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Temperley-Lieb algebra

Definition

Let δ be a parameter, n ∈ Z≥2. The Temperley-Lieb algebra
TLn(δ) is the associative unital Z[δ]-algebra with generators
b1, . . . , bn and relations
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Temperley-Lieb algebra

Definition

Let δ be a parameter, n ∈ Z≥2. The Temperley-Lieb algebra
TLn(δ) is the associative unital Z[δ]-algebra with generators
b1, . . . , bn and relations

bjbibj = bj if |i − j | = 1,

bibj = bjbi if |i − j | > 1,

b2i = δbi .
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Temperley-Lieb algebra

Definition

Let δ be a parameter, n ∈ Z≥2. The Temperley-Lieb algebra
TLn(δ) is the associative unital Z[δ]-algebra with generators
b1, . . . , bn and relations

bjbibj = bj if |i − j | = 1,

bibj = bjbi if |i − j | > 1,

b2i = δbi .

Fact

The Temperley-Lieb algebra is often defined as a
Z[v , v−1]-algebra with δ = v + v−1. This allows one to
realize it as a quotient of the Iwahori-Hecke algebra
H(Sn+1) of type An.
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Fully commutative elements
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Fully commutative elements

Definition

Let W = Sn+1, S = {si}
n
i=1 where si = (i , i + 1). An

element w ∈ W is fully commutative if given any reduced
expression si1si2 · · · sik of w and any s ∈ S ,

n(s) = #{k | sik = s} ∈ Z≥0

depends only on w and not on the choice of the reduced
expression.
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Fully commutative elements

Definition

Let W = Sn+1, S = {si}
n
i=1 where si = (i , i + 1). An

element w ∈ W is fully commutative if given any reduced
expression si1si2 · · · sik of w and any s ∈ S ,

n(s) = #{k | sik = s} ∈ Z≥0

depends only on w and not on the choice of the reduced
expression.

We write Wf for the set of fully commutative elements.
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Fully commutative elements

Definition

Let W = Sn+1, S = {si}
n
i=1 where si = (i , i + 1). An

element w ∈ W is fully commutative if given any reduced
expression si1si2 · · · sik of w and any s ∈ S ,

n(s) = #{k | sik = s} ∈ Z≥0

depends only on w and not on the choice of the reduced
expression.

We write Wf for the set of fully commutative elements.

◮ s1s2, s2s3s1s2 are fully commutative, while
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Fully commutative elements

Definition

Let W = Sn+1, S = {si}
n
i=1 where si = (i , i + 1). An

element w ∈ W is fully commutative if given any reduced
expression si1si2 · · · sik of w and any s ∈ S ,

n(s) = #{k | sik = s} ∈ Z≥0

depends only on w and not on the choice of the reduced
expression.

We write Wf for the set of fully commutative elements.

◮ s1s2, s2s3s1s2 are fully commutative, while

◮ s1s2s1 = s2s1s2 is not fully commutative.
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A natural basis of the Temperley-Lieb algebra
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A natural basis of the Temperley-Lieb algebra

Let w ∈ Wf . One associates to any reduced decomposition
si1si2 · · · sik of w the element bi1bi2 · · · bik of TLn(δ).
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A natural basis of the Temperley-Lieb algebra

Let w ∈ Wf . One associates to any reduced decomposition
si1si2 · · · sik of w the element bi1bi2 · · · bik of TLn(δ).

Proposition (Jones, 1988)

With this notation,
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A natural basis of the Temperley-Lieb algebra

Let w ∈ Wf . One associates to any reduced decomposition
si1si2 · · · sik of w the element bi1bi2 · · · bik of TLn(δ).

Proposition (Jones, 1988)

With this notation,

1. The element bi1bi2 · · · bik is independent of the choice of
the reduced expression for w. We will therefore denote
it by bw .
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A natural basis of the Temperley-Lieb algebra

Let w ∈ Wf . One associates to any reduced decomposition
si1si2 · · · sik of w the element bi1bi2 · · · bik of TLn(δ).

Proposition (Jones, 1988)

With this notation,

1. The element bi1bi2 · · · bik is independent of the choice of
the reduced expression for w. We will therefore denote
it by bw .

2. The set {bw}w∈Wf
is a Z[δ]-basis of TLn(δ).
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A natural basis of the Temperley-Lieb algebra

Let w ∈ Wf . One associates to any reduced decomposition
si1si2 · · · sik of w the element bi1bi2 · · · bik of TLn(δ).

Proposition (Jones, 1988)

With this notation,

1. The element bi1bi2 · · · bik is independent of the choice of
the reduced expression for w. We will therefore denote
it by bw .

2. The set {bw}w∈Wf
is a Z[δ]-basis of TLn(δ).

3. Given any sequence j1j2 · · · jm of integers in {1, . . . , n},
there exists a unique pair (x , k) ∈ Wf × Z≥0 such that

bj1bj2 · · · bjm = δkbx .



A categorification
of the

Temperley-Lieb
algebra by

analogues of
Soergel bimodules

Thomas Gobet

Temperley-Lieb
algebra

Kazhdan-Lusztig
or diagram basis

Weyl lines

Categorification of
the Kauffman
monoid

Link with the
diagrammatics

Categorification of
the diagram basis

Diagrammatic version of the Temperley-Lieb

algebra

b1 = , b2 = , b3 =
b b b b

b b b b

b b b b

b b b b

b b b b

b b b b
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Diagrammatic version of the Temperley-Lieb

algebra

b1 = , b2 = , b3 =
b b b b

b b b b

b b b b

b b b b

b b b b

b b b b

◮ Multiplication = concatenation of diagrams
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Diagrammatic version of the Temperley-Lieb

algebra

b1 = , b2 = , b3 =
b b b b

b b b b

b b b b

b b b b

b b b b

b b b b

◮ Multiplication = concatenation of diagrams

◮ Multiplication by δ = add a circle in the diagram
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Diagrammatic version of the Temperley-Lieb

algebra

b1 = , b2 = , b3 =
b b b b

b b b b

b b b b

b b b b

b b b b

b b b b

◮ Multiplication = concatenation of diagrams

◮ Multiplication by δ = add a circle in the diagram
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Diagrammatic version of the Temperley-Lieb

algebra

b1 = , b2 = , b3 =
b b b b

b b b b

b b b b

b b b b

b b b b

b b b b

◮ Multiplication = concatenation of diagrams

◮ Multiplication by δ = add a circle in the diagram

b1

=

b1b2b1
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Diagrammatic version of the Temperley-Lieb

algebra

b1 = , b2 = , b3 =
b b b b

b b b b

b b b b

b b b b

b b b b

b b b b

◮ Multiplication = concatenation of diagrams

◮ Multiplication by δ = add a circle in the diagram

b1

b2

b1

=

b1b2b1

b1

b b b b

b b b b

b b b b

b b b b

b b b b

b b b b
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Diagrammatic version of the Temperley-Lieb

algebra

b1 = , b2 = , b3 =
b b b b

b b b b

b b b b

b b b b

b b b b

b b b b

◮ Multiplication = concatenation of diagrams

◮ Multiplication by δ = add a circle in the diagram

b

b1

=

b1b2b1

b b b

b b b bb b b b

b b b bb b b b

b b b b
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◮ Multiplication = concatenation of diagrams

