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◮ Let n ≥ 0. Recall that Artin’s braid group Bn+1

(respectively Artin’s braid monoid B+
n+1) on n+ 1

strands is defined by the following group (resp. monoid)
presentation

〈

σ1, . . . , σn

∣

∣

∣

∣

σiσjσi = σjσiσj if |i− j| = 1,
σiσj = σjσi if |i− j| > 1.

〉
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n+1 is a Garside monoid.
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◮ Let n ≥ 0. Recall that Artin’s braid group Bn+1

(respectively Artin’s braid monoid B+
n+1) on n+ 1

strands is defined by the following group (resp. monoid)
presentation

〈

σ1, . . . , σn

∣

∣

∣

∣

σiσjσi = σjσiσj if |i− j| = 1,
σiσj = σjσi if |i− j| > 1.

〉

◮ The monoid B+
n+1 is a Garside monoid. Among other

properties, it implies that it is a lattice for left and right
divisibility, that it embeds into the group with the same
presentation, i.e. Bn+1, and that every element in Bn+1

can be uniquely written as an irreducible fraction xy−1

with x, y ∈ B+
n+1.
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λ(ab) ≥ λ(a) + λ(b) and a 6= 1 ⇒ λ(a) 6= 0,
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monoid and ∆ ∈ M , such that
◮ M is left- and right-cancellative,
◮ There is a function λ : M −→ Z≥0 such that
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◮ Every two elements of M admit both a gcd and a lcm
(for both left- and right-divisibility),

◮ The set of left divisors of ∆ coincides with the set of its
right-divisors, and generates M ,

◮ The set Div(∆) of divisors of ∆ is finite.

◮ A Garside monoid satisfies Ore’s conditions
(cancellativity + existence of common multiples), hence
can be embedded into a group of left-fractions G(M)
(called a Garside group) having the same presentation
as M .
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◮ A Garside monoid is a pair (M,∆) where M is a
monoid and ∆ ∈ M , such that
◮ M is left- and right-cancellative,
◮ There is a function λ : M −→ Z≥0 such that

λ(ab) ≥ λ(a) + λ(b) and a 6= 1 ⇒ λ(a) 6= 0,

◮ Every two elements of M admit both a gcd and a lcm
(for both left- and right-divisibility),

◮ The set of left divisors of ∆ coincides with the set of its
right-divisors, and generates M ,

◮ The set Div(∆) of divisors of ∆ is finite.

◮ A Garside monoid satisfies Ore’s conditions
(cancellativity + existence of common multiples), hence
can be embedded into a group of left-fractions G(M)
(called a Garside group) having the same presentation
as M . Garside groups have solvable word and conjugacy
problems, are torsion free, have a non-trivial center, a
finite K(π, 1) space, are biautomatic, ...
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◮ There are two nonisomorphic Garside monoids for Bn,
i.e., two Garside monoids M such that G(M) ∼= Bn:the
monoid B+

n , and the Birman-Ko-Lee braid monoid
BBKL
n (also called dual braid monoid), generated by a

copy of the set of transpositions of Sn:
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◮ There are two nonisomorphic Garside monoids for Bn,
i.e., two Garside monoids M such that G(M) ∼= Bn:the
monoid B+

n , and the Birman-Ko-Lee braid monoid
BBKL
n (also called dual braid monoid), generated by a

copy of the set of transpositions of Sn:
b b b b b b

b b b b b b

1 2 3 4 5 6

◮ For n = 3, there are (at least) 4 known Garside
structures on Bn.
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◮ There are two nonisomorphic Garside monoids for Bn,
i.e., two Garside monoids M such that G(M) ∼= Bn:the
monoid B+

n , and the Birman-Ko-Lee braid monoid
BBKL
n (also called dual braid monoid), generated by a

copy of the set of transpositions of Sn:
b b b b b b

b b b b b b

1 2 3 4 5 6

◮ For n = 3, there are (at least) 4 known Garside
structures on Bn. For n > 3, up to slight variations
there are no other known Garside structures than the
above two.
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◮ The four Garside structures on B3:

