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Abstract

On an euclidean surface with conical singularities, the wave-trace is expected to be singular
at L wherelL is the length of some diffractive periodic geodesic. In this paper, we compute the
leading term of the singularity brought to the trace by a regular, isolated diffractive geodesic
and by a regular family of periodic non-diffractive geodesic. These results can be applied to

polygons.
© 2005 Elsevier Inc. All rights reserved.

Keywords: Wave-trace; Conical singularities; Polygonal billiard

1. Introduction

The billiard in a domairf2 of the euclidean plane consists in considering the evolution
of a particle reflecting at the boundary according to Snell-Descartes’ law of equal-angle
reflection. When the boundary @& is smooth, this dynamical system is associated
with the propagation of waves insid@ in the following way. The singularities of a
solution of the wave equation i€} travel along billiard trajectories (cf19]). One can
further prove a so-calletrace formula Rather than a formula in the usual sense, the
expressiontrace formulacovers a set of results that in the former setting include the
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following:

e Leta(r) be the trace of the propagator for the wave equa(ioem a(t) = Tr(e”ﬂ)),
and letl be the set of lengths of periodic billiard trajectories, then:

singsupp(o) C {0} U £L. D

e Let g be a periodic billiard orbit of lengthig, one can describe the singularity
of ¢ at Lo. In particular one has the (Sobolev-)order of the singularity and the
leading part.

In the smooth boundary case, these results are proved by Guillemin and Melrose
in [15] where they generalize the results of Duistermaat and Guillemin [8], Colin de
Verdiére [6] and Chazarain [3] in the boundaryless case. The expresamnformula
refers to some very particular cases wherecan be completely written as a sum
over the periodic orbits of explicit distributions (Poisson—Selberg trace formula). This
article aims at generalizing these results to the case wResan euclidean polygon.
Actually, we are led to study the wave equation on an euclidean surface with conical
singularities. The inclusion (1) on such surfaces is the object of the note [17] and in the
present paper, we will focus on the contribution broughtriby a periodic diffractive
orbit (or by a family of periodic orbits).

Polygonal billiards is a widely spread subject as far as dynamics is concerned (cf.
[27] for instance). One reason for this is that, in some sense, any dynamic behaviour
can be achieved by a polygonal billiard, from integrable to chaotic. It is thus interesting
to see what geometrical or dynamical information is contained in the trace formula.
Furthermore, there is also an intrinsic interest in studying the trace formula for mani-
folds with conical singularities (see [24]). Among these, euclidean surfaces with conical
singularities are the simplest examples. One can thus expect to get for these the flavour
of what happens in the general case, with less technical difficulty. We will thus re-
strict ourselves to euclidean conical singularities, although the theorem concerning the
propagation of singularities (and also the Poisson relation—see [28]) is true in much
more generality.

This work is directly inspired by those on the trace formula that are mentioned
above, in particular we use the propagator for the wave equation and the associ-
ated propagation of singularities. As expected, it is essential to understand what hap-
pens when a singularity hits a conical point. The study of the wave equation in
presence of conical singularities goes back to Sommerfeld and has been developed by
many authors (cf. [4,11,13,24]). Concerning the trace formula, our work is
linked with [2,9]. In [9] the author is concerned with the contribution of the smallest
altitude in a triangle. The results we propose here are generalizations of hers. In [2],
the approach is slightly different since the authors use the resolvent instead of the
wave propagator but their results are consistent with ours. One peculiar feature of our
approach is the constant use of the theory of Fourier integral operators
(F10).
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1.1. Content and results

In all the articleM will denote an euclidean surface with conical singularities. In the
first section, we will recall what it means and we will gather the basic facts concerning
both the geometry oM and the functional ingredients needed to analyse the wave
equation onM. In particular, we will recall the definition of diffractive geodesics, and
the results concerning the propagation of singularitiedMoWe will also introduce the
microlocalized propagator along a geodegi¢denoted byU,). In the second section,
we will study these microlocalized propagators into more details. The main result of
this section is the following (cf. Theorei®)

Theorem 1. Let g be a regular diffractive geodesithen U, is a FIO with explicit
phase and symbol

We will also give a description of the microlocalized propagator near the so-called
optical boundary, which is the simplest case where it fails to be a FIO. To derive these
results, we will use the construction of the propagator on a cone due to Friedlander
(cf. [11]). The last section will be devoted to computing the leading term of the trace
of these microlocalized propagator in the two following cases:

e A regular diffractive periodic orbit, i.e. a periodic diffractive orbit such that all the
diffraction anglesp; satisfy f5; # £nmodo; (see Definition 1).

e A regular family of periodic orbits, i.e. a family of non-diffractive periodic orbits
such that the limiting diffractive geodesics have only one diffraction.

In these two cases, we can make intensive use of the theory of FIO and of the
fact that all the trace operations can be made away from the conical points (cf.
[17]). We will finally be able to derive the following theorem (cf. Theorems 6 and
7). In this theorem, we call contribution of the (family) orbit the
quantity:

I(s) = (o4(r), h(r) exp(—ist)),

where g, is the trace of the propagator microlocalized near the orbit famsl a test
function localizing near the length of the orbit (see the beginning of Sedtiand the
definition of Iiy).

Theorem 2.

e The contribution of a regular periodic diffractive orbit g of period &nd of primitive
length Lo is given at leading order by

s_%cgh(L)e_”LLo,
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with ¢, = (m2e~"4 2¢ where n is the number of diffractionand D, and Py
PZ
depend on the anglesg of diffraction and of the length of the different geodesic seg-
ments of g (see Sectiort.1).
e The contribution of a regular family of periodic orbits is

s T
el

NI

L n(Lye A

2r /L &

where|Ag| is the area swept out by the family and L is tmecessarily primitive
length of the family

This theorem shows in particular that the leading contribution of a regular family of
periodic of periodic orbits is the same as in the integrable case. The effect of the
boundary of such a family only appear at a corrective order.

2. Generalities
2.1. Diffractive geodesics

In this section, we will recall the notion of diffractive geodesic of an euclidean
surface with conical singularities. All this material is explained in greater detail in
[18].

Let M be a compact euclidean surface with conical singularities (e.s.c.s.). By defini-
tion, the surfaceV can be partitioned in two piecesfy on which there is an euclidean
metric, andP which contains a finite humber of poingg such that in the neighbour-
hood of p;, M is locally isometric to the euclidean cone of total angle The conical
points such that; = 2n/k, k € N are called non-diffractive an#; will be the set of
diffractive conical points.

An interesting way of producing such surfaces is by gluing polygons along sides of
same length. For instance we can create an euclidean surface with conical singularities
by taking two copies of the same polyg@and gluing each side of the first polygon
with the corresponding one of the second: a surface obtained by this procedure will
be called the double of the polygdD. The so-called Katok—Zemliakov procedure (cf.
[22]) also associates an e.s.c.s. with any rational polygon.

We have inMg a notion of geodesic that is clearly defined. Any geodesic starting
in Mo either can be extended indefinitely or ends at a conical point in finite time.
In order to state the theorem concerning the propagation of singularitidel, owe
have to extend geodesics that end at a conical point. This extension is unique at a
non-diffractive conical point since there the Euclidean plane is a finite covering of the
cone of angle 2/k. We thus have a clearly defined notion ridn-diffractivegeodesic.

At a diffractive point, the geodesic can make any angle. This leads to the following
definition of (possibly)diffractive geodesics.
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Definition 1. A geodesic of length. will be a continuous mapping from [0, L] to
M such that:

e if g(¢) ¢ P; then there existg such that onjr — ¢, 7 + ¢[N[0, L], g parametrizes a
non-diffractive geodesic by arclength,
e the setg—1(P;) is discrete.

AssumeM is oriented and consider polar coordinaigd, x) at a diffractive point

p (such that(fR, 2 is a direct basis), a diffractive geodesic @atis parametrized by
(t X;) on an mterva[O to] before the diffraction and by —1, x,,) after. The difference
xo, — x; is the angle of diffraction and is denoted By It belongs toR/«Z, where o
is the cone angle corresponding o

Remark. With this definition, a geodesidoes not minimize¢he distance locally near
a diffractive point such thalff| < =. (cf. [18]).

Along a geodesig the subscript(g, i) will refer to theith diffraction. We will then
speak Oft i, pg.is og.is P, €tc.. In view of the trace formula, the interesting objects
are the periodic geodesics, we recall from [18] the following classification of periodic
geodesics on an e.s.c.s.

Proposition 1. Let g be a periodic geodesic of length T of an oriented e.s.c.s. then
one of the following occurs

1. The geodesic g is non-diffractivé is then interior to a family of non-diffractive
periodic geodesics of same length

2. All the angles of diffraction arer (or —n), g is then the boundary of a family
described in the first case

3. In any other casgg is isolated in the set of periodic geodesics

We will call regular a geodesic such that all its angles of diffraction are different
from +x. For a family of periodic orbits, regular will mean that both diffractive orbits
bounding the family only have one diffraction (this implies in particular that the family
is primitive).

2.2. Propagation of waves

This section is devoted to introduce the basic facts concerning analysis on a e.s.c.s.
that we need to study the wave equation. We begin by defining the laplaciih ©he
euclidean metric onV/y gives us a positive symmetric operator defined §h(Mo).

