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Question 30. Does the submonoid of B,, generated by oy, 0105, ..., 01050,
finite presentation? Is it a Garside monoid?
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Question 30. Does the submonoid of B,, generated by oy, 0,05, ..., 0705 +-0,,_; admita

finite presentation? Is it a Garside monoid?

Let >, be the submonoid of the n-strand braid group B,
generated by 01,0109, ..

.,0102°"0p—1-
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Plan of the talk

Part I: Dehornoy-Digne-Godelle-Krammer-Michel’s
monoid and some torus knot groups

Part Il: A new Garside structure on torus knot
groups and some braid groups of complex
reflection groups

Part 1ll: ” Reflection” quotients of torus knot
groups
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» Four Garside structures on Bs:
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» Four Garside structures on Bs:

" Classical” " Toric”
_ 2 _,3
01,02 | 010201 = 020102 T,y | x° =y
"Dual” " Exotic”
T1,T2,T3 | T1T2 = ToT3 = T3T1 a,b | aba = b?
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Garside structures: focusing on B3 o roup

complex reflection

groups
» Four Garside structures on Bs: Thomas Gobet
m . m m - Dehornoy-Digne-
Classical Toric Godelle-Krammer-
Michel's monoid
— 2 _,3 d t
<01702 010201 = 020102 > <x,y rr =y > kot aroups
"Dual” " Exotic”

<Tl,72,7'3 aba = b? >

» Dual braid monoid : in terms of the classical Artin
generators we have 7y = 01, To = 09, T3 = 010201—1.

T1To = ToT3 = T3T1 > <a,b
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" Classical” " Toric” Godelle-Krammer-
Michel's monoid
— 2 _,3 and some torus
<0’1,0’2 010201 = 020102 > <$,y T =Yy > [ .
"Dual" " Exotic”

T1To = ToT3 = T3T1 > <a,b

<7'1,7'2,7'3 aba = b? >

» Dual braid monoid : in terms of the classical Artin
generators we have 7y = 01, To = 09, T3 = 010201—1.

» Toric monoid : in terms of the classical Artin generators we
have x = 010901, y = 0109.



Garside structures: focusing on B3 o roup

complex reflection
groups

» Four Garside structures on Bas: Thomas Gobet

Dehornoy-Digne-

" Classical” " Toric” Godelle-Krammer-
Michel's monoid
— 2 _,3 and some torus
<0’1,0’2 010201 = 020102 > <$,y T =Yy > [ .
"Dual" " Exotic”

<7'1,7'2,7'3 aba = b? >

» Dual braid monoid : in terms of the classical Artin
generators we have 7y = 01, To = 09, T3 = 010201—1.

T1To = ToT3 = T3T1 > <a,b

» Toric monoid : in terms of the classical Artin generators we
have x = 010901, y = 0109.

» Exotic monoid : in terms of the classical Artin generators
we have a = 01, b = 0109.



Garside structures: focusing on B3 o roup

complex reflection
groups

» Four Garside structures on Bas: Thomas Gobet

Dehornoy-Digne-

" Classical” " Toric” Godelle-Krammer-
Michel's monoid
— 2 _,3 and some torus
<0’1,0’2 010201 = 020102 > <$,y T =Yy > [ .
"Dual" " Exotic”

T1To = ToT3 = T3T1 > <a,b

<7'1,7'2,7'3 aba = b? >

» Dual braid monoid : in terms of the classical Artin
generators we have 7y = 01, To = 09, T3 = 010201—1.

» Toric monoid : in terms of the classical Artin generators we
have x = 010901, y = 0109.

» Exotic monoid : in terms of the classical Artin generators
we have a = 01, b = 0102. The Garside element A is given
by 2. We have Div(A) = {1, a,b,ab,b?, ba, bab, b3}.
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Garside structures: focusing on Bj

» The two Garside structures in the first column can be
generalized to B, n > 3.

» The classical, dual, and toric structures can be
generalized to torus knot groups.
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Garside structures: focusing on Bj

>

>

The two Garside structures in the first column can be
generalized to B, n > 3.

The classical, dual, and toric structures can be
generalized to torus knot groups. Given n and m two
coprime integers > 2, the group

G(n,m) = (z,y | 2" = y™) is the fundamental group

of the complement of the torus knot 7}, ,,. It is a
Garside group (Dehornoy-Paris 1999, Picantin 2003).
One has G(2,3) = B3 = G(3,2).
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Garside structures: focusing on Bj

» The two Garside structures in the first column can be
generalized to B, n > 3.

» The classical, dual, and toric structures can be

generalized to torus knot groups. Given n and m two
coprime integers > 2, the group

G(n,m) = (z,y | 2" = y™) is the fundamental group

of the complement of the torus knot 7}, ,,. It is a
Garside group (Dehornoy-Paris 1999, Picantin 2003).
One has G(2,3) = B3 = G(3,2).

» What about the "exotic” structure ?
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» Let n > 2. Consider the monoid M(n) (resp. the group
G(n)) defined by the presentation
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Generalization of the exotic Garside structure

» Let n > 2. Consider the monoid M(n) (resp. the group

G(n)) defined by the presentation

<pl’P2a--->Pn

P1PnpPi = pit1pn forall 1 <i<n >
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Generalization of the exotic Garside structure T e
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» Let n > 2. Consider the monoid M(n) (resp. the group gl Krammer

Michel's monoid

G(n)) defined by the presentation and some torus

knot groups

P1PnpPi = Pit1pn forall 1 <i <n >

<pl>P2a--->Pn

» If n = 2, we obtain the presentation

<pl,pz p1P2P1 = P3 > = <a,b

of the exotic monoid.

aba = b2 >
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Generalization of the exotic Garside structure

Theorem
Let n > 2.