”Classical” ”Toric”
〈

σ1, σ2

∣

∣

∣

∣

σ1σ2σ1 = σ2σ1σ2

〉 〈

x, y

∣

∣

∣

∣

x2 = y3
〉

”Dual” ”Exotic”
〈

τ1, τ2, τ3

∣

∣

∣

∣

τ1τ2 = τ2τ3 = τ3τ1

〉 〈

a, b

∣

∣

∣

∣

aba = b2
〉
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◮ The four Garside structures on B3:

”Classical” ”Toric”
〈

σ1, σ2

∣

∣

∣

∣

σ1σ2σ1 = σ2σ1σ2

〉 〈

x, y

∣

∣

∣

∣

x2 = y3
〉

”Dual” ”Exotic”
〈

τ1, τ2, τ3

∣

∣

∣

∣

τ1τ2 = τ2τ3 = τ3τ1

〉 〈

a, b

∣

∣

∣

∣

aba = b2
〉

◮ Classical braid monoid : the Garside element ∆ is given by
σ1σ2σ1. We have Div(∆) = {1, σ1, σ2, σ1σ2, σ2σ1, σ1σ2σ1}.
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〉

◮ Classical braid monoid : the Garside element ∆ is given by
σ1σ2σ1. We have Div(∆) = {1, σ1, σ2, σ1σ2, σ2σ1, σ1σ2σ1}.

◮ Dual braid monoid : in terms of the classical Artin
generators we have τ1 = σ1, τ2 = σ2, τ3 = σ1σ2σ

−1

1
.
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◮ Classical braid monoid : the Garside element ∆ is given by
σ1σ2σ1. We have Div(∆) = {1, σ1, σ2, σ1σ2, σ2σ1, σ1σ2σ1}.

◮ Dual braid monoid : in terms of the classical Artin
generators we have τ1 = σ1, τ2 = σ2, τ3 = σ1σ2σ
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1
. The

Garside element ∆ is given by τ1τ2 = σ1σ2. We have
Div(∆) = {1, τ1, τ2, τ3, τ1τ2}.
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◮ Classical braid monoid : the Garside element ∆ is given by
σ1σ2σ1. We have Div(∆) = {1, σ1, σ2, σ1σ2, σ2σ1, σ1σ2σ1}.

◮ Dual braid monoid : in terms of the classical Artin
generators we have τ1 = σ1, τ2 = σ2, τ3 = σ1σ2σ

−1

1
. The

Garside element ∆ is given by τ1τ2 = σ1σ2. We have
Div(∆) = {1, τ1, τ2, τ3, τ1τ2}.

◮ Toric monoid : in terms of the classical Artin generators we
have x = σ1σ2σ1, y = σ1σ2.
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◮ Dual braid monoid : in terms of the classical Artin
generators we have τ1 = σ1, τ2 = σ2, τ3 = σ1σ2σ

−1

1
. The

Garside element ∆ is given by τ1τ2 = σ1σ2. We have
Div(∆) = {1, τ1, τ2, τ3, τ1τ2}.

◮ Toric monoid : in terms of the classical Artin generators we
have x = σ1σ2σ1, y = σ1σ2. The Garside element ∆ is given
by x2 = y3. We have Div(∆) = {1, x, y, y2, x2}.
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element ∆ is given by b3. We have
Div(∆) = {1, a, b, ab, b2, ba, bab, b3}.
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generators we have a = σ1, b = σ1σ2. The Garside
element ∆ is given by b3. We have
Div(∆) = {1, a, b, ab, b2, ba, bab, b3}.

◮ The two Garside structures in the first column can be
generalized for Bn, n > 3.

