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ABSTRACT. In this paper, we prove that a Riemannian n-manifold M
with sectional curvature bounded above by 1 that contains a minimal
2-sphere of area 47 which has index at least n — 2 has constant sectional
curvature 1. The proof uses the construction of ancient mean curvature
flows that flow out of a minimal submanifold. As a consequence we also
prove a rigidity result for the Simon-Smith minimal spheres.

1. INTRODUCTION

Let g be a complete Riemannian metric on the 2-sphere S2. If its sectional
curvature is between 0 and 1, it is known that any closed geodesic on (S?, g)
has length at least 27 [20]. Moreover if such a closed geodesic has length
2m, (S%,g) is isometric to the unit 2-sphere S? = {p € R? | ||p|| = 1} with
the induced metric. The proof of this result is given in [2] where the authors
attribute the theorem to E. Calabi.

So a question is what happens in higher dimension. In dimension 3, one
can replace geodesics by minimal 2-sphere. Actually, using Gauss equation
and Gauss-Bonnet theorem, one can prove that, if the sectional curvature
is bounded above by 1, any minimal 2-sphere has area at least 47 (see
computations in Theorem 6 proof). In [15], H. Rosenberg and the author
study the equality case. If (M, g) is a Riemannian 3-manifold with sectional
curvature 0 < K < 1 that contains a minimal 2-sphere of area 4w, they
prove that the universal cover of M is isometric to the unit 3-sphere S3 or
the product 7 x R.

One purpose of this paper is to investigate generalizations of this result
to higher dimensions. Actually if (M, g) is a Riemannian n-manifold with
sectional curvature K < 1, we still have that the area of a minimal 2-sphere
is at least 47. So what can be said in the equality case 7

A model of this situation is an equatorial 2-sphere in the unit n-sphere
ST. So one could expect that under some extra hypotheses this is the only
example.

If 3 is a minimal m-submanifold in M, ¥ is critical for the volume func-
tional. The stability of this critical point is given by the Jacobi operator
which is a self-adjoint second order elliptic operator that acts on sections of
the normal bundle to X. As a critical point, the index of ¥ is given by the
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number of negative eigenvalues of this operator. In the case of an equatorial
2-sphere S in ST, the index of S is n — 2.

The first main result of the paper is a rigidity result under such an insta-
bility hypothesis.

Theorem. Let M be a Riemannian n > 3-manifold whose sectional curva-
ture is bounded above by 1. Let us assume that M contains an immersed
minimal 2-sphere of area 4w which has index at least n — 2. Then the uni-
versal cover of M s isometric to the unit sphere ST.

Let us notice that the instability hypothesis can be replaced by an other
version.

Definition 1. Let ¥ be a minimal submanifold in (M,g). We say that ¥
is unstable in any parallel directions if the restriction of the Jacobi operator
to any parallel sub-bundle of the normal bundle to ¥ has index at least 1.

The above theorem gives an answer to a question that arises from a re-
sult in [2]. In [2, Corollary 5.11], L. Andersson and R. Howard prove that
a Riemannian n-manifold M (n < 3) with sectional curvature below 1 con-
taining isometrically a neighborhood of the equator S’f‘l in ST is isometric
to ST. The hypothesis that a whole neighborhood of the equator belongs to
M seems strong and the question is to find a weaker hypothesis. Actually
our main result gives an infinitesimal version of Andersson-Howard result. If
M, with K < 1, contains a totally geodesic hypersurface isometric to S?‘l
that is unstable as a minimal hypersurface, then M is isometric to ST. The
idea is that the totally geodesic S’f*l contains a minimal 2-sphere of area 4w
and index at least n — 2. Actually in the same spirit as Andersson-Howard
theorem, there is a result by D. Panov and A. Petrunin [19, Theorem 1.4]
with a weaker hypothesis: if S is an equatorial 2-sphere in S and ST de-
notes an hemisphere of S, Panov and Petrunin need just that M contains
isometrically a neighborhood of S+ in SY.

The proof of the main theorem uses ideas that already appear in [15]: if
S is an immersed 2-sphere we define the F functional by F(S) = A(S) +
I || H||2—47 where A(S) is the area of S and H is the mean curvature vector
of S. Under the curvature assumption K < 1, F' is non-negative. Besides
if F'(S) vanishes, S is totally umbilical and we obtain some information on
the sectional curvature of M along S. So if Sy is the minimal 2-sphere given
by the statement of the theorem F'(Sy) = 0. The idea is to explore the
geometry of M by computing F(S;) along a deformation {S;}; of Sp. One
of the novelties is the construction of the family {S;};. Actually we produce
{S;} as a mean curvature flow that flows out of Sy. More precisely, we
construct non trivial ancient solutions {S¢};e(—oop) Of the mean curvature
flow such that, as t - —o0, S; converges to .Sp.

The idea is that the eigen-sections of the Jacobi operator associated to
the first eigenvalue give directions in which such an ancient mean curvature
flow can be initiated. A similar idea appear in the work of K. Choi and
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C. Mantoulidis [7] where they construct ancient mean curvature flows ”tan-
gent” to the eigenspaces with negative eigenvalues. Then they prove several
uniqueness results for ancient mean curvature flow in S7. An other example
is [17] where A. Mramor and A. Payne produce an eternal solution of the
mean curvature flow that flows out of the catenoid. Let us notice that good
introductions to the study of high codimension mean curvature flow can be
found in the paper of K. Smoczyk [23] and the PhD thesis of C. Baker [3].

In the case of lower bound on the scalar curvature, rigidity theorems
were obtained under the existence of area minimizing surfaces. The first
result in this direction is due to Cai and Galloway [6] for nonnegative scalar
curvature then we have the results by Bray, Brendle, Eichmair and Neves
[4, 5] for positive lower bounds and Nunes [18] for negative lower bounds.

Here the index hypothesis in the above theorem can appear very partic-
ular. Actually there are situations where it is quite natural. As critical
points of the area functional, minimal hypersurfaces can be produced by a
minimization process. However one have to consider a non-trivial class of
hypersurfaces to produce a non-trivial critical point. So in order to solve
this difficulty, a Morse theoretical approach has been developed. In [22],
F. Smith is able to construct minimal 2-spheres in any Riemannian (S?, g).
Its proof is based on the following ideas. Let A be the set of paths {Ut}te[_lyl]
in the space of 2-spheres in S? that sweeps out S? (see precise definitions
and statements in Section 5). Then he considers the quantity

3 .
W(S? g) = {;fig AP A(oy)
called the Simon-Smith width of (S3, g).

First this quantity is positive and Smith proves that it is realized by the
area of a finite collection of minimal spheres. Besides it is reasonable to think
that the index of these collection of minimal spheres is 1. F. C. Marques
and A. Neves [13] proved the upper-bound by 1. So the second main result
of this paper is

Theorem. Let (S3,g) be a Riemannian 3-sphere whose sectional curvature
is bounded above by 1. Then W (S3,g) > 4 and, if W(S?,g) = 4, then
(S3,g) is isometric to S3.

If one knows that W (S?,g) is realized by an index 1 minimal 2-sphere
the above theorem is a direct consequence of our first rigidity result. So the
difficulty is to deal with the case where W (S?, g) is realized by a 2-sphere of
index 0. Actually one can think about the following example: the cylinder
S? x [~1,1] capped by two hemispheres Siﬁ (see Figure 1). This defines a
C1! Riemannian metric g on S? whose sectional curvature is bounded above
by 1 in any reasonable weak sense. Its Simon-Smith width is 47 so this
implies that the above result is false for a weak sense of sectional curvature.
Actually the above example is exactly the type of situation we have to
consider in the proof of the above theorem: we prove that the Simon-Smith
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S $2 % [0,1] Sl
FIGURE 1. a C%! Riemannian metric with width 47

width is realized by a minimal 2-sphere which is not almost stable. Moreover
g can be smoothed to produce sequences (g, ) of smooth Riemannian metrics
with sectional curvature bounded above by 1, W (S?, g,) — 47 and g,, — g.
So the g, are far of the round metric of S3. This implies that the above
rigidity result is not stable.

The upper bound on the sectional curvature seems to be a strong hypoth-
esis in the above result. However it is not clear if one can expect a similar
result with a weaker upper bound on the curvature tensor.

Let us also notice that studying the Simon-Smith width for reversed cur-
vature inequalities has been done by F. C. Marques and A. Neves. This time
just a control on the Ricci and scalar curvature is assumed.

Theorem (Marques, Neves [12]). Let (S3, g) be a Riemannian 3-sphere with
positive Ricci curvature and scalar curvature R > 6. Then W(S3,g) < 4rm
and, if W(S?,g) = 4x, then (S3,g) is isometric to S3.

The paper is organized as follows. In Section 2, we recall some basic
formulas and definitions of submanifold geometry. Section 3 is devoted to the
construction of ancient solutions of the mean curvature flow (Theorem 1).
In Section 4, we prove our first rigidity result (Theorem 6) and its Corollary
concerning manifolds containing an equator of SY. Section 5 is devoted to
the study of the Simon-Smith width and the proof of the second rigidity
result (Theorem 8). In Appendix A, we prove a Schauder type estimate
used in the proof of Theorem 1.

The author would like to thank C. Mantoulidis for discussions about his
result and A. Petrunin for pointing him out reference [19]. The author
would like also to thank the anonymous referees for their careful reading of
the paper.

2. GEOMETRY OF SUBMANIFOLDS

In this section we recall some classical notations and formulas concerning
the geometry of submanifolds.
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Let (M, g) be a Riemannian manifold of dimension n and ¥ a manifold of
dimension m. If Fy : ¥ — M is an immersion, we can consider the induced
Riemannian metric gg = F{jg on X making Fj a local isometry. In the paper,
we often identify ¥ with its image X9 = Fy(X) at least locally where Fj is an
embedding: for example, we often identify 7}, with (F).«(T1p¥) C Ty M.

If V and V° are respectively the Levi-Civita connections on M and X,
we can define the second fundamental form on 3 by

By(v,w) = Vyw — Vow € N,%

where v, w € T,% and N, is the normal subspace to X at p.
The mean curvature vector of 3 is then

- 1
H(p) = ooy tI‘sz Bp € sz

where trp denotes the trace operator on the subspace P. We define ép =
B, — H (p)go the traceless part of the second fundamental form. We recall
that the normal bundle N inherits from ¢ and V a normal connection V.