The Friedrichs procedure provides us with a self-adjoint extenAigef. [25]). We will
not really need the spectral theory of this operator. Let us just mention that there is a
Rellich type theorem implying that the spectrum is discrete (cf. [4]). Denoting, by
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the nth eigenvalue ofA we have the following Weyl estimate:

aregM)

A.
4n

A, < A} ~

Remark. WhenM is the double of the polygo®, there is a natural involution defined
on M. RestrictingA to functions that are even (resp. odd) with respect to this involution
amounts to consider the Neumann (resp. Dirichlet) probler®.iiAs a consequence,
the spectrum ofA is the union of the spectra for the Dirichlet and Neumann problems

in Q.
We recall the way the following objects are constructed fram

. The Sobolev space of order H*(M), is the domain ofA2.

2. The space of “smooth” functiong/* (M) = (), H*(M). A distribution will be an
element of H~*°(M) = | J H*(M). An operatorA is smoothing (or regularizing) if
for all m,n, A" AA" is bounded.

3. The propagator for the (half-)wave equationUst) = ¢i"v/A_ 1t is constructed via

the functional calculus. Its kernel will be denoted by(z, m1, mo).

=

We now have to introduce the notion of singularities. uelbe a distribution or,
we define Wk(u) to be its wave-front, seen as a distribution tfy. This makes of
WFo(u) a subset off *(Mp). To understand what happens above the diffractive conical
points we recall from4] (see also Theorem 3) that a singularity hitting the tip of a
cone will be reemitted in all the possible directions. It is therefore possible to forget
the information about direction above;. We thus complet&*(Mp) by adding a point
above each element af; and we define

WE(u) = WFq(u) U{p € P;|u is not smooth neap},

with the notion of smoothness that is defined right above (see point 2).

Remarks.

1. It is possible to be more precise about the definition of wave-front above the conical
points (cf.[24]). However, the smoothness ngais easier to check, and since it is
enough as long as solutions of the wave equation are concerned, we have chosen
the former, simpler definition.

2. The former definition is also convenient because a singularity hitting a conical point
cannot stay at this point (cf4]).

3. For each geodesig, the startpoint and endpoint of are well-defined inT*M. We
thus get a relatiom\, in 7*M x T*M by considering the pairén1, mo) for which
there exists a geodesics of lengthstarting atmg and ending atn;. This set is
described in detail if18].

We then have the theorem of propagation of singularities on an e.s.c.s.
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Theorem 3. For any distributionug, and any time ,twe have the following inclusion

WF @™V ug) € A, o WF(uo).

The proof follows directly from the propagation of singularities on a cpgjeand a
finite propagation speed argument.

Remarks.

1. The definitions of geodesics and singularities are taken so that this theorem says:
“The singularities propagate along the geodesics”.

2. Writing U (fo + s) = U(s)U (tp) and lettings (small) vary gives the time-dependent
wave-front relation associated with the propagator. The Poisson reldfjode(ives
from that remark, provided that one can take the trace above the conical points (see

[177).

2.3. Microlocalized propagator

As usual for the kind of trace formula we are considering, we will not exactly
compute the singularity ot that is located atL (the length of a periodic orbit).
What we compute is the singularity created by a particular orbit of lergthhe
total singularity ofo being then the sum of all these contributions. Due to possible
cancellations, the exact singularity ktis actually not known (cf. [14] for examples
where such cancellations occur).

To address the singularity created by one particular periodic grbite need to
microlocalize the propagation alorg In the smooth case, near a geodesiof length
L, this is done by using cut-off§Ig and II; microlocalizing, respectively, near the
startpoint and the endpoint of the geodesic so that the wave-front relation associated
with TI:U (L)IIp only takes into account the geodesics of lengtklose tog. In the
diffractive case, this feature can only be achieved by using microlocal cut-offs after
every diffraction.

We first extend the notion of microlocal cut-off in order to take into account the
conical points. The following defines a microlocal cut-éif near a point of7"*M.

1. Near a diffractive pointp, IT is the multiplication by some functiop that is
identically 1 neam.

2. Near a regular pointmo, ) in T*Mp, II is identically O near the conical points,
and in Mg, IT is a pseudo-differential operator whose symbol is identically 1 in a
conical neighbourhood ofino, pg).

In both cases the notion of support b is clearly defined as subset @M, since
near a diffractive point, a microlocal cut-off is identically O or Id.

Remark. In the following, each time a palY, W will denote two conical neighbour-
hoods of the same point ii*Mp, it will tacitly imply that V is relatively compact
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in W (when restricted to the unit cotangent bundle). This implies that there exists a
microlocal cut-off that is identically 1 iV and identically O outsideV.

We consider a geodesig of lengtht, and a subdivision(#;)o<i<y+1 Of [0, 7]. We
ask that O=19 <11 < --- <ty < ty+1 =t, and that each conical point corresponds to
somey (i.e. Vidk|t,; = t). We also lets; = #;;1 —t;. For eachk, we choose some
microlocal cut-off [T, microlocalizing near the point of'*M corresponding tag (#).
We will call microlocalized propagatothe operator:

Ug(t) = Ny 1U sy Iy - - - I U (sp) 1. 2
The main aim of this section is the following proposition.

Proposition 2. For every mg € My, for every t in R, there existsrg > 0, a finite
collection of microlocalized propagators associated with geodegiasf length t ema-
nating frommg, and a smoothing operatoR(z) such that

Ut) = Ug(t) + R(1),

when restricted to distributions with support B(mo, ro).

Remark. This expansion is not unique. Only the diffractive points occurring in the
gi's are prescribed.

There are two steps in the proof of the preceding proposition; the first one is purely
geometric and consists in constructing the geodegjcsind well-chosen microlocal
neighbourhoods along them. In the second step, we will construct the microlocalized
propagators that are associated with this geometric information (geodesics and neigh-
bourhoods) and the end of the proof will follow from the propagation of singularities.

Geometric constructianlt is convenient to describe the set of all the geodesics
emanating frommg using a tree that we construct in the following way. We start with
the pointmg. The branches emanating fromg correspond to the rays that reach a
diffractive point. We end each branch by the corresponding conical point and label the
branch by its length. Iterating the construction, we end up with a tree whose vertices
correspond tong and diffractive points and whose edges correspond to non-diffractive
geodesics joining its vertices. Each edge is labelled by its length, and to each vertex
p we associatd.(p) the total length of the diffractive geodesic joining it tey, and
N(p) the number of diffractions along it. This tree is infinite but by considering only
the vertices such that(p) <r we get a finite sub-tree. For each vertex, we will also
chooses, such thatB(p, 3¢,) is isometric to the same ball on the corresponding cone
(resp. plane forng). We will also denote byVi (S(p, ¢)) the set of conormal vectors
to the sphere centred atand of radiuss pointing outwards.

In order to construct the microlocalized propagators, we will need microlocal cut-
offs after each diffraction and near the endpoints of the geodgsido simplify the
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exposition, we assume that— L(v) > 0 for all the vertices so that we can assume
that e, <t — L(v) (but the construction can be adapted to rule this restriction out).
We begin by choosing, for each vertex and for each non-diffractive geodegijcof
lengthr — L(v) emanating fromw, two microlocal neighbourhood®” (v, — L(v), g)
and W' (v,t — L(v), g) near the endpoint. We now address the vertipesuch that
N(p) is maximal. SinceN (p) is maximal, each geodesic of length- L(p) emanating
from p is non-diffractive. On each such geodegjove denote bym the point at length
gp of p. We can findV(p, ¢,, g) and W(p, ¢p, g) nearm such that all the geodesics
emanating fromW(p, ¢,,¢) ends in the chosen neighbourhodd(p,t — L(p), g).

By compactness we only have to consider a finite number of geodgsicso cover
Ni(S(p,ep)). We can then find a radiug, so that every geodesic of lengt),
emanating fromB(p,n,) ends in the microlocal neighbourhoadV(p, ¢,, g,) that
we have just constructed.

We can now construct,, V(p, &y, gp.i)s W(p, €p, &p.i) by induction on decreas-
ing N(p). As in the preceding step, we look for a microlocal neighbourhood of
N (S(p,ep)). For each non-diffractive geodesic emanating frpnwe do the same
thing as before. We now have to deal with the diffractive geodesics emanating from
p. Each such geodesig hits a diffractive pointps in time [ = L(p1) — L(p).
Since N(p1) = N(p) + 1, we have already constructeg,, we can thus construct
V(p,ep, 8, W(p,ep,g) such that each geodesic of length emanating from

W(p, ep, g) ends inB(p, "’%). We now get a covering oN7} (S(p, ep)), of which
we can extract a finite covering, and we constrygtas before.

Eventually, for each vertexw, we have constructed a balB(v,n,), a finite
number of geodesicg, ; and neighbourhood¥ (v, €, gy.i), W(v, €y, gv.i) alongg, ;.
By construction, all the edges of the tree correspond togneand the othe[g;‘is are
non-diffractive and of length — L(v). We denote by{g;} all the geodesics emanating
from mq that can be obtained by following songg; one after another.

