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Abstract

We introduce a new Shallow Water model for the numerical &tmn of overland flow with furrow ffects without representing
them explicitly. The model is obtained by adding an anigmtrdriction term that takes into account thesgeets to the classical
Shallow Water equations.

We validate the model with numerical tests, and we compawétlit the classical Shallow Water model where the furrows are
explicitly and precisely described.
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1. Introduction lands. This interaction can be seen as the interaction leetwe
) . ] ] three types of roughness. The topography is the roughness of

During rainfall, overland flow on cultivated lands induces ihe Earth and is described on Digital Elevation Maps with a
problems at the watershed scale for soil conservation€dses  qrizontal resolution larger than one meter and commonly of
soil thickness by erosion and causes nutrient 10ss), infres oy meters and more. Furrows are the roughness due to agri-
tures (flooding and destruction of roads and buildings)s@re  ¢jtural practices and create a strong directional heteveity
vation of water quality (drinking water) and sustainapilif  jnside a field. They are characterized by their wavelengtie (o
aquatic ecosystems (chemical pollution). - . to a few decimeters), their amplitude (a few centimetersi® o

These troubles can be prevented by improving watershegecimeter) and their direction. Finally, the random rouggs
management in connection with ov_erland flow. Thus, the wateg e to soil aggregates and clods is homogeneous in space and
flux at the outlet not only must be simulated well but also must, 55 an amplitude of a few millimeters to about one decimeter.
predict the spatial distribution of the water flux and vetpci 14 oyr knowledge, most of the research on the interaction be-
over the Wholle watershed well. quever, current hydrolabic wyeen roughness and flow have been dedicated to topography
models predict overland flow within small watershedsfiine [5, 6] or to random roughness [7, 8, 9].

ciently [1, 2, 3]. In agricultural watersheds, one of the mai ~ re\y stydies have addressed furrows, and most are concerned
difficulties is that flow directions are controlled not only by the iih the storage capacity of the furrows, i.e., the amount of

topography but also by ditches along the field boundaries ang,ter stored in the puddies created by the furrows (e.g]).[10
by ridges and furrows created by tillage operations insie t These studies do not consider the water flowing on the soil sur
fields. The flow pattern is clearly the result of the interatti f4ces put rather the water stored in puddles. The few studies
between these objects [4], but the way they interact remaingynsidering both overland flow and the furrows-topography |
mostly unspecified. Thergfore, this interaction must t_)dx_aloet teraction are empirical studies [4, 11]. They lead to eroplri
understood to better predict the spatial and temporaliistr |45 giving an oyoff prediction: the predicted flow direction is
tions of overland flow and to improve the decisions made by,iiner the direction of the topographic slope or the furrwec

watershed managers. tion, while water can flow in both directions at the same time

In this paper, we focus on the interaction between topogra, reajity. Moreover, these laws are limited by their ergti
phy and furrows, a feature encountered in almost all cutiva |,4qis.

To be of practical use, a model accounting for tiffe&ts of

“Corresponding author. Tek33 381666397; faxs33 381666623 furrows on overland flow direction must not require an explic
Email addressesulrich.razafison@math. cnrs.fr (Ulrich representation of the furrows: such a requirementwouldireq
Razafison)stephane. cordierCuniv-orleans.fr (Stéphane Cordier), the use of a digital topographic map with a horizontal resofu
olivierdelestre4iCyanoo. fr (Olivier Delestre), of about one centimeter for the whole watershed, and a small
frederic.darboux@orleans.inra.fr (Frédéric Darboux), ) .
carine.lucas@univ-orleans.fr (Carine Lucas), watershed covers approximately one square kilometer. Such
francois.james@univ-orleans.fr (Frangois James) digital maps are not available and, even if available, nexjoio
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free surface

many computational resources.

The purpose of this study is to propose a model that can ac-
count for the &ects of the furrows on overland flow. Numerical
results are presented. The model is a first step in an attempt t
predict overland flow directions controlled by furrows awod t
pography without representing the furrows explicitly. éed,
only average amplitude, wavelength and direction are used t
characterize the furrows. In this paper, the furrow dikatis
kept perpendicular to the slope. Our model is based on thie Sha
low Water equations that are widely used to describe flows in
rivers and ocean and overland, among other applications. Figure 1: Notations for a 1D Shallow Water flow.