Let (F); be a smooth family of immersion of ¥ and define the vectorfield
X = %Ft\tzo along Fy and let 3; = F}(X). We have a family of metrics g; =
F} g defined on ¥ with associated volume measure do;. If, X is orthogonal
to X, it is well known that, for any function f on X:

d -
dt|t:0/2fdo_gt = —/E(X,mH)fdag

So if ¥ is critical with respect to the m-volume functional A, we have H=0
along >: ¥ is minimal.

We are interested in understanding how the mean curvature vector H is
deformed along the family Fy. So let us denote by H, (p) the mean curvature
vector of ¥; at Fi(p).

Lemma 1. If X is normal to ¥, we have
D = -
%mH”t:O = ALX—I—(R(&',X)EZ‘)L—I—(X, B(ei, ej))B(ei, ej)—(mHo, VeiX)el-

with the convention that summations are made over repeated indices, (e1, ..., emn)
is an orthonormal frame of 3¢, R is the Riemann curvature tensor associated
to g with the convention R(X,Y)Z = VyVXZ—VXVyZ—i-V[XﬂZ and A+

denotes the Laplacian operator acting on normal sections: A+X = tr vVLiX.
Proof. Let Ey, ..., E, be an orthonormal frame on (X, gg) and consider at
Fi(p) the tangent frame e; = (F}).(E;) to TY;. We assume that V%iEj =0

for any i, j at p where the computation is made. Let us denote g;; = (e;, €;)
and (¢") the inverse matrix. We have

mH; = gij(VBiej)J‘

where Y1 denotes the orthogonal projection to N¥;. At t = 0, we have
D, _
E@i == VEZX
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Notice that gijj,_o = (55, so at t =0:

d .. d D D
Y = _ .. . o
ar? dtg” —(ggeiei) = (e ges)

(Vel.X7 ej) - (ei,Ver) = 2(X,B(ei,ej))

Let Y be a vector field along ¢ — Fy(p). We have Y+ =Y — g% (Y, e;)e;,
soat t =0:

D, (D'
Y= (Y] (VeXoe) + (e Ve, XY e))es

D
at“

D 1
— <dty) + (veiX7 YT)ei + (Y7 ej)(ver)T
Ve X)e (Vo) Ve X

1
= (ZY> ; Z(YL’ veiX)ei - (K ei)(v&X)L

where Z' denotes the tangential part of Z.
We also have

- (v, @ez‘)ei — (Y,eq)

D
%Veiei = R(ei,X)ei + Vei%ei
= R(ei,X)ei + VeiVEiX

So combining all the above computations at p, we obtain
%mHt (X, B(ei, €j))B(€Z‘, 6j)—|—(R(€i, X)ei)L—k(VeiVeiX)L—(mHo, VeiX)ei
Since (V, Ve, X)= = Vo VEX
D

EmHt

— (X, B(ei, ej))B(e;, e;) we finally have
ALX + (X, Blei, e;))Blei, e) + (R(ei, X)eg) ™ — (mHo, Ve, X)ei

O

As a consequence, if ¢ is minimal, the second derivative of the m-volume
of ¥y = Fy(X) is given by

d? n
@A(Et)“ 0= /( A X + (X B(ei,ej))B(ei,ej) + (R(ei,X)ei))dao

/ IVEX2 = (R(es, X)er, X) — (X, Bler, ;) ?dod
=Qx(X,X)
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So @y is a quadratic form acting on sections of the normal bundle NX. It
is attached to the Jacobi operator acting on normal sections:

LX = AT X + (R(ei, X)e))t + (X, Blei, e;))Blei, ;)

This operator is elliptic and self-adjoint. It has a spectrum A\g < Ay < ---.
If \g < 0, ¥ is called unstable. The index of L (the number of negative
eigenvalues) is called the index of X.

3. ANCIENT SOLUTIONS OF THE MEAN CURVATURE FLOW

3.1. The mean curvature flow. First let us recall some basics of the mean
curvature flow and state our main result. For a good introduction to the
high co-dimension case, one can have a look to Smoczyk’s paper [23].

Let (M,g) be a Riemannian manifold and ¥ a m-manifold. Let F' :
¥ x I — M (I an interval) be a smooth map such that F; = F(-,t) is an
immersion for any ¢. We say that F;(X) evolves by mean curvature flow if
forany pe Y and t €1

(MCF) W v, 1) = mil (p.1
where H € Tr,(pyM is the mean curvature vector of Fy(¥) at Fy(p).

For example, if Fy(X) is a minimal submanifold, then F} = Fy for t €
is a solution of the mean curvature flow: minimal submanifolds are fixed
points of the mean curvature flow.

Our aim is to produce solutions that flow out of a minimal surface. More
precisely, we construct non constant ancient solutions of the mean curvature
flow (i.e. defined on a time interval (—oo, b)) such that, as t - —oo, F3(X)
converges to a minimal surface.

It is well known that one difficulty in the solvability of (MCF) is the in-
variance under the diffeomorphism group which causes a lack of parabolicity
of the system. One solution to this difficulty consists in adding a tangential
component to the time derivative of F' which has no impact on the geometric
evolution.

Let us explain such a solution. Let > be an immersed closed submanifold
in M. Let NY denote the normal bundle to 3. Then we can consider the
map

NY — M

(h.v) > oxp,(v)
For ¢ > 0, let us denote N¥X¢ = {(p,v) € NX | |jv|]| < €}. If € is small
enough, the restriction of ® to NX° is an immersion so the metric g can be
lifted to h = ®*¢g on NX°. Now studying immersed submanifolds close to X
consists in looking at sections of N3¢ close to 0. Actually one can extend
the Riemannian metric h to the whole N3 and just look at sections close to
0.

So the general setting we have to consider is the following. Let E be a
vector bundle over a closed manifold ¥ and consider g a Riemannian metric
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on the manifold E. We say that E is a normal bundle if the fibers are
orthogonal to Yy the image of the 0 section. If E is a normal bundle there
is a natural identification between E and the normal bundle to ¥j. So as a
normal bundle, E inherits a bundle metric g+ and a connection V+.

If U is a section of F, U(X) is a submanifold in E. Then sections are
a particular way to parametrize submanifolds in E. Let U be a section
of E'and p € X. Since U is a section, the tangent space Ty, E splits as
TyU @& Ty ) Ep where Ej is the fiber of E over p. Moreover there is a natural
identification of T () Ep with Ej. So for any Y € Ty, E, one can define Yt
the projection of Y to E, parallel to T),U.

With this type of notation, we can define the bundle mean curvature flow
in the following way: let U : ¥ x I — E a smooth map such that Uy = U(-, t)
is a section of F, we say that (U;)icr evolves by bundle mean curvature flow
ifforanype X andtel

dUu

(1) E(pa t) = (mH Uy, p))*

where H € T, U (p)E is the mean curvature vector of the graph of Uy at U (p).

(H(Uy,p))* is equal to H(Uy, p) plus a tangent vector to Uy(). So solu-
tions to (1) give rise to solutions to the mean curvature flow (MCF) after a
reparametrization.

Let us define the operator H : I'(E) — ['(E) by H(U)(p) = (mH (U, p))*.
H is a smooth quasilinear elliptic differential operator of order 2.

Let us assume E is a normal bundle and ¥ is minimal, i.e. H(0) = 0.
We can compute the differential of H with respect to U at 0, Lemma 1 gives

DH(0)(V) = L(V) = AV + (R(es, V)ei)t + (V, B(ei, e))Blei, ;)

which is an elliptic self-adjoint operator on I'(E). So L has a discrete spec-
trum Ao < A1 < ---. Let us notice that ¥y is unstable if A\g < 0. So the
main theorem of the section is the following

Theorem 1. Let E — X be as above. Assume that the first eigenvalue
Ao of L is negative. Then for any section V in the first eigenspace, i.e.
LV = —\oV, there is U an ancient solution of (1) defined on (—o0,b) such
that
lim e, =V
t——o0

One can compare this result with [7, Theorem 1.6 and Theorem 3.3] by
Choi and Mantoulidis. The main difference is that here the ancient solution
is parametrized by its asymptotic as ¢t — —oo while Choi and Mantoulidis
parametrized it by its value at time ¢ = 0. Moreover this allows them to
obtain a family of flows tangent to the space of negative eigensections.

3.2. The functional spaces. In order to prove the above result we need to
introduce some functional spaces. Following Solonnikov [24], we recall the
definition of the Holder spaces.
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Let Q C R™ be a smooth domain and P = Qx [a,b]. Then for u : P — RY
and § € (0,1), we define the Holder semi-norms

[u]ﬁ Py = sup ‘u(x7t) — u(y, t)‘
N erwner e —ylf

u(z, t) — u(z, )|

[ulg,pe = sup
(z,t)#(x,5)eP |t - 8|6

and the uniform norm

[ullo,p = sup [u(X)]
XeP

For o € (0,1) we define the combined Hélder semi-norms
[U]Q,a,P,x = [aiu}oz,P,x + [6tu]a,P,:c
[U]Q,oc,P,t = [3zu](1+a)/2,P,t + [a:%u]a/Q,P,t + [atu]a/2,P,t

Finally we have the Holder norms

[ullo,o.p = Nlullo,p + [ula,pa + [ulaj2,pe

2
lull2..p =Y [0%ullo.p + |1Orullo.p + [ul2a.pa + [U2.0.p

i=0
When u is defined on 2, u does not depend on ¢ so all the terms corre-
sponding to the ¢ variable disappear and we have the specific notations:

|ulo.0.0 = [lullo.o + [ula0q

2
[ulo.ae = Y 105ullog + [u2.0.00
=0

We then have the associated Holder spaces C%*(P), C%(P), C%((Q),
C?%(€) made of applications u such that the above norms are well defined
and finite.