◮ Multiplication by δ = add a circle in the diagram

b1

=

b1b2b1

b b b b

b b b b
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Diagrammatic version of the Temperley-Lieb

algebra

b1 = , b2 = , b3 =
b b b b

b b b b

b b b b

b b b b

b b b b

b b b b

◮ Multiplication = concatenation of diagrams

◮ Multiplication by δ = add a circle in the diagram

b

b1

=

b1b2b1

b b b

b b b b
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Diagrammatic version of the Temperley-Lieb

algebra

b1 = , b2 = , b3 =
b b b b

b b b b

b b b b

b b b b

b b b b

b b b b

◮ Multiplication = concatenation of diagrams

◮ Multiplication by δ = add a circle in the diagram

b b b

b1

=

b1b2b1

b

b b b b
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=
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Diagrammatic version of the Temperley-Lieb

algebra

b1 = , b2 = , b3 =
b b b b

b b b b

b b b b

b b b b

b b b b

b b b b

◮ Multiplication = concatenation of diagrams

◮ Multiplication by δ = add a circle in the diagram

b1b3

=

b3b1



A categorification
of the

Temperley-Lieb
algebra by

analogues of
Soergel bimodules

Thomas Gobet

Temperley-Lieb
algebra

Kazhdan-Lusztig
or diagram basis

Weyl lines

Categorification of
the Kauffman
monoid

Link with the
diagrammatics

Categorification of
the diagram basis
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algebra
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◮ Multiplication = concatenation of diagrams

◮ Multiplication by δ = add a circle in the diagram

b b b b

b1b3

=

b3b1

b b b b

b1

b b b b

b b b b

b3
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◮ Multiplication by δ = add a circle in the diagram
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b b b b

b b b b

b1
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Multiplying generators bi yields (linear combinations of)
various diagrams. In case n = 3, there are 14 possible
diagrams:
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Diagrammatic version of the Temperley-Lieb

algebra

Multiplying generators bi yields (linear combinations of)
various diagrams. In case n = 3, there are 14 possible
diagrams:

b b b b
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These diagrams, which form a basis of the obtained diagram
algebra, correspond exactly to the elements of the basis
indexed by fully commutative elements.
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as to the diagram basis.
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The aim now is to categorify the diagram basis, that is, to
find a (graded) additive category CTLn with a product ⋆ of
objects endowing its split Grothendieck group 〈CTLn〉 with a
ring structure such that there exists a homomorphism of
rings

ψ : TLn(δ) → 〈CTLn
〉 ,

with the following properties:
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The aim now is to categorify the diagram basis, that is, to
find a (graded) additive category CTLn with a product ⋆ of
objects endowing its split Grothendieck group 〈CTLn〉 with a
ring structure such that there exists a homomorphism of
rings

ψ : TLn(δ) → 〈CTLn
〉 ,

with the following properties:

◮ The map ψ is an isomorphism of algebras,
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We will refer to the basis {bw}w∈Wf
as to the diagram basis.

The aim now is to categorify the diagram basis, that is, to
find a (graded) additive category CTLn with a product ⋆ of
objects endowing its split Grothendieck group 〈CTLn〉 with a
ring structure such that there exists a homomorphism of
rings

ψ : TLn(δ) → 〈CTLn
〉 ,

with the following properties:

◮ The map ψ is an isomorphism of algebras,

◮ The image of the diagram basis matches with the set of
classes of indecomposable objects, that is

{ψ(bw ) | w ∈ Wf } = {〈B〉 | B is indecomposable}.



A categorification
of the

Temperley-Lieb
algebra by

analogues of
Soergel bimodules

Thomas Gobet

Temperley-Lieb
algebra

Kazhdan-Lusztig
or diagram basis

Weyl lines

Categorification of
the Kauffman
monoid

Link with the
diagrammatics

Categorification of
the diagram basis

Weyl lines



A categorification
of the

Temperley-Lieb
algebra by

analogues of
Soergel bimodules

Thomas Gobet

Temperley-Lieb
algebra

Kazhdan-Lusztig
or diagram basis

Weyl lines

Categorification of
the Kauffman
monoid

Link with the
diagrammatics

Categorification of
the diagram basis

Weyl lines

Let V be a finite dimensional k-vector space (char(k) = 0)
and W ⊂ GL(V ) a finite group generated by reflections.
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Weyl lines

Let V be a finite dimensional k-vector space (char(k) = 0)
and W ⊂ GL(V ) a finite group generated by reflections.

Definition (Elias, 2010)

A Weyl line L ⊂ V of (W,V ) is a one-dimensional subspace
which is an intersection of reflecting hyperplanes.
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Weyl lines

Let V be a finite dimensional k-vector space (char(k) = 0)
and W ⊂ GL(V ) a finite group generated by reflections.

Definition (Elias, 2010)

A Weyl line L ⊂ V of (W,V ) is a one-dimensional subspace
which is an intersection of reflecting hyperplanes.

Fact

There is a W-equivariant bijection

{
Weyl lines of (W,V )

} ∼
−→

{
Maximal parabolic
subgroups of W

}

,

L 7→ FixW(L).



A categorification
of the

Temperley-Lieb
algebra by

analogues of
Soergel bimodules

Thomas Gobet

Temperley-Lieb
algebra

Kazhdan-Lusztig
or diagram basis

Weyl lines

Categorification of
the Kauffman
monoid

Link with the
diagrammatics

Categorification of
the diagram basis

Weyl lines

Let V be a finite dimensional k-vector space (char(k) = 0)
and W ⊂ GL(V ) a finite group generated by reflections.

Definition (Elias, 2010)

A Weyl line L ⊂ V of (W,V ) is a one-dimensional subspace
which is an intersection of reflecting hyperplanes.

Fact

There is a W-equivariant bijection

{
Weyl lines of (W,V )

} ∼
−→

{
Maximal parabolic
subgroups of W

}

,

L 7→ FixW(L).

From now on (W,S) will be of type An. The vector space V
will be the geometric representation of (W,S).
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Example

In type A2, the Weyl lines are exactly the reflecting
hyperplanes Hs1 , Hs2 , Hs1s2s1 .
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In type A2, the Weyl lines are exactly the reflecting
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Example

In type A3, there are exactly 7 Weyl lines



A categorification
of the

Temperley-Lieb
algebra by

analogues of
Soergel bimodules

Thomas Gobet

Temperley-Lieb
algebra

Kazhdan-Lusztig
or diagram basis

Weyl lines

Categorification of
the Kauffman
monoid

Link with the
diagrammatics

Categorification of
the diagram basis

Weyl lines in type An

Example

In type A2, the Weyl lines are exactly the reflecting
hyperplanes Hs1 , Hs2 , Hs1s2s1 .

Example

In type A3, there are exactly 7 Weyl lines

Hs1 ∩ Hs2 ,Hs1 ∩ Hs3 ,Hs2 ∩ Hs3 ,Hs1s2s1 ∩ Hs3

Hs1 ∩ Hs2s3s2 ,Hs1s2s1 ∩ Hs2s3s2,Hs2 ∩ Hs1s2s3s2s1 .
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Weyl lines in type An

Example

In type A2, the Weyl lines are exactly the reflecting
hyperplanes Hs1 , Hs2 , Hs1s2s1 .