The outline of the paper is as follows. In the next section,
we first present the Shallow Water model. Then, we propose a
new model in which we add a new friction term to account for
the dfects of the furrows on overland flow. Section 3 describes
the numerical scheme used to solve the model, and in Section 4
we present and discuss the numerical results that we obitiin w 002 £
our model. Conclusions are outlined in Section 5. oo

topography ———

2. Mathematical models Py

The starting point is the 2D classic Shallow Water sys-
tem [12] in a bounded domai:

0.2

6_h + 6(hu) + 6(hV) -R : . x € [0; (]
ot X ay ye[o;L] TT—x%
6(;u) N 6(2u2) N 6(2uv) N ghg—h
t o0Z X y X Figure 2: An example of topography with furrows.
+gh—+ gk’h™B|uju = 0, (2.1)
oty _ athuy a(hv) N gha—h 1. The direction of the flow is parallel to the length of the
ot ax ay ay domainQ with respect toy (pseudo-1D case) and, conse-
+gh% +gléh™ v = 0. quently, perpendicular to the furrows.
ay 2. We only consider fluvial flows, which means thatt <
Fort > 0 andx = (x,y) € Q, the unknowns are the water Vaoh.
heighth = h(t, x) and the horizontal flow velocity = u(t, x) = 3. Infiltration and soil erosion are not taken into account.

(u(t,x), v(t,x))". FurthermoreZ(x) describes the bottom to-
pography of the domain; therefotte+ Z is the level of the wa-
ter surface (Figure 1). In equations (2.4)is the acceleration
due to the gravity anR is the rainfall intensity. Several studies
have shown a derivation of the Shallow Water system originat]c
ing from the free surface Navier-Stokes equations [13, B}, 1
For the friction term, we choose the Manning law with
k as the Manning cd&cient. We also denotg(t,x) =

Under such assumptions, the furrows overflow at the same time
during rainfall events or one after the other during infloanfr
upstream.
We propose a model that takes into account tiects of the
urrows without explicitly representing them in the topaghy
Z. In other words, we want to find an equivalent model to the
Shallow Water system of} that can be used at a macroscopic
T scale, i.e., on a topography that is only an inclined plane. W
(le\(lt(,)X), q)ét,c)(())rzs'aerr](zta, 2‘;&;? alz:r:jivn\::jtlﬁiﬂfuxl and a to- want to force the flow to slow down when its depth is smaller
W, We consi gu x .___than the value corresponding to the water height that can be
pographyZ with furrows. We suppose that the topography is an , . : S )
I o trapped in the furrows. The idea of this article is to modé th
inclined plane with sinus furrows and that the geometry ef th o o
. . . i effect of the furrows through an additional friction term that
furrows is known through their amplitude and their wavekbng
L L forces the flow to slow down for a low water depth. To that end,
Note that realistic (measured) furrows are shaped sligtifly L ,
. we first introducehg) the average height of the water trapped
ferently due to the existence of random roughness. However . L
o . in the furrows. This value is given by
random roughness, because it is isotropic, does fiiettalow
direction at the scale of the furrows. We also suppose tlat th (he) = V/(Lg x &) (m), (2.2)
furrows are perpendicular to the length®@fwith respect toy.
An example of such topography is illustrated in Figure 2. whereV is the volume of trapped water in a furrob is its
Next, we complement the problem with the following as- wavelength (see Figure 3) adds the length of the domaif
sumptions. (with respect tax). Note that the value afhg) only depends on



Trapped water (volume V) Finally, we propose the following new Shallow Water model
with a “furrows-friction” coeficient:

‘ oh oy o)

| atox Tay R
athy a(h®) athuy . oh
; ‘ ot T Tox oy TNk

+gh% +glk’h Y 3uu =0, (2.4)

Figure 3: Water trapped in a furrow.

o)  athuy  ahv?)  oh
at ;z ax ey Ty
+gh6_y +gkeh™3|ulv + K(h)hv = 0.

] Remark 2.2. 1. Note that, because the furrows are perpen-
1 dicular to the slope, the additional friction la(h)hvonly
’ appears in the third equation of (2.4), and therefore, i onl
1 acts on the flow in thg-axis direction. This assumption is
010 not restrictive: in general, the direction of the furrows is
i constant on each agricultural field, and, if necessary, we
| apply a rotation to obtain the equations for an arbitrary di-
rection of the furrows.

] 2. The form of the new friction law is chosen arbitrarily. The
e T T — general form of friction laws i&h?|uffu wherea andg are
0.000 0.005 0.010 0.015 0.020 0.025 0.030 i -

h positive real numbers. For example, we obtain the Man-
ning law for @, B) = (-1/3,1) and Darcy-Weisbach law
for (o, 8) = (1,1). Note that these laws are empirical and
are obtained considering stationary flows, and their valid-
ity is still discussed among hydrologists (e.qg., [16]).