1. The monoid M(n) is a Garside monoid with (central)

Garside element A = pit!

the atoms equal to p!.

and (left and right) lecm of
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Generalization of the exotic Garside structure

Theorem
Let n > 2.
1. The monoid M(n) is a Garside monoid with (central)
Garside element A = pP*! and (left and right) lcm of
the atoms equal to p!.
2. The Garside group G(n) is isomorphic to G(n,n + 1),
the knot group of the torus knot T, 5,1 1.
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Generalization of the exotic Garside structure

Theorem
Let n > 2.
1. The monoid M(n) is a Garside monoid with (central)
Garside element A = pP*! and (left and right) lcm of
the atoms equal to p!.
2. The Garside group G(n) is isomorphic to G(n,n + 1),
the knot group of the torus knot T, 5,1 1.

In fact, the group G(n) = G(n,n + 1) surjects onto B, 11
(pi = 0109 O'i). We have
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Generalization of the exotic Garside structure T e
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Theorem
Dehornoy-Digne-
Let n Z 2 Godelle-ﬁra:nmer-
0 o 0 0 . Michel's monoid
1. The monoid M(n) is a Garside monoid with (central) and some torus

knot groups

Garside element A = pP*! and (left and right) lcm of
the atoms equal to p!.

2. The Garside group G(n) is isomorphic to G(n,n + 1),
the knot group of the torus knot T, 5,1 1.

In fact, the group G(n) = G(n,n + 1) surjects onto B, 11
(pi = 0109 O'i). We have

Proposition

The image of M(n) inside B, 1 is exactly the monoid ¥, 1
of Dehornoy—Digne—Godelle—Krammer—Michel.



Generalization of the exotic Garside structure T e

complex reflection
groups

Thomas Gobet

Theorem
Dehornoy-Digne-
Let n Z 2 Godelle-ﬁra:nmer-
0 o 0 0 . Michel's monoid
1. The monoid M(n) is a Garside monoid with (central) and some torus

knot groups

Garside element A = pP*! and (left and right) lcm of
the atoms equal to p}}.

2. The Garside group G(n) is isomorphic to G(n,n + 1),
the knot group of the torus knot T, 5,1 1.

In fact, the group G(n) = G(n,n + 1) surjects onto B, 11
(pi = 0109 O'i). We have
Proposition

The image of M(n) inside B, 1 is exactly the monoid ¥, 1
of Dehornoy—Digne—Godelle—Krammer—Michel. In particular
Y41 Is a quotient of M(n).
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Example : n =3 o roup

complex reflection
groups

The group G(3) is isomorphic to the braid group of the
exceptional complex reflection group G15. The lattice of _
divisors of A (for left-divisibility) is given by : oononney Dene

Michel's monoid

"
s and some torus
\ knot groups

(p3p1)?p3

s3eies

Thomas Gobet

P3p2p1p3

(p3p1)?

p30103 oim
p3iam

P2p1P3
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Let A, = p"*1 be the Garside element in M(n). We have

IDiv(An)| = Fant1),

where F; is the i-th entry of the Fibonacci sequence.
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About the lattice of simples

Theorem (Rognerud-G., 2021)

Let A, := p"*1 be the Garside element in M(n). We have
IDiv(An)| = Fygt1),

where F; is the i-th entry of the Fibonacci sequence. Hence
the number of simples is given by 8,21,55,144,377,987, ....
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Theorem (Rognerud-G., 2021) and some torus

knot groups
Let A, := p"*1 be the Garside element in M(n). We have
IDiv(An)| = Fygt1),

where F; is the i-th entry of the Fibonacci sequence. Hence
the number of simples is given by 8,21,55,144,377,987, ....

(There is a description of the lattice of simples in terms of
Schroeder trees).
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Let us come back to DDGKM's question :
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Let us come back to DDGKM's question
¥, a Garside monoid ?
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About the monoid >,

Let us come back to DDGKM's question : "Is the monoid
Y a Garside monoid ? Is is finitely presented 7"

Let H,,11 (resp. H,i. ;) be the quotient of G(n) (resp. of
M(n)) defined by the presentation

P1pjpi-1 = pipj, V2 <i<j<n >

<P17f727-'-7pn
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About the monoid >,

Let us come back to DDGKM's question : "Is the monoid
>, a Garside monoid 7 Is is finitely presented 7"

Let H,,11 (resp. H,i. ;) be the quotient of G(n) (resp. of
M(n)) defined by the presentation

P1pjpi-1 = pipj, V2 <i<j<n >

<P17927-'-7Pn

Proposition
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About the monoid >,

Let us come back to DDGKM's question : "Is the monoid
>, a Garside monoid 7 Is is finitely presented 7"

Let H,,11 (resp. H,i. ;) be the quotient of G(n) (resp. of
M(n)) defined by the presentation