Construction of the microlocalized propagatotssing a partition of the unity, we can
construct microlocal cut-off$§l(v, ¢,, g,.;) that are identically 0 outsid®V (v, &y, gv.i)-
Near each vertex, we use a microlocal cut-off that is 15i¢v, %) and 0 outside
B(v, n,). The microlocal cut-offs we have constructed along a geodgsimrrespond
to the timesry, ; andt,,  + ¢, for somee, that we rewriteg; in this context. We
denote them byfI; and Il ., respectively. The following thus defines a microlocalized
propagator along; (compare with 2))

Ug() =y 11U vy D)y L U(en)TINU (n) Ty 1,
- U(t2)I1,4 U (e1) 11U (10) o 4 U (20), 3

with tok = Zigk ti +e¢.

End of the proof Using the propagation of singularities, the result of the proposition
follows for ro = n,,,. Indeed, the only thing to be careful about is that we have taken
into account all the geodesics emanating from this neighbourhood and this is ensured
by construction.
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Expression 3) can be simplified in two ways. First we suppress the cut-offs pear
this is possible since by construction all the geodesics of lengémanating from the
support ofI1;_1 4+ ends wherdlI, is identically 1. The second simplification amounts
to replacingU by someU,, ;: this is possible using the propagation of singularities and
the finite speed of propagation. Eventually we came up with the following expression:

Ug(t) = Myy1, 4+ Uy (SN TN 1,4 Usyy_y (sy—1) - - - TT1, 1 Uy (s1) 1o, 4)

with, for eachk, ax = g, andsy = -1 + & (we have made a last simplification
replacing the cut-offdllp + and Ily 4+ by cut-offs, respectively, near the origin and
near the end of the geodesic).

These are the microlocalized propagators we will be working with in the rest of the
paper. In particular, we will compute the trace of such objects. Propostishows
that this information will be enough to recover the trace of the complete propagator
(see Section 4.1 below).

3. Singularities of the microlocalized propagator

In this way of deriving the trace formula (cf. [3,8]) the first step is to study quan-
titatively the propagation of singularities. Since the microlocalized propagators are ex-
pressed in terms of the propagation on the euclidean cone, we will begin by addressing
this setting. The propagator on an euclidean cone is known for a long time (cf. [26,11])
and the microlocalized propagator along a regular diffractive geodesic is given by the
so-called “Geometric Theory of Diffraction” (cf. [2]). The results that we present are
thus not new (and for some are even quite!oltiowever, we think that our approach
is more convenient when aiming at a trace formula. It consists in using intensively the
theory of FIO. In particular, we will show that the microlocalized propagator along
a regular diffractive geodesic is a FIO (with explicit phase function and symbol). We
begin by revisiting Friedlander’'s construction of the wave propagator on a cone.

Remark. All the statements concerning FIO will be given using a specified rep-

resentation by some oscillatory integral and not using the invariant form involving

half-densities. We have found that this way the computations occurring when making
compositions or taking the trace were a little simpler to describe.

3.1. Friedlander’s construction

This construction is the main issue in the article [11]. Here, we want to interpret it in
the language of FIOs. The following steps are followed. We first use the article [11] to

address the operates}mT\A/Z) (cf. Proposition 3). Using some pseudo-differential tech-
niques, we then derive the corresponding resultefoYA and then forx(A)A_Ne”\/K.
Since we will only have to take the trace abaM all the operators we consider here
act onCy (= Cy\{p})-
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We recall the following notation for homogeneous distributions {$8@: for Re(2) >
-1, Hi, and 0” denotes the distributions defined by the followihg,. functions:

0 0* if 0> 0,
T 10 elsewhere

0 — 101* if 0 <0,
- 0 elsewhere

This family can be analytically continued tbe C except for negative integers.
Friedlander’s construction is as follows. We begin with(y, z) defined by the
following L function in R?:

H(y + cosz)H (m — |z]) if y<1,
GO, 2) = [arctan( " _1Z ) + arctan( r +1Z )] if y>1,
T ch™y ch™y

where H is the Heaviside function. We have the following alternative way of writing
G:

_ -1 -1
G(y,2)=HO+ cos@H(n—ld)—# [arctan(Ch )+arctan<Ch y)} (5)

T+z

We can find the singular support & by inspection. It is represented in the following
figure.

/ )
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The wave-front ofG can be easily derived from the fact th@tis a solution of the
following partial differential equation (see Eq. (19) [df1]):

2 2
0

2, 0 0
1 — —2(;——(;+ — G =0. 6
Jy 0z oy

Lemma 1. The following inclusion holds
WF(G) C [N*{y +cosz = 0} N {|z] <m}] U N*{y = 1}.
In particular, we also have the following inclusion

WF(G) C {(y, 2,1, O [ILI<nl}-

Proof. The distribution G is C* outside {y = 1} U {y 4+ cosz = 0} N {|z| < x}.

The only thing to show is that above a point of this set, only a conormal covec-
tor can be in WIFG). This is ensured by Hérmander’'s theorem on solutions of PDE
(cf. [19, Theorem 8.3.1]) which we apply 18, solution of (6). The second point is then
straightforward. [

Remark. The two conormal sets that define \WP intersect cleanly alongz =

{(y =1, z==m,n {=0)}. After being transported on the cone this set corresponds to
the diffractive rays that are limits of non-diffractive geodesics. The expression “optical
boundary” will refer either toX or to the corresponding set on the cone (orMh

The kernel of the wave propagator on the euclidean agnés then obtained by
applying successively t& the following operations:

e Periodization w.rt(y,z) — (v, z + ).
e Half-derivation w.r.t.y; i.e. action of the operator defined by

1 / -3 / /
[D?]wy) = Oy/@ =) fu(y ) 1dy'l.
e Pull-back by the map:
F : (t, Ry, x1, Ro, x0) — (y = f(t, R1, Ro), z = x1 — X0),

2 2 2
> — R? — R3

with (¢, R1, Rg) = 2R1Rg

This is well-defined sincé is a submersion for # 0.
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e Multiplication by C(RlRo)*%, for some constan€. The constaniC will be fixed
later (see Remarks 3 in the following page).

The main result of11] is that we have constructed this way the kerneﬂg%

acting onL?(C,). This is summed up in the following proposition:

Proposition 3. The distributional kernelE, of sint /&) is given by

N/

Ey = AGou

where G, is an element oD’ (R x R/aZ), and A is a FIO acting fronC>°(R x R/aZ)

to D'(R x Cy x Cy) (such that the composition AGs well definedl The following
description holds

1. The distributionG,, is obtained by making G-periodic

Gu(y.2) =Y G(y.z+ ko).
keZ

2. The operator A is associated with the lagrangian manifold
Aa = N*{(y,2) = F(t, R1, x1, Ro, x0)}

and we have the following representation of the kernel of A as an oscillatory integral
A(t,m1,mo, y, 2) = / NI R R iola=0 =g (1 mo, my, y, 0) |d0 dol,

in which the symbol a is given by

5 b
in .
e'1 0+ 107

a = X .
4dnN/27 (RoRy) 7

Remark. The distributionAG, is well-defined because the wave-fronts appearing in
the composition are transversal. The fact that we know that

WFG) C {I{I<nll}

is at this stage important.
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Proof. There are two things to prove:

1. the periodization ofs (i.e. G,) is well-defined,
2. the composition of the half-derivation, the pull-back, then the multiplication by

C(RoRl)% is an FIO given byA.

The periodization is mainly technical. We refer to Appendixwhere we derive the
needed estimates both for the periodization and for the expansiénp af a lagrangian
distribution far from the optical boundary. We then have to study the opetadi@fined

by
1 1
Au(r, my, mg) = C(RoR1) " 2F*Dju

on C3°(R x R/az). We take (y, z,n,{) some local coordinates ofi*(R x R/aZ).
The half-derivation is not a pseudo-differential operator everywhere but it is one when
acting on distributionau satisfying

WF@) C {(y,z, 1. O Il <clnl}

for somec. Using the Fourier transform of} (cf. [12]) this pseudo-differential operator

is easily written as an oscillatory integral. The actionfodn the distributions satisfying

the latter condition is thus a FIO whose description as an oscillatory integral follows
from standard computations. The remark after Lemma 1 then shows that this gives us
the behaviour near of, near the diffracted front. O]

Remarks.

1. This proposition is weaker than the resultdf] that tells us that the description we
obtain is also true near the tip of the cone. However, we have chosen not to extend
the notion of FIO there and that prevents us from stating the former proposition near
the tip of the cone. This choice is motivated by the fact that we have seen that the
microlocalized propagators involve only what happens far from the vertices.

2. This description is quite simple since it only involves some “special functi@g”
and the rest is given by a FIO.

3. The constan€ can be easily fixed by looking at the primary front where we should
get the free propagation (this amounts to makact on H(y + cosz)). This gives
C = (2nv/2)7t (cf. [11]).

The former proposition gives us a description of the distributional kern@iﬂ%@.

Restricting the FIOJ,A to the part of the wave front such that> O gives us the
kernel of ¢'~/A« We denote byAo the operator that we obtain this way. We get the
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expression ofAg as an oscillatory integral:

Aot my.mo. y. )= | IR R giola=x0 =<l ot mo, my, y, 0) |d0dal, (7)
>0

in which the principal part of the symbal is given by

7 1 jt
ao(t, m1, mo, y, 0) ~ e'4<2n>—3—1<l—)93.
(RoRy)2 \RoR1

We have just proved the following corollary of Propositi8n

Lemma 2. The distributional kernelU, of e”\/A_i is given by AoG,, where G, is
the distribution defined in PropositioB and Ag is a FIO given by the oscillatory
integral (7).