Example

In type A3, there are exactly 7 Weyl lines

Hs1 ∩ Hs2 ,Hs1 ∩ Hs3 ,Hs2 ∩ Hs3 ,Hs1s2s1 ∩ Hs3

Hs1 ∩ Hs2s3s2 ,Hs1s2s1 ∩ Hs2s3s2,Hs2 ∩ Hs1s2s3s2s1 .

Example

In type An, there are 2n − 1 Weyl lines.
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relations

Let s = i1i2 · · · ik a sequence with ij ∈ {1, . . . , n}. To s we
associate a closed subset W (s) of Z defined inductively by
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Let s = i1i2 · · · ik a sequence with ij ∈ {1, . . . , n}. To s we
associate a closed subset W (s) of Z defined inductively by

◮ W (ik) = Vsik
=: Vik ,
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Let s = i1i2 · · · ik a sequence with ij ∈ {1, . . . , n}. To s we
associate a closed subset W (s) of Z defined inductively by

◮ W (ik) = Vsik
=: Vik ,

◮ W (i1i2 · · · ik) := Vi1 ∩ (W (i2 · · · ik) ∪ si1W (i2 · · · ik)).
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Let s = i1i2 · · · ik a sequence with ij ∈ {1, . . . , n}. To s we
associate a closed subset W (s) of Z defined inductively by

◮ W (ik) = Vsik
=: Vik ,

◮ W (i1i2 · · · ik) := Vi1 ∩ (W (i2 · · · ik) ∪ si1W (i2 · · · ik)).

Example
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Let s = i1i2 · · · ik a sequence with ij ∈ {1, . . . , n}. To s we
associate a closed subset W (s) of Z defined inductively by

◮ W (ik) = Vsik
=: Vik ,

◮ W (i1i2 · · · ik) := Vi1 ∩ (W (i2 · · · ik) ∪ si1W (i2 · · · ik)).

Example

◮ W (12) = V1 ∩ (V2 ∪ s1V2) = V1 ∩ (V2 ∪ Vs1s2s1) =
V1 = W (1)
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Let s = i1i2 · · · ik a sequence with ij ∈ {1, . . . , n}. To s we
associate a closed subset W (s) of Z defined inductively by

◮ W (ik) = Vsik
=: Vik ,

◮ W (i1i2 · · · ik) := Vi1 ∩ (W (i2 · · · ik) ∪ si1W (i2 · · · ik)).

Example

◮ W (12) = V1 ∩ (V2 ∪ s1V2) = V1 ∩ (V2 ∪ Vs1s2s1) =
V1 = W (1)

◮ W (212) = V2 = W (2)



A categorification
of the

Temperley-Lieb
algebra by

analogues of
Soergel bimodules

Thomas Gobet

Temperley-Lieb
algebra

Kazhdan-Lusztig
or diagram basis

Weyl lines

Categorification of
the Kauffman
monoid

Link with the
diagrammatics

Categorification of
the diagram basis

Weyl lines and shadows of Temperley-Lieb

relations

Let s = i1i2 · · · ik a sequence with ij ∈ {1, . . . , n}. To s we
associate a closed subset W (s) of Z defined inductively by

◮ W (ik) = Vsik
=: Vik ,

◮ W (i1i2 · · · ik) := Vi1 ∩ (W (i2 · · · ik) ∪ si1W (i2 · · · ik)).

Example

◮ W (12) = V1 ∩ (V2 ∪ s1V2) = V1 ∩ (V2 ∪ Vs1s2s1) =
V1 = W (1)

◮ W (212) = V2 = W (2) ” b2b1b2 = b2”
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Let s = i1i2 · · · ik a sequence with ij ∈ {1, . . . , n}. To s we
associate a closed subset W (s) of Z defined inductively by

◮ W (ik) = Vsik
=: Vik ,

◮ W (i1i2 · · · ik) := Vi1 ∩ (W (i2 · · · ik) ∪ si1W (i2 · · · ik)).

Example

◮ W (12) = V1 ∩ (V2 ∪ s1V2) = V1 ∩ (V2 ∪ Vs1s2s1) =
V1 = W (1)

◮ W (212) = V2 = W (2) ” b2b1b2 = b2”

◮ W (13) = V1 ∩ V3 = W (31)
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Let s = i1i2 · · · ik a sequence with ij ∈ {1, . . . , n}. To s we
associate a closed subset W (s) of Z defined inductively by

◮ W (ik) = Vsik
=: Vik ,

◮ W (i1i2 · · · ik) := Vi1 ∩ (W (i2 · · · ik) ∪ si1W (i2 · · · ik)).

Example

◮ W (12) = V1 ∩ (V2 ∪ s1V2) = V1 ∩ (V2 ∪ Vs1s2s1) =
V1 = W (1)

◮ W (212) = V2 = W (2) ” b2b1b2 = b2”

◮ W (13) = V1 ∩ V3 = W (31) ” b1b3 = b3b1”
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Let s = i1i2 · · · ik a sequence with ij ∈ {1, . . . , n}. To s we
associate a closed subset W (s) of Z defined inductively by

◮ W (ik) = Vsik
=: Vik ,

◮ W (i1i2 · · · ik) := Vi1 ∩ (W (i2 · · · ik) ∪ si1W (i2 · · · ik)).

Example

◮ W (12) = V1 ∩ (V2 ∪ s1V2) = V1 ∩ (V2 ∪ Vs1s2s1) =
V1 = W (1)

◮ W (212) = V2 = W (2) ” b2b1b2 = b2”

◮ W (13) = V1 ∩ V3 = W (31) ” b1b3 = b3b1”

We write Vn for the set of closed subsets of Z obtained in
this way. Notice that any element of Vn is a union of Weyl
lines. One can show that {0} /∈ Vn.
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The Kauffman monoid

The Kauffman monoid Kn is defined by generators and
relations as follows:
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The Kauffman monoid

The Kauffman monoid Kn is defined by generators and
relations as follows:

◮ Generators b1, . . . bn, δ
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The Kauffman monoid

The Kauffman monoid Kn is defined by generators and
relations as follows:

◮ Generators b1, . . . bn, δ

◮ Relations:
bjbibj = bj if |i − j | = 1,

bibj = bjbi if |i − j | > 1,

b2i = δbi = biδ.
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The Kauffman monoid

The Kauffman monoid Kn is defined by generators and
relations as follows:

◮ Generators b1, . . . bn, δ

◮ Relations:
bjbibj = bj if |i − j | = 1,

bibj = bjbi if |i − j | > 1,

b2i = δbi = biδ.

Fact

There is an operation of Kn on Vn: let W (s) ∈ Vn, then
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The Kauffman monoid

The Kauffman monoid Kn is defined by generators and
relations as follows:

◮ Generators b1, . . . bn, δ

◮ Relations:
bjbibj = bj if |i − j | = 1,

bibj = bjbi if |i − j | > 1,

b2i = δbi = biδ.

Fact

There is an operation of Kn on Vn: let W (s) ∈ Vn, then

◮ bi ·W (s) = Vi ∩ (W (s) ∪ siW (s)) = W (i s), for each
i ∈ {1, . . . , n},
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The Kauffman monoid

The Kauffman monoid Kn is defined by generators and
relations as follows:

◮ Generators b1, . . . bn, δ

◮ Relations:
bjbibj = bj if |i − j | = 1,

bibj = bjbi if |i − j | > 1,

b2i = δbi = biδ.

