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ABSTRACT. We construct a Cartan-Hadamard manifold with pinched negative
curvature whose group of isometries possesses divergent discrete free subgroups
with parabolic elements that do not satisfy the so-called “parabolic gap condi-
tion” introduced in [4]. This construction relies on the comparaison between
the Poincaré series of these free groups and the potential of some transfer
operator which appears naturally in this context.

1. Introduction. Throughout this paper, X will denote a complete and simply
connected Riemannian manifold of dimension N > 2 whose sectional curvature K
is bounded between two negative constants —B? < K < —A? < 0. We denote by
d the distance on X induced by the Riemannian metric and by 0X the boundary
at infinity; the isometries of X act as conformal transformations on X when it is
endowed by the so-called Gromov-Bourdon metric.

We denote by Iso(X) the group of orientation preserving isometries of X. There
are three types of elements in Iso(X): the elliptic ones which fix a unique point in
X, the parabolic ones which fix a unique point in 9X and the hyperbolic ones which
fix two points in 0X. A subgroup of Iso(X) is said torsion free when it contains
no elements of finite order; it is said non elementary when the set of accumulation
points of its orbits is reduced to one or two points (1.

A Kleinian group of X is a non elementary torsion free and discrete subgroup
I" of orientation preserving isometries of X; this group I' acts freely and properly
discontinuously on X and the quotient manifold M := X/T has a fundamental group
which can be identified with I'. One says that I' is a lattice when the Riemannian
volume of X/T' is finite.

Our main result concerns a restrictive class of Kleinian groups, the so-called
Schottky groups. Indeed, we will consider two isometries p and ¢ such that there exist
non-empty disjoint closed sets U, and U, in 0X satisfying the following conditions:

for all k € Z* p ((X UaX) \u,,) cUu, and ¢ ((X UaXx) \uq) cu,.
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Lin particular, the cyclic group generated by a parabolic or an hyperbolic isometry is elemen-
tary; note that, even in constant curvature —1, there may exist non abelian - and in particular
non cyclic - elementary groups! (see for instance [11] in constant curvature —1, see also Section
2.1)
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The group generated by p and g is a Schottky group ; it is discrete and free, its action
on X UJX may be thus encode which allows to use the thermodynamic formalism.

The elements of a Kleinian group I" act as homeomorphism on the boundary 0.X,
and, more precisely, on the subset of 0X containing all the accumulation points of
some (any) orbit I' - x of x € X, the so-called limit set Ap of T (?),

The set Ar carries almost all the information about the geodesic flow (¢;); on the
unit tangent bundle T (X/T") of X/T" since the elements of the non-wandering set
Qr of (¢¢): are the projection on T (X/TI') of the unit tangent vectors of X whose
points at infinity in both directions belong to Ar.

The convex-hull C'(Ar) of Ar is the trace on X of the smallest convex subset of
X UOX containing Ar; it is a [-invariant closed subset of X and the projection of Qp
onto the manifold X/T" is in fact equal to C(Ar)/T". The group I' is said to be convex
co-compact when it acts co-compactly on C(Ar) and more generally geometrically
finite when it acts like a lattice on some (any) e-neighbourhood C®(Ar) of C(Ar)
(in other words when vol(C®(Ar)/T') < 400 for some (any) ¢ > 0). For instance, if
I" is a Schottky group generated by two hyperbolic isometries p and g, it is convex
co-compact and its limit set has a fractal structure; this is false when p is parabolic,
but in this case I' remains geometrically finite.

It is shown in [9] that the existence and uniqueness of a measure of maximal
entropy for the geodesic flow restricted to Qr is equivalent to the finiteness of
a natural invariant Radon measure on T%(X/T) with support Qr, the so-called
Patterson-Sullivan measure mp. In this paper, we construct examples of isometry
groups I for which the restriction of the geodesic flow (¢;); to the set Qr exhibits
particular properties with respect to ergodic theory. In particular, for those groups,
the Patterson-Sullivan measure may be infinite and the associated dynamical system
(¢, Qr) will thus have no measure of maximal entropy.