This Holder spaces can be analogously defined on a closed Riemannian
manifold (X, g) and for sections of a vector bundle E over ¥ where E is
equipped with a bundle metric h and a metric connection V. If I C R is an
interval, the vector bundle F can be extended as a vector bundle denoted
by Er over ¥ x I. Soif P =% X [a,b] and U : P — E|, 4 is a section, we
can define the Holder semi-norms

‘U($7 t) - Py,xU(% t)|

[Ulg,Ep, e =  SUD
A z =yl
dy(z,y)<ig
’U(:L',t) - U(JJ, S)’
Ulg,E, e =  Sup
PBt T  er |t = sl

where 7, denotes the injectivity radius of ¥ and P, ; is the parallel transport
operator from y to x. Once this is defined we can construct the Holder norms
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similarly to the Euclidean case. The uniform norm:
1Ull0, B0,y = sup [U(X))]
XeP
For o € (0,1) we define the combined Hélder semi-norms
=2
[U]Q,Q7E[a,b]7r = [VQCU]O"E[a,b]»x + [atU}a,E[a,b]zx
= =2
[U}Q,Q,E[a’b],t = [VxU](1+a)/2,E[a’b],t + [vajU]a/Q,E[mb],t + [8tU]a/2,E[a’b],t
Finally we have the Holder norms

HUHO,CLE[,I,b] = HUHO,E[a,b] + [U]Q,E[a,b],ft + [U]a/2,E[a,b],t
2

*'L'
||UH27a7E[a,b] = Z HVQTUHOVE[a,b] + ||atU||0’E[a,b] + I:U]QvavE[a,b]ax + [U]2:a’E[a,b]vt
=0
When U is defined on ¥, we have the specific notations:

\Ulo,e,2 = [|Ull0,g + [Ula,E2
2
Ulzaz =Y _10:Ull0.5 + [U)2.0,5.
=0

We then have the associated Holder spaces CO*(Ej, ), C**(Ejqy)), CO*(E),
C?%(E). In the sequel we will also use the L? norms ||- ”LQ(E[a )
For a section U defined over ¥ x R, we denote U;(-) = U(+, ).

and ||L2(E)

3.3. Linear operators. If the fiber of £ has dimension k, sections of E
can locally be written has maps: u = (u%)1<q<p : 2 — Rk, In the sequel,
we consider families (L;); of linear differential operators of order 2 acting on
sections of E which in coordinates takes the form

(2) (Lew) = Y Af(x,t)or

1]<2,b<k

where I denote a multi-index and 0y is the partial derivative associated to
1. L; will be elliptic in the following sense: there is a constant A > 0 such
that for any £ = (&1,...,&,) and v = (vq,...,v;) we have

n k
>N ARG v > NEP o)

ij=1a,b=1

Moreover we say that L; has C% coefficients if the functions A‘bl] are in
C%. We denote by A the maximum of the C%® norms of these coefficients.

An important result for us is the following Schauder estimate for solutions
of parabolic systems associated to such operators L;

Theorem 2 ([24, Theorem 4.11]). Let ' C Q C R™ be smooth bounded
domains with ' C Q. Let P = Q x [0,T] and P' = Q' x [0,T]. Let Ly be
elliptic differential operators of order 2 as in (2) with C* coefficients in ).
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Then there is a constant C' depending on €2, Q, N\, A, o and T such that for
any u € C2(Q,RF) and f € C%*(P,R*) satisfying Oyu — Lyu = f we have

[ull2.0.pr < CUIfllo.ep + [uol2.a.0 + lull2(p))
where ug(+) = u(-,0).

Similar estimates can also be found in Friedman’s paper [9].
Using finitely many local charts for a vector bundle £ — ¥ (X is closed),
we can obtain an equivalent version for operators acting on sections of F.

Theorem 3 (|24, Theorem 4.11]). Let E be a vector bundle over a closed
manifold . Let Ly be elliptic differential operators of order 2 as in (2) in
any local charts with C% coefficients. Then there is a constant C' such that,
for any U € CQ"‘(E[QT}) and F € C’O’O‘(E[O,T]) satisfying O,U — LU = F,
we have

1Ull2.0. 50,17 < CUEF 0,00 1y + [U0l2.0.8 + Ul 125y 1))
A consequence is the following solution to the Cauchy problem

Theorem 4. Let E be a vector bundle over a closed manifold . Let L; be
elliptic differential operators of order 2 as in (2) in any local charts with C*
coefficients. Then, for any Uy € C**(E) and F € C%*(Ejy 1), there is a
unique U € C**(Ejy 1) such that

U — LU(-t) = F(-,1)
U(-,0) = Uy

For a proof see [11, Theorem 2.4].

In Theorem 3, the constant C' depends on the length T of the time interval:
actually it is uniformly bounded as T" — 0 but not as T — oo. However
the proof can be adapted in order to obtain the following result where the
constant is time independent. This is important for our arguments.

Proposition 1. Let E be a vector bundle over a closed manifold Y. Let L
be a time independent elliptic differential operator of order 2 as in (2) in any
local charts with C% coefficients . Then there is a constant C (independent
of T') such that for any U € CQ""(E[O,T]) and F € CO’Q(E[O’T}) satisfying
0:U — LU = F we have

1Ull2,0,E0, < CUIFll0,0,B07y + [Uol2,0,8 + 1Ull22(5 1))

See the proof in Appendix A

3.4. The ancient flow. In this section we prove Theorem 1. So £ — ¥ is
a vector bundle as in Theorem 1 and we use the notations introduced in the
preceding sections. We start by giving a result that ensures the existence of
solutions to (1).
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Theorem 5. Let E — X be as above. There is §y such that for any § < &
there is € > 0 such that, for any W € C*%(E) with |W|anr < €, there is a
unique solution U € C**(Eyg ) of

o,U = H(U)
U(-,0) =W

with |Ul|2,a,5,, < 0.

Proof. Let us consider the map

CH(E) x C**(Epq) —  C**(E) x CO*(Epy))

F: (VVaU) — (U(',O)—matU_H(U))

F is a C! map and F(0,0) = (0,0) since Xy is minimal. If we compute the
differential of F' with respect to U at (0,0) we have

C*>*(Epq) — C**(E)x C%(Ey )

Dy F(0,0) : 7 = (2(-,0),0,Z - LZ)

So the invertibility of this differential is given by the solution to the Cauchy
problem (Theorem 4). Hence the implicit function theorem solves F'(W,U) =
(0,0) for any W with |[W|3 4, g small. O

The above theorem produces solutions to the bundle MCF (1). Let £(6)
be given by Theorem 5 for § < §y. Actually it allows you to extend a solution
U as long as |Ut|z.a.E < €(6).

Proposition 2. Let § < §g. Let U be a solution of the bundle MCF defined
on X X |a,b] y < 0. Lett € (b—1,0) and assume that
\Utl2,0. < €(8) then U can be extended as a solution of the bundle MCF
defined on ¥ x [a,t + 1]

Pmof Let Z be the solution of (1) defined on ¥ x [t,t + 1] with Z(-,t) =
(+,t) given by Theorem 5. It suffices to prove that Z = U on X X [ b] to
conclude This uniqueness is given by the following remark: we have

1 g
@w_Uy:ng—ng:K;$H@a+u—@mm3

= /1 DH(sZy+ (1 — s)Up)(Zy — Uy)ds
0
= L{(Zy — Uy)

where L; are elliptic linear differential operators of order 2 acting on sections
of E with coefficient in C'*. Then by the uniqueness part of Theorem 4 and
since (Z —U); =0 we have Z — U =0 on X X [t,b]. O

To prove Theorem 1, we consider V' an eigen-section associated to Ag < 0.
We chose § > 0 as in Theorem 5. Let a5 be such that e 0% |V|y \ p = ¢ =
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£(9). Then for any a < ag, e_)‘oa|V|2,a7E < € so we can consider the section
U@ solution to the problem

U =H(U)
U(-,a) = e 0oV
on ¥ x [ ,b] where b is chosen the largest possible such that [|[U(®]|o, Blap <
\U \2 ay < € and He*’\otVHQ,mE[a,b] < 0 . So the proof consists in
estlmatmg the norm of U@ in order to control b and prove that, as a — —oo,
U@ converges to the desired solutions of (1).
Let us introduce Z(®) = U(®) — =20tV for ¢ € [a, b]. We have the following
result.

Lemma 2. There is 6 > 0 and by € R such that for any a < min(as, by),
U@ s defined on [a,bo]. Moreover for any a < b < by

| Z(@ HLQ(E[GJ,]) < ¢ 3Aob/2

Proof. Let us choose § € (0,00) as in Theorem 5 that will be fixed below.
The operator H is a smooth operator on C*%(E) so we can write H =
L + G where G satisfies |G(U)|0,0,r < C\U@ME for any section U of E with
[Ul2,0,5 < do. Actually G satisfies |G(U)ll0,0,5,, < CHUH%@’E[GM for any
section U of Ej,p) with [|Ul|2,a,E,, < do and C independent of a,b. In the
computation below, the constant C' will change line to line but independently

of a.
Let bs be such that HG_AOtVHZ,a,E(,OO by < 0. Then for a < min(as, bs ),

we consider the solution U(® defined on [a,b], then Z (@) satisfies

(3)
8,2V = 9,U W 4 xge MV = L(ZN+GUW) = L(Z ) +G (2D +e MtV

Since HZ HQaE

y < 20, for ¢ € [a,b], Solonnikov’s estimate (Proposi-

tion 1) gives:

1zt |!2aEac< C1Z 2 )

By + G2 + e V),
(129N 2z, ) + C (12 HzaE[M +e” 2A“C))
<C(12“ 12, )+C(5HZ NIz, 0 + €722

So we can choose and fix d small enough such that C'é < 1 to obtain:

(4) 12|20, < CUZ D128, ) + €722

Soif || Z(@ ||L2 S e~30¢/2 we obtain HZ < Ce3%¢/2 and

[T @]|g,q Bl < Ce_/\oc < min(d,e) if ¢ is less than some ¢ (We restrict the

definition of U@ to (—oo,¢]). So as long as the estimate || Z(® ||L2(E[a g <

e~3%0¢/2 ig true the solution U@ is well defined. Let us now prove the

estimate.
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Since Z(®(-,a) = 0 the estimate is true at ¢ = a. So let ¢; denote the
first time where the estimate fails. Because of (3), we have the expression