Figure 4: Shape of the friction teri(h) for (hg) = 0.01 m.

three parameters: the slope of the domain, the furrows geera For the numerical experiments presented in Section 4 with
amplitude and the furrows average wavelength. system (2.4), we chose(8) = (1,0) but we could have

Next, we consider the following additional friction die made another choice, should we change the vali& of
cient: the form ofK(h).

(2.3) Because shallow water flows can also be described by the
so-called multi-layer Shallow Water system (e.g., [17, 19,

whereC is a characteristic constant increasing function of thefor a derivation and numerical studies), we can proposena@not
small random variations of the height of the furrows, &&ds  approach based on multi-layer models to take into accoent th
a codficient we determine in the following. effects of the furrows on overland flows.

In Figure 4, the general shape th) is plotted for¢hg) = In this work, we introduce the following two-layer like
0.01 m. We clearly see that(h) is large forh < (hg). Thus, model:
when the water heiglitis lower than the average height of the
furrows<hg), the flow slows as a result ¢€(h),. if h(t,x) < <hg), thenu(t,x) = 0 andh(t,x) = Rt
if h(t, ) > (he), (2.9)

then solve (2.1) with an inclined plane topography

K(h) = Ko exp(w),

C(he)

Remark 2.1. 1. In (2.3), if (hg) tends to 0, therK(h) also
tends to O for amh > 0. In other words, the additional

friction codticient disappears when there are no furrows. |, (2.5), the lower layer corresponds to the filling up of the f

2. If C tends to O, then we obtain the empirical modelsrows; note that the upper layer is active only when the fusrow
that are usually used. These models consist in givingverflow. The initial conditions for the upper layer are then
an orjoff prediction of the furrows-topography interaction y(0, x) = 0 andh(0, x) = h— (he), whereh is the water height at
(see [4, 11]); more precisely, while the critical water letig  the overflow time. Note that in one dimension, this model pro-
is not attained, thereis no ﬂOW, and after this threShObj, th vides more Satisfactory results than the model (24) (Sﬂdt)

furrows are not taken into account. However, its extension to more complex two-dimensionabpro
The new Shallow Water model we introduce here (2.4) canems requires modeling the coupling between the two layers
be seen as an improvement of these models. carefully, and it is more diicult than extending the model (2.4).



3. Numerical scheme

In this section, we explain the numerical scheme we used in
our numerical simulations. The Shallow Water system is noL sup
the Mac Cormack scheme is

as easy to solve. In hydrology,
usually used for overland flow simulation (e.g., [20, 21]pviH

ever, it is not well adapted to this system because of sever

problems, such as the preservation of the positivity of theew
height and of the steady states or the behavior at th&lvyen-

terface. To that end, we used well-balanced schemes [2&tbas

on the hydrostatic reconstruction [23, 24]. This finite voki

scheme has shown to be adapted to overland flow simulation Q

small scales [25, 26, 27].

To make this presentation simpler, we describe the numeri- hi-1/2¢ = hi =
cal scheme on the classical the one-dimensional ShallowiWat

model with variable topography and Manning’s friction law :

oh oy _ o

ot ox (3.6)
othu) 9 h?\ 0z 173 '
~or " (hu2 + g?) = -gh- - gikeh™3|uju.
The model (3.6) can be written into a conservative form
ou oFU)
St T - So(U) + St (U), (3.7)
where N
h) _(h u
U= ={_.|. F(U)= 2|,
(hU) (q) t [hu2 h—]
2
R 0
V) =|_gp72| a0 Si(U)- (- gier o

System (3.7) is discretized using the finite volume methad fo
hyperbolic conservation laws. We introduce a space-tine gr

in which the space and the time steps are, respectivelgnd
At. We setx, = iAx, t" = nAt andC; = [Xi_1/2, Xir1/2[. We
denote byJ{" the approximation of the averaged{t", x) over
the cellC;, namely,

:ifU(t”,x)dx
AX G

Considering only the homogeneous part of (3.7), then thefini
volume scheme is of the form

Ut

At
urt-uP + E((Finu/z - Fly2) =0
whereF}, , = (UM U})) is the HLL numerical flux (e.g.,
[24]) through the interface betwe&h andCi,;. Note that the
HLL flux is defined by

