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Abstract

In this paper, we study the Dirichlet problem associated to the max-
imal surface equation. We prove the uniqueness of bounded solutions
to this problem in unbounded domain in R2.
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Introduction

We consider the Minkowski space-time L2 i.e. R? with the following Lorentzian
metric (x,y)r, = z1y1 +22y2 —x3y3. We define |z|? = (x,z). A vector is said
to be spacelike if |x[2 > 0 and a surface S of class C! is said to be spacelike
if |-|? is positive definite on the tangent space to S. Such a surface is locally
the graph of a function over a domain in R2.

If v is a function in a domain € in R2, the graph of v is spacelike if and
only if [Vu| < 1. The function v is then Lipschitz continuous and it extends
to the closure Q. In the paper, we assume that 0 is sufficiently regular for
such an extension to exist: for example, Q = Q — {points} with I smooth.
We denote by ¢ the trace v|gn of v on the boundary. The maximal area
problem in the class of spacelike surfaces consists in solving the following
variational problem:

max/ V1—=1|Voul2dz, wvlga =¢
v Q

The critical points of this functional are the solutions of the maximal
surface equation :

diVL =0 (%)
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The maximal area problem is then linked to the Dirichlet problem associated
to (%): to find a solution v of (x) in © such that v|sq = ¢. This Dirichlet



problem has been already studied by several authors, for example see [BS]
and [KM].

In this paper, we prove the uniqueness of bounded solutions to the Dirich-
let problem. More precisely, if €2 is an unbounded domain and ¢ is a bounded
continuous function on 9€2, we prove that, if it exists, a bounded solution v
of (%) in Q with v|pg = ¢ is unique (Theorem 2). The study of the unique-
ness is important in the construction of certain moduli spaces of maximal
surfaces (see [FLS1]and [FLS2]).

In fact our result has already been stated by A. A. Klyachin in [KI]. In
his note, Klyachin states several results about the Dirichlet problem for (x)
in unbounded domains and any dimension. But he does not give any proof.
He uses the notion of capacity : if 2 is a bounded domain and P,Q C )
satisfy P N Q@ = (), the capacity of (P,Q;) is :

cap(P,Q; Q) = inf/ Vul?
Q

where the inf is taken on all Lipschitz continuous functions uw on 2 with
u=0on Pand u=1on Q. If Q is unbounded ) is said to be parabolic
if for any compact subset P € Q : imp_, ;o cap(P,0BR N Q; BRN Q) =0
where Bgr denotes the centered ball of radius R. One of the results stated
by Klyachin is the following one (Theorem 3 in [KI]).

Theorem. Let Q@ C R™ be an unbounded parabolic domain. Let vy and wvg
be two bounded solutions of (x) in Q. We define p1 = v1]gn and o = va|sa.
Then : vy (z) < va(x) + supgg (w1 — p2).

Since every unbounded domain in R? is parabolic, this theorem implies
our uniqueness result.

This uniqueness result for the maximal surface equation is also important
for the study of the Dirichlet problem associated to the minimal surface
equation. The graph of a function u over a domain  C R? is a surface in
R3 with its standard euclidean metric. It has vanishing mean curvature if u
satisfies the following partial differential equation:

\Y
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This equation implies that there exists locally a function v such that:
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(here u, and u, are the first derivatives of u). v = W, is called the conjugate
function to u and a simple computation shows that v is a solution of ().

dv=dv, =




Then the uniqueness for solutions of () implies uniqueness for solutions of

The proof of our uniqueness result uses the same idea as P. Collin and
R. Krust in [CK]. But to apply this idea, we need to prove an estimate for
the first derivatives of v in a subdomain of €2; this is done in Lemma 3.

1 The uniqueness result

Let Q C R? be a domain and v a solution of the maximal surface equation :

div— YY" _ (+)

V1—1|Vu]?

In the following, the quantity y/1 — |Vv|? will be denoted by w,. We define

the 1-form «,, as follows:

v v
a, = —dy — ZLdz
Wy Wy
where v, and v, are the first derivatives of v. The maximal surface equation
is then equivalent to day, = 0.
First, we need a technical lemma.