◮ The classical, dual, and toric structures can be
generalized to torus knot groups. Given n and m two
coprime integers ≥ 2, the group
G(n,m) = 〈 x, y | xn = ym〉 is the fundamental group
of the complement of the torus knot Tn,m. It is a
Garside group (Dehornoy-Paris, Picantin). One has
G(2, 3) ∼= B3

∼= G(3, 2).
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◮ Exotic monoid : in terms of the classical Artin
generators we have a = σ1, b = σ1σ2. The Garside
element ∆ is given by b3. We have
Div(∆) = {1, a, b, ab, b2, ba, bab, b3}.

◮ The two Garside structures in the first column can be
generalized for Bn, n > 3.

◮ The classical, dual, and toric structures can be
generalized to torus knot groups. Given n and m two
coprime integers ≥ 2, the group
G(n,m) = 〈 x, y | xn = ym〉 is the fundamental group
of the complement of the torus knot Tn,m. It is a
Garside group (Dehornoy-Paris, Picantin). One has
G(2, 3) ∼= B3

∼= G(3, 2).

◮ What about the ”exotic” structure ?
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and b = σ1σ2.
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2015) In the standard Artin generators of B3, the
generators of the exotic monoid are given by a = σ1
and b = σ1σ2. Let Σn be the submonoid of Bn

generated by σ1, σ1σ2, . . . , σ1σ2 · · · σn−1.
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◮ (Bessis) It is a frequent phenomenon to have two
nonisomorphic Garside monoids M and M ′ such that
G(M) ∼= G(M ′) ? Is there any hope for a classification
of Garside structures for a given Garside group ?

◮ (Dehornoy – Digne – Godelle – Krammer – Michel,
2015) In the standard Artin generators of B3, the
generators of the exotic monoid are given by a = σ1
and b = σ1σ2. Let Σn be the submonoid of Bn

generated by σ1, σ1σ2, . . . , σ1σ2 · · · σn−1. Is it a Garside
monoid ? Does it admit a finite presentation ?
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◮ (Birman and Brendle) Are there other Garside
structures on Bn ?

◮ (Bessis) It is a frequent phenomenon to have two
nonisomorphic Garside monoids M and M ′ such that
G(M) ∼= G(M ′) ? Is there any hope for a classification
of Garside structures for a given Garside group ?

◮ (Dehornoy – Digne – Godelle – Krammer – Michel,
2015) In the standard Artin generators of B3, the
generators of the exotic monoid are given by a = σ1
and b = σ1σ2. Let Σn be the submonoid of Bn

generated by σ1, σ1σ2, . . . , σ1σ2 · · · σn−1. Is it a Garside
monoid ? Does it admit a finite presentation ?

◮ Is there a generalization of the exotic monoid to ”higher
ranks” ?
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◮ Let n ≥ 2. Consider the monoid M(n) (resp. the group
G(n)) defined by the presentation

〈

ρ1, ρ2, . . . , ρn

∣

∣

∣

∣

ρ1ρnρi = ρi+1ρn for all 1 ≤ i < n

〉
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◮ Let n ≥ 2. Consider the monoid M(n) (resp. the group
G(n)) defined by the presentation

〈

ρ1, ρ2, . . . , ρn

∣

∣

∣

∣

ρ1ρnρi = ρi+1ρn for all 1 ≤ i < n

〉

◮ If n = 2, we obtain the presentation

〈

ρ1, ρ2

∣

∣

∣

∣

ρ1ρ2ρ1 = ρ22

〉

=

〈

a, b

∣

∣

∣

∣

aba = b2
〉

of the exotic monoid.
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Let n ≥ 2.

1. The monoid M(n) is a Garside monoid with (central)
Garside element ∆ = ρn+1

n and (left and right) lcm of
the atoms equal to ρnn.
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1. The monoid M(n) is a Garside monoid with (central)
Garside element ∆ = ρn+1

n and (left and right) lcm of
the atoms equal to ρnn.