We now recall briefly the construction of the Patterson-Sullivan measure associ-
ated with a Kleinian group I'. The critical exponent of I" is the exponential growth
of its orbital function defined by

op := limsup 1 logcard{y € T'/d(x,~v - x) < r}.
r—oo T

It does not depend on x € X and coincides with the exponent of convergence of the

Poincaré series of I' defined by Pr(s,x) := Zvel“ e~ 54(27°0): thig series converges

if s > 0r and diverges when s < dp. The group I' is divergent when the Poincaré

series diverges at the critical exponent; otherwise I' is convergent.

A construction due to Patterson in constant curvature provides a family of dp-
conformal measures 0 = (0x)xex supported on the limit set Ap. D. Sullivan showed
also how to assign to o an invariant measure mr for the geodesic flow (¢¢); restricted
to Qr. This construction has been extended by several people to the situation of a
variable curvature space X and an arbitrary Kleinian group I' acting on it [8], [16].

It is important to recall that the divergence/convergence of I' has quite opposite
effects on the dynamic of the group and the geodesic flow (¢); relatively to o ® o
and mr respectively. For instance, the three following statements are equivalent:
(i) T is divergent, (ii) the diagonal action of T' on (0X x 90X \ diagonal,oc ® o)
is completely conservative and ergodic, (iii) the geodesic flow on (T (X/T'), mr) is
completely conservative and ergodic (see [12] for a complete statement). By the
Poincaré recurrence theorem, the finiteness of mr implies the conservativity of (¢);

2 Ar is also the least non empty I-invariant closed subset of X
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relatively to mp and consequently the divergence of I'. There are thus two families
of divergent groups: the groups I' whose Patterson-Sullivan measure mp is finite
(in which case mp is the unique measure of maximal entropy) and the groups I'
whose corresponding geodesic flow has no measure of maximal entropy but remains
conservative and ergodic with respect to the (infinite) measure mr.

It is well known since D. Sullivan’s work [14] that co-compact, convex co-compact
and more generally geometrically finite groups I' of isometries of the N-dimensional
hyperbolic space HY are divergent and that their Patterson-Sullivan measure mr
is finite; this holds also for geometrically finite groups of isometries of rank one
symmetric spaces [3].

For other explicit Kleinian groups, it is always subtle to decide whether there
are convergent or divergent, even in the case of rank one symmetric spaces. For
instance, as far as we know, the only ones explicit examples of convergent Kleinian
groups are the normal subgroups I' of co-compact groups I'g for which the quotient
[o/T =~ Z* with k > 3: indeed, Ty is divergent when k = 1,2 and convergent when
k > 3. The topological structure of the manifold X/Ty is thus very influent for
this question and the dichotomy divergence/convergence is related to the property
of recurrence/transience of k-dimensional random Markov walks on the Euclidean
space.

The situation is different in the general variable curvature case, even for geo-
metrically finite groups - whose corresponding quotient manifolds have a quite sim-
ple topological structure though - because of the presence of parabolic subgroups.
Indeed, the choice of the metric inside the horoballs fixed by these parabolic sub-
groups is much more flexible, and some curious phenomena may appear (see [5] for
instance). There exist criteria which ensure that a geometrically finite group T is
divergent. For instance, one may assume that its Poincaré exponent dr is strictly
greater than the one of each of its parabolic subgroups [4, Théoréme Al; this is the
so-called parabolic gap condition (PGC), which is satisfied in particular when the
parabolic subgroups of I'" are themselves divergent. Furthermore, the Patterson-
Sullivan measure mr of a divergent geometrically finite group I is finite if and only
if, for any parabolic subgroup P of I, one has

Z d(o,p-0)e 0PdOPo) < 4o (1)
peP

where 0p denotes the critical exponent of P [4, Théoreme BJ; this holds of course
in particular when the condition PGC is fullfilled.