Lemma 1. Let v and v’ be two functions. Let P be a point in Q and & > 0
such that [Vvu|(P) < 1—¢ and |VV'|(P) < 1—e. Then there exists a constant
C'(e) that depends only on € such that, at the point P, we have:

((Vv — W) (@ _ W')) TR A L

Wy Wy Wy Wy

2

(1)

Let us notice that in Collin-Krust’s paper [CK], there is the same lemma,
but they do not need any bound on the gradient to get the estimate (1).

Proof. Let w denote w, and w’ denote w,s. We define n = (—v,, —vy, —1)/w

and n' = (—v),, —v}, —1)/w’. We have |n|f = —1 and [n/[f = —1, so:
Vo Vv
(70-9)- (5= 35 )) = (il = wn) o =)
= (w+w) (=1 = (n,n'))
w+ w'
=



Since |Vv| <1 —¢ and |[Vv'| < 1 — ¢ there exists C(g) > 0 such that

(w+w')/2 =2 Cy(e) (2)
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Let z € R? be Vv/w and 2’ be Vv'/w'. Thus 1/w = /1 + |z|> and

1/w" = /1+|2'|?. Since Vv and Vv' are bounded by 1 — &, there exists
R(e) such that |z| and |2/| are bounded by R(e). Hence:
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Moreover:
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By continuity and since |z| and |2/ are bounded by R(e), there exists a
constant C(e) > 0 such that:

2

/
1 o] > (o) g
(VI+TP + V1+TeP)
Then in combining (2) and (3), we get (1) with C'(g) = C1(e)Ca(e). O

We denote by d the usual distance in R? and by dg the intrinsic metric
in Q i.e. do(p,q) is the infimum of the length of all paths in Q going from p
to q. Let § > 0, we denote by Qs the set {p € Q|dq(p,dN) > d}. We then
can write our uniqueness result.



Theorem 2. Let 0 be an unbounded domain in R? and ¢ a bounded con-
tinuous function on 0. Let v and v' be two bounded solutions of (x) in
with v]gg = ¢ = v'|gq. Then v ="1".

Proof. Let v and v’ be two such solutions. We assume that supv — v > 0
and we denote this supremum by 40. Let a € [2d,30] be chosen such that
Q= {v > v' 4+ a} has smooth boundary. Since 26 < a < 3 and v and v are
1-Lipschitz continuous Qc Qs. We then have the following lemma.

Lemma 3. There exists ¢ > 0 such that, inQ, |Vo| < 1—e and |[Vv'| < 1—¢.

Before proving this lemma, we finish Theorem 2 proof. Let © denote
v —v —a and & denote o, — .

For r > 0, we define Q, = {p € Q||p| < r} and C, = {p € Q||p| = r}.
Since ¥ = 0 on 8(~ZT\CT and & is closed, we have :

/17&2/ 17&2// do A&
T aﬁr ~7‘

Since do A & = <(Vv - V') - (ﬂ — v—”:)) dz A dy, Lemma 1 and Lemma

w w,,

() /~ydy2§/ o
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Let rg be such that u = C(e) //~ |&|? > 0. In Q, ¥ is bounded by 20
o

SO :
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Let us denote fCr |&| by n(r). By Schwartz’s Lemma :

3 imply that:

) UGy [ 6P <2 [ P
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Finally :




Let y be the solution of the following Cauchy problem :

y2(t)

vt =CeY 2,

ol
y(To) = 15

y is defined on [rg,r1) with 7 = rg exp(ibgg)) and satisfies :

4 1 _C’(es)l t

iyt 4w o

By (4), n(t) > y(t) on [rg,r1) and, since tlim y(t) = +oo, we get a
—ry

contradiction, indeed 7 is bounde. Then v = v/. O

As said in the introduction Theorem 2 has a consequence for solution of
the minimal surface equation.

Corollary 4. Let Q be an unbounded simply-connected domain in R?. Let
uw and u’ be two solutions of (xx) in Q such that ¥, and W, are bounded in
Q and U, = U,y on O0. Then u —u' is constant.