F(U) if 0 <cy,
QFU) -cFUy) e
U -u
T(UI,Ur) = C—C * Cg—Cl( ' I)
if cp<0<cy,
F(U,) if o <0,

4

wherec; < c; are given byc;

uzIU.f,ur (qufz/lj(U)), ©
(sup/lj(U)] and where1;(U) = u - +/gh (V)

U1, \j=1.2

u+ +/ghare the eigenvalues of the Jabobian mafi@J). A

%fludy compared ttierent numerical fluxes for (3.6) and showed
t

at, in the framework of overland flow, the HLL flux is the
best compromise between the accuracy of the approximation
and the computational cost [27]. To have a second order ac-
curacy scheme, we use the modified ENO reconstruction [28]
Ffined as follows

AX

AX
7Denonhi, hi+1/2— =h+ 7Denonhi,
hiy1/2- AX

Ui-1/2+ = Ui — |+|i.‘/2 7DenonUi,
]
h'_l 2 AX
Ut1/2- = Uj I h'/ - ?DenonUi
i

with, for a spatially discretized functios

DenonS = miand@enos, 29enor’rDmmS)

where
min(x,y) ifxy>0
minmod,y) =4 maxy) ifxy<O0
0 otherwise
. i — Si— A
Dencs = mlnmod(m + Gonoms D?§_1.5,
AX 2
S+1—S AX
+1AX - 6’eno7 D23+1/2) 5
- S41—-25+S-1 S42—2S.1+S
D2s,1/2 = minmod
S+1/2 Nz > Nz ),
s §—S1 S1—§
DmmS = mmmod(iAX A )

With Beno, Oenom € [0, 1]. Note that fordeno = 0, this reconstruc-
tion is exactly the usual MUSCL reconstruction.

To take into account the topography while preserving thadste
state of a lake at rest, i.e.,

h+ Z = cstandu = 0,

we use a hydrostatic reconstruction described elsewh&e [2
24]. First, we need to define the reconstructed vafjes,-
andZ_y,2, that can be deduced from the reconstructed values
hi_1/2-, hi_1/2, and the following reconstruction & + h:

AX
(Z+h)icyor =Zi +hi - 7Denon{zi +hy)

and A
X
(Z + h)i+1/2, = Zi + hi + 7Denon{zi + hi).

Next the hydrostatic reconstruction requires the follaywirew
values to be defined:

hic1/21 = max(Q hizyo- + Zivyo- — Max@ic1yo-, Zivij2+))s



hi—12r = max(Qhi 1o + Zigy1y20 — Max@iayz-, Zizi2+))s

o )

The positive parts in the definitions bf,1/2) andhi_1,2, (we
have max(0-)) ensure the positivity of the water height. There-
fore, the scheme can be written into the form

hi—1/2r
hi—1/2r Ui—1/2+

hit1/21
his1/21 Uir1/2-

Uis121 = (

At
UMt — Ul + E((Finu/m —Flyp —Fc) =0,

where

0

Li2)? = (yy2)?)

|

Filyor = F(Ulyon Uilyar) + [9 ((h
2

0
Fn =FU",,,,ul )+[g ]
i+1/21 i+1/21> Yi+1/2r § ((hin+l/27)2 _ (hin+l/2|)2)
and
- [ g ° ]
= )
! 3 (hin71/2+ + hin+1/2f) (Zirlrl/Zf - Zir11/2+)

The terchin is added to obtain a well-balanced and consistent

n+2
i

o ComputeUn? = [

|

° ComputeUin+2 using the Heun method defined by (3.8).

hn+1~n+2] by solving the Manning fric-
iU

tion term
hn+2
I
Tn+2 sk
e —u;

i ] =S T(U)).
h* ——

We now describe the treatment of the boundary conditions at
the inflow and the outflow. We denote bysubscript the values
on the (fictive) boundary cell and by the index “in” the valires
the first cell inside the domain. The normmais equal to -1 on
the left boundaryX = 0) and 1 on the right boundary & ¢).

e A solid wall is modeled by imposing, = —Uin, hy = hin,
on the condition that the topography be extended horizon-
tally on the fictive cells.