Remark. In order to deal with the contribution given by periodic orbits on the
optical boundary, we will have to quit the theory of FIO, and it will thus be more
convenient to have convergent oscillatory integrals. This can be done by dealing with

X(A)A_Ne”«/A_“ instead ofei’~/Ax (for some functiony cutting off away 0). Denoting
by A, = X(A)A*NAO we get a FIO represented by the following oscillatory integral:

An (1, m1, mo, v, 2)= i ei@[f(r,RlyRo)—)']eia[(xl—xo)—z]aN(t’ mo, m1, y, 0) |d0da|, (8)
>0

in which ay is a symbol of order‘%’ — N, that can be derived fromg.

A particularly interesting consequence of Propositbrand Corollary 2 is that, to

study the singularities oé”\/A_ﬂ, one only has to studg, and then use the theory of
FIO. In fact, we will shortly prove thaG, is a lagrangian distribution away from the
optical boundary so that''v2+ will be a FIO there. By composition, this will give

us a precise description of the microlocalized propagator along a regular diffractive
geodesic.

3.2. Regular diffractive geodesics

As we have just said, the key ingredient is to prove tfiatis lagrangian away from
the “optical boundary”. We recall expression (5):

H(y -1 |: (Ch_ly) <Ch_1y>]
G(y,z) = H(y + cosz)H (n — |z|) — ———— | arctan + arctan
T T—2z mT+z

and Gy(y,x) = Z Gy, x +ka).
V4
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The singularities corresponding to+ cosz = 0 are transported by to the primary

wave-front. The functionH (y + cosz) is a lagrangian distribution andf\/A_a is a FIO
near the primary front (given by free propagation). The optical boundary corresponds
to (y = 1,z = £+mn), we will deal with it in the next section. Here, we are interested
in the behaviour ofG, neary =1, x # +nmoda.

Near (1, x) the periodization ofH (y + cosz)H (m — |z]) is C*° so that we only have
to address the periodization ¢! defined by

1 ch1ly ch1ly
G*(y, z) = arctan + arctan .
T T+z

This is done in the following lemma.

Lemma 3. Let G* be defined as aboyéhe following functionG_:

Gi(y.x) =Y Gy, x +ka)
keZ

is well defined onR x R/aZ. In the neighbourhood of1, xo) with xo # +m, the
following asymptotic expansion holds

s 1
Gy~ Y gui )y - 2, ©)
k=0

where theg,x’'s are smooth orl, co[x[R/aZ\{£n}]), and g, o0(1, x) = 23/2d,(x)
with

1
dy = — _ .
) Xk: 2 — (x + ka)?

We will here only sketch the proof. The estimates allowing the following are made
in AppendixA. Developing arctan near O gives

1 N 1 1 1 k
G (y,x)—Zak[(n_x)k+(nﬂ)k}(ch (y)) :

k
that we can periodize term by term:

k

G1e(y.¥) = Y ara(@) (ch ™)
k
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We can then use the following asymptotic expansion:

k+3

ch™t(y) =) aly— D}

and reorder the terms according to the powersgyof 1).. The formula ford,, follows
by inspection.

Remarks.
1. The functiond, can be expressed differently:

. (2n2>
sin| =—
o

o sin [g(n — z)] sin [g(n + z)]

dy(z) = —

(see[10, Example 2, p. 112]). This expression is denoted I, z) in Durso’s
paper [9]. The two following facts are straightforward:
o If a=2%, d, is identically O.
e If not, Vx, dy(x) #0.
2. Expansion §) is clearly that of a lagrangian distribution associated with the la-

grangian submanifoldv*{y — 1}.

To have the expression df, near the diffracted wave-front and away from the
optical boundary, we now have to apply the FK3 to G,. This gives the following
theorem.

Theorem 4 (In the neighbourhood of\;\X). In the neighbourhood oA \Z, ¢itv/Bs
is a FIO associated with the lagrangian manifoM {t = Ro + R1}. Its kernelU, can
be written as the following oscillatory integral

Uy(t, R1, x1, Ro, x0) :/0 , exp[if(t — Ry — Ro)] ky(t, R1, x1, Ro, x0, 0) |d0], (10)
>

in which the principal part ofk, is given by

1 dy(x1 — x0)

k ~
P on (RyRy)?

Proof. We pick up some neighbourhood of a point in A;\X. We can then find a
cut-off p so that

e applying Ap to (1 — p)G, gives a smooth function,
e the functionG,p is given by expansion9) (multiplied by p).
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We apply nowAg to the lagrangian distributiod, p; this gives the oscillatory integral

/ ¢ @R RO=M gt R, R1, y, x1 — x0, 0)G(y, x1 — x0)
0>0,0,y
xp(y, x1— xo) |[dO0dady].

We plug into it the expansion foGi and apply the theorem of composition of FIO
(see[7]). The fact thatU, represents a FIO associated Wit {t = Ro + R1} follows
directly, the representation as an oscillatory integral also, since the phase function
0(t — R1 — Ro) generatesVi{tr = Ro+ R1}. To have simply the principal symbol, we

1
write Gi as an oscillatory integral (using the Fourier transformiej:

Gy = / exp[i(y — 1)0] g1.4(x, 0)| 40|,

with

3in —

1 ir 3
——dy(x) [e340+2 s

V2n

NIw

|

We plug this expression intd.Q) and perform a stationary phase argument with respect
to (R, x) variables. This is the usual procedure for the composition of FIQs.

gl,i{(-xv 0) ~

Remarks.

1. This result can be referred to what is called “Geometrical Theory of Diffraction”
(cf. [2]). As it was already mentioned, we have found it interesting to restate such
a result using the language of FIO.

2. The fact that away from the optical boundary the propagator is a FIO can be proved
in much more general settings. In particular, it results from the study of Melrose
and Wunsch[24] and one does not need to know an explicit expression for the
propagator. However, such an explicit expression gives an alternative proof in this
simpler setting.

3. The diffraction coefficient/, blows up near the optical boundary.

4. Looking at the magnitude order 6f,, we recover the fact that can roughly be stated
as: “ the diffracted wave i%-times more regular than the primary wave” ((£,21]).

This statement has to be understood carefully since it is not true in general (see
[24]). It is only valid provided that one can apply some stationary phase argument to
the incoming wave. In particular the incoming wave should not focus on the conical

point.

We can now easily derive the expression of the microlocalized propagator along
a regular geodesic. Indeed, such a propagator only involves the expression of the
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propagator on a cone near the regular part of the diffracted wave-front. There, it is
a FIO, and so we get the microlocalized propagator by applying the theorem on the
composition of FIOs.This can be specified further by remarking that the theorem of
composition will always be used in the following situation. We have two different
points Og, O3 in R? and two FIOBy, B acting, respectively, from some manifold

Zo in R? and from R? in a manifold Z;. We choose(R;, x;) the polar coordinates
centred atO;. We suppose that the kernels Bf and B1 can be written as

Bo(m, z0) :/ ¢!Pol9o@0=Rol 520 Ry, x0, 0p) |d 0,

B1i(z1,m) = f Ml PreO-Ril (20 Ry, x1, 01) |d04].

Geometrically, we have the following picture:

"0 l M\k

Lemma 4. Let Bg and B satisfy the preceding hypotheséisen the compositiom1 Bo
is well-defined and results in a FIO C that can be written as

C(z1.20) = / e lPootere-l (1o 21 0) |d0),

where | is the euclidean distance betwe@n and Og. Furthermore if the principal
symbols ofBy and B; are b;(z;, R;, x;)0™, respectively then the leading term of the
symbol c is

1
3 _.n | bob1(RoR1)2 4
c(zo, 21, 0) ~ (2m)2e "4 |:—1 R1=¢;(z1) grotu=z
12 Ro=l—¢1(z1)
X0=X0d
X1=X1;.

The proof is a straightforward application of the method of stationary phase applied
to the composition of FIOs (cf8, Theorem 2.4.1, p. 38]).

This lemma will allow us to describe the microlocalized propagdipr Before
doing so, we have to recall and simplify some notations associatedgwiBiince we
are dealing with one fixed geodegjave can drop the indeg in the lists p, ;, ﬁg,j e
So that alongg we haven diffractive pointsps --- p,, the corresponding angle are
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and the diffraction angle off in p; is f5; (we recall that since the geodesic is regular,
p; # £rmmod(e;)). The lengthl; will be that of g betweenp; and p;;1. We take
(Ro, xp) the polar coordinates centred at in a neighbourhood ofng, and (R1, x1)
the polar coordinates centred g} in the neighbourhoodn;. We fix the origin of
angles so thatkg = 0 corresponds to the incomingy and x; = 0 to the outgoingg.
We also define the following functions:

dg(mo, m1) = dyy (f1 — x0)doy (B2) - - - dy, (x1),
lg(mo,m1) = Ro x I1 x I2--- X 1,1 X R1.

The following theorem describes the microlocalized propagator along a regular diffrac-
tive geodesic.