Fact

There is an operation of Kn on Vn: let W (s) ∈ Vn, then

◮ bi ·W (s) = Vi ∩ (W (s) ∪ siW (s)) = W (i s), for each
i ∈ {1, . . . , n},

◮ δ ·W (s) = W (s)
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Regular functions on Weyl lines

Denote by L the set of Weyl lines and set Z :=
⋃

L∈L L. The
group W acts on Z , which is a Zariski closed subset of V .
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Regular functions on Weyl lines

Denote by L the set of Weyl lines and set Z :=
⋃

L∈L L. The
group W acts on Z , which is a Zariski closed subset of V .

Let O(V ) be the k-algebra of polyomial functions on V .
Then

O(V ) ∼= S(V ∗) ∼= k[f1, f2, . . . fn],

where fi is the equation of the hyperplane Hsi . The algebra
R := O(V ) is, therefore, naturally graded (with degfi = 2).
The group W acts on R .
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Regular functions on Weyl lines

Denote by L the set of Weyl lines and set Z :=
⋃

L∈L L. The
group W acts on Z , which is a Zariski closed subset of V .

Let O(V ) be the k-algebra of polyomial functions on V .
Then

O(V ) ∼= S(V ∗) ∼= k[f1, f2, . . . fn],

where fi is the equation of the hyperplane Hsi . The algebra
R := O(V ) is, therefore, naturally graded (with degfi = 2).
The group W acts on R .

The closed subset Z ⊂ V is a union of lines
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Regular functions on Weyl lines

Denote by L the set of Weyl lines and set Z :=
⋃

L∈L L. The
group W acts on Z , which is a Zariski closed subset of V .

Let O(V ) be the k-algebra of polyomial functions on V .
Then

O(V ) ∼= S(V ∗) ∼= k[f1, f2, . . . fn],

where fi is the equation of the hyperplane Hsi . The algebra
R := O(V ) is, therefore, naturally graded (with degfi = 2).
The group W acts on R .

The closed subset Z ⊂ V is a union of lines

⇒ I (Z ) =
⋂

L∈L I (L) is homogeneous since every I (L),
L ∈ L is homogeneous
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Regular functions on Weyl lines

Denote by L the set of Weyl lines and set Z :=
⋃

L∈L L. The
group W acts on Z , which is a Zariski closed subset of V .

Let O(V ) be the k-algebra of polyomial functions on V .
Then

O(V ) ∼= S(V ∗) ∼= k[f1, f2, . . . fn],

where fi is the equation of the hyperplane Hsi . The algebra
R := O(V ) is, therefore, naturally graded (with degfi = 2).
The group W acts on R .

The closed subset Z ⊂ V is a union of lines

⇒ I (Z ) =
⋂

L∈L I (L) is homogeneous since every I (L),
L ∈ L is homogeneous

⇒ R̄ := O(Z ) = R/I (Z ) inherits a grading from R .
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Elementary graded bimodules

Denote by C = R̄ −modZ − R̄ the category of finitely
generated graded R̄-bimodules.
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Elementary graded bimodules

Denote by C = R̄ −modZ − R̄ the category of finitely
generated graded R̄-bimodules.

Let T be the set of reflections of W. We write
Vt :=

⋃

L∈L,L6⊂Ht
L, where t ∈ T . If t = si ∈ S, we write Vi

for Vsi and Ri := O(Vi).
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Elementary graded bimodules

Denote by C = R̄ −modZ − R̄ the category of finitely
generated graded R̄-bimodules.

Let T be the set of reflections of W. We write
Vt :=

⋃

L∈L,L6⊂Ht
L, where t ∈ T . If t = si ∈ S, we write Vi

for Vsi and Ri := O(Vi). Since R̄ ։ Ri and si acts
degreewise, the R̄-bimodule

Bi := Ri ⊗R
si
i
Ri

lies in C.
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Elementary graded bimodules

Denote by C = R̄ −modZ − R̄ the category of finitely
generated graded R̄-bimodules.

Let T be the set of reflections of W. We write
Vt :=

⋃

L∈L,L6⊂Ht
L, where t ∈ T . If t = si ∈ S, we write Vi

for Vsi and Ri := O(Vi). Since R̄ ։ Ri and si acts
degreewise, the R̄-bimodule

Bi := Ri ⊗R
si
i
Ri

lies in C. Thanks to the decomposition Ri = R si
i ⊕ R si

i fi , it is
free of rank 2 if viewed as left or right Ri -module (but NOT
as R̄-module!).
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Elementary graded bimodules

Denote by C = R̄ −modZ − R̄ the category of finitely
generated graded R̄-bimodules.

Let T be the set of reflections of W. We write
Vt :=

⋃

L∈L,L6⊂Ht
L, where t ∈ T . If t = si ∈ S, we write Vi

for Vsi and Ri := O(Vi). Since R̄ ։ Ri and si acts
degreewise, the R̄-bimodule

Bi := Ri ⊗R
si
i
Ri

lies in C. Thanks to the decomposition Ri = R si
i ⊕ R si

i fi , it is
free of rank 2 if viewed as left or right Ri -module (but NOT
as R̄-module!).

The bimodule Bi is an analogue of the Bott-Samelson or
Soergel bimodule Bsi := R ⊗Rsi R ∈ R −modZ − R .
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A product of bimodules
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A product of bimodules

Let B ,B ′ ∈ R̄ −modZ − R̄, IRB and I LB′ the right and left
annihilators of B and B ′, V R

B := V (IRB ), V L
B′ := V (I LB′).
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A product of bimodules

Let B ,B ′ ∈ R̄ −modZ − R̄, IRB and I LB′ the right and left
annihilators of B and B ′, V R

B := V (IRB ), V L
B′ := V (I LB′).

There are surjections

R̄/IRB
// // O(V R

B )
++ ++❲

❲❲
❲❲

❲

R̄

33 33❣❣❣❣❣❣❣❣❣❣❣❣

++ ++❲
❲❲

❲❲
❲❲

❲❲
❲❲

❲ O(V R
B ∩ V L

B′)

R̄/I LB′
// // O(V L

B′)
33 33❣❣❣❣❣
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A product of bimodules

Let B ,B ′ ∈ R̄ −modZ − R̄, IRB and I LB′ the right and left
annihilators of B and B ′, V R

B := V (IRB ), V L
B′ := V (I LB′).

There are surjections

R̄/IRB
// // O(V R

B )
++ ++❲

❲❲
❲❲

❲

R̄

33 33❣❣❣❣❣❣❣❣❣❣❣❣

++ ++❲
❲❲

❲❲
❲❲

❲❲
❲❲

❲ O(V R
B ∩ V L

B′)

R̄/I LB′
// // O(V L

B′)
33 33❣❣❣❣❣

Set B ⋆ B ′ := B ⊗R̄ O(V R
B ∩ V L

B′)⊗R̄ B ′.
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A product of bimodules

Let B ,B ′ ∈ R̄ −modZ − R̄, IRB and I LB′ the right and left
annihilators of B and B ′, V R

B := V (IRB ), V L
B′ := V (I LB′).

There are surjections

R̄/IRB
// // O(V R

B )
++ ++❲

❲❲
❲❲

❲

R̄

33 33❣❣❣❣❣❣❣❣❣❣❣❣

++ ++❲
❲❲

❲❲
❲❲

❲❲
❲❲

❲ O(V R
B ∩ V L

B′)

R̄/I LB′
// // O(V L

B′)
33 33❣❣❣❣❣

Set B ⋆ B ′ := B ⊗R̄ O(V R
B ∩ V L

B′)⊗R̄ B ′.