P1pjpi-1 = pipj, V2 <i<j<n >

<P17927-'-7Pn

Proposition

1. There are surjections M(n) — H;\ 1 — Spy1,
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About the monoid >,

Let us come back to DDGKM's question : "Is the monoid
>, a Garside monoid 7 Is is finitely presented 7"

Let H,,11 (resp. H,i. ;) be the quotient of G(n) (resp. of
M(n)) defined by the presentation

P1pjpi-1 = pipj, V2 <i<j<n >

<P17927-'-7Pn

Proposition

There are surjections M(n) — H\ 1 — Sny1,

2. The monoid ¥,,11 is an Ore monoid with group of
fractions isomorphic to B,1. It is not a Garside
monoid when n > 2.
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About the monoid >,

Let us come back to DDGKM's question : "Is the monoid
>, a Garside monoid 7 Is is finitely presented 7"

Let H,,11 (resp. H,i. ;) be the quotient of G(n) (resp. of
M(n)) defined by the presentation

P1pjpi-1 = pipj, V2 <i<j<n >

<P17927-'-7Pn

Proposition

There are surjections M(n) — H\ 1 — Sny1,

2. The monoid ¥,,11 is an Ore monoid with group of
fractions isomorphic to B,1. It is not a Garside
monoid when n > 2.

3. We have Hpi1 = Bpyq.
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Moreover we conjecture :

The monoid !, is cancellative.

and some torus
knot groups

A new Garside
structure on torus
knot groups and
some braid groups
of complex
reflection groups

" Reflection”
quotients of torus
knot groups

«0O)>» «F»r «

it
v

a

it
v
[

DA



Moreover we conjecture :
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Moreover we conjecture :

The monoid !, is cancellative.

The following properties are equivalent:
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Moreover we conjecture :

The monoid !, is cancellative.

The following properties are equivalent:
1. The monoid H,, is cancellative,
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Moreover we conjecture :

The monoid !, is cancellative.

The following properties are equivalent:
1. The monoid H,, is cancellative,
2. We have S, =1,
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Moreover we conjecture : Dehornoy-Digne-

Godelle-Krammer-
Michel's monoid
and some torus
knot groups

Conjecture

The monoid ', is cancellative.

Lemma

The following properties are equivalent:
1. The monoid ’HZH is cancellative,
2. We have ¥,11 = ’H:{H.

In particular, we can negatively answer the first part of
DDGKM'’s question.
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About the monoid >, Garside groups,
complex reflection

groups

Thomas Gobet

Moreover we conjecture : Dehornoy-Digne-

Godelle-Krammer-
Michel's monoid

Conjecture Shdsome tofus

knot groups

The monoid ', is cancellative.

Lemma

The following properties are equivalent:
1. The monoid ’HZH is cancellative,
2. We have ¥,11 = ’H:{H.

In particular, we can negatively answer the first part of
DDGKM's question. It the above conjecture holds, then we
can positively answer the second part of DDGKM's question.
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Torus knot groups and braid groups of complex
reflection groups

Theorem (Generalization to arbitrary torus knot groups)

Let n,m > 2 be two relatively prime integers. The Garside
structure introduced above for G(n) = G(n,n + 1) can be
generalized to all torus knot groups G(n, m).
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Torus knot groups and braid groups of complex
reflection groups

Theorem (Generalization to arbitrary torus knot groups)

Let n,m > 2 be two relatively prime integers. The Garside
structure introduced above for G(n) = G(n,n + 1) can be
generalized to all torus knot groups G(n, m). More precisely,
let m = gqn + r be the euclidean division of m by n ;

Torus knot groups,
Garside groups,
complex reflection
groups

Thomas Gobet

A new Garside
structure on torus
knot groups and
some braid groups
of complex
reflection groups



Torus knot groups and braid groups of complex
reflection groups

Theorem (Generalization to arbitrary torus knot groups)

Let n,m > 2 be two relatively prime integers. The Garside
structure introduced above for G(n) = G(n,n + 1) can be
generalized to all torus knot groups G(n, m). More precisely,
let m = gn + r be the euclidean division of m by n ; Define
the monoid M(n,m) (resp. the group G(n,m)) by the
presentation
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Torus knot groups and braid groups of complex

reflection groups

Theorem (Generalization to arbitrary torus knot groups)

Let n,m > 2 be two relatively prime integers. The Garside
structure introduced above for G(n) = G(n,n + 1) can be
generalized to all torus knot groups G(n, m). More precisely,
let m = gn + r be the euclidean division of m by n ; Define
the monoid M(n,m) (resp. the group G(n,m)) by the

presentation

<p17p2>"- > Pn

Prohpi—r = piph if T <i<m,
1 . o
pv'p?zpn+i—7- = pip?j ifl<i<r.
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Torus knot groups and braid groups of complex

reflection groups

Theorem (Generalization to arbitrary torus knot groups)

Let n,m > 2 be two relatively prime integers. The Garside
structure introduced above for G(n) = G(n,n + 1) can be
generalized to all torus knot groups G(n, m). More precisely,
let m = gn + r be the euclidean division of m by n ; Define

the monoid M(n,m) (resp. the group G(n,m)) by the
presentation

Prohpi—r = piph if T <i<m,
1 . o
pv'p?zpn+i—7- = pip?j ifl<i<r.

<p17p2>"- > Pn

(we have M(n) = M(n,n+1)).