At the inflow boundary, we impose the dischaigesat-
isfying nq, < 0. Because we only consider fluvial flows,
the water heighhy, is computed using Riemann invariants
(e.g., [29, 30]). More precisely, assume tlcat \/g_h

It is well known that for the Shallow Water system (3.6),
the quantityu ¥ 2c is constant along the characteristic
dX — u ¥ c. Thus we have

dt

scheme [23]. Now, to have a second order scheme in time, we

use the Heun method,

U™ = un + Ato(Un)

U2 = UM 4 At (UM™Y

up + On+2
2

(3.8)

n+1 _
UMt =

bl

where L
o(Uf) = _B((Finu/zl = Fli - FC).

Concerning the Manning friction term, we introduce a semi-
implicit treatment of this term [21, 29]. Then, the scheme is

modified as follows

e Solve the Shallow Water system
U/ = U+ At o).

n+1
e ComputeU™! = [ I"THl] by solving the Manning fric-
U

n+1
hi i

tion term
hin+1 hi*
LTy | =ShUD) =], @
Y hn(h1)4/3

e Solve the Shallow Water system

U/ = UM AtoUM™?h.

Up + N X 2Cp = Ujn + N X 2Cipn. (3.9)

Multiplying (3.9) by hy, we obtain
—nx 2G/% + (Uin + N 2Cin)hy — G = 0.

Newton method is used to solve the last equation and to
gethy,.

e At the outflow boundary, we always impose the water
heighth, and we use Riemann invariants to compute the
discharge. We obtain

Up = Uin + N X 2(Cin — Cp)
and we can easily dedugg = hy up.

All the previous steps are usual for the resolution of thel-Sha
low Water system (2.1). Note that, for our new 2D model (2.4),
the additional friction term is treated in an explicitly. Alse
obtained results are satisfactory, we did not try to use a-sem
implicit treatment of the additional friction term. Keepithe
explicit treatment also allows the numerical model to be ex-
tended easily to more complex two-dimensional flows.

4. Numerical results

In Section 2, we introduced several models: the usual Shal-
low Water system (2.1), the Shallow Water system with an ad-
ditional friction codficient that represents the furrows when we
consider plane topography (2.4) and a two-layer model (2.5)

In this section, we present several results obtained wikeh
three models in order to show the ability of our new model)2.4



to approximate the exact solution. Namely, we consider two  oos e ——
types of test cases: in the first one, we only take into account vater height -
rainfalls, and in the second one, the water comes from up- o7
stream. For these two numerical experiments, the “exact” (o
reference) solution is that from the Shallow Water systerh)(2 00 |
with a precise description of a topography with furrows. TheE
domainQ we consider here i = ¢ x L, wheref = 0.2m %
andL = 4 m (Figure 2). We assume that the plane topographyj
has a constant slope of 5%. The amplitude of the furrows is
0.01 m (0.02 m peak-to-peak), and their wavelength.isrf.
We choose a friction cdicientk = 0.04 m'/3 s1. For the
following computations, we use a time st&p= 0.001 s (this 02
time step is imposed by the resolution of (2.1), because wd ne
a small space step to get a good representation of the furrows — ozs :
We note that all the numerical results are obtained uSing ' y(m)
software for the resolution of the Shallow Water system, and
new library for the new friction cd@icient.

-0.1

-0.15 |

L L
25 3 35 4

Figure 5: Side-view of the water height at the final time fa thinfall test case.

0.05 ‘ ‘
topography ——
water height =«

4.1. Reference solutions and description of the test cases

This paragraph describes how the solutions of the Shallow
Water model (2.1) are computed when the geometry of the fur-_ s |
rows is known explicitly. These solutions will be considire
here as reference solutions. According to the parametees gi
above, the topography is modeled by the equation:

0.1 F

Z,Z+h (m

-0.15 -

Z(x,y) = —0.05y + 0.01 cos(2@ y). (4.10)

02 F

The space steps (with respectt@ndy) are equal to @1 m,
which means that each furrow is described by 200 cells. We

assume that the domain is initially empty, i.e(0,x) = 0 and 025 - o8 T e 5 pys p pys .
h(0,x) = 0. y(m)
Let h,u, and g denote these reference solutions at the small

scale Figure 6: Side-view of the water height at the final time fa thflow test case.