Theorem 5. Let g be a regular diffractive geodesic with n diffractions. With the former
notations and in the neighbourhood @fo, mo, m1), the operatorU, (defined by(2))

is a FIO associated with the lagrangian manifold,. Microlocally, its kernel can be
written as

ol n-1.
Uy (t, mo, my) = f =TI RO ] e e 0) 140,

0>0

where the leading term of, is

-3 _m=bin dy(mg, m
n 711411‘[ g( 0 1)

ko(t,mo,m1) ~ (2m) 2 e : 9—";21,

The proof is by induction om.
Forn = 2, we apply Lemmat with B1(t, m1, m) = Uy, (t — to)I11 and Bo(m, mg) =
Uy, (t9). Using Theorem 4, we have

1 dyy (o(m) — x0)

bo(m, mo, Op) ~ T
2T (Ro(m)Ro)?

po(m, mo, Op)

and

1 dyy(x1 — x1(m))

by(t,my, m, 01) ~ T
2T (Ry(m)Ry)?

p1(my, m, 01)

and the composition takes place &f around a segment of length. The functions
po and p; are homogenous (near infinity) of degree O0inand take the cut-off41;
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into account. Using Lemma4, we find thatU, can be written with the phase function
[t — Ro — 1 — R1]10 and with a symbok, whose leading term is

1
b~ @03 Ly iy By = xo)doy (1) (Room) Raom))
(Ro(m) RoR1(m) R)? %

0= 2 p(m1, mo, 0).

This can be simplified to give the desired result (remark fhas$ identically 1 in a
microlocal neighbourhood aofnz1, mo, 0)). We get the expression far+ 1 diffractions
from that forn by applying Lemma4 once again. [J

We collect some features of the microlocalized propagator atpbng

e Each diffraction gain'sz1L order of regularity.
e Each diffraction shifts the phase 83‘- or of —7 depending on the sign af,(f).

The fact thatU, is a FIO will allow us to compute the contribution of a regular
diffractive periodic orbit by applying exactly the same techniques as in the smooth
case (see Sectiofh1). Before getting to the trace we first derive an expression for the
propagator near the optical boundary.

3.3. Optical boundary
Lemma 2 tells us that the propagator near the optical boundary will be obtained by
applying an explicit FIO to the distributio, localized near thgy = 1, x = £n).
The structure of this distribution is given by the following lemma.
Lemma 5. There exists two lagrangian distributiors; , in D'(R x R/«Z) associated
with the lagrangian manifoldv*{y = 1} such that in the neighbourhood ofy =
1, x =n) (resp (y = 1, x = —n)), the following descriptions hold

—1

1 1 ch™y
G,(y,x) = Hy(y, x) — ; arctan p— + Ry o(y, x),

resp.

1 1 Ch_ly
G,(y,x) = Hy(y, x) — — arctan
T T+ X

) + R—,O((yt x)~

The remaindersky , can be represented as oscillatory integrals
Rex= [ &p[ity = DO]rsatx. 0) 10,

where the leading term of the symbal is 0(|9|‘%).
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Proof. We take a cut-offp localizing near(y = 1, z = n). The distributionG} is the
sum of G1p and of the periodization ofl — p)GL. The latter is obtained exactly as
Gl away fromz = +7. O

Remarks.

1. We should recall that # 2r/k (k € N). Thus, the cut-offp can be chosen so that
only « (or only —n) is in the union of the supports Qf(. + ko).
2. The most singular term does not dependxon

3. There exists some classes of distribution that are associated to the intersection of

lagrangian manifolds (sefl6,20,23]). It is not clear ifG belongs to one of these

classes. To be slightly more precise, the distributions constructed in [23] can be

thought of as distributions admitting the following kind of expansion:
B3PI il
ko
whereas in our case, we would get some (formal) expansion reading:

N 0p—2j PAk+j
DD DE s
koo

and it is not completely clear what sense has to be given to such an expansion

(although the more general construction [@0] probably allows such kind of ex-
pansions).

After applying the FIOAg we get the following description of/, near the optical
boundary:

Proposition 4 (Near X). Near the optical boundary, the propagatorU, y can be
written as the sum of three terms

UOC,N = Uof(t’N + Ugf]v + U;j’r]\/'-
Each of these has the following description
1. The operatoonf(fN corresponds to the free propagation localized to ttetassical

region’”:

URt (2. m1, mo) = Uo n (t, mo, m)H(m — (x1 — x0)),
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2. the operatorUdsN contributes to the diffracted front its kernel can be written as

U%S,(, Ry, x1, Ro, x0) =/ oL R Ro=chul (4 Ry R, 0)i0~ 2
’ 0>0,w>0

7 — (x1 — X0)
w2 + (n — (x1 — x0))

501(1 — (x1 — x0)) p2(Chw) [dw do,

3. the operatorUClr contributes regularly to the diffracted front. It is a FIO associated

to N*{t— Ro— Ry = 0}. If one takess(t — Ro— R1) as the generating phase functjon
the symbol i0(|a|~N).

Proof. We plug into the expression o/, y given in Lemma2 the decomposition
provided by Lemma 5. We get three terms.

1.

The first one is given by
AN,a [Hx()’» x)]

and is identified as the free propagator with cut-off.

. The second one is given by applyiagy , to arctar(Ch (’)) p(y, x), which gives

UdSN after making the change of variables= chw and one integration by parts
in w. (The integration by parts also give some integral involving the derivative of
p with respect toy, but this is identically 0 neay =1 and for wave-front reasons
the corresponding operator is smoothing.)

. The third one is obtained by applying, v to R, ,. Sine R4 , is a lagrangian

distribution, we are led to exactly the same computations tharUfoaway from
2. This gives the result. Concerning the order it can be easily found by remarking
that Ay, is N times smoother thamg and thatAg, applied to a symbol of order

0(|o—|*g) gives a symbol of order 0.0J

Remarks.

1.

2.

The superscript ft stand for free and truncated, dr for diffractive and regular, and ds
for diffractive and singular.

This decomposition is “essentially” unique. Indeed, it only depends of the choice of
the cut-off functionp used in the proof of Lemm&. More precisely, if we have

two decompositions thetv9s— 79 will be a FIO with the same wave front-relation
and same order ag?".

. Getting away fromx = =, the singularities ofG1, split into those living ony +

cosx = 0 and those living orv = 1. On the cone, we obtain the part corresponding
to the primary front (that matches Withlof}) and the part corresponding to the
diffractive front away from the optical boundary (that matches the sum of the two
other terms).
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4. It is of some interest to look at the wave front of each operator we have written. The
wave-front oon?fN is contained in the diffractive front. That d!;f ~ IS a subset of

AoUA; where A; = N*{x1 — xo = n} corresponds to the cut-off. That mfj\, is a
subset ofA; U A;. One peculiar feature of the description we have given is that we
have apparently created some singularitiesAgn There we are assured tha’ﬁ N
and Uf_s}\, have the same order of magnitude since they must exactly compensate.
This artificial singularity is not so disturbing since when we will take the trace, it
will disappear due to wave-front reasons.

5. Near A4\, the operatork9s, is a FIO matching with the propagator away from

‘ o, N
the optical boundary.

An expansion for a general microlocalized propagator could be obtained the following
way. Each time a diffraction angle afr occurs we replace it by the latter sum, and
each time we have a sequence of consecutive regular diffractive angles we replace it by
the corresponding FIO. Since we do not know how to simply compose the operators
occurring in the description near the optical boundary, such an expansion is, at this
stage, useless. We will write it for one angle of diffraction of angte when we will
compute the trace of a regular family of periodic orbits. This will be done after we
have addressed the case of a regular diffractive periodic orbit.

4. Leading contribution to the trace formula

In this section, we will compute the leading part created by a periodic orbit of length
L. We begin by microlocalizing along, this means that for any poimh of the periodic
orbit, we takeU, a microlocalized propagator alorg (we recall that it implies that
the cut-offs are identically 1 in a microlocal neighbourhoodghfWe next take some
test-functioni(t) that localizes near 0 and we form the following quantity:

I(s) = (Tr [U®U,y(L)], h(r) exp(—ist)),
of which we study the asymptotic behaviour whegoes toco.

4.1. Regular periodic diffractive orbit

We consider here a regular diffractive periodic geodesic of lehgtiive begin by
addressing/ (s) whenm is a regular point ofy. Since we have localized near € My
at the beginning the computation takes place oMgrand since the geodesic is regular,
Uy (1) is a FIO. The computation of the trace will thus run exactly as in the smooth
case. We introduce some notations before stating the proposition.

For a regular diffractive geodesig with n diffractive points, we define

Dy =[] du (B
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and

PgZHli.

Lemma 6. With the preceding notationshe behaviour off (s) for s going to infinity
is given by

_n no_nin Dg —isL
I(s) ~s"2(2m)2e” & —h(L)e 18 fp(g(u)) |du].

P?

We will denote by, the constant(2m)e~ "% 2%
2
8

~

Proof. There is a cut-offp identically O near the conical points such that the trace is
obtained (up to a smooth remainder) by applying the opermdr* to UUg(L)p
(whereA* is the restriction to the diagonal ang the integration ong, cf. [8]). Fur-
thermore, with this cut-off, and farsmall enough we have (up to a smooth remainder)
U)Ug(L) = Uy(t + L). SinceU, is a known FIO, the action oﬁ*ﬁ* followed by
testing against(¢) exp(—ist) is given by the following oscillatory integral:

I(s) = / ¢~ is1 0l =Rotm=Rum = Uil (¢, m, m, 0) f (£) p(m) |dt dm d).