)
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Torus knot groups and braid groups of complex
reflection groups

> A few torus knot groups can be obtained as Artin-Tits
groups of spherical type or more generally as braid
groups of certain irreducible complex reflection groups
, namely (in Coxeter or Shephard-Todd
notation):
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Torus knot groups and braid groups of complex
reflection groups

> A few torus knot groups can be obtained as Artin-Tits
groups of spherical type or more generally as braid
groups of certain irreducible complex reflection groups
, namely (in Coxeter or Shephard-Todd
notation):

G(2,3) = Bs =2 B(G4) = B(Gs) = B(Gyg),
G(2,5) = B(Gao),

G(2,m) = B(l2(m)), m odd,

G(3,4) = B(G12), G(3,5) = B(G22).
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Torus knot groups and braid groups of complex — "Guiiime
. complex reflection
reflection groups groups

Thomas Gobet
> A few torus knot groups can be obtained as Artin-Tits
groups of spherical type or more generally as braid
groups of certain irreducible complex reflection groups

, namely (in Coxeter or Shephard-Todd A new Garside
. ) structure on torus
notat|0n). knot groups and
some braid groups
of complex
G(Q, 3) = 83 = B(G4) = B(GS) = B(G16)7 reflection groups

G(2,5) = B(G2),
G(2,m) = B(l2(m)), m odd,
G(3,4) = B(G12), G(3,5) = B(Ga2).

» Moreover, a Garside structure analogous to the one
introduced above for torus knot groups can be
constructed for a few additional braid groups of
complex reflection groups which are not
isomorphic to torus knot groups.
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<P1a P25 P3

P1P3P2 = Pg
P2P3P1 = P3

)

«0O)>» «F»r «

» The following monoid yields a Garside monoid for G3:
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<P1a P25 P3

pP1pP3p2 = Pg
P2pP3P1 = P3

» The following monoid yields a Garside monoid for G3:

)

» It was shown by Bannai that B(G13) =2 B(I2(6)).
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Analogous Garside structures

» The following monoid yields a Garside monoid for G3:

pP1pP3p2 = P% >
P2pP3P1 = P3
» It was shown by Bannai that B(G13) = B(I2(6)).

» Somewhat surprisingly, this monoid can be generalized to all
Artin-Tits groups of even dihedral type:

<p17p27 P3

Proposition
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Analogous Garside structures

» The following monoid yields a Garside monoid for G3:

pP1pP3p2 = P% >
P2pP3P1 = P3
» It was shown by Bannai that B(G13) = B(I2(6)).

» Somewhat surprisingly, this monoid can be generalized to all
Artin-Tits groups of even dihedral type:

<p17p27 P3

Proposition
Letn > 1.
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Analogous Garside structures

» The following monoid yields a Garside monoid for G3:

pP1pP3p2 = P§ >
P2pP3P1 = P3
» It was shown by Bannai that B(G13) = B(I2(6)).

» Somewhat surprisingly, this monoid can be generalized to all
Artin-Tits groups of even dihedral type:

<p17p23 P3

Proposition

Let n > 1. The monoid

<T17T27p

is a Garside monoid for B(Iz(4 + 2n)).

T1PT2 = p2
,7_2pn,7_1 — anrl
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Analogous Garside structures Taride groms
complex reflection
groups

» The following monoid yields a Garside monoid for G13: Thomas Gobet
2
P1P3P2 = P3
<l)17,02,03 p2p3pL = p3 >

» It was shown by Bannai that B(G13) = B(I2(6)).

» Somewhat surprisingly, this monoid can be generalized to all

A new Garside
structure on torus

Artin-Tits groups of even dihedral type: i s
some braid groups
of complex

PrOpOSition reflection groups

Let n > 1. The monoid

<7-17T27p

is a Garside monoid for B(Iz(4 + 2n)).

T1PT2 = p2
,7_2pn,7_1 — anrl

» Note that the above monoid is still defined for n = 0. But we
get p = o7, and just recover the classical Garside structure
on B(Bz3).
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» Taking the quotient of G(2) by the relation p? = 1 Dehornoy-Digne-
(resp. p¥ =1, k = 3,4,5) yields the symmetric group L

S3 (resp. the CRG Gy, Gs, Gig). ot groupe

A new Garside
structure on torus
knot groups and
some braid groups
of complex
reflection groups

" Reflection”
quotients of torus
knot groups

u]
b
I
n
it

DA



Torus knot groups as "braid groups” of complex
reflection groups ?

» Taking the quotient of G(2) by the relation p? =1
(resp. p¥ =1, k = 3,4,5) yields the symmetric group
S3 (resp. the CRG Gy, Gs, G16). Taking the quotient
of G(3) by the relation p? = 1 yields the CRG Gja.
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Torus knot groups as " braid groups” of complex
reflection groups ?

» Taking the quotient of G(2) by the relation p? =1
(resp. p¥ =1, k = 3,4,5) yields the symmetric group
S3 (resp. the CRG Gy, Gs, G16). Taking the quotient
of G(3) by the relation p? = 1 yields the CRG Gja.
Except for p1, the generators do not have a reflection as
image.
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Torus knot groups as " braid groups” of complex
reflection groups ?