¢
Zt(a) = / e(tfs)LG(Zga) + ef)‘osV)ds
Since Ag is the first eigenvalue of L we have

t
12| 2 < / e G(Z(W) 4 V)| oy dis

a

t
< / e MI=ICIG(Z( + eV o pds

t
t
< [ eI 2, + )

t
S/ 6—)\0(15—5)6«(6—3)\03+6—2>\05)d5

t
< Ce—kot/ 6—)\0st < 06—2)\013
a

Then || Z(®) HLQ(E[a o) S Ce=221. So we see that ¢; must satisfies Ce™20¢1/2 >
1; i.e. c¢1 is bounded below by some universal constant c¢y. So the Lemma is
proved with by = min(co, ¢, bs). O

Let by be given by Lemma 2. By (4), we have || Z(®*) 2,0, Eq ) < Cle=3Nobo/2,
So by Arzela-Ascoli theorem, there is Z € C’Q’O‘(E(_oqbo}), such that Z(@
subconverge in C2 to Z. Moreover, Z satisfies 0;Z = LZ 4 G(Z 4 e~ !V),
i.e. U= 7+ e 'V is a solution of (1). Since ||Z(®)| 2,0,Bpy < Ce—3%t/2
for t < by, we have HZH2704,E<700,,5] < Ce3%t/2 and then lims_, oo €U, = V
in C%,

4. THE RIGIDITY RESULT

In this section we prove a rigidity result concerning St = {p € R**! |
[pl| = 1} endowed with the induced metric gsp. For 0 < k < n —1, let us
consider the map:

SExRx ST — Sp

U (1, 5, q) —  ((cos s)p, (sin s)q)

We notice that ¥(S} x [0, 3] x Spk=1y = §? W is injective on S¥ x (0, 7)x
S?_k_l, U(p,0,q) = (p,0) and ¥(p, 5,q) = (0,q). So ST can be seen as the
joint of S¥ and S?_k_l. Moreover W*(gsn) = cos? s9sk + ds® + sin? Sggn—k—1.
The curves s — ¥(p, s, q) are geodesics of S}. 1
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For k = 2, we see that U(S?,0,q) is an immersed minimal sphere in S}
which is isometric to S?. Actually it is a totally geodesic equatorial 2-sphere
in S§. As a minimal surface its index is n — 2. Our rigidity result looks at
such an immersed sphere in a Riemannian manifold.

Theorem 6. Let M be a Riemannian n > 3-manifold whose sectional cur-
vature is bounded above by 1. Then any immersed minimal 2-sphere has area
at least 4w. Besides, let us assume that M contains an immersed minimal
2-sphere of area 47 which is

e cither of index at least n — 2

e or unstable in any parallel directions.

Then the universal cover of M is isometric to the sphere SY.

Moreover, it will come from the proof a minimal 2-sphere of area 4w is
totally geodesic.

Proof. Let S be an immersed 2-sphere in M, using Gauss and Gauss-Bonnet
formulas we have

4W:/KS :/KTs—F(B(el,el),B(eQ,eg)) —||Bler, e2)|2
S S
= /SKTS + | H|? = |Blex, e)l|* — | B(ex, e2) |

. 1 o
< AS)+ [ 187 - 1B
S

where (e1, e2) is an orthonormal basis of T'S, Kg denotes the sectional cur-

o
vature of S, Krg the sectional curvature of M on the 2-plane T'S and B is
the traceless part of B. As a consequence

) P(S) = A(S)+ [ WA —am > [ 315120

Hence F(S) = 0 implies that S is totally umbilic, Krg = 1 and Kg =
1+ ||H|/ If S is minimal, F(S) > 0 implies that A(S) > 47.

An immersed minimal 2-sphere in M lifts to its universal cover with the
same instability property. So we assume that M is simply connected and
X : S? - M an immersed minimal 2-sphere as in the statement of the
theorem. Let us notice that since ¥ = X (S?) is a minimal surface of area
47, F(¥) =0 and ¥ is totally geodesic and Ky, = 1 so ¥ is isometric to S?:
we can choose X such that X is an isometry between S? and X = X (S?). Let
us denote by NX the normal vector bundle {(p,v) € X*TM |v € T,X*}
and consider the map

NX — M
(p,v) = expx(y(v)
We want to study the pull-back metric h = ®*g on N X in order to control

when @ is an immersion.
The first step of the proof is



16 LAURENT MAZET

Lemma 3. The normal bundle NX s parallelizable. Moreover for any
p €S? and unit vectors e € T,X and v € T, X+, (R(e,v)e,v) = 1.

Proof of Lemma 3. By hypothesis ¥ is unstable so the Jacobi operator L has
eigen-sections with negative eigenvalue (notice that if ¥ is unstable in any
parallel directions, ¥ is unstable since the whole normal bundle is a parallel
sub-bundle). Let V be such an eigen-section with negative eigenvalue \. Let
us prove that A = —2 and V is a parallel section of NX.

We have LV = —AV. For small ¢, we consider the immersed sphere
¥ = {®(p,tV(p));p € S?}. We then have F(%;) > 0 for any t. F(3) = 0,
so the first derivative of ¢ — F(3;) must vanish at ¢ = 0: it is confirmed by
the computation

d

th(zt)lt:O:/E(—zﬁ,V)+/Z||ﬁ\|2(—2ﬁ, V)+/E(LV,.F7) =0

Now the second derivative has to be non-negative and we have by Lemma 1

d? 1
G0 = [ ~wviv)+ [ Saviv)

1
= [ v
> 2

So A2 +2X > 0: A < —2. Since ¥ is totally geodesic, we also have

s LWVIE= [ -1viv)

- /E IVEV]2 = (Rles, V)en, V) — (V. Blei, )

- / IVVIP = (Rer, V)en V) > / v
> >

where we used K < 1 and X has dimension 2 in the last inequality. So
A > —2. This gives A = —2.

The above computation shows also that V' is a parallel normal vector field
to X and (R(e,V)e, V) = ||[V]]? for any vector e € TX.

Let V1,..., Vg be a basis of the eigenspace associated to the eigen-value
—2. Let B be the sub-bundle of NX generated by V1,...,Vy: B={(p,v) €
NX | v € span(Vi(p),...,Va(p))}. Bis parallelizable and, on B, the stability
operator is L = —A+ — 2. So the index of L restricted to B is precisely d.
If d < n — 2, both hypotheses on ¥ implies that the restriction of L to B+
must have a negative eigenvalue. Thus there is an eigensection of eigenvalue
—2 in Bt contradicting the definition of B. So d = n—2 and B = NX which
ends the proof. O

The sequel of the proof is a generalization of the above argument.
Let us fix V an eigen-section of L associated to the eigenvalue —2. By
Theorem 1, let (¥¢)ic(—o00,p) be the ancient solution of the mean curvature
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flow flowing out of ¥ in the direction V. (—o0,b) is a maximal time interval
of existence.

We look at the evolution of F(¥;). We know that lim;, o F(3;) = 0.
Computing its derivative, we obtain

d . . .

©  GFE)= [ AP [ i)t [ v
P P p

(7) 2(R(es, H)es, H) + 2(H, B(ej, e5))?

(8) < / 2(R(es, Hes, H) — 2| H|) + / 2H, Blei,e)))?
Et 2t

() < / 2 F|2IBI? < 4sup | HPF(S,)
Et Et

where we use (5) in the last inequality.
By construction of ¥, we know that close to —oo, supy, ||H|* < Ce*.
So by Gronwall lemma we have for s <t

F(3) < F(55) exp(C(e" — ™))
Using limg_, o F(3s) = 0 and letting s — —oo, this gives F(3;) < 0 for

any t and then F(X;) = 0 for any ¢. So J(})? =0on X;, Kry, = 1 (see below
Equation (5)).

This also implies that the derivative of F'(¥;) vanishes so equality in
(8) and (9) gives: H is a parallel section of the normal bundle to 3; and
(R(e,H)e, H) = ||H||? for any unit vector e € T%,. Since H is a parallel
section, we have || H| is constant along ¥; (notice that ||H|| # 0 by construc-
tion). So we can write H = Hyv (H; = ||H||(t)) where v is a unit normal
vector field to ;. Moreover v is a parallel section of the normal bundle to
Zt.

Let us define a new time parameter s = s(t) = ffoo H,du, so that % =
H;. Hence the derivative of >; with respect to s is given by v.

If ¢ € X5, the map (a,b) — (R(a,b)a,b) defined for unit vectors a, b €
T, M is bounded above by 1 (since the sectional curvature is bounded above
by 1) and is equal to 1 at (a,b) = (f,v) where f € T;3,. So computing the
derivatives with respect to a and b,we have (R(f,v)f,v) = 0 for any v € v+
and (R(f,v)v,v) =0 for any v € f.

We can compute %2?] s in two ways:

D_- d D
—9H, =2—H,v+2H,— d
ds ds vt dsy at
D - .
—2H, = Aty + (R(es,v)e) ™t + (v, Blei,ej))Blei, ej) — (H,Ve,v)e;

=2v+2H?2v
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Since gy is orthogonal to v, the comparison of the above computations gives

Dy = 0: the evolution follows geodesics and X, = {®(p, sV (p));p € Z}.
Besides %Hs =1+ H?, so Hs = tans.

Let v, be the geodesic s — ®(p,sV(p)). We are going to study some
Jacobi fields along 7,. Let fi,..., fn—1 be parallel orthonormal fields along
vp such that fi,..., fp—1,v is orthonormal and, at s = 0, fi, f2 is a basis
of T,X. For i € {1,2}, we define 0; the Jacobi field along -, such that
9;(0) = fi and 20;(0) = 0. Actually if e; € T,,S? is such that X,(e;) = fi,
we have 0; = D, (®(-, sV (+)) so 0;(s) is tangent to X as long as Xy is well
defined. 0; is a Jacobi field so because of the above computations of the
Riemann tensor

=2 =2
0= %81 + R(V, 8Z)I/ = %3, + 0;
Decomposing this equation in (f1, -, fn—1), we obtain that 0; = cossf;.
Hence (01, 02) is an orthogonal basis of T'¥,: ¥ is an immersion for s €
[0,7/2).
As a consequence the orthogonal of T'Y; is generated by (v, f3, -+, fn—1)-

Let 0; (j > 3) be the Jacobi fields along ~y, with 9;(0) = 0 and £0;(0) = f;.
We have (R(v,0;)v, fi) = (0;, fi) for i € {1,2} and s € [0,5]. So (9;, fi) is
solution of the ODE y” + y = 0 with vanishing initial value and derivative.
Thus (9}, fi) = 0 and 0; belongs to span(fs,---, fn—1). Moreover Rauch
comparison theorem implies that 0;, j € {3,...,n — 1}, are non vanishing
on (0,7).