The distancesRo(m) and R1(m) are the radial components of the polar coordinates of
m centred atp; and p,, respectively. Using the homogeneity of the phase, we are led
to evaluate the following:

I(s) = s/ oS- e—R-diR 0= )0k (¢, R, x, 50)p(R, x)R |dt dR dx ),

wheredi(R, x) = Ri(m). This is done by performing a stationary phase(inx, 0),
uniform with respect tdR.
The critical points and the hessian matrix are given by

1 o0 9
—00,d1 =0; [H=|0 -4 o|=d 'Rl
t—R—di—Y1l; =0 0x?

1 0 0



L. Hillairet/Journal of Functional Analysis 226 (2005) 48-89 73

We finally get the following equivalent:

21\? .. . dl%
1(s)~s<—> eiTeis f(L)/kg(L,R,O,s) _p(R)R|dR)|.
§ (Rly)2

Plugging into this formula the principal part of, (cf. Theorem5) gives the
result. O

We have now to compute the contribution given by the geodesic near the conical
point. We recall that by definition, a microlocalized propagator such that the initial
point is conical can be writted; (t — to) U,(to) for to small where the initial point of
U; is g(to). The first thing to say is that we can shift the operator so that the trace is
computed abové1g. This is explained in detail in [17]. We recall here the main lines
of the proof. Using the cyclicity of the trace and the fact that the trace of a regularizing
operator is smooth, we get (up to a smooth remainder)

Tr(U (tH)Uy (L)) = Tr[Uz(t + L — 2t0)7U4(t0) pUs(10)1] .

where the initial point ofg is g(70), y localizes nearg(rg) and p nearp.
We now writep = 1 — (1 — p) so that we the operator of which we take the trace
can be written as

[Us(t + L — 210) Uy (2t0) 1] — [Ug(t + L — 2t0) yUs(t0) (1 — p)Ux(10)1] -

Due to the wave-front relations, we can insert new microlocal cut-offd/jnmi-
crolocalizing away from the optical boundary so that all the operators occurring in
the latter expression are FIOs. In the FIO class the cut-offs act by multiplication on
the principal symbol. Thus, the operatdf, (T — 2t0)yU,(2t0)y (Where U,(2tg) =
Uy (2tg) — Uy (to) (1 — p)U,(20)) is a FIO associated with the same lagrangian manifold
as yU,(T)y. Furthermore the principal symbol is simply multiplied py|ro — Rol).

To evaluatel,(s) = (TrUz(t — 2t0) y U, (2t0) %, h(t)e™'), we are thus led to exactly
the same computations as for Lem@®aip to multiplication by the cut-off functions.

Lemma 7. When s goes to infinityl,(s) has the following leading term

1p(6) ~ ces et [ pRD IdR)

wherec, is given in Lemmab.
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Proof. We use the proof of Lemm@ and the fact that the cut-offs act by multiplication
on the principal symbol. We get as leading term

I(s) ~ cg /R 6 x(g(Ro + 10))p(|to — Rol) |d Ro.
0>

We let thenR = 19 — Rp and remark that, by constructignis identically 1 whenp is
non-zero. [

We get the contribution of a regular diffractive periodic orbit by adding these local
contributions.

Theorem 6. The contribution of a regular periodic diffractive orbit g of period &and
of primitive lengthLg is given at leading order by

Lot(s) ~ s~ 2cgh(L)e " Lo,

with ¢, = (2m)2e~ "4 2%, where n is the number of diffractionsnd D, and P,

P?
depend on the angles of diffraction and of the length of the different geodesic segments
of g and are given in Definitior.1.

Proof. The contribution ofg is given by the sum

Tot(s) = ) (Tr(Ugp,,). e F (1)),

where them; are points org and} _ p,,, is identically 1 in a neighbourhood @fio,.,)-
Each term of this sum has already been computed and we get

Iot(s) ~ s~ 2cg f(L)e E Y~ / Pom; (1)) ld1],

which is exactly the conclusion of the theorent]

Several comments have to be made on this expression.

=

. This contribution is valid foig and for all its multiples.

2. The leading order depends on the number of diffractions. In the trace there cannot be
any cancellations between the contributions of two geodesics with different numbers
of diffractions. Although we expect this fact to be true for any type of geodesics
we have proved it only for regular diffractive ones.

3. Each diffraction gain} order of regularity. The most singular contribution is given by

periodic orbits with one diffraction and it is alrea(%ysmoother than the contribution

of an isolated periodic geodesic on a smooth manifold [&}).
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4.1.1. Application: triangles are spectrally determined

Corollary 1. Let T be a euclidean triangle ansb(T) (resp Sn(7)) be the spectrum
of the euclidean laplacian in T with Dirichlet boundary conditigresp. Neumarn
The equalitySp(7T) = Sp(T’) (or SN(T) = Sn(T7)) holds if and only if T andl’” are
isometric

The proof consists in two steps: first we show that the length of an altitude is
spectrally determined and then we recover the triangle from the knowledge of the
altitude, the area and the perimeter. This result was first proved by Dui&} using
this method.

We consider a triangl&BC with sidesa, b, ¢ (respectively, opposite td, B and C)
and anglesA, B, andC. We also denote by the angle atA (i.e. « = A) and by f
the angle between the altitude emanating frénand b. We considerM the surface
obtained by doubling the triangle. Each altitude contained in the triangle corresponds
to a geodesic oM uniquely diffractive (whose length is twice that of the altitude).
We choose the altitude emanating fronand we assume that is not 7. If the
corresponding geodesic avl is regular and since its angle of diffraction i$ Zthe
angle at the diffractive point iso2, we get the following contribution

I(s) ~ /e % 2”( 'B)h(zz) —isl =3 (11)

wherel is the length of the altitude.

We have now to know when an altitude is regular or not. Denoteshyy, sc
the linear part of the orthogonal symmetry across sides, and c. Unfolding the
triangle, we see that the altitude emanating frémis not regular if and only if
there existsN such that either(scsp)y = —Id or sc(spse)N = sq4 OF sp(sesp)y =

The first case cannot happen since it implies= 7/2N. The second (resp.
thlrd) case impliesA = B/N (resp. A = C/N). In particular, this shows that the
smallest altitude is always regular and thus brings the contributid) i the trace.
Since we have chosen the smallest altitude, there cannot be any cancellation with an-
other periodic geodesic and thus, we have exactly described the leading order of the
singularity of the trace ati/2 It shows that there is indeed a singularity there and thus
that the length of the smallest altitude is spectrally determined. Actually, because of the
doubling procedure we have shown that this length is determineSyhy Sp. We can
get the same result with the spectrum of Dirichlet (or Neumann) by symmetrisation
(this gives the contribution computed in [9]).

Using Weyl's law, the area and the perimeter of the triangle are also determined by
Sp. Knowing these three parameters, we can recover the triangle in the following way.
First the area and the altitude gives us one side of the triangle[&AY). Using the
perimeter,C has to be on one particular ellipse of fosiand B, but C also has to be
at a given distance of the lineAB) (using once again the altitude). This gives four
possible points but the four corresponding triangles are isometric.

We now address the contribution of a regular family of periodic orbit.
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4.2. Regular family

We recall that a regular family is a family of periodic orbits such that on each bound-
ary only one diffraction occurs. It implies that the orbits of the family are necessarily
primitive. There will be three types of operators of which we will have to take the
trace. The simple ones are those corresponding to a microlocalized propagator in the
interior of the family. The two other kinds will be at the boundary and respectively
near and away from the conical point.

The contribution of the orbits in the interior of the family are easily handled since
the microlocalized propagator only involves the free propagation, and taking the trace
involves exactly the same computation as for a non-degenerate family of periodic orbits
in the smooth case (cf8]). It is even simpler as in [8] since the metric is euclidean.

We recall the notationsp localizes near an interior poinkg of the family, and is
chosen so that its support is included in the support of the family. We also have

1(s) = (Tr(Uy(t + L)p), h(t)e™™").

Lemma 8. For a geodesic g in the interior of the famil), the contribution | has
for leading term

i 11 .
1(s) ~ s2—h(L e_”L/ mo) |dmg|.
(s) Jon T (L) p(mo) ldmo|

Proof. The microlocalized propagator is given by free propagation. We have to address
I(s) = / et LE Dm0 ko 1, mo, mo, 0)p(mo) |di dmo d0),
where

Uo(t, mo, mz) = / o =D mo.m) kot mo, my, 0) 0]

is the free propagatoarW/A_O in R?, for which we have the explicit expression:

iz

e 1
ko(t, mg, m1, 0) ~ ——=102
o(t, mg, my, 0) G

(cf. [1] for example).

Here, we haveD(mg, mg) = L, and the lemma follows from the application of a
stationary phase argument. More precisely, there is a non-degenerate submanifold of
critical points and we can apply the results of [8]. From a technical point of view, we
have to perform the stationary phase with respectrid) uniformly in mg. O
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We have now to address the contribution of the boundary ogditsBoth lead to
exactly the same computation and we only write down the details for one. We thus
consider the contribution of an uniquely diffractive orbit such that the diffraction angle
is m. As it was already pointed out, the propagator is no more a FIO, so that we have
to justify the fact that the trace is obtained by restricting to the diagonal and then
integrating overM. This procedure is valid as soon as the considered operator acts
continuously fromZ? into someH”", with N large enough. Thus, the trace of, v
can be handled this way. Using the functional calculus, we have the following identity:

avor
I(s) = <Tr(Ug,N(r +L)p). Sy [e—”’h(t)]>.