» Taking the quotient of G(2) by the relation p? =1
(resp. p¥ =1, k = 3,4,5) yields the symmetric group
S3 (resp. the CRG Gy, Gs, G16). Taking the quotient
of G(3) by the relation p? = 1 yields the CRG Gja.
Except for p1, the generators do not have a reflection as
image. The quotient of G(4) by the relation p? =1 is
infinite.
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Torus knot groups as " braid groups” of complex
reflection groups ?

» Taking the quotient of G(2) by the relation p? =1
(resp. p¥ =1, k = 3,4,5) yields the symmetric group
S3 (resp. the CRG Gy, Gs, G16). Taking the quotient
of G(3) by the relation p? = 1 yields the CRG Gja.
Except for p1, the generators do not have a reflection as
image. The quotient of G(4) by the relation p? =1 is
infinite.

» Let n < m be as above.
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Torus knot groups as " braid groups” of complex
reflection groups ?

» Taking the quotient of G(2) by the relation p? =1
(resp. p¥ =1, k = 3,4,5) yields the symmetric group
S3 (resp. the CRG Gy, Gs, G16). Taking the quotient
of G(3) by the relation p? = 1 yields the CRG Gja.
Except for p1, the generators do not have a reflection as
image. The quotient of G(4) by the relation p? =1 is
infinite.

» Let n < m be as above. The group G(n,m) has a
well-known presentation

(x1,Z9,..., Ty | T1To- - =Xowg- - =+ =TTy ).
—— N——_— S—_——

m factors m factors m factors

Torus knot groups,
Garside groups,
complex reflection
groups

Thomas Gobet

A new Garside
structure on torus
knot groups and
some braid groups
of complex
reflection groups



Torus knot groups

Torus knot groups as "braid groups” of complex "G atme”

. complex reflection
reflection groups ? groups
Thomas Gobet
» Taking the quotient of G(2) by the relation p? =1
(resp. p¥ =1, k = 3,4,5) yields the symmetric group
S3 (resp. the CRG Gy, Gs, G16). Taking the quotient
of G(3) by the relation p? = 1 yields the CRG Gja. e Gt

structure on torus

Except for p1, the generators do not have a reflection as Lot groups and
some braid groups

image. The quotient of G(4) by the relation p? =1 is some breld
inﬁnite_ reflection groups

» Let n < m be as above. The group G(n,m) has a
well-known presentation

(x1,Z9,..., Ty | T1To- - =Xowg- - =+ =TTy ).
—— N — ——
m factors m factors m factors

» Taking reflection quotients as above corresponds to
adding a relation z§ =1 for k > 2.



Torus knot groups

Torus knot groups as "braid groups” of complex "G atme”

. complex reflection
reflection groups ? groups
Thomas Gobet
» Taking the quotient of G(2) by the relation p? =1
(resp. p¥ =1, k = 3,4,5) yields the symmetric group
S3 (resp. the CRG Gy, Gs, G16). Taking the quotient
of G(3) by the relation p? = 1 yields the CRG Gja. e Gt

structure on torus

Except for p1, the generators do not have a reflection as Lot groups and
some braid groups

image. The quotient of G(4) by the relation p? =1 is some breld
inﬁnite_ reflection groups

» Let n < m be as above. The group G(n,m) has a
well-known presentation

(x1,Z9,..., Ty | T1To- - =Xowg- - =+ =TTy ).
—— N — ——
m factors m factors m factors

» Taking reflection quotients as above corresponds to
adding a relation 2¥ = 1 for k > 2. One then has
xf’ =1 for all 4.



Torus knot groups

Torus knot groups as "braid groups” of complex "G atme”

. complex reflection
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Thomas Gobet
» Taking the quotient of G(2) by the relation p? =1
(resp. p¥ =1, k = 3,4,5) yields the symmetric group
S3 (resp. the CRG Gy, Gs, G16). Taking the quotient
of G(3) by the relation p? = 1 yields the CRG Gja. e Gt

structure on torus

Except for p1, the generators do not have a reflection as Lot groups and
some braid groups

image. The quotient of G(4) by the relation p? =1 is some breld
inﬁnite_ reflection groups

» Let n < m be as above. The group G(n,m) has a
well-known presentation

(x1,Z9,..., Ty | T1To- - =Xowg- - =+ =TTy ).
—— N — ——
m factors m factors m factors

» Taking reflection quotients as above corresponds to
adding a relation 2¥ = 1 for k > 2. One then has
ok =1 for all i. Denote by W (k,n,m) such a quotient.
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» The following groups appear as particular instances of Godelle-Krammer-
the groups W (k, n, m): an some tores.

> W(2,2,m) is the dihedral group Iz(m). S

A new Garside
structure on torus
knot groups and
some braid groups
of complex
reflection groups

" Reflection”
quotients of torus
knot groups

u]
b
I
n
it

DA



Particular cases of W (k,n, m) and questions

» The following groups appear as particular instances of
the groups W (k,n, m):
> W(2,2,m) is the dihedral group Iz(m).
> W(2,3,4) = Gia, W(2,3,5) = Gaa, W(3,2,5) = Gao.
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Particular cases of W (k,n, m) and questions

» The following groups appear as particular instances of
the groups W (k,n, m):

>
>
>

W(2,2,m) is the dihedral group Iz(m).