A few remarks:
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A product of bimodules

Let B ,B ′ ∈ R̄ −modZ − R̄, IRB and I LB′ the right and left
annihilators of B and B ′, V R

B := V (IRB ), V L
B′ := V (I LB′).

There are surjections

R̄/IRB
// // O(V R

B )
++ ++❲

❲❲
❲❲

❲

R̄

33 33❣❣❣❣❣❣❣❣❣❣❣❣

++ ++❲
❲❲

❲❲
❲❲

❲❲
❲❲

❲ O(V R
B ∩ V L

B′)

R̄/I LB′
// // O(V L

B′)
33 33❣❣❣❣❣

Set B ⋆ B ′ := B ⊗R̄ O(V R
B ∩ V L

B′)⊗R̄ B ′.

A few remarks:
◮ If IRB = I LB′ = 0, then B ⋆ B ′ = B ⊗R̄ B ′,
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A product of bimodules

Let B ,B ′ ∈ R̄ −modZ − R̄, IRB and I LB′ the right and left
annihilators of B and B ′, V R

B := V (IRB ), V L
B′ := V (I LB′).

There are surjections

R̄/IRB
// // O(V R

B )
++ ++❲

❲❲
❲❲

❲

R̄

33 33❣❣❣❣❣❣❣❣❣❣❣❣

++ ++❲
❲❲

❲❲
❲❲

❲❲
❲❲

❲ O(V R
B ∩ V L

B′)

R̄/I LB′
// // O(V L

B′)
33 33❣❣❣❣❣

Set B ⋆ B ′ := B ⊗R̄ O(V R
B ∩ V L

B′)⊗R̄ B ′.

A few remarks:
◮ If IRB = I LB′ = 0, then B ⋆ B ′ = B ⊗R̄ B ′,
◮ If I (V R

B ∩ V L
B′) is homogeneous, then

B ⋆ B ′ ∈ R̄ −modZ − R̄,
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A product of bimodules

Let B ,B ′ ∈ R̄ −modZ − R̄, IRB and I LB′ the right and left
annihilators of B and B ′, V R

B := V (IRB ), V L
B′ := V (I LB′).

There are surjections

R̄/IRB
// // O(V R

B )
++ ++❲

❲❲
❲❲

❲

R̄

33 33❣❣❣❣❣❣❣❣❣❣❣❣

++ ++❲
❲❲

❲❲
❲❲

❲❲
❲❲

❲ O(V R
B ∩ V L

B′)

R̄/I LB′
// // O(V L

B′)
33 33❣❣❣❣❣

Set B ⋆ B ′ := B ⊗R̄ O(V R
B ∩ V L

B′)⊗R̄ B ′.

A few remarks:
◮ If IRB = I LB′ = 0, then B ⋆ B ′ = B ⊗R̄ B ′,
◮ If I (V R

B ∩ V L
B′) is homogeneous, then

B ⋆ B ′ ∈ R̄ −modZ − R̄,
◮ One has R̄ ⋆ B ∼= B ∼= B ⋆ R̄,
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A product of bimodules

Let B ,B ′ ∈ R̄ −modZ − R̄, IRB and I LB′ the right and left
annihilators of B and B ′, V R

B := V (IRB ), V L
B′ := V (I LB′).

There are surjections

R̄/IRB
// // O(V R

B )
++ ++❲

❲❲
❲❲

❲

R̄

33 33❣❣❣❣❣❣❣❣❣❣❣❣

++ ++❲
❲❲

❲❲
❲❲

❲❲
❲❲

❲ O(V R
B ∩ V L

B′)

R̄/I LB′
// // O(V L

B′)
33 33❣❣❣❣❣

Set B ⋆ B ′ := B ⊗R̄ O(V R
B ∩ V L

B′)⊗R̄ B ′.

A few remarks:
◮ If IRB = I LB′ = 0, then B ⋆ B ′ = B ⊗R̄ B ′,
◮ If I (V R

B ∩ V L
B′) is homogeneous, then

B ⋆ B ′ ∈ R̄ −modZ − R̄,
◮ One has R̄ ⋆ B ∼= B ∼= B ⋆ R̄,
◮ →
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A product of bimodules

Let B ,B ′ ∈ R̄ −modZ − R̄, IRB and I LB′ the right and left
annihilators of B and B ′, V R

B := V (IRB ), V L
B′ := V (I LB′).

There are surjections

R̄/IRB
// // O(V R

B )
++ ++❲

❲❲
❲❲

❲

R̄

33 33❣❣❣❣❣❣❣❣❣❣❣❣

++ ++❲
❲❲

❲❲
❲❲

❲❲
❲❲

❲ O(V R
B ∩ V L

B′)

R̄/I LB′
// // O(V L

B′)
33 33❣❣❣❣❣

Set B ⋆ B ′ := B ⊗R̄ O(V R
B ∩ V L

B′)⊗R̄ B ′.

A few remarks:
◮ If IRB = I LB′ = 0, then B ⋆ B ′ = B ⊗R̄ B ′,
◮ If I (V R

B ∩ V L
B′) is homogeneous, then

B ⋆ B ′ ∈ R̄ −modZ − R̄,
◮ One has R̄ ⋆ B ∼= B ∼= B ⋆ R̄,
◮ → In general, ⋆ is neither associative, nor distributive

on R̄ −modZ − R̄!
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A product of bimodules

Let B ,B ′ ∈ R̄ −modZ − R̄, IRB and I LB′ the right and left
annihilators of B and B ′, V R

B := V (IRB ), V L
B′ := V (I LB′).

There are surjections

R̄/IRB
// // O(V R

B )
++ ++❲

❲❲
❲❲

❲

R̄

33 33❣❣❣❣❣❣❣❣❣❣❣❣

++ ++❲
❲❲

❲❲
❲❲

❲❲
❲❲

❲ O(V R
B ∩ V L

B′)

R̄/I LB′
// // O(V L

B′)
33 33❣❣❣❣❣

Set B ⋆ B ′ := B ⊗R̄ O(V R
B ∩ V L

B′)⊗R̄ B ′.

A few remarks:
◮ If IRB = I LB′ = 0, then B ⋆ B ′ = B ⊗R̄ B ′,
◮ If I (V R

B ∩ V L
B′) is homogeneous, then

B ⋆ B ′ ∈ R̄ −modZ − R̄,
◮ One has R̄ ⋆ B ∼= B ∼= B ⋆ R̄,
◮ → In general, ⋆ is neither associative, nor distributive

on R̄ −modZ − R̄! /
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However...

Recall that Bi is free as a left (or right) Ri -module (but not
as an R̄-module), with Ri = O(Vi).
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However...

Recall that Bi is free as a left (or right) Ri -module (but not
as an R̄-module), with Ri = O(Vi).

Theorem

Let s = i1i2 · · · ik with ij ∈ {1, . . . , n}. Set r(s) = ik · · · i2i1.
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However...

Recall that Bi is free as a left (or right) Ri -module (but not
as an R̄-module), with Ri = O(Vi).

Theorem

Let s = i1i2 · · · ik with ij ∈ {1, . . . , n}. Set r(s) = ik · · · i2i1.