411 Rainfall test case 4.2. Numerical comparisons of the models

In this case, we impose rainfall on the whole domain with We perform numerical tests on the new model (2.4). The
a constant permanent rain intensRy= 8 x 104 m s1. The furrows are removed from the topography defined by (4.10).
rain discharge is the@g = 3.2 x 103 m? s'L. The final time Thus, the topography is now reduced to an inclined plane with
is T = 225 s. Note that because we are interested in the efthe same general slope:
fects of the furrows, we focus on the transitional stage ef th
flow. Therefore, the final timé& is chosen such that the outflow Z(x.y) = -0.05y. (4.11)
discharge is approximately equal to half of the rain disghar ) ,
We assume here that the upstream boundary is a solid wall. We The space step with respect yds set equal to the wave-

show the side-view of the water height at the final time in Fig_length of the furrows, i.e.,.Q m. The initial conditio_ns remain
ure s . unchangedu(0,x) = 0 andh(0,x) = 0. The capital letters

(H, U andQ) denote the solutions of (2.4) at the large scale.
To improve the comparison in the rainfall test, we also com-

4.1.2. Inflow test case pute the solution (h,u,q) of the two-layer system (2.5). @ise

We also consider a permanent inflow from upstream. We setretization parameters and the topography we use are the sam
Qi =3.132x 102 m? s! as discharge on the inflow boundary. @s for the system (2.4).
The final time isT = 27.75 s. As for the rainfall test case, the 10 compare the three models (2.1), (2.4) and (2.5), we con-
final time was chosen such that the outflow dischargewas  Sider the water heighth( H and h, respectively) and the dis-
approximately equal to half of the inflow discharge. We showcharge ¢, Q and g, respectively) at the outflow. For this pur-
the side-view of the water height at the final time in Figure 6. pose, we first introdude” as the average of the reference water

6



heighth contained in the furrow at the timet". We also con-
siderH", the water height in the furrowat timet", which is
computed with the model (2.4) for a givéty and a givercC,
andHo]' in the caseKq = 0 (i.e., the Shallow Water system

which corresponds ty = 0.02 andC = 0.4. The correspond-
ing discharge error i8? ~ 5.8 x 1072, We notice that the new
model (2.4) allows th&? error on the water height to diminish
by a factor of 7 with respect to the cal§g = 0, which indicates

on the coarser grid with plane topography and without the newhat the furrow &ects are taken into account satisfactorily.

friction term). Next, we denote bg” the relative water height
error defined by

1/2

= _ , (4.12)

wheretN = T is the final time of the simulations. This error rep-
resents theféect of the new friction terniK(h) in system (2.4)
on the water height.

Finally we also study the discharge at the outflowqfis the
value ofq (from the resolution of (2.1) with the explicit topog-
raphy) at time", fory = L, Q" andQy are the solutions of (2.4)
for givenKg andC, and forKg = 0, respectively, then the dis-
charge erroe? is defined by:

N
D -Q
eQ _n=1

=
Do - Qg
n=1

The value ofe® shows the influence of the teri(h) on the
discharge at the outflow.

(4.13)

4.2.1. Rainfall test case
For the rainfall test case (Section 4.1.1), we present therwa

We now report the results obtained with the two-layer
model (2.5), for the rainfall test. For ftiérent Manning coef-
ficientsk, Figure 8 shows the water height ergt (obtained
by replacing the solutiotd of system (2.4) by the solution
h of (2.5) in (4.12)). The objective of this test is to under-
stand how the changes in the Manning ffi@ent combined
with a delay at the beginning of the experiment can repre-
sent the &ects of the furrows. We note that the minimum is
el ~ 0.0422 fork = 0.03. The corresponding discharge error is
eR ~ 8.6 x 1073, We also note that the two-layer model allows
the L? error on the water height to diminish by a factor of 23
with respect to model (2.4) for the cakg = 0.

0.45

0.4

L L
15 2 25

k

Figure 8: Water height err@d for the two-layer model (2.5).

height errore” between models (2.1) and (2.4), as a function
of Ko for C = 10 in Figure 7. We started with a step of 0.01  The first conclusion of this rainfall test is that the two pro-
until Ko = 0.1, and then the step is set to 0.1 as the function infosed models (2.4) and (2.5) are good representations of the

creases. We remark that the minimum of the eefbr 0.2518
is obtained folKg = 0.02.

1
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Figure 7: Water height err@” for the model (2.4) for the rainfall test case.

Then, by optimizing this error with respect to the two pa-

rametersKq andC, we finally find the minimume™ ~ 0.1417,

effects of the furrows because their error is smaller than tlee on
of the plane topography model. More precisely, the two4laye
model seems better on this test, but as we mentioned before, i
extension to the general two dimensional case is not obvious
To complete this test case, we directly compare the restlts o
the three models. Figure 9 gives the ratio between the cadput
outflow discharge and the rain discharge for all the modets as
function of time. We plot four results in the transitory neg:
the discharge computed with (2.4) with = 0.02 andC = 0.4,
the discharge withky = 0, the solution of (2.5) wittkk = 0.03
and the reference solutian(Section 4.1).
Although the domain in the new model (2.4) is an inclined
plane, we observe that the additional friction term is able t
retain the water for a moment during the rainfall. It is a good
approximation to simulate the existence of the furrows.