2. The Garside group G(n) is isomorphic to G(n, n+ 1),
the knot group of the torus knot Tn,n+1.
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1. The monoid M(n) is a Garside monoid with (central)
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the atoms equal to ρnn.

2. The Garside group G(n) is isomorphic to G(n, n+ 1),
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In fact, the group G(n) ∼= G(n, n+ 1) surjects onto Bn+1

(ρi 7→ σ1σ2 · · · σi). We have
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Theorem

Let n ≥ 2.

1. The monoid M(n) is a Garside monoid with (central)
Garside element ∆ = ρn+1

n and (left and right) lcm of
the atoms equal to ρnn.

2. The Garside group G(n) is isomorphic to G(n, n+ 1),
the knot group of the torus knot Tn,n+1.

In fact, the group G(n) ∼= G(n, n+ 1) surjects onto Bn+1

(ρi 7→ σ1σ2 · · · σi). We have

Proposition

The image of M(n) inside Bn+1 is exactly the monoid Σn+1

of Dehornoy–Digne–Godelle–Krammer–Michel.
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Theorem

Let n ≥ 2.

1. The monoid M(n) is a Garside monoid with (central)
Garside element ∆ = ρn+1

n and (left and right) lcm of
the atoms equal to ρnn.

2. The Garside group G(n) is isomorphic to G(n, n+ 1),
the knot group of the torus knot Tn,n+1.

In fact, the group G(n) ∼= G(n, n+ 1) surjects onto Bn+1

(ρi 7→ σ1σ2 · · · σi). We have

Proposition

The image of M(n) inside Bn+1 is exactly the monoid Σn+1

of Dehornoy–Digne–Godelle–Krammer–Michel. In particular
Σn+1 is a quotient of M(n).
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The group G(3) is isomorphic to the braid group of the
exceptional complex reflection group G12. The lattice of
divisors of ∆ (for left-divisibility) is given by :

1

ρ1

ρ2

ρ2ρ1 ρ3

ρ1ρ3 ρ3ρ1

ρ1ρ3ρ1

ρ3ρ2

ρ2ρ1ρ3

ρ3ρ2ρ1

ρ2
3

ρ3ρ1ρ3 ρ2
3
ρ1

(ρ1ρ3)
2 (ρ3ρ1)

2

ρ3
3

ρ3ρ2ρ1ρ3

ρ2
3
ρ1ρ3

(ρ3ρ1)
2ρ3

ρ4
3
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1. There are surjections M(n) ։ H+
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2. The monoid Σn+1 is an Ore monoid with group of
fractions isomorphic to Bn+1. It is not a Garside
monoid when n > 2.
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Σn a Garside monoid ? Is is finitely presented ?”
Let Hn+1 (resp. H+

n+1) be the quotient of G(n) (resp. of
M(n)) defined by the presentation

〈

ρ1, ρ2, . . . , ρn

∣

∣

∣

∣

ρ1ρjρi−1 = ρiρj , ∀2 ≤ i ≤ j ≤ n

〉

Proposition

1. There are surjections M(n) ։ H+
n+1 ։ Σn+1,

2. The monoid Σn+1 is an Ore monoid with group of
fractions isomorphic to Bn+1. It is not a Garside
monoid when n > 2.

3. We have Hn+1
∼= Bn+1.
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Lemma

The following properties are equivalent:

1. The monoid H+
n+1 is cancellative,

2. We have Σn+1
∼= H+

n+1.

In particular, we can negatively answer the first part of
DDGKM’s question.
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Moreover we conjecture :

Conjecture

The monoid H+
n+1 is cancellative.

Lemma

The following properties are equivalent:

1. The monoid H+
n+1 is cancellative,

2. We have Σn+1
∼= H+

n+1.