1. Up to isomorphism, the product Bi1 ⋆ Bi2 ⋆ · · · ⋆ Bik is
independent of a choice of brackets. We will write B(s)
for any bimodule isomorphic to it.
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However...

Recall that Bi is free as a left (or right) Ri -module (but not
as an R̄-module), with Ri = O(Vi).

Theorem

Let s = i1i2 · · · ik with ij ∈ {1, . . . , n}. Set r(s) = ik · · · i2i1.

1. Up to isomorphism, the product Bi1 ⋆ Bi2 ⋆ · · · ⋆ Bik is
independent of a choice of brackets. We will write B(s)
for any bimodule isomorphic to it.

2. The bimodule B(s) lies in C, I L
B(s) = I (W (s)),

IR
B(s) = I (W (r(s))) and B(s) is free as left (resp. right)

O(W (s))-module (resp. O(W (r(s)))-module).
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However...

Recall that Bi is free as a left (or right) Ri -module (but not
as an R̄-module), with Ri = O(Vi).

Theorem

Let s = i1i2 · · · ik with ij ∈ {1, . . . , n}. Set r(s) = ik · · · i2i1.

1. Up to isomorphism, the product Bi1 ⋆ Bi2 ⋆ · · · ⋆ Bik is
independent of a choice of brackets. We will write B(s)
for any bimodule isomorphic to it.

2. The bimodule B(s) lies in C, I L
B(s) = I (W (s)),

IR
B(s) = I (W (r(s))) and B(s) is free as left (resp. right)

O(W (s))-module (resp. O(W (r(s)))-module).

3. There exists a unique set of pairwise commuting
reflections T (s) ⊂ T such that W (s) =

⋂

t∈T (s) Vt .
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An example

B2 ⋆ B1
∼= (R2 ⊗R2

s2 R2)⊗R2
O(V1 ∩ V2)⊗R1

(R1 ⊗R1
s1 R1)
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B2 ⋆ B1
∼= (R2 ⊗R2

s2 R2)⊗R2
O(V1 ∩ V2)⊗R1
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An example

B2 ⋆ B1
∼= (R2 ⊗R2

s2 R2)⊗R2
O(V1 ∩ V2)⊗R1

(R1 ⊗R1
s1 R1)

∼= R2 ⊗R2
s2 O(V1 ∩ V2)⊗R1

s1 R1.
Let i , j ∈ {1, 2}, i 6= j . There are ring homomorphisms

R si
i →֒ Ri

∼= R si
i ⊕ R si

i fi ։ O(V1 ∩ V2).
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B2 ⋆ B1
∼= (R2 ⊗R2

s2 R2)⊗R2
O(V1 ∩ V2)⊗R1

(R1 ⊗R1
s1 R1)

∼= R2 ⊗R2
s2 O(V1 ∩ V2)⊗R1

s1 R1.
Let i , j ∈ {1, 2}, i 6= j . There are ring homomorphisms

R si
i →֒ Ri

∼= R si
i ⊕ R si

i fi ։ O(V1 ∩ V2).

Write π for the surjective map. Recall that V1∩V2 ⊂ Hs1s2s1 .
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B2 ⋆ B1
∼= (R2 ⊗R2

s2 R2)⊗R2
O(V1 ∩ V2)⊗R1

(R1 ⊗R1
s1 R1)

∼= R2 ⊗R2
s2 O(V1 ∩ V2)⊗R1

s1 R1.
Let i , j ∈ {1, 2}, i 6= j . There are ring homomorphisms

R si
i →֒ Ri

∼= R si
i ⊕ R si

i fi ։ O(V1 ∩ V2).

Write π for the surjective map. Recall that V1∩V2 ⊂ Hs1s2s1 .
⇒ 0 = π(fs1s2s1

︸ ︷︷ ︸

=f1+f2

) = π(fi + fj), implying π(fi) = π(−2fj − fi
︸ ︷︷ ︸

∈R
si
i

).
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B2 ⋆ B1
∼= (R2 ⊗R2

s2 R2)⊗R2
O(V1 ∩ V2)⊗R1

(R1 ⊗R1
s1 R1)

∼= R2 ⊗R2
s2 O(V1 ∩ V2)⊗R1

s1 R1.
Let i , j ∈ {1, 2}, i 6= j . There are ring homomorphisms

R si
i →֒ Ri

∼= R si
i ⊕ R si

i fi ։ O(V1 ∩ V2).

Write π for the surjective map. Recall that V1∩V2 ⊂ Hs1s2s1 .
⇒ 0 = π(fs1s2s1

︸ ︷︷ ︸

=f1+f2

) = π(fi + fj), implying π(fi) = π(−2fj − fi
︸ ︷︷ ︸

∈R
si
i

).

⇒ the composition of the two maps above is surjective:
R si
i ։ O(V1 ∩ V2).
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An example

B2 ⋆ B1
∼= (R2 ⊗R2

s2 R2)⊗R2
O(V1 ∩ V2)⊗R1

(R1 ⊗R1
s1 R1)

∼= R2 ⊗R2
s2 O(V1 ∩ V2)⊗R1

s1 R1.
Let i , j ∈ {1, 2}, i 6= j . There are ring homomorphisms

R si
i →֒ Ri

∼= R si
i ⊕ R si

i fi ։ O(V1 ∩ V2).

Write π for the surjective map. Recall that V1∩V2 ⊂ Hs1s2s1 .
⇒ 0 = π(fs1s2s1

︸ ︷︷ ︸

=f1+f2

) = π(fi + fj), implying π(fi) = π(−2fj − fi
︸ ︷︷ ︸

∈R
si
i

).

⇒ the composition of the two maps above is surjective:
R si
i ։ O(V1 ∩ V2).

⇒ B2 ⋆ B1 is generated as R̄-bimodule by 1⊗ 1⊗ 1
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An example

B2 ⋆ B1
∼= (R2 ⊗R2

s2 R2)⊗R2
O(V1 ∩ V2)⊗R1

(R1 ⊗R1
s1 R1)

∼= R2 ⊗R2
s2 O(V1 ∩ V2)⊗R1

s1 R1.
Let i , j ∈ {1, 2}, i 6= j . There are ring homomorphisms

R si
i →֒ Ri

∼= R si
i ⊕ R si

i fi ։ O(V1 ∩ V2).

Write π for the surjective map. Recall that V1∩V2 ⊂ Hs1s2s1 .
⇒ 0 = π(fs1s2s1

︸ ︷︷ ︸

=f1+f2

) = π(fi + fj), implying π(fi) = π(−2fj − fi
︸ ︷︷ ︸

∈R
si
i

).

⇒ the composition of the two maps above is surjective:
R si
i ։ O(V1 ∩ V2).

⇒ B2 ⋆ B1 is generated as R̄-bimodule by 1⊗ 1⊗ 1

⇒ B2 ⋆ B1 is indecomposable (dimk(B2 ⋆ B1)0) = 1).
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Temperley-Lieb relations and consequences

But what is the relation with the Temperley-Lieb algebra?
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Temperley-Lieb relations and consequences

But what is the relation with the Temperley-Lieb algebra?

Theorem (Temperley-Lieb relations)

The following isomorphisms hold in C:
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Temperley-Lieb relations and consequences

But what is the relation with the Temperley-Lieb algebra?

