —m)d(z - 1) Dz —n)d(z—02)
@ X(z) and Q(X(z),0) are fixed under z — a1 + 81 — z.
)

@ Y(z) and Q(0, Y() are fixed under z — as + 3 — z.
e Write A(z) = P2(X(z))0(X () 0) and

(z
B(z) = P1(Y(2))Q(0, Y(2)) —

X(z) =c¢ and Y(z) =
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SOLUTION IN GENERAL

Equation to solve:
X(2)Y(z) = A(z) + B(2)

@ K(x,y) = 0is parameterised by
Wz = a1)d(z = Bi) V(z = a2)d(z = B2)
Wz =m)d(z—61) Dz —n)d(z—02)
@ X(z) and Q(X(z),0) are fixed under z — a1 + 81 — z.
@ Y(z) and Q(0, Y(z)) are fixed under z — as + 3 — z.
e Write A(z) = P2(X(2))0(X(z ) 0) and
B(z) = P1(Y(2))Q(0, Y(2)) —

X(Z) = C]

and Y(z) =
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SOLUTION IN GENERAL

Equation to solve for A(z) and B(z):
X(2)Y(z) = A(z) + B(2)
where
Uz — )iz — Bi)
Pz =m)d(z—d1)

Iz — a2)¥(z — Ba)

X(z)=a Wz =)0z — )

and Y(z) =

@ X(z) and A(z) are fixed under z — oy + 31 — z.
@ Y(z) and B(z) are fixed under z — ap + 5 — z.
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SOLUTION IN D-FINITE CASES (1 + 81 — ap — 5y € m7Q)

Equation to solve for A(z) and B(z):
X(2)Y(z) = A(z) + B(2)
where
Uz — )iz — Bi)
Pz =m)d(z—d1)

Iz — a2)¥(z — Ba)
Iz —72)0(z— )

X(z) =c1 and Y(z) =

@ X(z) and A(z) are fixed under z — oy + 31 — z.
@ Y(z) and B(z) are fixed under z — ap + 5 — z.
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SOLUTION IN D-FINITE CASES (1 + 81 — ap — 5y € m7Q)

Equation to solve for A(z) and B(z):
X(2)Y(z) = A(z) + B(z)

(X(z) = X(a2+ 52— 2))Y(z) = Az) — A2 + B2 — 2)
where
Iz —a1)d(z— Br)
Yz — )%z — d)

V(z — a2)¥(z — B2)
Iz —72)0(z— )

X(z) =c and Y(z) =

@ X(z) and A(z) are fixed under z — oy + 81 — z.
@ Y(z) and B(z) are fixed under z — ap + 5, — z.
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SOLUTION IN D-FINITE CASES (1 + 81 — ap — 5y € m7Q)

Equation to solve for A(z) and B(z):
X(2)Y(z) = A(z) + B(z)

(X(z) = X(o2 + B2 —2))Y(2) = A(z) —A(ar1 + b1 —a2 — B2 + 2)
where

Iz —a1)d(z = Br)
Iz —71)9(z — d1)

V(z — a2)¥(z — B2)
Iz —72)0(z— )

X(z) =c and Y(z) =

@ X(z) and A(z) are fixed under z — oy + 81 — z.
@ Y(z) and B(z) are fixed under z — ap + 5, — z.
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SOLUTION IN D-FINITE CASES (1 + 81 — ap — 5y € m7Q)

Equation to solve for A(z):
(X(z) = X(a2 + B2 — 2))¥(2) = A(z) — Al + 1 — a2 — B2 + 2)

where

V(z—a1)d(z— B)

Iz — 1)z — 1)

Iz — a2)¥(z — Ba)
Iz —72)0(z— )

X(z) =1 and Y(z) =

@ X(z) and A(z) are fixed under z — oy + 31 — z.
@ Y(z) and B(z) are fixed under z — ap + 5 — z.
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SOLUTION IN D-FINITE CASES (1 + 81 — ap — 5y € m7Q)

Equation to solve for A(z):
(X(z) = X(a2 + f2 — 2))¥(2) = A(z) = A(ar + 1 —2 = B2 +72)

where X(z) and Y(z) have 7 and 77 as periods.
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SOLUTION IN D-FINITE CASES (1 + 81 — ap — 5y € m7Q)

Equation to solve for A(z):
(X(z) = X(a2 + f2 = 2))¥(2) = A(z) —Alar + i1 — a2 = B2 +2)

where X(z) and Y(z) have 7 and 77 as periods.
Since o) + 81 — ap — B € mTQ, we get:

F(z) = A(z) — A(nmT + 2),

where F(z) has periods 7 and 77.
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SOLUTION IN D-FINITE CASES (1 + 81 — ap — 5y € m7Q)

Equation to solve for A(z):
(X(z) = X(ap + 2 —2))Y(z) = A(z) — Ao + 81 —ap — B2 +2)

where X(z) and Y(z) have 7 and 77 as periods.
Since o) + 81 — ap — B € mTQ, we get:

F(z) = A(z) — A(nmT + 2),
where F(z) has periods 7 and 77.