W(2,3,4) = G1a, W(2,3,5) = Gaa, W(3,2,5) = Gao.
W (k,2,3) (k> 3) is Coxeter's truncated braid group
on two generators, i.e., the quotient of B3 by the

relation of = 0% = 1.
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Particular cases of W (k,n, m) and questions

» The following groups appear as particular instances of
the groups W (k,n, m):

> W(2,2,m) is the dihedral group Is(m).

> W(2,3,4) = Gia, W(2,3,5) = Gaa, W(3,2,5) = Ga.

> W(k,2,3) (k> 3) is Coxeter’s truncated braid group
on two generators, i.e., the quotient of B3 by the
relation of = 0§ = 1. We have W (3,2,3) = G4,
W(4,2,3) = Gs, W(5,2,3) = Gis.
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Particular cases of W (k,n, m) and questions

» The following groups appear as particular instances of
the groups W (k,n,m):

> W(2,2,m) is the dihedral group Is(m).

> W(2,3,4) = G12, W(2,3,5) = Gaa, W(3,2,5) = Gop.

> W(k,2,3) (k> 3) is Coxeter’s truncated braid group
on two generators, i.e., the quotient of B3 by the
relation of = 0§ = 1. We have W (3,2,3) = G4,
W(4,2,3) = Gs, W(5,2,3) = G16. When k > 6 the
group is infinite, and admits a representation as a
complex reflection group on C? (which is unfaithful in
general).
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Particular cases of W (k,n, m) and questions T Garsd goupe

complex reflection
groups

Thomas Gobet

» The following groups appear as particular instances of
the groups W (k,n, m):
> W(2,2,m) is the dihedral group Is(m).
> W(2,3,4) = Gia, W(2,3,5) = Gaa, W(3,2,5) = Ga.
> W(k,2,3) (k> 3) is Coxeter’s truncated braid group
on two generators, i.e., the quotient of B3 by the
relation of = 0§ = 1. We have W (3,2,3) = G4,

W(4,2,3) = Gs, W(5,2,3) = Gis. When k > 6 the .
group is infinite, and admits a representation as a knot groups
complex reflection group on C? (which is unfaithful in

general).

» Every finite reflection group occurring above is a
rank-two complex reflection group.
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Achar and Aubert introduced a family of (in general infinite)
groups, called J-groups.
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Achar and Aubert introduced a family of (in general infinite)
groups, called J-groups.

Let a, b, c three integers > 1.
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J-groups (Achar-Aubert, 2008)

Achar and Aubert introduced a family of (in general infinite)
groups, called J-groups.

Let a,b, c three integers > 1. Let J (a b c> be the group

defined by the presentation

(s,t,u| s* =t' =u® =1, stu = tus = ust )
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J-groups (Achar-Aubert, 2008)

Achar and Aubert introduced a family of (in general infinite)
groups, called J-groups.

Let a,b, c three integers > 1. Let J (a b c> be the group

defined by the presentation
(s,t,u| s* =t' =u® =1, stu = tus = ust )

Let @/, b’ and ¢’ be three pairwise coprime integers, dividing

a, b and c respectively.
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J-groups (Achar-Aubert, 2008)

Achar and Aubert introduced a family of (in general infinite)
groups, called J-groups.

Let a,b, c three integers > 1. Let J <a b c> be the group

defined by the presentation
(s,t,u| s* =t' =u® =1, stu = tus = ust )

Let @/, b’ and ¢’ be three pairwise coprime integers, dividing

a, b and c respectively. Let J (3, ;;, cc,> be the normal

subgroup of J (a b c> generated by s " and u¢’.
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J-groups (Achar-Aubert, 2008)

Achar and Aubert introduced a family of (in general infinite)
groups, called J-groups.

Let a,b, c three integers > 1. Let J <a b c> be the group

defined by the presentation
(s,t,u| s* =t' =u® =1, stu = tus = ust )

Let @/, b’ and ¢’ be three pairwise coprime integers, dividing

a, b and c respectively. Let J (3, ;;, cc,> be the normal

subgroup of J (a b c> generated by s” " and u. We

omit 1's in the second row of parameters, consistently with

G-
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A J-group is finite if and only if it is a finite complex
reflection group of rank 2.

«0O)>» «F»r «
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J-groups

Theorem (Achar-Aubert, 2008)

A J-group is finite if and only if it is a finite complex
reflection group of rank 2.

» Achar and Aubert also showed that every J-group G
admits a representation p: G — GL3(C), where p(s),
p(t) and p(u) are reflections preserving a Hermitian
form (so that the image is a complex reflection group).
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J-groups

Theorem (Achar-Aubert, 2008)

A J-group is finite if and only if it is a finite complex
reflection group of rank 2.

» Achar and Aubert also showed that every J-group G
admits a representation p: G — GL3(C), where p(s),
p(t) and p(u) are reflections preserving a Hermitian
form (so that the image is a complex reflection group).
When G is not finite, this representation is not faithful
in general.
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J-groups

Theorem (Achar-Aubert, 2008)

A J-group is finite if and only if it is a finite complex
reflection group of rank 2.

» Achar and Aubert also showed that every J-group G
admits a representation p: G — GL3(C), where p(s),
p(t) and p(u) are reflections preserving a Hermitian
form (so that the image is a complex reflection group).
When G is not finite, this representation is not faithful
in general.