Theorem (Temperley-Lieb relations)

The following isomorphisms hold in C:

◮ Bi ⋆ Bi±1 ⋆ Bi
∼= Bi ,
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Temperley-Lieb relations and consequences

But what is the relation with the Temperley-Lieb algebra?

Theorem (Temperley-Lieb relations)

The following isomorphisms hold in C:

◮ Bi ⋆ Bi±1 ⋆ Bi
∼= Bi ,

◮ Bi ⋆ Bj
∼= Bj ⋆ Bi , if |i − j | > 1,
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Temperley-Lieb relations and consequences

But what is the relation with the Temperley-Lieb algebra?

Theorem (Temperley-Lieb relations)

The following isomorphisms hold in C:

◮ Bi ⋆ Bi±1 ⋆ Bi
∼= Bi ,

◮ Bi ⋆ Bj
∼= Bj ⋆ Bi , if |i − j | > 1,

◮ Bi ⋆ Bi
∼= (R̄ ⊕ R̄[−2]) ⋆ Bi .
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Temperley-Lieb relations and consequences

But what is the relation with the Temperley-Lieb algebra?

Theorem (Temperley-Lieb relations)

The following isomorphisms hold in C:

◮ Bi ⋆ Bi±1 ⋆ Bi
∼= Bi ,

◮ Bi ⋆ Bj
∼= Bj ⋆ Bi , if |i − j | > 1,

◮ Bi ⋆ Bi
∼= (R̄ ⊕ R̄[−2]) ⋆ Bi .

Natural question: What can we say about B(s), where
s = i1i2 · · · ik and si1si2 · · · sik is a reduced expression for
w ∈ Wf ?
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Temperley-Lieb relations and consequences

But what is the relation with the Temperley-Lieb algebra?

Theorem (Temperley-Lieb relations)

The following isomorphisms hold in C:

◮ Bi ⋆ Bi±1 ⋆ Bi
∼= Bi ,

◮ Bi ⋆ Bj
∼= Bj ⋆ Bi , if |i − j | > 1,

◮ Bi ⋆ Bi
∼= (R̄ ⊕ R̄[−2]) ⋆ Bi .

Natural question: What can we say about B(s), where
s = i1i2 · · · ik and si1si2 · · · sik is a reduced expression for
w ∈ Wf ? We write Bw for any bimodule isomorphic to B(s)
and call it a fully commutative bimodule. The class
{Bw}w∈Wf

is our candidate to categorify {bw}w∈Wf
.
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Temperley-Lieb relations and consequences

But what is the relation with the Temperley-Lieb algebra?

Theorem (Temperley-Lieb relations)

The following isomorphisms hold in C:

◮ Bi ⋆ Bi±1 ⋆ Bi
∼= Bi ,

◮ Bi ⋆ Bj
∼= Bj ⋆ Bi , if |i − j | > 1,

◮ Bi ⋆ Bi
∼= (R̄ ⊕ R̄[−2]) ⋆ Bi .

Natural question: What can we say about B(s), where
s = i1i2 · · · ik and si1si2 · · · sik is a reduced expression for
w ∈ Wf ? We write Bw for any bimodule isomorphic to B(s)
and call it a fully commutative bimodule. The class
{Bw}w∈Wf

is our candidate to categorify {bw}w∈Wf
.

◮ We would like Bw to be nonisomorphic to Bw ′ if
w ,w ′ ∈ Wf , w 6= w ′.
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Temperley-Lieb relations and consequences

But what is the relation with the Temperley-Lieb algebra?

Theorem (Temperley-Lieb relations)

The following isomorphisms hold in C:

◮ Bi ⋆ Bi±1 ⋆ Bi
∼= Bi ,

◮ Bi ⋆ Bj
∼= Bj ⋆ Bi , if |i − j | > 1,

◮ Bi ⋆ Bi
∼= (R̄ ⊕ R̄[−2]) ⋆ Bi .

Natural question: What can we say about B(s), where
s = i1i2 · · · ik and si1si2 · · · sik is a reduced expression for
w ∈ Wf ? We write Bw for any bimodule isomorphic to B(s)
and call it a fully commutative bimodule. The class
{Bw}w∈Wf

is our candidate to categorify {bw}w∈Wf
.

◮ We would like Bw to be nonisomorphic to Bw ′ if
w ,w ′ ∈ Wf , w 6= w ′.

◮ We would like Bw to be indecomposable as graded
R̄-bimodule for any w ∈ W.
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Fully commutative bimodules and diagrams

Recall that the left (or right) annihilator of Bw
∼= B(s) is the

ideal of W (s) (or of W (r(s)) ) and that there are unique
sets T (s), T (r(s)) of pairwise commuting reflections such
that
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Fully commutative bimodules and diagrams

Recall that the left (or right) annihilator of Bw
∼= B(s) is the

ideal of W (s) (or of W (r(s)) ) and that there are unique
sets T (s), T (r(s)) of pairwise commuting reflections such
that

W (s) =
⋂

t∈T (s)

Vt , W (r(s)) =
⋂

t∈T (s)

Vt .
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Fully commutative bimodules and diagrams

Recall that the left (or right) annihilator of Bw
∼= B(s) is the

ideal of W (s) (or of W (r(s)) ) and that there are unique
sets T (s), T (r(s)) of pairwise commuting reflections such
that

W (s) =
⋂

t∈T (s)

Vt , W (r(s)) =
⋂

t∈T (s)

Vt .

We have another way to associate to w ∈ Wf a pair of sets
of pairwise commuting reflections:
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Fully commutative bimodules and diagrams

Recall that the left (or right) annihilator of Bw
∼= B(s) is the

ideal of W (s) (or of W (r(s)) ) and that there are unique
sets T (s), T (r(s)) of pairwise commuting reflections such
that

W (s) =
⋂

t∈T (s)

Vt , W (r(s)) =
⋂

t∈T (s)

Vt .

We have another way to associate to w ∈ Wf a pair of sets
of pairwise commuting reflections:

w ∈ Wf
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Fully commutative bimodules and diagrams

Recall that the left (or right) annihilator of Bw
∼= B(s) is the

ideal of W (s) (or of W (r(s)) ) and that there are unique
sets T (s), T (r(s)) of pairwise commuting reflections such
that

W (s) =
⋂

t∈T (s)

Vt , W (r(s)) =
⋂

t∈T (s)

Vt .

We have another way to associate to w ∈ Wf a pair of sets
of pairwise commuting reflections:

w ∈ Wf −→ bw ∈ TLn(δ)
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Fully commutative bimodules and diagrams

Recall that the left (or right) annihilator of Bw
∼= B(s) is the

ideal of W (s) (or of W (r(s)) ) and that there are unique
sets T (s), T (r(s)) of pairwise commuting reflections such
that

W (s) =
⋂

t∈T (s)

Vt , W (r(s)) =
⋂

t∈T (s)

Vt .

We have another way to associate to w ∈ Wf a pair of sets
of pairwise commuting reflections:

w ∈ Wf −→ bw ∈ TLn(δ) −→
b b b b b b b

b b b b b b b
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Fully commutative bimodules and diagrams

Recall that the left (or right) annihilator of Bw
∼= B(s) is the

ideal of W (s) (or of W (r(s)) ) and that there are unique
sets T (s), T (r(s)) of pairwise commuting reflections such
that

W (s) =
⋂

t∈T (s)

Vt , W (r(s)) =
⋂

t∈T (s)

Vt .