We know that IV X is parallelizable so we can fix an isometric parametriza-
tion by NX ~ S? x R"~2 and we have a map

P:STxR"? 5 M
Using a polar decomposition of R"~2 as R x S"~3 and coordinates (p, s, q) €
S? x Ry x S*73, this gives a map ¥ : S? x Ry x S"3 — M defined by
U(p, s,q) = ®(p,sq). The above study of the Jacobi fields along the geodesic
gives that the lift of the metric is given by

U*g = cos? 59s2 + ds® + Ip,s

for s € [0,7/2] and g5 is a smooth family of metrics on S"~3 depending on
(p,s) € S? x (0,7/2). Let us notice that g, s = 8298111—3 + 00(s?) and 9,z is
a well defined metric on S"3.

As a consequence ¥(p, 7, ¢q) is a point @ € M that does not depend on
p. If pis fixed X' = ¥(p, g,S”*S’) is then an immersed submanifold of M
given by the immersion X'(-) = ¥(p, §,-). Let us study the geometry near
¥/, The geodesics s — ¥(p, s, q) arrive orthogonally to ¥’ when s = 7. Let
us fix ¢ € S"3 and define a map

$? - Ug X'+
p = %\Il(pa‘g?qnszﬂ

2

G:
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where Uz X! is the unit sphere in the normal bundle TX'* at q.

For r € [0,7/2] let us define F, : S> — M;p > expg(—rG(p)). We have
F.(p) = ¥(p, 5 —r,q) so F,*g = sin® rgs2. So G'gg = limyo LFrg =
9s2- So G is a linear isometry between S? and Uz X L. As a consequence
G(—p) = =G(p). Thus ¥(p,s + 7,q) = expg(sG(p)) = expg(—sG(—p)) =
\I'(_Pa% - qu) for s € [07 %] So \Ij(pﬂTaQ) = \Il(_paoucﬂ = X(_p) This
implies that 7 is a conjugate time for the Jacobi fields 9; (3 < j <n —1),
i.e. 0;j vanishes at time 0 and 7 as in the constant curvature 1 case. So
we are in the equality case of Rauch comparison theorem, [0;(s)| = |sin s|
and (R(9j,v)0;,v) = sin?s. This implies that (R(9;,v)f,v) = 0 for any
f orthogonal to 0;. So 0; = sin(s)f; and R(fj,v)f;,v) = 1 for any j.
So ¥*g = cos? sgs2 + ds? + sin? SGgn—3- As a consequence, ¥ generates a
local isometry ¥’ from the joint of S? with S*~3 endowed with the metric
cos? 59s2 + ds® + sin? 8ggn-3 to M. So ¥ is a local isometry and thus a
covering map from S} to M. Since M is simply connected ¥ is a global
isometry. O

The above result has a corollary concerning manifold containing an ”equa-
tor”. This is an infinitesimal version of [2, Corollary 5.11].

Corollary 1. Let M be a Riemannian n > 3-manifold whose sectional
curvature is bounded above by 1. Let us assume that there is a totally geodesic
isometric immersion f : S?_l — M. Moreover, assume that f is unstable
as a minimal hypersurface. Then the universal cover of M is isometric to
St.

Proof. Let G(2,n — 1) be the set of totally geodesic 2 spheres in S7™': the
intersections of S’f*l with any 3-dimensional subspace of R”. For any S in
G(2,n—1), f(9) is totally geodesic in M. Moreover f(S) has index at least
n — 3. So it is enough to prove that one of these S has index at least n — 2
to conclude by Theorem 6. For any S € G(2,n—1), let Qg be the quadratic
form associated to the Jacobi operator on f(S5).

Let v be the unit normal to f(S}'). For S € G(2,n — 1), span(v) is
a parallel normal bundle along f(S). Let Ay < 0 be the first eigenvalue of
the Jacobi operator on f (S’f*l) and u a first eigenfunction. On S?*l, we
can define a quadratic form ¢ = du ® du — (R(v,-)v,-). Since f is totally
geodesic, the quadratic form QS?—I associated to the Jacobi operator on

F(ST1) satisfies to

_ _ 2
QS?q(u,u) = /Snl trTS?ﬂ qg= Ao /Sn1 u® <0

1 1
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Now there is a dimensional constant ¢,, such that

Cn/ tI‘TSn71 q :/ dS/ trrs q
snt ! G(2,n—1) S
1 )

= / Qs(uv,uv)dS
G(2,n—1)

where trp denotes the trace operator on the subspace P and dS is the Haar
measure on G(2,n—1) coming from the Haar measure on the Grassmannian
of 3-planes in R"*1. Thus there is S such that Qg(uv,ur) < 0. So the
restriction to span(v) of the stability operator for S is unstable: S has index
at least n — 2. O

5. RIGIDITY OF SIMON-SMITH WIDTH

Here we state Smith theorem concerning the existence of a minimal sphere
in any Riemannian 3-sphere (S3, g) and our second rigidity result.

We start with the standard sweep-out of the sphere S? given by horizontal
spheres

Sy = {(z1, 22, 3,24) € S* | 34 =t} for t € [-1,1]
If £, : S3 — §? (t € [-1,1]) is a smooth family of diffeomorphisms isotopic to
the identity map, we can defined a general sweep-out of S? by spheres as the
family oy = Fy(Sy) (t € [-1,1]). Let A denote the set of all general sweep-
outs of S* by spheres. The Simon-Smith width of a Riemannian 3-sphere
(S3, g) is then defined by
3 .
W(s% g) = {Ulﬁfe A max Alat))

For o € A, we denote L(0) = max;c[_;1].A(0¢). So a minimizing sequence
for the Simon-Smith width W is a sequence (¢") in A such that lim L(c™) =
W. For such a minimizing sequence, one can consider a sequence (t,) €
[—1,1] such that lim A(o}’ ) = W. Such a sequence is called a min-max
sequence. The main result in [22] is

Theorem 7 (Smith). There is a min-max sequence that converges in the
sense of varifolds to a disjoint union of embedded minimal spheres (possibly
with multiplicity) whose area is W (S?, g).

Moreover the quantity W (S3, g) is positive so the collection of minimal
2-spheres is not empty.

If the sectional curvature of (S3,g) is bounded above by 1 the area of
each sphere in the collection is at least 47 so W (S?, g) > 4w. We notice that
for the Euclidean sphere S we have W (S$) = 47. The main result of this
section is a rigidity result for the equality case.

Theorem 8. Let (S3, g) be a Riemannian 3-sphere whose sectional curvature
is bounded above by 1. Then W (S3,g) > 4 and, if W(S?,g) = 4, then
(S3,g) is isometric to S3.



RIGIDITY OF RIEMANNIAN MANIFOLDS CONTAINING AN EQUATOR 21

In order to give the proof of this result we need to understand the index
property of the minimal spheres that realize W (S?, g). Actually we need to
prove that the minimal spheres given by Theorem 7 are not local minima of
the area functional. In order to do that, we first prove that the convergence
in Theorem 7 is also true in the space of flat cycles (see Section 5.1). In
Section 5.2, we introduce de notion of almost stable minimal hypersurfaces
which concerns minimal hypersurfaces with vanishing first Jacobi eigenvalue.
In Section 5.3, we prove that almost stable implies that we are a local
minimum. We then use this to prove Theorem 8 in Section 5.4. We will use
concepts from geometric measure theory, for the notations we refer to [8]
and [13].

5.1. The Simon-Smith min-max surface. In this section we recall some
aspect of the min-max construction by Smith in [22]. Actually we mainly
refer to the statements contained in the paper by Colding and De Lellis [8].
The aim of the section is to prove that the convergence in Theorem 7 works
also as current.

If the varifold V is a varifold limit of some min-max-sequence we say that
V is a min-max varifold. So the proof of Theorem 7 consists in finding a
min-max varifold which is smooth and has the right topological type.

The first step in this proof is that there is a minimizing sequence (¢™) such
that any min-max varifold coming from (o™) is stationary (see [8, Propo-
sition 4.1]). The second step toward regularity use the notion of almost-
minimizing surface.

Definition 2. Given ¢ > 0, an open set U € S® and a surface X. ¥ is
e-almost minimizing in U if there is no isotopy ¢ supported in U such that

A (X)) < AX) +¢/8 for all t
A1 (X)) < AX) —¢

A sequence (¥,) is said to be almost minimizing in U if ¥, is e,-almost
minimizing in U for some sequence €, — 0

For p and r > 0, we define the set of annuli centered at p of outer radius
less that r AN, (p) = {B:i(p) \ Bs(p),0 < s <t < r}. Then one can select
a positive function p — r(p) on S* and a min-max sequence (o} ) which is
almost minimizing in any small annuli: é.e. in any A € ANr(p) (p) for all
p € S? (see [8, Proposition 5.1]). Then the author proves that if op = V*
as varifold, V* has the expected properties. Concerning smoothness, the
authors introduce the notion of replacement.

Definition 3. Let V be a stationary varifold and U is an open subset of S3.
A stationary varifold V' is said to be a replacement of V in U if

o V'=V on G(M\U) and |[V'||(M) = |[V]|(M)

o V'LU is supported by a stable minimal surface ¥ with ¥\ ¥ C OU.
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The proof of the smoothness V* consist basically in proving that V* has
replacements in any small annuli and that they coincide with V* (see [8,
Theorem 7.1]).

Let (3,) = (a7 ), we know that X,, — V* as varifold. Moreover, viewing
¥, as a flat cycle, we can assume that ¥, — T € Z9(M,Zsy) as current
where Z9(M,7Zsy) denotes the space of 2-dimensional flat cycles in M with
coefficient in Zs . So one can ask the relation between T and V*. Since V* is
made of smooth surface with integer multiplicities, there is a corresponding
element [V*| € Z9(M, Z2) by reducing each multiplicities mod 2. So one can
suspect that 7" = [V*]. This is confirmed by the result below (we are inspired
by a similar result for the Almgren-Pitts min-max theory by Marques and
Neves [14, Proposition 4.10]). Actually the support of T" has to be contained
in spt V*. So if {S;}1<i<n is the collection of connected components of
spt V*, the Constancy Theorem implies that T" = n1S57 4+ --- + nySy for
some n; € {0,1}.