In [4], one can find a construction of a Hadamard manifold (X, g) whose group of
isometries admits non elementary geometrically finite groups I' of convergent type;
in this case, the condition PGC is not satisfied and the parabolic subgroups of I" are
convergent. Indeed, I is a Schottky group generated by an hyperbolic isometry and
a parabolic one; in the dimension 2 case, the quotient manifold may for instance be
a pair of pant with a cuspidal end and the curvature varies only inside the cusp. The
fact that I' may be convergent or divergent - with the importance consequences on
the stochastic behavior of the corresponding geodesic flow that we describe above -
is thus not only a consequence of the topology of the quotient manifold but depends
also on the choice of the metric in a very subtle way.

In summary, for geometrically finite groups I', we have the two following classes
of examples

1. T is convergent, or
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2. T" is divergent, but satisfies the condition PGC - this is for instance the case
in constant negative curvature -

and, as far as we know, there are no known examples of geometrically groups I'
of divergent type which do not satisfy the critical gap property. We fill this gap,
stating the

Main Theorem. There exist Hadamard manifolds with pinched negative curvature
whose group of isometries contains geometrically finite Schottky groups ' of diver-
gent type which do not satisfy the parabolic gap condition PGC. Furthermore, the
Patterson-Sullivan measure mp may be finite or infinite.

which immediately leads to the

Corollary 1.1. There exist negatively curved geometrically finite manifolds whose
corresponding geodesic flow (¢1): does not admit a (finite) measure of mazimal
entropy but is completely conservative and ergodic with respect to the associated
Patterson-Sullivan measure.

The paper is organized as follows: Section §2 deals with the construction of con-
vergent parabolic groups; we recall in particular the results presented in [4]. Section
63 is devoted to the construction of Hadamard manifolds containing convergent par-
abolic elements and whose group of isometries is non elementary. In section §4 we
construct Schottky groups with convergent parabolic factor and we explain how to
choose the metric inside the corresponding cuspidal end to prove the main theorem.

We fix here once and for all some notation about asymptotic behavior of func-
tions:

Notation 1.2. Let f, g be two functions from Rt to RY. We shall write f = g (or
simply f =< g) when Lg(R) < f(R) < cg(R) for some constant ¢ > 1 and R large
enough.

2. On the existence of convergent parabolic groups.

2.1. The real hyperbolic space. We first consider the real hyperbolic space of
dimension N > 2, identified to the upper half-space HY := RN~ x R**. In this

. . . L dz? + dy? ) 5.
model, the Riemannian hyperbolic metric is given by ————— where dz* + dy~ is
Yy
the classical euclidean metric on RN ~! x R**. We denote by i the origin (0,---,0,1)

of HY and by ||.|| the euclidean norm in RY.

Let p be a parabolic isometry of HY fixing oo; its induces on RV =1 an euclidean
isometry which can be decomposed as the product p = R, o1, = T, o R, of
an affine rotation R, and a translation 7, with vector of translation 5,. By an
elementary computation in hyperbolic geometry, one may check that the sequence
(d(i,p™-i) — 2Inn||5p||)n>1 converges to 0. The Poincaré exponent of the group (p)
is thus equal to % and (p) is divergent.

More generally, for any parabolic subgroup P of the group of isometries of HY,
the sequence (d(i,p - i) — 2In||5,]||), converges to 0 as p — oo in P. By one of
Bieberbach’s theorems, the group P contains a finite index abelian subgroup Q
which acts by translations on a subspace R¥ of RV=1: in other words, there exist k
linearly independant vectors §1,--- , S; and a finite set F' C P such that any p € P
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may be decomposed as p = pgll . 'opg:f with ny, -+ ,ng € Z and f € F so that
so(p)
— - d(.a '.) — ¢
Pp(s) =14 3 07D =14 3 (o
peEP* peEP* p
eso(ﬁ)

SEES VDS

fEF  n=(ny,- ,n)e(Zr)*

ny81 + - -+ ng8il|? ’
(2)

The Poincaré exponent of P is thus equal to % and the group is divergent.