In particular, we can negatively answer the first part of
DDGKM’s question. It the above conjecture holds, then we
can positively answer the second part of DDGKM’s question.
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Theorem

Let n,m ≥ 2 be two relatively prime integers. The Garside
structure introduced above for G(n) ∼= G(n, n+ 1) can be
generalized to all torus knot groups G(n,m). That is, there
is a Garside monoid M(n,m) generalizing the construction
given above (hence with M(n) = M(n, n+ 1)), such that
the corresponding Garside group G(n,m) is isomorphic to
the torus knot group G(n,m).
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◮ A few torus knot groups can be obtained as Artin-Tits
groups of spherical type or more generally as braid
groups of certain irreducible complex reflection groups:
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◮ A few torus knot groups can be obtained as Artin-Tits
groups of spherical type or more generally as braid
groups of certain irreducible complex reflection groups:

G(2, 3) ∼= B3
∼= B(G4) ∼= B(G8) ∼= B(G16),

G(2, 5) ∼= B(H2) ∼= B(G20),

G(2,m) ∼= B(I2(m)), m odd,

G(3, 4) ∼= B(G12), G(3, 5) ∼= B(G22).
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◮ A few torus knot groups can be obtained as Artin-Tits
groups of spherical type or more generally as braid
groups of certain irreducible complex reflection groups:

G(2, 3) ∼= B3
∼= B(G4) ∼= B(G8) ∼= B(G16),

G(2, 5) ∼= B(H2) ∼= B(G20),

G(2,m) ∼= B(I2(m)), m odd,

G(3, 4) ∼= B(G12), G(3, 5) ∼= B(G22).

◮ Moreover, a Garside structure analogous to the one
introduced above for torus knot groups can be
constructed for a few additional braid groups of
complex reflection groups which are not isomorphic to
torus knot groups (for instance G13, and the dihedral
Artin-Tits groups of even type).
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◮ Question 1 : Can torus knot groups be realized as
”braid groups” of (generalizations of) complex
reflection groups ?
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◮ Question 1 : Can torus knot groups be realized as
”braid groups” of (generalizations of) complex
reflection groups ?

◮ Question 2 : Can the Garside structure introduced
above be defined for a more general class of groups
than torus knot groups ?
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Quotients of torus knot groups

◮ Question 1 : Can torus knot groups be realized as
”braid groups” of (generalizations of) complex
reflection groups ?

◮ Question 2 : Can the Garside structure introduced
above be defined for a more general class of groups
than torus knot groups ?

◮ Question 3 : In the above mentioned examples where a
torus knot group is isomorphic to the braid group of a
finite complex reflection group, the reflection group is
obtained as quotient of G(n,m) by a single relation of
the form ρk1 = 1 (k ≥ 2). For arbitrary coprime
n,m ≥ 2, does this quotient (which is infinite in
general) admit a natural structure of complex reflection
group ?
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◮ All the finite complex reflection groups having braid
group isomorphic to a torus knot group are complex
reflection groups of rank two (i.e., groups generated by
reflections on a C-vector space of dimension 2).
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◮ All the finite complex reflection groups having braid
group isomorphic to a torus knot group are complex
reflection groups of rank two (i.e., groups generated by
reflections on a C-vector space of dimension 2).

◮ Achar and Aubert introduced in 2008 a family of (in
general infinite) groups, called J-groups, which
generalize the finite complex reflection groups of rank
two.
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Let a, b, c three integers ≥ 1.
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Let a, b, c three integers ≥ 1. Let J

(

a b c
)

be the group

defined by the presentation

〈s, t, u | sa = tb = uc = 1, stu = tus = ust 〉
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Let a, b, c three integers ≥ 1. Let J

(

a b c
)

be the group

defined by the presentation

〈s, t, u | sa = tb = uc = 1, stu = tus = ust 〉

Let a′, b′ and c′ be three pairwise coprime integers, dividing

a, b and c respectively.
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Let a, b, c three integers ≥ 1. Let J