Proposition 3. Let (X,,) be a min-max sequence which is almost-minimizing
in any small annuli and such that 3, — V as varifold and

V=miS1+---+mnySn

where each S; is a smooth embedded minimal surface. Let us assume that
Yo =T € 2Z5(M,Zs) as current and

T =n1S1+---+nySn
with n; € {0,1}. Then m; = n; mod 2.

In [27], White studies limits of sequence of integral varifolds as varifolds
and flat chains. He proves that they coincide as flat chains under some
regularity assumption. Here this assumption is replaced by the almost-
minimizing property. Before giving the proof of the above proposition, let
us give some preliminary results.

One tool in the proof of the smoothness of V* is the following result of
Meeks, Simon and Yau.

Theorem 9 (Meeks-Simon-Yau [16]). Let ¥ be a surface in M and U
an open subset of M. Let (X)) be a minimizing sequence for the Prob-
lem (3,3s(0)), i.e. X = Y(X) for some ¢ € Is(U) (Is(U) is the set of
isotopies supported in U) and
AZ) — inf  A(W(X)),
(S0 = jnf AW()
which converges to a varifold V. Then VLU is an integer rectifiable varifold

whose support is a stable minimal surface T with T \T' C OU. Moreover as
current L LU — [VLU] in 1o(U, Zs).

The proof of the regularity of VLU is local so is contained in [16]. As above
this regularity implies the existence of flat chain mod 2, [VLU] € I5(U, Z3).
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The proof of the convergence as current is a byproduct of the regularity
proof as noticed by Almgren and Simon in [1, Remark 5.20].

As mentioned above the smoothness proof uses the fact that replacement
of V* coincide with V*. This is a natural property of stationary varifold
with smooth support.

Lemma 4. Let V' be a integer stationary varifold whose support is a smooth
minimal surface S and p € S. Then there is p > 0 such the following is
true: if V' is a stationary varifold such that V'_B,(p)¢ = VLB,(p)¢, then
Vi =V.

Proof. Let r > 0 be chosen such that A = SN B, is connected, stable and
with non-empty smooth boundary. Let u be a non negative eigenfunction
for the first eigenvalue of the Jacobi operator on A with u = 0 on JA. Let
Ay = {exp,(tu(p)v(p)),p € A} where v is the unit normal to A. There is
e > 0 such that, for [t| < e, A; is a smooth surface with mean curvature
pointing to A = Ay. Let p such that B,(p) C Uj <A

Let V' be as in the Lemma, we notice that sptV’ € S U B,(p). Us-
ing the surfaces A; as barriers and the maximum principle [28], we have
that spt V/ C S. Then the Constancy theorem and V'LB,(p)° = VLB, (p)*
implies V' = V. O

We then have

Proof of Proposition 3. Let p € S1 and p be given by Lemma 4. Let A C
B,(p) be an annulus centered at p such that X, is €,-almost minimizing in

A.
Let
Jsn(A) = {¢ € Ts(A) [ A(¢(3n)) < A(Xn) + €n/8}
and ¥* € Js,(A) such that
AW (Sn)) —  inf A(1(Zn))

PETsy, (A)

Let ¢ € SN A and € > 0 such that B.(q) C A. We first fix n and k. Let

¢’ € J5(B:(q)) be a sequence such that
Al (Bh) = _inf  A(p1(Z3))
P€T5(B:(q))

Let W[ be the varifold limit of ¢ (XF) and RE € Z5(M, Zs) be the limit of
©](Xk) for the flat convergence. By Theorem 9, Rk B.(q) = [Wk.B.(q)] €
I2(B-(q),Z2). Besides we have RELB.(q)¢ = ZF_B.(¢)°.

Letting & — oo we consider W,, a varifold limit of W,’f and R, a limit
of RE for the flat convergence. Since spt(W}¥) N B.(q) is a stable minimal
surface, we have curvature estimates and the convergence of spt(W*)NB.(q)
to spt(W,,) is locally smoothly graphical. So taking multiplicities of these

graphical leaves into account, varifold and flat convergences give R, B.(q) =
[WaLB:(q)].
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There is a subsequence (cp{(k)(Eﬁ)) which converges to W,, as varifold

and R, as current. By [8, Lemma 7.6] there is ®/*) € Js(B.(g)) such that
)" = o™ and 4@ (Sk)) < A(SE)+e,/8. This implies that ] ¥ ()
can be constructed from 3, by an isotopy in Js,(A). Then (gpjl(k)(EfL)) is a
minimizing sequence in Js,(A). So spt(W,,) N A is a stable minimal surface
[8, Lemma 7.4]. Moreover a varifold limit W of W, is a replacement for V' in
A [8, Proposition 7.5] and then V' = W because of Lemma 4 and A C B,(p).
Let R be a current limit of R,,.

As above since spt(WW,,) N A is a stable minimal surface, the varifold and
flat convergence give RLA = [WiLA|] = [VLA]. Actually spt R C sptW =
sptV and RLA = TLA°. So by the Constancy Theorem, R = T. So
TLA = [VLA], this implies that the multiplicity of 7" on S; is equal to
the one of V' mod 2. Then T' = [V] by considering p on other connected
components. [l

5.2. Almost stable minimal hypersurfaces. If ¥ is a stable minimal
hypersurface in a Riemannian manifold M, then 3 is a local minimum for
the area functional (see [26]). In this section we introduce almost stable
minimal hypersurfaces as minimal hypersurfaces with vanishing first Jacobi
function with an extra property. In the next section we will prove that such
a minimal hypersurface has the local minimum property. We can give a
sense to stability of a minimal hypersurface 3 whose first Jacobi eigenvalue
vanishes, i.e. degenerate stable minimal hypersurface.

Because of the use of curvature estimates, in Sections 5.2 and 5.3, we
restrict ourselves to an ambient space M of dimension n at most 7.

In order to quickly explain our notion of almost stability, let us consider
the simple case of a function a : R — R with a/(0) = 0 and a”(0) = 0. Then
there is a maximal interval [s~, sT] C R containing 0 such that a(s) = a(0)
for s € [s7, sT] (may be s~ = 0= sT). Then if a(s) > a(0) for s close to s~
and s, we say that 0 is almost stable. Let us remark that, even if 0 is almost
stable, there could be points s outside [s™, s™] close to the endpoints such
that a(s) = a(0), they are critical points of a. Let us go back to minimal
hypersurfaces.

Actually we focus only on 2-sided minimal hypersurfaces, the 1-sided
case can be considered similarly. So let ¥ be a connected 2-sided minimal
hypersurface and parameterize the e-neighborhood of ¥ by ® : ¥ x (—¢,¢e) —
M; (p,t) = exp,(tv(p)). This defines a vectorfield d; on the neighborhood. If
u is a smooth function on X, we define @, : 3 — M by ®,(p) = ®(p, u(p))
and ¥, = ®,(X). If u is small, ¥, is embedded and we define v, (p) the
unit normal to ¥, at ®,(p) such that (1,,0;) > 0 and H,(p) € R such
that the mean curvature vector of ¥, is Hy,(p)vu(p) at ®,(p). Let W, be
the Jacobian of the map ®,. Then the area of ¥, can be computed as
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A(Zy) = A(u) = [, Wy. For v and v two functions we then have

(10) DA(u)(v) = / —nH, (v, 00 W, = / hoo

by by
where h, = —nH, (v, 0,)W,. The map u — h, is a smooth operator of
order 2.

Lemma 5. Let ¥ be a degenerate stable minimal 2-sided hypersurface X
with first Jacobi eigen-function ug. There is € > 0 and a smooth map v :
(—g,e) x X = R; (t,p) — vi(p) with the following properties.

e vg =0, dyvr—o = 0 and fz ugvy = 0.

o for each t € (—¢,¢€), hiyg+v, s @ multiple of ug.

A similar result can be found in [5].

Proof. Let V be the L? orthogonal of uy and 7y the orthogonal projection
on V. Let VF® = V' nCH(X). Let us define the map: G : R x V2@ —
VO (t,v) = 7y (htugsov). We notice that G(0,0) = 0 and D,G(0,0)(w) =
7y (Lw) where L is the Jacobi operator. Since L is invertible from V2
to V% D,G(0,0) is invertible and the implicit function theorem gives the
map v. [l

Once the family {v;} is constructed we then define a foliation of a neigh-
borhood of ¥ by S; = X4y,+v,, this foliation is called the canonical foliation
given by X. Let a(t) = A(S;). We notice that by construction there is ¢; € R
such that hyyy4v, = crup so by (10)

a/(t) = / htuo-l-vt (uo + 8tvt) = Ct/ U%
b b

So @/(t) = 0 if and only if ¢; = 0 i.e. S; is a minimal surface. Moreover, any
small u can be written u = tug + v with ¢ small and v € V small, so if ¥,
is a minimal surface h, = 0 and then G(¢,v) = 0. So the implicit function
theorem implies that, if ¥, is minimal (u small), ¥, = S; for some small t.

It is possible that a(t) = A(X) for t € (—¢,¢),t € [0,¢) or t € (—¢,0] (if it
is not the case we can skip the discussion and we are in case 1 below). In the
first case, a whole neighborhood of ¥ is foliated by minimal hypersurfaces,
we say that X is minimally foliating on both side. In both remaining cases,
only one side of the neighborhood is foliated by minimal hypersurfaces, we
say that ¥ is minimally foliating only on one side (we refer to Song’s work
[25] for a similar discussion).

If {S;}: is such a smooth family of minimal surfaces with ¥ = Sy, we
notice that the derivative at ¢ of the family is given by a Jacobi field on S;.
So up to a change of parametrization {Ss}s, we can assume that this Jacobi
field as unit L?-norm (we use this unit speed parametrization in order to
control the case where the family is defined on an unbounded interval).

One can try to extend such a family. Let {Ss}se(s— s+) be such a family of
minimal hypersurfaces with Sy = X (possibly s~ =0 and s € [0,s")). First
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we notice that the hypersurfaces Sy are disjoint for s close to 0. So if S; N
Sy # ) for some 0 < s’ < s, there is a larger o such that all the hypersurfaces
in {Ss}o<s<o are disjoint and S, intersect ¥. Then the maximum principle
implies that ¥ = S, and then S; = S5y, and the family is periodic and
defined on R (here we recall that we assume ¥ to be connected).