» This result is reminiscent of the following theorem : let
W be a Coxeter group. Then W is a real reflection
group if and only if W is finite.
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Let k,n, m be three integers > 2 with n < m and n, m
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Let k£,n, m be three integers > 2 with n < m and n, m Michel's monoid
b ) and some torus
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A family of J-groups with a single conjugacy
class of "reflecting hyperplanes”

Definition
Let k£,n, m be three integers > 2 with n < m and n, m

coprime. Let J(n,m, k) :=J (k " m> .

n m

Theorem
Let k,n,m as above. We have W (k,n,m) = J(k,n,m).

» The group in the LHS is a quotient of the torus knot
group G(n,m).
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Let k£,n, m be three integers > 2 with n < m and n, m

coprime. Let J(n,m, k) :=J (k " m> .

n m

Theorem
Let k,n,m as above. We have W (k,n,m) = J(k,n,m). " Reflection”
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» The group in the LHS is a quotient of the torus knot
group G(n,m). When the J-group is finite, this group
G(n,m) is the braid group of the corresponding finite
CRG.



A family of J-groups with a single conjugacy
class of "reflecting hyperplanes”

Definition
Let k,n, m be three integers > 2 with n < m and n, m

coprime. Let J(n,m, k) :=J (k " m> .

n m

Theorem
Let k,n,m as above. We have W (k,n,m) = J(k,n,m).

» The group in the LHS is a quotient of the torus knot
group G(n,m). When the J-group is finite, this group
G(n,m) is the braid group of the corresponding finite
CRG.

» In this way, we associate a Garside group to every
J-group in the above defined family, in such a way that
whenever the J-group is finite, one recovers the braid
group of the CRG.
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» From the above observations, it is tempting to call
G(n,m) the "braid group” of W(k,n,m).
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Braid groups of J-groups ?

» From the above observations, it is tempting to call
G(n,m) the "braid group” of W (k,n,m).

» However, it is not clear that this combinatorial
definition is the right one. Note that
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Braid groups of J-groups ?

» From the above observations, it is tempting to call
G(n,m) the "braid group” of W (k,n,m).
» However, it is not clear that this combinatorial
definition is the right one. Note that
» When W (k,n,m) is infinite, we do not know if these
groups have a faithful representation as complex
reflection groups of rank two in general.
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Braid groups of J-groups ?

» From the above observations, it is tempting to call
G(n,m) the "braid group” of W (k,n,m).
» However, it is not clear that this combinatorial
definition is the right one. Note that
» When W (k,n,m) is infinite, we do not know if these
groups have a faithful representation as complex
reflection groups of rank two in general. Hence it is hard
to define the "braid group” as the fundamental group of
the space of regular orbits of a reflection representation.
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Braid groups of J-groups ?

» From the above observations, it is tempting to call
G(n,m) the "braid group” of W (k,n,m).

» However, it is not clear that this combinatorial
definition is the right one. Note that

» When W (k,n,m) is infinite, we do not know if these
groups have a faithful representation as complex
reflection groups of rank two in general. Hence it is hard
to define the "braid group” as the fundamental group of
the space of regular orbits of a reflection representation.

» For (n1,m1) # (n2, ms) (with n; < m; and n;, m;
coprime), we have G(ni,m1) % G(ng, mz2) (Schreier,
1924).
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Braid groups of J-groups ?

» From the above observations, it is tempting to call
G(n,m) the "braid group” of W (k,n,m).

» However, it is not clear that this combinatorial
definition is the right one. Note that

» When W (k,n,m) is infinite, we do not know if these
groups have a faithful representation as complex
reflection groups of rank two in general. Hence it is hard
to define the "braid group” as the fundamental group of
the space of regular orbits of a reflection representation.

» For (n1,m1) # (n2, ms) (with n; < m; and n;, m;
coprime), we have G(ni,m1) % G(ng, mz2) (Schreier,
1924). It is not clear a priori that if
W (ki,n1,m1) = W(ka,na, ma) (as "reflection
groups”), then (k1,n1,m1) = (ka, na, ma).
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Braid groups of J-groups ?

» From the above observations, it is tempting to call
G(n,m) the "braid group” of W (k,n,m).

» However, it is not clear that this combinatorial
definition is the right one. Note that

» When W (k,n,m) is infinite, we do not know if these
groups have a faithful representation as complex
reflection groups of rank two in general. Hence it is hard
to define the "braid group” as the fundamental group of
the space of regular orbits of a reflection representation.

» For (n1,m1) # (n2, ms) (with n; < m; and n;, m;
coprime), we have G(ni,m1) % G(ng, mz2) (Schreier,
1924). It is not clear a priori that if
W (ki,n1,m1) = W(ka,na, ma) (as "reflection
groups”), then (k1,n1,m1) = (ka, na, ma).

» In fact the parameter k; is the number of conjugacy
classes of reflections in W (k;, n;, m;).
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Brald groups Of J—groups ? Torus knot groups,

Garside groups,
complex reflection
groups

» From the above observations, it is tempting to call limes Gtz
G(n,m) the "braid group” of W (k,n,m).
» However, it is not clear that this combinatorial
definition is the right one. Note that
» When W (k,n,m) is infinite, we do not know if these
groups have a faithful representation as complex
reflection groups of rank two in general. Hence it is hard
to define the "braid group” as the fundamental group of
the space of regular orbits of a reflection representation. " Reflection”
» For (n1,my) # (n2, ms2) (with n; < m; and n;, m; uoyients orores
coprime), we have G(ni,m1) % G(ng, mz2) (Schreier,
1924). It is not clear a priori that if
W (ki,n1,m1) = W(ka,na, ma) (as "reflection
groups”), then (k1,n1,m1) = (ka, na, ma).