(

a b c
)

be the group

defined by the presentation

〈s, t, u | sa = tb = uc = 1, stu = tus = ust 〉

Let a′, b′ and c′ be three pairwise coprime integers, dividing

a, b and c respectively. Let J

(

a b c
a′ b′ c′

)

be the normal

subgroup of J

(

a b c
)

generated by sa
′

, tb
′

and uc
′
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Let a, b, c three integers ≥ 1. Let J

(

a b c
)

be the group

defined by the presentation

〈s, t, u | sa = tb = uc = 1, stu = tus = ust 〉

Let a′, b′ and c′ be three pairwise coprime integers, dividing

a, b and c respectively. Let J

(

a b c
a′ b′ c′

)

be the normal

subgroup of J

(

a b c
)

generated by sa
′

, tb
′

and uc
′

. We

omit 1’s in the second row of parameters, consistently with

J

(

a b c
1 1 1

)

= J

(

a b c
)

.
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Theorem (Achar-Aubert, 2008)

A J-group is finite if and only if it is a finite complex
reflection group of rank 2.
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Theorem (Achar-Aubert, 2008)

A J-group is finite if and only if it is a finite complex
reflection group of rank 2.

◮ Achar and Aubert also showed that every J-group G
admits a representation ρ : G −→ GL2(C), where ρ(s),
ρ(t) and ρ(u) are reflections preserving a Hermitian
form (so that the image is a complex reflection group).
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Theorem (Achar-Aubert, 2008)

A J-group is finite if and only if it is a finite complex
reflection group of rank 2.

◮ Achar and Aubert also showed that every J-group G
admits a representation ρ : G −→ GL2(C), where ρ(s),
ρ(t) and ρ(u) are reflections preserving a Hermitian
form (so that the image is a complex reflection group).
When G is not finite, this representation is not faithful
in general.
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Theorem (Achar-Aubert, 2008)

A J-group is finite if and only if it is a finite complex
reflection group of rank 2.

◮ Achar and Aubert also showed that every J-group G
admits a representation ρ : G −→ GL2(C), where ρ(s),
ρ(t) and ρ(u) are reflections preserving a Hermitian
form (so that the image is a complex reflection group).
When G is not finite, this representation is not faithful
in general.

◮ This result is reminiscent of the following theorem : let
W be a Coxeter group. Then W is a real reflection
group if and only if W is finite.
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Definition

Let k, n,m be three integers ≥ 2 with n < m and n, m

coprime.
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Definition

Let k, n,m be three integers ≥ 2 with n < m and n, m

coprime. Let W(n,m, k) := J

(

k n m
n m

)

.
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Definition

Let k, n,m be three integers ≥ 2 with n < m and n, m

coprime. Let W(n,m, k) := J

(

k n m
n m

)

.

The parameters for which W(n,m, k) is finite are the
following, with the corresponding finite irreducible CRG:
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Definition

Let k, n,m be three integers ≥ 2 with n < m and n, m

coprime. Let W(n,m, k) := J

(

k n m
n m

)

.

The parameters for which W(n,m, k) is finite are the
following, with the corresponding finite irreducible CRG:

k n m W(n,m, k)

2 3 4 G12

2 3 5 G22

3 2 3 G4

4 2 3 G8

5 2 3 G16

3 2 5 G20

2 2 ≥ 3, odd G(m,m, 2) = I2(m)
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◮ For the groups given in the table above, the
corresponding braid group is isomorphic to G(n,m).
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◮ For the groups given in the table above, the
corresponding braid group is isomorphic to G(n,m).

Theorem

Let k, n,m as above. Then

G(n,m)/(ρk1 = 1) ∼= W(n,m, k).
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◮ For the groups given in the table above, the
corresponding braid group is isomorphic to G(n,m).

Theorem

Let k, n,m as above. Then

G(n,m)/(ρk1 = 1) ∼= W(n,m, k).

Under this isomorphism, the generator ρ1 corresponds to the
reflection s.
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◮ For the groups given in the table above, the
corresponding braid group is isomorphic to G(n,m).

Theorem

Let k, n,m as above. Then

G(n,m)/(ρk1 = 1) ∼= W(n,m, k).