We have another way to associate to w ∈ Wf a pair of sets
of pairwise commuting reflections:

w ∈ Wf −→ bw ∈ TLn(δ) −→
b b b b b b b

b b b b b b b

Proposition

One has (T (s),T (r(s))) = (Qtop
w ,Qbottom

w ).
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Fully commutative bimodules and diagrams

Recall that the left (or right) annihilator of Bw
∼= B(s) is the

ideal of W (s) (or of W (r(s)) ) and that there are unique
sets T (s), T (r(s)) of pairwise commuting reflections such
that

W (s) =
⋂

t∈T (s)

Vt , W (r(s)) =
⋂

t∈T (s)

Vt .

We have another way to associate to w ∈ Wf a pair of sets
of pairwise commuting reflections:

w ∈ Wf −→ bw ∈ TLn(δ) −→
b b b b b b b

b b b b b b b

Proposition

One has (T (s),T (r(s))) = (Qtop
w ,Qbottom

w ). As a
consequence, if w ,w ′ ∈ Wf , w 6= w ′, then Bw 6∼= Bw ′ (as
R̄-bimodules).
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Indecomposability

◮ The bimodule Bi is generated by 1⊗ 1, hence
indecomposable.
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Indecomposability

◮ The bimodule Bi is generated by 1⊗ 1, hence
indecomposable.

◮ Since the Temperley-Lieb relations are satisfied, each
B(s) is isomorphic to a direct sum of the form
⊕m

i=1 Bx [ni ], where x ∈ Wf , ni ∈ Z. Hence
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Indecomposability

◮ The bimodule Bi is generated by 1⊗ 1, hence
indecomposable.

◮ Since the Temperley-Lieb relations are satisfied, each
B(s) is isomorphic to a direct sum of the form
⊕m

i=1 Bx [ni ], where x ∈ Wf , ni ∈ Z. Hence

B(i s) ∼= Bi⋆B(s) ∼= Bi⋆

(
m⊕

i=1

Bx [ni ]

)

∼=

m⊕

i=1

(Bi⋆Bx)[ni ].
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Indecomposability

◮ The bimodule Bi is generated by 1⊗ 1, hence
indecomposable.

◮ Since the Temperley-Lieb relations are satisfied, each
B(s) is isomorphic to a direct sum of the form
⊕m

i=1 Bx [ni ], where x ∈ Wf , ni ∈ Z. Hence

B(i s) ∼= Bi⋆B(s) ∼= Bi⋆

(
m⊕

i=1

Bx [ni ]

)

∼=

m⊕

i=1

(Bi⋆Bx)[ni ].

The last equality holds since we have a direct sum of
(shifted) copies of a fixed fully commutative bimodule.
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Indecomposability

◮ The bimodule Bi is generated by 1⊗ 1, hence
indecomposable.

◮ Since the Temperley-Lieb relations are satisfied, each
B(s) is isomorphic to a direct sum of the form
⊕m

i=1 Bx [ni ], where x ∈ Wf , ni ∈ Z. Hence

B(i s) ∼= Bi⋆B(s) ∼= Bi⋆

(
m⊕

i=1

Bx [ni ]

)

∼=

m⊕

i=1

(Bi⋆Bx)[ni ].

The last equality holds since we have a direct sum of
(shifted) copies of a fixed fully commutative bimodule.

Theorem

Each Bw is generated by 1⊗ 1⊗ · · · ⊗ 1⊗ 1. In particular,
since dimk(Bw )0 = 1, each Bw is indecomposable in
R̄ −modZ − R̄ .
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Categorification of the Temperley-Lieb algebra

As a consequence, we can extend our product ⋆ to the
category CTLn containing all the B(s) and stable by ⊕.
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Categorification of the Temperley-Lieb algebra

As a consequence, we can extend our product ⋆ to the
category CTLn containing all the B(s) and stable by ⊕.

Theorem (Categorification of the Temperley-Lieb
algebra)

Let δ = 1 + v−2. There is an isomorphism of associative,
unital Z[v , v−1]-algebras

E : TLn(δ) → 〈CTLn〉 ,
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Categorification of the Temperley-Lieb algebra

As a consequence, we can extend our product ⋆ to the
category CTLn containing all the B(s) and stable by ⊕.

Theorem (Categorification of the Temperley-Lieb
algebra)

Let δ = 1 + v−2. There is an isomorphism of associative,
unital Z[v , v−1]-algebras

E : TLn(δ) → 〈CTLn〉 ,

defined by the assignments E(bw ) = 〈Bw 〉, E(v) =
〈
R̄[1]

〉
.
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A remark on the cyclicity
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A remark on the cyclicity

◮ Since R̄ ⊗k R̄ ∼= O(Z × Z ), an R̄ ⊗k R̄-module is the
same thing as a coherent sheaf on Z × Z .
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A remark on the cyclicity

◮ Since R̄ ⊗k R̄ ∼= O(Z × Z ), an R̄ ⊗k R̄-module is the
same thing as a coherent sheaf on Z × Z .

◮ In Soergel’s category, the indecomposables are not
cyclic in general (even if indexed by elements in Wf ).
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A remark on the cyclicity

◮ Since R̄ ⊗k R̄ ∼= O(Z × Z ), an R̄ ⊗k R̄-module is the
same thing as a coherent sheaf on Z × Z .

◮ In Soergel’s category, the indecomposables are not
cyclic in general (even if indexed by elements in Wf ).

Conjecture

Let w ∈ Wf .
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A remark on the cyclicity

◮ Since R̄ ⊗k R̄ ∼= O(Z × Z ), an R̄ ⊗k R̄-module is the
same thing as a coherent sheaf on Z × Z .

◮ In Soergel’s category, the indecomposables are not
cyclic in general (even if indexed by elements in Wf ).

Conjecture

Let w ∈ Wf . There exists a subvariety Xw ⊂ Z × Z such
that

Bw
∼= O(Xw ),
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A remark on the cyclicity

◮ Since R̄ ⊗k R̄ ∼= O(Z × Z ), an R̄ ⊗k R̄-module is the
same thing as a coherent sheaf on Z × Z .

◮ In Soergel’s category, the indecomposables are not
cyclic in general (even if indexed by elements in Wf ).

Conjecture

Let w ∈ Wf . There exists a subvariety Xw ⊂ Z × Z such
that

Bw
∼= O(Xw ),

and if w1, w2 ∈ Wf with w = w1w2, ℓ(w) = ℓ(w1) + ℓ(w2),
pr2 : Xw1 → Z, pr1 : Xw2 → Z the projections, then

Xw = Xw1 ×Z Xw2.
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A remark on the cyclicity

◮ Since R̄ ⊗k R̄ ∼= O(Z × Z ), an R̄ ⊗k R̄-module is the
same thing as a coherent sheaf on Z × Z .

◮ In Soergel’s category, the indecomposables are not
cyclic in general (even if indexed by elements in Wf ).

Conjecture

Let w ∈ Wf . There exists a subvariety Xw ⊂ Z × Z such
that

Bw
∼= O(Xw ),

and if w1, w2 ∈ Wf with w = w1w2, ℓ(w) = ℓ(w1) + ℓ(w2),
pr2 : Xw1 → Z, pr1 : Xw2 → Z the projections, then

Xw = Xw1 ×Z Xw2.

◮ Proven for w = si si−1 · · · sj , i > j and in small cases.
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Thank you for your attention!
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