Then U(z) = ‘2(—3 satisfies U(z + nn7) = U(z) — 1.

So the following all have 7 and 77 as periods:
U'(z), F(z), X(z) and Y (z)
It follows that A(z) = U(z)F(z) is D-finite in X(z)
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SOLUTION IN GENERAL

Equation to solve for A(z) and B(z):
X(2)Y(z) = A(z) + B(2)
where
Uz — )iz — Bi)
Pz =m)d(z—d1)

Iz — a2)¥(z — Ba)

X(z)=a Wz =)0z — )

and Y(z) =

@ X(z) and A(z) are fixed under z — oy + 31 — z.
@ Y(z) and B(z) are fixed under z — ap + 5 — z.
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SOLUTION IN D-ALGEBRAIC (NON-D-FINITE) CASES

Equation to solve for A(z) and B(z):
X(2)Y(z) = A(z) + B(2)
where
Uz — )iz — Bi)
Pz =m)d(z—d1)

Iz — a2)¥(z — Ba)

X(z)=a Wz =)0z — )

and Y(z) =

@ X(z) and A(z) are fixed under z — o + 1 — z.
@ Y(z) and B(z) are fixed under z — ap + 5, — z.
In these cases:
@ X(z)Y(z) splits as X(z)Y(z) = R1(X(z)) + R2(Y(z)), for explicit
rational functions Ry, R».
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SOLUTION IN D-ALGEBRAIC (NON-D-FINITE) CASES

Equation to solve for A(z) and B(z):

Ri(X(2)) + R2(Y(2)) = A(z) + B(2)
where
Uz — )iz — Bi)
Pz =m)d(z—d1)

Iz — a2)¥(z — Ba)

X(z)=a Wz =)0z — )

and Y(z) =

@ X(z) and A(z) are fixed under z — o + 1 — z.
@ Y(z) and B(z) are fixed under z — ap + 5, — z.
In these cases:
@ X(z)Y(z) splits as X(z)Y(z) = R1(X(z)) + R2(Y(z)), for explicit
rational functions Ry, R».
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SOLUTION IN D-ALGEBRAIC (NON-D-FINITE) CASES

Equation to solve for A(z) and B(z):

I(z) = Ri(X(2)) — A(z) = B(z) — Ro(Y(2))
where
Uz — )iz — Bi)
Iz =)0z - 1)

Iz — a2)¥(z — Ba)
Iz —72)0(z— )

X(z) =1 and Y(z) =
@ X(z) and A(z) are fixed under z — o + 1 — z.
@ Y(z) and B(z) are fixed under z — ap + 5, — z.
In these cases:
@ X(z)Y(z) splits as X(z)Y(z) = R1(X(z)) + R2(Y(z)), for explicit
rational functions Ry, R».
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SOLUTION IN D-ALGEBRAIC (NON-D-FINITE) CASES

Equation to solve for A(z) and B(z):

I(z) = Ri(X(2)) — A(z) = B(z) — Ro(Y(2))
where
Uz — )iz — Bi)
Iz =)0z - 1)

Iz — a2)¥(z — Ba)

X(z)=a Wz =)0z — )

and Y(z) =

@ X(z) and A(z) are fixed under z — o + 1 — z.
@ Y(z) and B(z) are fixed under z — ap + 5, — z.
In these cases:

@ X(z2)Y(z) splits as X(2)Y(z) = R1(X(z)) + R2(Y(z)), for explicit
rational functions Ry, R».

@ [(z)isfixedunderz — oy + 1 —zandz = ap + B — z, so it
has oy + 81 — o — 3> and 7 as periods.

@ We can then solve for /(z).
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NEXT WEEKS

Next week:
@ Asymptotic analysis
@ Algebraicity properties in ¢
@ Modular properties of ¥(7, z)

Following week: More problems that we can solve with theta
functions
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