Assume now that the family is made of disjoint minimal hypersurfaces.
Each S is an index 0 minimal hypersurface of area A(X). So by compactness
result (see [21]) , as s — sT, a subsequence converges in the varifold sense to
a minimal hypersurface ¥ : if ¥T is two-sided the convergence is smooth,
if ¥T is one sided the convergence is with mulitplicity 2 and smooth in
the double cover of the tubular neighborhood of ¥*. Actually this implies
that as s — st the whole family {Ss} converges to ¥*. The same can be
done as s — s~ to produce ¥~. If ¥ is one sided, then the whole tubular
neighborhood of ¥ is foliated by {Ss}sc(s- s+] Where Sgr = X, If B* is
two sided, the family extends for s = s™ and S,+ = X7 is either minimally
foliating only on one side and the family {Si};c(- s+) can’t be extended
across s or ¥ is minimally foliating on both sides and the family extends
tot € (s7,s) with sT < s’. As a consequence we are in one of the following
cases

(1) the family extends to {Ss}sc[s— s+] and S are minimally foliating
only on one side or, in the case s~ = 0 = s*, ¥ is not minimally
foliating on any side

(2) the family is periodic and gives a global foliation of M

(3) the family extends to {Ss}e(s— s+) such that S — X7 a 1-sided
minimal hypersurface as s — s~ and S+ is minimally foliating only
on one side.

(4) the family extends to {Ss}se(s— s+) such that Sy — 5% two 1-sided
minimal hypersurfaces as s — s*. In that case {Ss}seps—,st) With
S,. = YF gives a global foliation of M.

We notice that the family can’t be defined on an unbounded interval without
being periodic because of compactness result and the fact that the family is
parameterized at unit speed.

We then say that X is almost stable if we are in cases (2), (4) or in cases
(1) and (3) with the extra property: the area function a® associated to the
canonical foliation given by Sy+ also satisfies locally a™ > A(S,+) = A(Z).
In the sequel we will focus on case (1) . For example in case (1),if s~ =0 =
sT we just ask that the area function a associated to ¥ has a local minimum
at 0. We notice that, in case (1) and (3), S+ is minimally foliating only on
one side so there are value of ¢ close to 0 such that a®(t) > A(%).

5.3. Almost stable minimal hypersurfaces are local minima. We are
going to apply the above classification to an ambient space M which is S3.
So we are interested in type 1 almost stable minimal hypersurface.
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So we have a family of minimal hypersurface {Ss}c[s- s+ that we can
view as a subset M of currents in Z,, (M, Z3). We notice that M is compact
for the flat topology. In {S;}, there are two particular elements S~ = S,-
and ST = S, that are minimally foliating only on one side; if s~ = 0 = sT,
S~ =Y = ST and ¥ is not minimally foliating on any side. In the non
minimally foliated side, the leaves of the canonical foliation given by S*
have area at least A(X). However, it may contain minimal hypersurfaces of
area A(X), we add to M all these minimal hypersurfaces that are sufficiently
close to ST to define M’. M’ is still compact for the flat topology.

We have the following result which is a first version of the fact that a
type 1 almost stable minimal hypersurface is a local minimum for the area
functional.

Proposition 4. Let ¥ be a type 1 almost stable minimal hypersurface and
M’ be the set of minimal hypersurface of area A(X) in the canonical foliation
as defined above. Then there is an open set U containing ¥ such that A(X) <
M(T) for any T € Z,(M,Zs) homologous to ¥ with support in U and, if
A(X) =M(T), then T € M'.

Proof. The proof is similar to the one of [26, Theorem 2] for the stable case.
So we consider the neighborhoods K., 0 < r < € of ¥ given by [26, Theorem
1] (these K, has the property that the mass among currents with support in
K, will produce current satisfying a certain almost minimizing property in
M, see definitions in [26]). Let 7, minimize the mass M among all currents
homologous to X in K. As r — 0, the currents T}, must converge to X..

As explained by White [26], since the T, are uniformly almost minimiz-
ing, the convergence T, — ¥ and regularity theory implies that 7, can be
described as the normal graph of a function «, on ¥ with u, — 01in Ch®. As
uy is close to 0, one can write u, = wy, + f, where w; = tug + v is given by
Lemma 5 and f. € V5 (indeed the map R x V1@ — OL: (¢, f) v wy + f
is a local diffeomorphism at (0, 0) since Jswi;—g = up). So one can estimate
the mass of T, by

M(T}) = A(ur)
= A(we, + fr)

1
— Afw,) + /0 DAy, + tf,)(f,)dt

1 1
— A(wn,) + DA(uwr,)(f) + /0 /0 tD? Aluwy, + stf,)(fr f)dsdt

By Lemma 5 and (10), DA(wy, )(fr) = [s huw, fr = 0 since hy,, is a multiple
of ug and f,, € V. Moreover, for r close to 0, there is ¢ > 0 such that
D2 A(wy, + stfy)(fry fr) > ¢l fr||3 since D2A(0) is given by the Jacobi opera-
tor. So M(T;) > A(wy,) + §[|f+[13 = A(Z) + £ f,]|3. Since T, is minimizing
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M(T,) < A(X). So f, = 0and A(wy,) = A(X) : T, = Xy, which is minimal.
So T, € M’ for r close to 0 and K, is the expected neighborhood. O

The following proposition states a second version of the local minimum
property.

Proposition 5. Let ¥, M and M’ be as above. There is ¢ > 0 so that
for every T € Z,(M,Zs) with F(T,M) < e, we have M(T) > A(X) unless
T € M’ where M(T) = A(Y).

Proof. The proof follows the lines of the proof of [14, Proposition 6.2].
First let (7;) € Z,(M,Z2) be a sequence converging to some S in M in

the flat topology with M(T;) < A(X). From Proposition 4, we obtain a

neighborhood U of S such that elements in M’ are the only minimizers of

M among cycles contained in U homologous to S. Let us consider a smaller

neighborhood V with V' C U. In [14], Marques and Neves then construct a

sequence of cycles R; satisfying the following properties

M(R;) < M(T;) < A(%)

e R; — S in the flat topology

e the support of R; — T} is contained in M \ V

e the support of R; is in U for large 4

Since R; — S, R; is homologous to S for large i. So because of Proposition 4,
R; = S; for some S; € M’. Moreover, since R; — X, S; C V for large i then
M(T,) = M(S; + T (M\ V) = A(S;) + M(T (M V)) 50 T (M\ V) = 0
and T; = R; = S; i.e. T; € M. O

So the consequence of this is the following result: a type 1 almost stable
minimal hypersurface is at the bottom of a basin of the area functional.

Proposition 6. Let X and M be as above. For any e > 0, there is 6 > 0
and a neighborhood N' C Zn(M,Z3) of M, such that N C N.(M) ={T €
Z.(M,Zs) | F(T, M) < €} and, for any T € ON, we have M(T) > A(X)+94.

In the case of a stable minimal hypersurface ¥ (positive first Jacobi eigen-
value), the same result is true with M = {¥} by [14, Proposition 6.2].

Proof. First we assume that ¢ is such that Proposition 5 applies. Let Sy
denote both extremal hypersurfaces of the family (possibly ST =% = §7).
Let {wi} = {tuf 4+ v} be the families of functions given by Lemma 5
associated to ST. Since ¥ is almost minimizing and S* are minimally
foliating only on one side, there is t* > 0 (resp. ¢t~ < 0) such that Sii €

Ne(M) for 0 < s <t (resp. t~ < 5 < 0) and A(ws) > A(D).
Let M = MU {Sii,() < 45 < ti}. We can notice that any element
in M"\ M is at a positive F distance from M. Let n > 0 such that

Nn(ﬂ) C N:(M) and Nn(ﬂ) AM = MNM . If T, is a sequence in
ONy (M) such that M(T;) — inf{M(T), T € ON,(M)}. By compactness we
can assume that 7; — T and, by lower-semicontinuity of the mass, M(T") =
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inf{M(T),T € 8/\/}7(./\7)} Moreover F(T, M) = n and F(T, M) < ¢. So by
Proposition 5, M(T') > A(X) with equality iff 7" € M’ which would implies
T € M a contradiction. So M(T') > A(X) and the result is proved. O

5.4. The rigidity result. In this section we finally prove Theorem 8. So
let us fix a Riemannian 3-sphere (S?,g) with sectional curvature bounded
above by 1. Its Simon-Smith width is realized by a collection of minimal
spheres whose areas are at least 47 so the width is at least 4. If the width
is 4w, the width is then realized by a minimal 2-sphere ¥ with multiplicity
1.

If ¥ has index at least 1, the rigidity comes from Theorem 6. So we need
to prove that index 0 cannot occur.

If ¥ has vanishing first Jacobi eigenvalue then ¥ may belong to a family
of minimal spheres {S;}. Since we are in S3, this family is of type 1. Let
M = {Ss,s € [s_,s1]} be the associated compact subset in Za(M,Zs)
(M = {X} if ¥ is stable).

If ¥ is almost-stable (or X stable), let € be less that the F distance from M
to the 0 cycle and let A/ be the neighborhood of M given by Proposition 6.

Since X realize the width, there are sequences {¢"} in A and (¢,,) in [-1, 1]
such that o — ¥ in the varifold sense and (07 ) is a min-max sequence
which is almost minimizing in small annuli. Because of Proposition 3, we
have o — X € 2Z3(M,Zs) for the F metric. So for n large enough, the
continuous path t — o} in Z9(M,Zs) enters into . As this path starts
and ends at the 0 cycle, it must cross ON so

max A(o}) >4r+§
te[-1,1]
where § is given by Proposition 6. So {¢™} can not be a minimizing sequence.

Thus the width is realized by a type 1 minimal sphere ¥ in M of area
4 with vanishing first Jacobi eigenvalue and which is not almost-stable. X
belongs to a local foliation by minimal surfaces (it may contain only one leaf)
which contains one minimal sphere S of area 47 whose canonical foliation
{St} contains leaves such that A(S;) < A(X) for t > 0 arbitrarily close to 0.
Notice that S has also vanishing first Jacobi eigenvalue. Let a(t) = A(S;)
be the associated area function. We notice that, if a’(t) = 0, S; is a minimal
sphere and then a(t) > 4. This implies that

o either a(t) > 4m for t € [0,¢) (e small),
e or a(t) is decreasing on [0,¢) (¢ small).