4.2.2. Inflow test case

Now we consider the inflow test case (Section 4.1.2), and
we conduct the same study as for the rainfall test to validate
our new model of friction co@cient model. Figure 10 shows
the water height errog” between models (2.1) and (2.4) as a
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Figure 9: Ratio between the outflow discharge and the racheige for allthe  Figure 11: Ratio between the outflow discharge and the intho¥ow dis-
models as a function of time. charge for all the models as a function of time.

4.2.3. Performance of the new model with calibratedftoe
cients

In the previous section, the numerical experiments shotv tha
our new model (2.4) with the additional friction d@eient that
represents the furrows provides good results on the waigihthe
and the outflow discharge compared to the reference solution
computed on the explicit topography. However, this model re
quires calibrating the two cdigcientsKg andC. In this section,

16 w w w w we study the robustness of this calibration when we change nu
merical (the space step) or physical (the slope or the roeggin
of the domain) parameters.

In this part, we only consider the rainfall test case and, as
explained before (Section 4.2.1), we cho&ge= 0.02 andC =
0.4. Consequently, in the following, we study the performance
of the model (2.4) with these values.

For a future extension to fully two-dimensional problerhg, t
new model has to predict the flow directions on each grid cell
over the area of agricultural fields. As a consequence, the di
mension of a grid cell can vary from 1 to 10¢nThus, a grid
‘ ‘ ‘ ‘ cell typically contains several furrows. To test for thisiecef-

0 0oL = 004 005 fect, we present the relative erra@$ ande® to the reference
solution as functions of the space step in Table 1. This space

Figure 10: Water height err@’ for the model (2.4) for the inflow test case. ~ Step varies from @ m to Q4 m which means that a cell com-

prises 1-4 furrows. We note that the variation of the egfbis

o ) small; when the space step is multiplied by 4, the relativerer
We also present in Figure 11 the ratio between the outflovyg multiplied by less than 1.5.

dischargeQ", Qf and the imposed inflow discharge at the tran-

function of Ko for C = 10. The step orKp is set equal to
0.001 when the error is decreasing and 0.01 for larger errors
We note that the minimum error&' ~ 0.3211 forKy = 0.004.
The corresponding discharge erroets ~ 4.4668x 1072. We
note that our new model (2.4) reduces tHeerror on the water
height by a factor of 52 with respect to the casg = 0.

0.2

sitory regime, for the model (2.4) witky = 0.004,C = 10 and Space step (m) " o] CPU time
Ko = 0, respectively, and for the reference solutipcomputed 01 01417 58x102 011

in Section 4.1. _ 0.2 0.1675| 7.2865x 102 | 0.0574
Here too, we observe that the new model simulatesfileeteof 04 02024 8963x 102 0.0255

the furrows well.

Table 1: Relative errors of the water height and the flowrate] CPU times
(normalized with respect to the time to compute the refexesmtution).

Remark 4.1. We do not address the optimization of the value of

C because the optimized geient for K is ten times smaller e also present the computational times to compute the so-
than that for the rainfall test, and so the results do notblisi  |utions of the new model in Table 1 (depending on the space
vary when we change C. step). The values are normalized with respect to the compu-



tational time needed to compute the reference solutions. WeManning codlicient (M3s ™) | K, | C el e?
observe that the new model reduces the computational time by 0.001 0.02 | 0.4 | 0.0744 | 4.67x107
at least 90% and can easily achieve a 97% decrease under the 0.04 0.02 | 04 | 01417 | 58x10°
condition that we tolerate a small error on the solution. 01 0.02 | 04 | 0.2746 | 9.9691x 107

In Table 2, we present the erra'$ ande® for different gen-

. - . Table 4: Errorsg ande? for Ko = 0.02 andC = 0.4 for different Manni
eral slopes of the topography (with a realistic range forcady ane frore T andesion Ro an or diferent Manning

codficients.
tural fields) for the calibrated valudég = 0.02 andC = 0.4.
We note that the new model reduces ttfeerror on the water [ Manning codiicient (M¥3s 1) | Ko | C e e
height by at least a factor of 4 compared to the reference solu 0.001 0.02 | 0.4 | 0.0744 | 467x 107
tion, which shows that thefiects of the furrows are taken into 0.04 0.02 | 04 | 0.1417 | 58x10°
account satisfactorily. 0.1 0.02 | 0.5 | 0.265 0.1128