» In fact the parameter k; is the number of conjugacy
classes of reflections in W (k;, n;, m;). Hence at least
W(ki,ni,my) Zer W(ka,ng,m2) = ki = k.
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» The element ¢:= (z122- -
W (k,n,m).

x,)™ is central in
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» The element ¢ := (x125 -+ x,)™ is central in

W (k,n,m). Let W(k,n,m) =W (k,n,m)/(c=1).
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» The element ¢ := (x125 -+ x,)™ is central in
W (k,n,m). Let W(k,n,m) =W (k,n,m)/(c=1).
Let Wi ,.m be the rank three Coxeter group

Wi nm = <7“177'2,7“3 (T1T‘2)k

u]
b
I
n
it

Torus knot groups,
Garside groups,
complex reflection
groups

Thomas Gobet

Dehornoy-Digne-
Godelle-Krammer-
Michel’s monoid
and some torus
knot groups

A new Garside
structure on torus
knot groups and
some braid groups
of complex
reflection groups

" Reflection”
quotients of torus
knot groups



Center of W(k,n,m)

» The element ¢ := (z129 -

W (k,n,m). Let W(k,n,m) =
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is central in
W(k,n,m)/(c=1).

Let W}, m be the rank three Coxeter group

Wk’,n,m = <'I"1, 2,73 (TlTQ)

» There is a group morphism

k
J = J( " ’I?’L> — ka,m, S > 1r1re, t > ToT3,

U +— r3ry.

P2 =2 —y2=1
rHH=ry="r3=
= (rorg)" = (7’37’1) =1 >
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Torus knot groups,
Center Of [[’ (k, n, m) Garside groups,
complex reflection

groups

Thomas Gobet
» The element ¢ := (z1x9---x,)™ is central in

W (k,n,m). Let W(k,n,m) = W(k,n,m)/(c=1).
Let W}, m be the rank three Coxeter group

Winm = <7"1, r2,73

r{ =715 = r§ =1,
k _ — _
(rire)" = (rorg)™ = (rar)™ =1
. . " Reflection”
» There is a group morphism quotients of torus
knot groups
kK n m
Ji=J — Whnm, 8 — 1112, t — Tor3,

u +— r371. Its image is the alternating subgroup W,jn m
of Wi nm. One has J/(stu =1) = Wl:tn,m'
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We have W (k,n,m) = W,

k,n,m"
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We have W (k,n,m) =

Let (W, S) be a Coxeter system of rank > 3. Then the
center of the alternating subgroup W of W is included in
the center of W.
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We have W (k,n,m) = W,

k,n,m"

Let (W, S) be a Coxeter system of rank > 3. Then the

center of the alternating subgroup W of W is included in

the center of W. In particular, if W is infinite irreducible

with |S| > 3, then the center of W s trivial.
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Center of W(k,n,m)

Proposition

We have W (k,n,m) = W;nm

Proposition

Let (W,S) be a Coxeter system of rank > 3. Then the
center of the alternating subgroup W+ of W is included in
the center of W. In particular, if W is infinite irreducible
with |S| > 3, then the center of W is trivial.

Corollary

The center of W (k,n, m) is cyclic, generated by c.
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Center of W(k,n,m)

Proposition

We have W (k,n,m) = W,:rnm

Proposition

Let (W,S) be a Coxeter system of rank > 3. Then the
center of the alternating subgroup W+ of W is included in
the center of W. In particular, if W is infinite irreducible
with |S| > 3, then the center of W is trivial.

Corollary

The center of W (k,n, m) is cyclic, generated by c.

» In general we do not know if ¢ has finite order or not.
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known description of W

(F,

«0O)>» «F»r «

» In the cases where W (k,n,m) is finite we recover the
n,m) as a particular case:
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Center of W(k,n,m)

» In the cases where W (k,n,m) is finite we recover the
known description of W (k,n,m) as a particular case:

k|ln|m/| W(kmnm) (k,n,m)

23] 4 G2 W(B3)" = 6,
21315 Gao W (Hs)" =25
31213 G4 W(As)"T 2 A3
4121 3 Gs W (Bs)" = G4
5121 3 G W (Hs)" =25
31215 Gao W(H3)t = s
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Center of W(k,n,m)

» In the cases where W (k,n,m) is finite we recover the
known description of W (k,n,m) as a particular case:

k|ln|m/| W(kmnm) W (k,n,m)

23] 4 G2 W(B3)" = 6,
21315 Gao W (Hs)" =25
31213 G4 W(As)"T 2 A3
4121 3 Gs W (Bs)" = G4
5121 3 G W (Hs)" =25
31215 Gao W(H3)t = s

» With the observations above, to show that

W(k:,nl,ml) = of W(k},ng,TTlg) (Wlth n; < m; and
coprime) implies (n1,m1) = (n2, ms), it suffices to
, implies that

show that W,©

kn1,ma
(n1,m1) = (ng, ma).

~ +
~ W;
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Thank you for your
attention |
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