Since S is not almost-stable, we are in the second situation. In order to
exploit this situation we need to introduce a slightly different local foliation
near S.

Lemma 6. Let 3 be a degenerate stable minimal 2-sided hypersurface with
first Jacobi eigen-function ug. There ise > 0 and a smooth map v : (—¢,€) X
> — R with the following properties.

e U9 =0, 0i¥t—o = 0 and fz ug?s = 0.
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o for each t € (—¢,e), Huyytw, 15 a multiple of up.

The proof is the same as Lemma 5 proof and gives the same consequence:
if ¥, is a minimal hypersurface with w small then w = tug + ?; for some t.

So let {5y} = {Siug15,} be the family given by applying the above lemma
to 5. Let a(t) = A(S;) be the associated area function. If @(t) =0, Sy is a
minimal sphere and then a(t) > 47. So we also have the alternative

o cither a(t) > 4w for t € [0,¢),

e or a(t) is decreasing on [0, €).
Let us see that we are in the second case. If we are in the first one, there
is to > 0 such that a’(tg) > 0, this implies that the mean curvature vector
of gto points to S. For ¢t > 0 small, S; is between S and :S’Vto, let 1 be the
first ¢ such that S; intersect gto, then the mean curvature vector of Sy, must
points to S which contradict a’(t;) < 0. So we are in the second case.

If w; = tug + ¢, we define on the neighborhood of S the vectorfield X by
X(®g,(p)) = (9,,)0; such that S, is the image of S by the flow given by X.
We also consider 74 the unit normal to S; (with the convention (7, d¢) > 0)
and Y = (X, 7). This vectorfield is normal to gt and gt is the image
of S by the flow given by Y. Now we apply ideas similar to the proof of
Theorem 6. Looking at the F' functional on S, we have:

iF(gt) = —/~ 2H,(Y,1)do —/~ 2H}(Y, i)do
dt 3 3

+/~(ALY, Hiy) + (Y, Bes, e5))(B(es, €5), Hyg)do
St

(11) + | HiR(e;,Y)e;, iy)do
St

= [ f[t(X,ﬂt)(Ric(ﬁt)—2)da+/~ Hy(X, )| B|do
St St

— /~ (V(X, %), VH)do
St
where AL and V are operators on §t and f[t is the mean curvature of gt.
Let @ be the positive function defined on S; by @ (®a, (p)) = uo(p). By
construction there is ¢ € R such that I;Tt = ¢uy. Moreover since we are in
the second case, ¢ > 0 and H, > 0. This also implies I:Q(X, 7)) > 0 and
(V(X,5), VH,) = c(V(X,5), Viig). At t =0, (V(X,5), Vi) = ||Vug|? >
0. So if ug is not constant fgt (V(X, ), VHy)do > 0 for small ¢ and, if ug is
constant, H; = &y is constant and fgt(V(Y, ), Vﬁt)da vanishes. In both
cases, the last term in (11) is non positive and

%F(@) < CF(8)
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for some constant C' as in Theorem 6 proof. This implies that F(S;) = 0
for any t. So we are in the equality case: Ric(7y) = 2 since ¢ > 0. So
Ric(ip) = 2 and the Jacobi operator on S is A + 2 which contradict that 0
is its first eigenvalue.

APPENDIX A. A SCHAUDER ESTIMATE

In this appendix, we prove Proposition 1. To lighten notations, we denote
Er = Ejgq and Pr = R" x [0,T]. First, we give some complementary
notations for Holder norms. For a map u: D C R” x R — R*_ we define

[U]2,0,0 = [U]2,0,D,2 + [U]2,0,D,t
[U]1,0,D,2 = [0xU]0,0,D,2
[u1,0,0,0 = [U](14a)/2,D + [OrU]a/2,D1
[u]1,0,0 = [U]1,0,D,0 + [U]1,0,P¢

ull1,0,0 = [[ullo,p + [[9zullo,p + [U]1,0,D

Associated to these norms, we have the Cb® Holder space. We also define
the space C’é’a(PT) as maps u € Cb%(Pr) satisfying afu‘tzo =0for0<i<
l/2.

We have some classical interpolation inequalities.

Lemma 7. Let I,m € {0,1,2}, o, 8 € [0,1] such that |l + a > m + 8 and
let T'> 0. Then for any € > 0 there is a constant C such that, for any
w: Pp — RF

[tllm,p.pr < Cllullr2(pp) + lulia,pr

Proof. Let us explain the proof when [ = m = 0 and § = 0 < a. Let
us notice that its sufficient to look only at one component u® of u. Let
X € Pr and consider > 0. For ¢ small, we can consider a box B which is
a translate of [0, 6]" x [0, %] such that B C Pr and X € B (§ can be chosen
independently of X). Then there is X € B such that [, u® = 6" 2u*(X).
So

|u (X)] < [u® (X)) + [u(X) = u(X)]

1

< o [ 1001+ 20l

< i Il + 20 [0 o.a,s

1

< gn/2+1 [l L2(ppy + 20%[u]0,0,P7

So choosing § small enough we have the result.
Once this first estimate is established, the other ones can be obtained by
similar arguments (for example, see Section 6.8 in [10]). O



32 LAURENT MAZET

The second result that we shall need is a Schauder type estimate for
solution of

(12) Ou— Lu=f

over R™ x [0,7] where £ is an operator as in (2) with constant coefficients
and only second order terms.

Lemma 8. Let £ be an operator as in (2) with constant coefficients and
only second order terms. Then there is a constant C such that the following
statement is true. If u € CS’Q(PT) is a solution of (12) with f € C’g’a(PT)
such that us has compact support for any t then

(13) [u)2.0,Pr < C[flo,a,Pr

This result is established in Section 15 of [24] (see Theorem 4.1 and Equa-
tion (4.43))

We now want a similar result when L depends on the variable z and have
terms of any order.

Lemma 9. Let L be an operator as in (2) with C% coefficients independent
of t. Then there is a constant C' such that the following statement is true.
If u € Cg’o‘(PT) is a solution of (12) with f € Cg’a(PT) such that us has
compact support for any t then

[ulz,0,pr < C[| fllo.a,pr + [[ullz2py)
[ullz.0.pr < C([flloa.pr + l[ullz2(pry)

Proof. Let p be a point in R™, we are going to prove the estimate near p. Let
0 > 0 and consider ¢s be a non-negative C'° function on R™ with support
on the ball B centered at p and radius 24, equal to 1 on the ball B’ of radius
d and such that [ps]; g < %. We are going to estimate @gu.

Let L, denote the operator L(p) and L, the part of L, with only second
order terms. Since Oyu — Lu = f we have

O (psu)—=Lyp(psu) = sf+ps Lu—L(psu)+L(psu)—Lp(psu)+Ly(psu)—Ly(psu)
So the estimate (13) gives

[psul2,0,Br <C([@sflo,a,Br + [wsLu — L(wsu)]o,a,Br
+ [L(psu) — Lp(‘Pﬁu)]O,oz,BT + [Lp(SDzSU) - ﬁp(‘Péu)]O,a,BT)

where Br denotes B x [0, 7.

In the right hand side of the above estimate, the first term can be esti-
mated by [©s5flo.a,Br < Cs|fllo.a,B, (in the sequel Cs will denote a constant
that depends on §). In psLu — L(psu), the terms where the second deriva-
tives of u appears cancel, so [psLu— L(psu)]o o,y < Csllu||1,0,8,- Similarly
for the last term, [Ly(@su) — Lp(wsw)]o.a,Br < Csllu|l1,a,8,- For the third
term, if A bounds the C%® norm of the coefficients of L, we have

[L(psu) — Ly(psu)lo,a,Br < A6 [psul.a,Br + 2A]@sull2,8,
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So fixing ¢ such that CAd* < 1 we obtain
[psul2,0,8r < Cs([| fllo,a,Br + lull.a,Br + [l@sulle,Br)
Since ¢ = 1 on B’ we obtain
[W2,0,8;, < Cs([| fllo,a,pr + [lu

Since we can consider any point p in R™, we have

Lo Py + [[ull2,pr)

[u]2,0,pr < Cs(|| fllo,a,Pr + lull1,a,pr + [[wll2,pr)

By interpolation inequalities, we have ||u||1,a, P +[[ull2 Py < Ccllullp2(ppy+
elul2,a,pp- So choosing e such that Cse < 1, we obtain

[ul2.0,pr < Cs(|[fllo,0.Pr + lullL2(py))
Using interpolation inequality again we finally have

2,0,Pr < Cs(|| f

[|u 0.0,Pr + [ullL2(ppy)

We can now give the proof of Proposition 1.

Proof of Proposition 1. Let U and F' be as in the proposition. If T < 1
the result is given by Theorem 3, so let us assume that 7" > 1 and let
n : Ry — R4 such that » = 1 in a neighborhood of 0 and n = 0 on
[1/2,400). So we can write U = n(t)U + (1 — n(t))U. By Theorem 3, we
have [[n(0)Ull2,0,5r < ClUll2.0,m0 < CUIFl0,0,5 + [Uol2.0.2 + Ul 12(E7))-
The section W = (1 —n)U € C’g’o‘(ET) is then a solution of

oW — LW = (1 —n)F —n'U

Let (¢i)1<i<m be a partition of the unity such that the ¢; has support in
local charts 0 of E. Then each W; = ¢;W is a solution of 0;W; — LW; = G;.
In the chart, W; can be written as a section w; over R"” with compact support
which is a solution of dyw; — Lw; = g;. So, by Lemma 9

will2,a,pr < Clgillo,0.pr + llwill L2(py))
This gives
IWill2,a,00 < C(llgs

where Q'7 denotes the bundle over Q% x [0,7]. Summing these estimates
and using that a finite number of W; is sufficient we obtain

W liz01,80 < C1F 00,0 + 1Ullo,01 + [1U]L2(57))
< C(IFllo.0.2r + Uol2.0.8 + 1Tl L2(E))

lo.0,0i7 + lwill L2(ir))

where we have used ' = 0 outside [0, 1] and Solonnikov’s estimate on Fj.
So adding both estimates for nU and (1 — n)U gives the desired result. O
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