We complete these results with Table 3, where for each slope,
we calibrate the cdcientsK, andC to get the minimum of the Table 5: Minimum errorg™ with the corresponding cdiicientsKg, C and the
) ; . I feQ for different Manning coicients.
relative errore. Comparing the values of the dfieients and vales oleTlor cifierent Manning cageients
of the errors in Tables 2 and 3, we see that the new model with
the calibrated valuek, = 0.02,C = 0.4 still yields accurate

results. Note thatef! has the same definition a8 (4.12) except that
instead of summing the values of the water heights for all the
slope| Ko | C el e? discrete times, we only consider the time correspondingéo t
2% | 0.02 | 04 | 0.2434 0.1855 steady stat¢®.
5% [0.02]| 04 [0.1417] 58x10°~° The value we obtain with the new modela§ ~ 0.1765.
8% | 002]| 04| 02194 0.187 Thus, we deduce that at the steady state, the new model (2.4)
11% | 0.02 | 0.4 | 0.2035 0.171 with the calibrated cd@cients takes into account th&ects of

the furrows and approximates the Shallow Water model (2.1)
Table 2: Errore" ande® for different general slopes of the topography with well.
Ko = 0.02 andC = 0.4.

slope| Ko | C el e

2% | 002| 03| 02167| 01134 5. Conclusions

5% | 0.02| 0.4 | 0.1417 5.8x 1072

8% | 0.04] 04 | 0.1205] 8.1222x 10°* In this paper, we proposed a new Shallow Water model (2.4)
11% | 0.04 [ 0.4 | 0.1089 | 6.8554x 10°* to describe theféects of furrows during overland flow without

representing them explicitly. The main idea is to include th
additional friction term (2.3) that takes into account tlfieets

of these furrows in the classical Shallow Water equatiotik)(2
The new model is proposed under the assumptions that the flow
is fluvial and the direction of the flow is perpendicular to the
afurrows, parallel to a side of the rectangular domain. We als
assumed that there is no infiltration and no soil erosion.

We presented numerical results to show tlfieciency and
relative erroe” for each Manning cd#icient, and we complete the performa_nce of the new model. We compared '.t \.N'th a two-
layer model in which there is a delay due to the filling of the

the table with the carresponding erlf. Once more we see furrows and with which we can assess the behavior of a model
that the results given by our model (2.4) are good compared tg. . . ) .

; with a variable Manning cdg&cient. Both models give good
the reference solution.

The last results we present are dedicated to water hei h[esults for the rainfall test. We also showed that the catibn
P 9N} the coficient of the new model does almost not depend on

and discharges e.rrors.at steady ;tate for the Shallo:v Wat?ﬁe slope of the domain (Tables 2 and 3) nor on the soil frictio
model (2.1). The final time of the simulations is ther= t° = :
. codficient (Tables 4 and 5).

50 s. The two models we consider are the new model (2.4) with . N
The numerical results presented in this paper are encourag-

the calibrated cd@cientskg = 0.02 andC = 0.4, and the usual . - '
. - o ing and indicate that the idea could be extended to more com-
Shallow Water model (2.1) with an explicit description oéth . . : L .
plex two-dimensional flows. This extension is now the main

top\)/ggrsgxy daer:](j)?;'ghzsﬂiggv\:/vzter heiaht error at stead stategoal of the forthcoming works. Note that, unlike the twoday
s 9 y model (2.5), the new model (2.4) can easily be generalized to

Table 3: Minimum errorg" with the corresponding céiicientsKo, C and the
values ofeR for different general slopes of the domain.

Table 4 shows the erroe’ ande® for different Manning
codficients (the slope is kept equal to 5%) for the calibrate
valueskg = 0.02 andC = 0.4. As for the variation of the slope,
in Table 5, we give the cdicientskKy andC that minimize the

defined by i 12 two-dimensional problems. These extensions include the ra
Z lhs — Hisl2 dom variations of the height of the furrows. As we mentioned
Ho | in the description of (2.3), these variations can be takém in
s Z ﬁi — HoP ’ account in the constaf of the additional friction term. The
i : extensions also include the case in which the direction ef th



furrows is not perpendicular to the slope of the domain; thig1s]
will lead to study the ffects of this direction with respect to the

slope. [19]
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