Since we are dealing with a regular family of periodic orbits, there is only one
diffraction so thatU, y is in fact U, y. When p localizes near a regular point @f,
we can computel (s) by putting mg = m1 = m and integrating oveM. When p
localizes near the conical point we want to use the cyclicity trick to get back to the
same expression. However, since we are no more in the FIO class, it is not clear how
the new cut-off functions will act at leading order. We thus have to write down what
happens at the conical point and see the kind of operator we have to deal with.

By the cyclicity trick, we have to take the trace of the operator

Uz Ny (t + L = 2t0) x Uy, ng (t0) pUo, N, (10) 15

where g starts atg(fp) and ends aig(L — ). This portion is non-diffractive so that
Uz n, can be replaced by/o n,. As usual we writep = 1 —[1— p] and get on the
one hand the operator

Ug vy (t — 210) 1 Uy, No+N, (200) 1

and on the other hand the operator

Uz Ny (t = 210) xUs, Ny (t0)[1 — plUs, N, (t0) - (12)

This latter operator contains two factols, y, but the cut-off functions and a wave-
front argument imply that both cannot be diffractive at the same time, so that one can
be replaced byUp ;. This gives two operators which are written d<) with onea
replaced by 0. We can compose this fact@y with the other one (after using once
again the cyclicity when needed).

Eventually all the operators we have to take the trace can be written as

Uyt + L = YUy s (1)1,



78 L. Hillairet/Journal of Functional Analysis 226 (2005) 48-89

where the following properties hold:

4 cuts off away from the conical points,

e U is a FIO associated with the free propagation, it differs frogat leading order
by multiplication by some cut-off functiop,

Uoc,Ni is U, cut-off near the diffraction angléxs — xo| = 7,

t' is eitherry or 2rg

e N, and Nj are either one of theV/s or the sum of two of them.

In the following, we will drop the’ and return to the notatior = .

Remark. The contribution of the propagator near a regular point can also be written
as the trace of an operator satisfying the preceding properties. We only have to write
Ug(t + L) = Uo(r + L — 1")Uy(t") (up to a smoothing operator).

Taking the trace against a test functigﬁgy [e5'h(t)], we have

- - dav o _.
I = f 0o, (¢ = 10. m0. M) Us, o (10, m1. m) 2(m0) 57 | *'h(0) | Idt dmy dmol.

Writing down explicitly the derivative of the test functiod(s) has for leading order
is)NI(s), wherel(s) is

1(s) = / Uo.n, (t + L — to, mo, m1) Uy i no(t0, m1, mo)y(mo)e """ h(zr) |dt dmy dmo|.

We now use the decomposition proved in Lem#and get three termst, 79s 9
corresponding respectively to each term in

ft ds dr
Ua)NO + Ua’NO + U%NO.

4.2.1. Contribution off™
The integral givingI™ can be written as

1"(s) =/ Uo,ny (t + L — tg, mo, m1)Ug, g (to, m1, mo)

xH (1 — x1 — x0)p(mo)h(t)e™"*" |dt dmo dm)|.

We replacef]o,,vl and Ug, n, by their expression in oscillatory integral and perform
the stationary phase. The only difference with the contribution of the interior of the
family is the cut-off functionH (nr — xg — x1), SO that the stationary phase involves an
integral on a domain with boundary. One has to be a little more careful but since the
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set of critical points intersects the boundary transversally, the leading order is the same
as the one computed in Lemn& We get:

Lemma 9. At leading order the integral I (s) is given by

el : 1
§2
V2 L Ay

p(mo) |dmo|.

In this formulg A, is the domain swept out by the family), and p takes into account
the cut-offy and the one inU. The remainder has for order V3.

This contribution is exactly of the same kind as that from the interior. Both will
match to give the leading contribution involving the atda.

4.2.2. Contribution off%
This one is the simplest sindé?" is a FIO and we are led to the same computations
as in the regular diffractive case. That gives the lemma.

Lemma 10. The contribution/¥(s) is of orders=V-3.

We do not look for a more precise result since this contribution is already 1 time
smoother than'™.

Remark. We have already said that the contribution of a regular diffractivé fanes
smoother than the contribution of a non-diffractive isolated orbit. The contribution
is % more singular than the latter so that we eventually get a shift of 1 betwfen
and 79",

4.2.3. Contribution of79s
We will once again apply a stationary phase argument to evalfdtaNe will here
only sketch this evaluation. The technical material can be found in Appendix B.
We have to compute:

. _\2_ N2 -
19(s) = / ¢!l =Ditmo.mol] . 5 ko v (¢ — to, mo, ma, 01)

7 — (x1 — x0)
w? + (1 — (x1 — x0))?

xp1(m — (x1 — x0))po(Ch w)pgpg |[dw doadmodm1dOda|. (13)

XeiO'[f(f,Rl,Ro)fchw]aNo(t’ Rlv RO, 6)0_71

We use the homogeneity ifhand o and letz = n — (x1 — xo) (keepingx1). We then
perform a stationary phase i, R1, x1, 0, o) uniformly with respect to(R, w, z).
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This results in a complete expansion:
1
Ids(S) — S—N+§ Z S_klk,
in which each’* can be written as

I (s) :/ ei[_S‘/’(R’w’Z)]ak(R, w,z)ﬁ |dR dwdz|,
z“+w

where the coefficients; are C>* and compactly supported iR, w, z.
The complete proof is in the appendix. Here we will only stress the important features
of the resulting integral

e (R, w, x) is obtained by writing the critical points of the phase and evaluating
there (as a function of the parameters).

e The functionsa; are expressed by the stationary phase expansion in terms of the
complete symbol in/gs (and its derivatives) evaluated at the critical point.

e The principal order can be found as follows: the use of the homogeneity gives the
power% — No+ % — No—1+2,i.e.—N + 3 in front. The stationary phase involves

5 oscillatory variables, that gives:N +3— 3 = —N + 3.

Furthermoreao(R, 0, 0) = to_l is also prescribed. The new phagér, w, z) has for
Taylor expansion

Y(R, w,z) =Yo(R)+ Q(R, w, 2) + (R, w, 2),

where Q(R, w, z) is the quadratic form (w.r.tw, z)

R(to— R

(0; ) 0

Qir00) = 8 Rt — R)
1o

With these properties af we evaluatel; by stationary phase as the following lemma
shows.

Lemma 11. Let the phase/(R, w, z) be C* and have the following behaviour near
(w=0,z=0):

V(R, w,2) =Yp(R)+ O(R, w, 2) + Y(R, w, 2),

with . Q, Y5 € C* and Q(R, w, z) is a definite quadratic form ifw, z). Assume
the remainder can be written

Wo(R, rcosl, rsind) = r3g(R, r,0), geC™.
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. Then, the integrall; has a complete expansion in powers of s and the leading term
is
L.(s) ~s—%fR0 S[o®l 4 (R, 0, 0) sin(0)| Q(R, cosh, sin)|~2 |dR db).
Proof of Lemma 11. We use polar coordinates faw, z)
1(s) = f sV Rreoshrsind] 7 g 1 0y 1dr dR d0),
with a(R, r, 0) = a(R, r cosf, r sinf) sinf. The assumptions permit us to do a station-

ary phase w.r.tr uniformly in (R, 0) and this gives the result.C]

If we come back to/9, the principal term is of ordes=" and we get it by writing
the coefficient/® given by Lemmall. That is

/ 1V Ro(io — Ro)|~ 2 sin(B) |d0d Rol,

which is eventually 0. Thus we have proved The contribution of the boundary is of
negligible order with respect to the contribution of the interidrl

More precisely, the contribution af9s is comparable to the first remainder term of
"

Summing everything up we get the theorem.

Theorem 7. The contribution of a regular family of periodic orbits is

el

s
V2en

b
NI

1 .
N h(L)e 5| A, |,

where |4,]| is the area swept out by the family and L is t{reecessarily primitive
length of the family

We sum up the contributions that we have computed. The contribution of the interior
matches with/™. This matching, as in the case of regular diffractive orbits is made by
the cut-off functionsp,),.

This contribution is exactly the same as the contribution of a family of periodic
orbit in the smooth case. The only difference is that the area swept is that of a surface
with boundary. The boundary only brings correcting terms (this agrees|[2fithThis
computation only holds for primitive family since the iterates of a regular family will
never be regular.
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Appendix A. periodization of G

The goal of this appendix is to periodize and to show that away from the optical
boundaryG is a lagrangian distribution that admits the expansion

1
Gr.o=Y a0 -1

We denote byl, the interval]l — ¢, 1+ ¢[, and Jo = R\{|z &+ 7] < ¢&’}. Using a
wave-front argument, the behaviour of the propagator near the diffracted wave-front
and away from the optical boundary depends onlyGin I, x J,;, once we have
chosens and¢’ small enough. In the following everything (in particular the constants)
depends on these two numbersand ¢’. In order to simplify the notations, we will
not explicit this dependence and denote simply/by J any setl, x J, .

We recall the definition ofG:

H(y—1) ch™1y ch~1y
G(y,z) = H(y + cosz)H (nm — |z|) — ———= | arctan + arctan n )
T Y Z

On I x J, H(y + cosz)H(n — |z|) is identically 1 or identically O it can thus be
periodized and the periodization results in a functionl of (R/«Z) smooth away from
the optical boundary.