Under this isomorphism, the generator ρ1 corresponds to the
reflection s.

In this way, we can associate a Garside group to every
J-group in the above defined family, in such a way that
whenever the J-group is finite, one recovers the braid group
of the finite complex reflection group isomorphic to the
J-group.
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”Braid groups” of J-groups

◮ For the groups given in the table above, the
corresponding braid group is isomorphic to G(n,m).

Theorem

Let k, n,m as above. Then

G(n,m)/(ρk1 = 1) ∼= W(n,m, k).

Under this isomorphism, the generator ρ1 corresponds to the
reflection s.

In this way, we can associate a Garside group to every
J-group in the above defined family, in such a way that
whenever the J-group is finite, one recovers the braid group
of the finite complex reflection group isomorphic to the
J-group. As a byproduct, we get presentations by generators
and relations for the J-groups W(n,m, k).
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◮ For which J-groups can we define a Garside structure
analogous to the one introduced above ?
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Questions

◮ For which J-groups can we define a Garside structure
analogous to the one introduced above ? Such a
Garside structure can be defined for

J

(

2 4 3
2 3

)

= G13, for all the dihedral Artin-Tits

groups of even type, for J

(

2 6 4
3 4

)

(which is

infinite)...
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infinite)... These ”complex reflection groups” have two
conjugacy classes of ”reflecting hyperplanes”.
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analogous to the one introduced above ? Such a
Garside structure can be defined for

J

(

2 4 3
2 3

)

= G13, for all the dihedral Artin-Tits

groups of even type, for J

(

2 6 4
3 4

)

(which is

infinite)... These ”complex reflection groups” have two
conjugacy classes of ”reflecting hyperplanes”.

◮ The representation ρ : W(n,m, k) −→ GL2(C) defined
by Achar and Aubert is not faithful in general. For
which J-groups is it faithful ?



Torus knot groups,

Garside groups,

complex reflection

groups

Thomas Gobet

Garside structures

for Artin’s braid

group

Questions and

motivations

A new Garside

structure on torus

knot groups

Application to

DDGKM’s monoid

Torus knot groups

and braid groups

of complex

reflection groups

J-groups

”Braid groups” of

J-groups

Perspectives

Questions

◮ For which J-groups can we define a Garside structure
analogous to the one introduced above ? Such a
Garside structure can be defined for

J

(

2 4 3
2 3

)

= G13, for all the dihedral Artin-Tits

groups of even type, for J

(

2 6 4
3 4

)

(which is

infinite)... These ”complex reflection groups” have two
conjugacy classes of ”reflecting hyperplanes”.

◮ The representation ρ : W(n,m, k) −→ GL2(C) defined
by Achar and Aubert is not faithful in general. For
which J-groups is it faithful ? When it is faithful, can
we define G(n,m) as the fundamental group of the
space of regular orbits of the reflection representation of
the J-group ?
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◮ Is the word problem in W(n,m, k) (or more generally in
a J-group) solvable ?
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◮ Is the word problem in W(n,m, k) (or more generally in
a J-group) solvable ? The word problem is solvable in
the ”braid group” G(n,m) of W(n,m, k), but
somewhat surprisingly not in the attached ”reflection
group” W(n,m, k)...
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◮ Is the word problem in W(n,m, k) (or more generally in
a J-group) solvable ? The word problem is solvable in
the ”braid group” G(n,m) of W(n,m, k), but
somewhat surprisingly not in the attached ”reflection
group” W(n,m, k)...

◮ One can define a Hecke algebra of W(n,m, k) in a
natural way. What are its properties ?
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Thank you for your

attention !


	Garside structures for Artin's braid group
	Questions and motivations
	A new Garside structure on torus knot groups
	Application to DDGKM's monoid
	Torus knot groups and braid groups of complex reflection groups
	J-groups
	"Braid groups" of J-groups
	Perspectives