We need the simple-connectedness hypothesis to ensure that ¥,, and ¥,/
are well defined.

Proof. ¥, and ¥,/ are two solutions of (x) in €, then, by theorem 2, ¥, =
¥,,. Then Vu = Vu' and uv — u is constant. O

To end Theorem 2 proof, we have to prove Lemma 3.

2 The gradient estimate

This section is devoted to the proof of the gradient estimate in Lemma 3;
This is the last step in Theorem 2 proof.

Proof of Lemma 3. If Lemma 3 is not true, we can assume that supg [Vv| =

1. Thus there exists (pn) a sequence in € such that [Vo|(p,) — 1. Let O
be the point (0,0). Let r, be the affine rotation in R? such that 7,(0) = p,
and R, (Vu(p,)) = ([Vv|(pn),0) (R, is the linear rotation associated to
7). We define v,, = vor, which is a solution of () in §2,, = r,;1Q. We have
Vu, = R,;'Vv so Vu,(0) — (1,0). In the same way we define v/, = v/ o ry,.

Let I(a,b) C R? be the segment [a,b] x {0} (a < b). Let ¢ be positive,
¢ will be fixed later but let us notice that £/§ will be small. Let D(a,b)



Figure 1:

denote the set {p € R?|d(p, I(a,b)) < €}, D(a,b) is the union of a rectangle
of width 2¢ and length b — a and two half-disks of radius ¢ (see Figure 1).

For every n, we define a,, and b, by: a, = inf{a < 0] D(a,0) C Q,}
and b, = sup{b > 0| D(0,b) C 2,}. Since ¢ < ¢ and O € Q,5 (because
Pn € Q5), by, > 0 and a, < 0; moreover D(ay,,b,) C Q,. We define by, =
liminf b,, b > 0, by may take the value +o00; by taking a subsequence,
we assume that by, = limb,. Then we define as, = imsup a,, ads < 0, aoo
may take the value —oo; as above we can assume that a,, = lima,. Let
B < min(g/2, |aso|, boo ), let A denote aoo + 5 if aoe > —0o0 and any negative
number if not and B denote by — § if bso < +00 and any positive number
if not. For n large enough, D(A, B) C Q, (see Figure 1).

Since D(A, B) is simply connected, for each large n in N, there exists
u, a function on D(A, B) such that du, = «,,. Besides the function u,
satisfies the minimal surface equation:

div—YU __ _ €

V14 [Vuy,|?

The graph of u,, is a minimal surface in R? with the euclidean metric. We

have w u
dv,, = Y dx — ne dy

V1+ | Vu,|? V14 |[Vu,|?
Thus v, is the opposite of the conjugate function to u,. Since Vuv,(0O) —
(1,0), |Vuy|(O) — 400 and |¥ZZ|(O) — (0,1). Then {y =0}ND(A,B)isa
line of divergence for the sequence (u,) (see [Mal, Ma2]). This implies that

HA—-e<s<t<B+e:

lim v, (¢,0) — v, (s,0) =t — s (5)

By hypothesis, v is bounded by some M > 0 so v, is bounded by M.
This implies that A and B are bounded thus as, and by, can not take infinite



value; indeed (5) implies B— A < 2M. Hence A = an, + (3 and B = by — 3.
By the definition of by, the point (bso,0) which is in D(ase + 5,bso — ) is
at a distance less than 2¢ from 0, for big n (see Figure 1). So there exists,
for each large n, a point g, in 99, such that dq, (¢n, (bso,0)) < 2¢. By (5),
we can assume that for n large enough:

Un(boo, 0) — v, (0) > boy — €
thus :

’Un(O) = Un(O) - ’Un(boo, 0) + /Un(boo’o)
<€ —boo + Uy (boo, 0)

we recall that ¢ is the boundary value of v and v'. Moreover

0,(0) = @(gn) — da, (0, qn) > ©(qn) — 26 — boo

So vn(0) — v/,(0) < 5e. Since the sequence (py,) is in Q, v(pn) — V' (py) > a
and v, (0) — v},(O) > a. Hence if € is chosen such that ¢ < a/5, we get a
contradiction and Lemma 3 is proved. U
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