To study the remaining term i® we first derive with respect tg. We let

G:I:(ys Z) = 1 nte )
(ch™*(»))2 + (n £ 2)?
so that we have
L 2_q-h
G(y.2) = R(y.2) — ;/1 (G, 2) + G (. )] 6 — 12 |du] (14)

on I x J, andR is smooth and can be periodized in a smooth function.
_1
Since (u? — 1), % is a lagrangian distribution that is independentzofall we have
to show is that

nTt+z
(ch ()2 + (n £ z)?
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is smooth on/ x J and can be periodized in a function 6fx (R/«Z) smooth away
from the optical boundary.

_1
We first remark that since cf(x) is a primitive of (y — 1)+2, there existsc(u)
smooth on]0, 2[ such that

ch™(w) = cw)(u — 1)%.

Taking squares, this ensures that the func[iolnrl(u)]2 can be extended t{D, 2[ in a
smooth, positive function (u). Moreover we havér (1) ~ 2(u—1) in the neighbourhood
of 1.

The functionsG+ can also be written as

Gilu,2) s
u,z7) = —————

- h(u) + (1 % 2)2

and can thus be extended to smooth functions/ onJ.

Performing integrationl4), it is then clear that ofhx J, G is a lagrangian distribution
associated withv*{y = 1}. We get its asymptotic expansion by writing the Taylor
expansion forG 1 in the neighbourhood af = 1, followed by integration (14). Hence,
we have

3+k

Gy~ &y -Di . (15)
k
We now want to periodize term by term this expansion. The following lemma gives
the needed estimates on the partial derivative&;ofto do that.

Lemma A.1. For all k,1 € N such thatk +/>1, there exist two function®y  ;(y, z)
that are polynomial w.r.t. z. such that

Py i(y,2)
[h(y) + (n £ 2)?]

k Al
0y0;G£(y.2) = R

Moreover the degree ofPy ;; is2(k —1)+ 1+ 1if k>1andl+1if k =0.
The proof is an induction on botk and .

A.l. First step
We derive onceG . with respect tou or z

—h'(w)(m £ 2)

0uG+(u,2) =
- [h(u) + (% 2)2]
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—2z(n 4 2) % [h(w) + (1 + 2)?]
[h@) + (n+ 2)2]° '

0:G+(u,z) =

We check the lemma by inspection.
A.2. Induction

We derive the expression given in the lemma with respecat &nd z

—(k + 1+ DA W) Pe g + [A() + (£ 2)?] 04 Pi ks

ak+l
[h() + (r £ 2)2] 2 ’

G, ) =

—2(k + 1+ 1) Py g + [hw) + (m £ 2)?] 0, Pa s
[h() + (% 2)2] T2 '

G, 2) =

The claimed lemma follows.
Inspecting the respective degrees of the numerator and of the denominator we get
the

Corollary A.1. For all k,1 such thatk +>1, the following estimate holds uniformly
onl xJ

k Al _
10,0, G+ (u, 2)| <C(|z] + )72

It remains to study the cage= [/ = 0. In this case, we cannot address separately,
but summing them we have

2nh(u) + 2n(7? — 72)
(h(u) + (1 — 2)2)(h(u) + (1 + 2)?)

Gi(u,2)+G_(u,z) =

and thus the estimate:
1G4(u,2) + G_(u, 2)| <C(lz] + D2,

uniformly on I x J.

With these estimates, the asymptotic expansis) €an be term by term periodized.
This gives a lagrangian distributiofi, on I x (R/aZ) away from the optical boundary.
This distribution is associated with the lagrangiri{y = 1} and the leading term is
(according to the expansion)

1 1
Gu(y,x)=C <Z m) (y—Di.

k
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Appendix B. stationary phase

The main aim of this appendix is to give some details on the stationary phase
arguments we have used in the paper to evali&teMore precisely, we are concerned
with the stationary phase argument before the integration, n. Since we will not
need the exact expression of the principal symbol, we will be rather careless with it
and focus mainly on the order and on the dependence with respect to the parameters.

We start with expressionl8)

; 2_ 12 -
Ids(s) _ / 6191[[(140) 7D1(’”°’m1)]],01,01ko,N1(f — to, mo, m1, 01)

o) T — (x1 — Xx0)
w? + (1 — (x1 — x0))?

xp1(m — (x1 — x0))p2(Chw)pgpg |[dw do dmodm1dOdal).

><el’0'[f([,R]_,R())—Chw]a]\/o(t7 Rl, RO,

We replace all the cut-off functions img, m1 by one that we denote by.

We also replaceko y, and ay, by their leading part; that ofiy, can be simply
deduced from that ofip by using the pseudo-differential calculus.

We first dilate the phase variablésand o. Actually, we first have to insert some cut-
off (depending ons) ensuring that after the dilation we get an integral with compact
support in the new variables. This is a standard procedure, that is resumed in the
following steps: we look at the stationary points, it gives a compact set in witich
andsco have to live, we then insert the corresponding cut-off. Using integration by parts
with respect to all the variables exceptand 6, the left-over is shown to b@ (s=°°).

We also letx = m — x1 + xo. At leading order we have

195(s) ~ Cs3(is)*N/

w>0

is[® tvigiem (10 \TY 4y
SIPI2i (1 — 1) 1tM107~ 1<—) gz~ No
RoR1

X pF(t)(RoR1)? |dw dRod Ry dx1dx d0da di).
w2 + x2
To simplify the computation we can make the change- ﬁ and we are led to
evaluate the integral

X

_ is[®] 1 1-N1p3—Ni 1-Nogz-No__ X
J(S)_/w>o€”[][21(t—to)] BT s T

xf(t) |[dwdRodR1dx1dx d0dodt|,

in which the phase is

®O(Ro. x, w, 1, Ry, x1, 0, 0) = —1 + O(t — 10)?> — D?] + o[t§ — R3 — R? — 2RoRichw]
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and D? is given by
D? = (R c0sx1 + RoCos(x + x1) — L)? 4 (Ry sinx1 + Rosin(x + x1))2.

The following picture summarizes the notations.

(R07I0) _D1

The critical points of the phase (w.rt, R1, x1, 0, ¢ are given by the (non-linear)
system:

0;®=—-1+4+2(t —19)0 =0,

9P = (1 — t0)> — D =0,

do® =15 — R5 — R? — 2RgRichw =0,
Og,® = —00g,(D?) — 26(R1 + Rochw) = 0,
0y, @ =—00,,(D?) = 0.

Remarking that the last line implies that the segment joiningto m; has to be
parallel to the limiting periodic geodesic, we have the following system for the critical
points. It determinest, R1, x1) as a function of the paramete¢®o, x).

12 — R3 — R? — 2RoR1Chw
(£) { Risin(x1) + Rosin(x + x1)
L(L + 1o — 1) Sin(x1) — Rosin(x) =

0,
0.

We will denote byys the function of (Rg, w, x) that gives thet component of the
solution of the systentX).
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At the critical point determined byRg, w, x), the hessian matrix is

20 2(t — o) 0 0 0
2(t — 10) 0 0 0 —0R,(D?)
H— 0 0 0 —2(R1 + Roch(w)) 0
0 0 0 —QGif(Df) —0sinxy
0  —0g,(D?) —2(Ry+ Roch(w)) —fsinx; —00%2(D?)

Since the critical point corresponding to the paramet&®s x = 0, w = 0) is given
byr=L,xy=mn Ri=to—Ro, 0= 2(L—l—to) o= % we can rewrite the hessian matrix

there.
! 2(L — tg) 0 0 0
2(L — 19) °
2(L — tg) 0 0 0 —(L —19)
0 0 0 -2 0
H(RQ,O,O) = 0 . , toto
—2(1
(o) 7— o t
0
0 —(L —19) 0 0 —
(L — o)

We thus havg Hg,.0.0)| = 16tg(L — tg), and the signature is-1.

We can thus apply the stationary phase uniformly with respect to the parameters. We
get

Mt RwOlZ (R w, x)p(R, w, x)

> 1
J(s)~ <2s—”> 2,210

X

«/z w>0,Rg,x
|dR dw dx|,

w2+x2

wherea is smooth function of R, w, x) such that

a(R,0,0) =15

Indeed, we gef: by evaluating the amplitude df at the critical point divided byH|%.
Everything has been computed when, x) = (0, 0) and it gives the result.

We thus have proved the lemma

Lemma B.1. The leading term of %S is given by

1% (s)~C(is)~Ns3 /

w>0,Rg,x

eIV RwING (R w, x)p(R, w, ) —— |dR dw dx],
we+x
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in which the constant depends in particular of h and L. The phase the component
t of the solution of systeniX). The amplitudea is smooth andp is a compactly
supported function

The last thing we have to check is thatRo, w, x) fulfills the hypothesis of Lemma
11. To do that we have to compute the partial hessiay,ofv.r.t. (x, w). Using (%),
we find: (0u¥)|(r.0.0) = 0, (Ox¥)|(r.0,00 = 0 and

Ro(to — Ro)
Io
0

0

Ro(to — Ro)
1o

2 _
D(w,x)l//|(o’0) -

We check by inspection that it is positive definite and that justifies the last stationary
phase argument in Lemnthl.
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