All these calculations may be done in the following (less classical) model: using
the natural diffeomorphism between HY and RY defined by (z,y) — (x,t) =
(z,Iny) one may endow RY with the hyperbolic metric gy, := e~ *'dz?* + dt*.

In this model, we fix the origin o = (0, -- - ,0) and the vertical lines {(z,t)/t € R}
are clearly geodesics. For any t € R, we denote by H; the hyperplane {(z,t) : x €
RY~1}: this corresponds to the horosphere centered at +oco and passing through
(0,---,0,t). For any x,y € RNV~ the distance between x; := (z,t) and y; := (y,t)
for the metric e=*'dz? induced by gpy, on H; is equal to e~z — y||; furthermore,
if ¢ is choosen in such a way that this distance is equal to 1 (namely ¢ = In ||z — y||),
then the union of the 3 segments [xg,Xy], [x:,y:] and [y:,yo] lies at a bounded
distance of the hyperbolic geodesic joigning x¢ and yo which readily implies that
d(x0,y0) — 2In ||z — y|| is bounded.

This crucial fact is the key to understand geometrically the estimations above; it
first appeared in [4] and allowed the authors to construct negatively curved mani-
folds with convergent parabolic subgroups, we recall in the following subsection this
construction.

2.2. The metrics T, , on RY. We consider on R¥~! x R a Riemannian metric
of the form g = T?(t)dxz? + dt?, where dx? is a fixed euclidean metric on RN =1 and
T : R — R*" is a C* non-increasing function. The group of isometries of g contains
the isometries of R¥~1 x R fixing the last coordinate. The sectional curvature at

T"(t
(z,t) = (x1,...,xNn—1,t) does not depend on z : it is K(t) = — T(Ef)) on any plane
o 0 o 0
—)1<i<N-1 —K? 1 =1 <i<j<N-1
(when N > 2).

It is convenient to consider the non-decreasing function v : R** — R satisfying
the following implicit equation
1
T(u(s)) =
Then, the value of the curvature of g is:
T (u(s)) 2u/(s) + su”(s)
K (u(s)) = ~ TR @)
T(u(s)) s2(u'(s))
Note that g has negative curvature if and only if T is convex. For instance, we
have seen in the previous subsection that for u(s) = log s one gets T(t) = e~t and
obtains a model of the hyperbolic space of constant curvature —1.
As it was seen in [4], the function w is of interest since it gives precise estimates (up

to a bounded term) of the distance between points lying on the same horosphere
Hi = {(x,t) : € RV} where t € R is fixed. Namely, the distance between

(3)
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x; = (z,t) and y; := (y,t) for the metric T2%(t)dz? induced by g on H; is equal
to T(t)||z — yl|; for t = u(||lx — y||), this distance is thus equal to 1, and the union
of the 3 segments [xg, x|, [x¢,y:] and [y, yo] lies at a bounded distance of the
hyperbolic geodesic joigning x¢ and yq (see [4], lemme 4): this readily implies that
d(x0,¥0) — 2u(||x — yl|) is bounded.

In the sequel, we will assume that the function u coincides with the function
s+ Inson )0, 1]; in otherwords, the restriction to the set ]0, 1] of the corresponding
function T, (t) satisfying (3) is equal to t — e~*. More generally, we will “enlarge
" the region where T),(t) and e~* coincides to the domain RN ~!x] — oo, a] with a
arbitrary, introducing the following

Notation 2.1. Let a € R and u : R*t — R be a C? non decreasing function such
that

o u(s)=1Ins for any s €]0,1]

o K(u(s)) € [-B% —A?] CR*™ for any s > 0.
We endow RN~ x R with the metric T2, (t)dz? + dt*, where T, is given by

et if t<a
vVt e R Ta,u<t) = {u—le(ta_a) if t>a (5)

Note that this metric has constant curvature —1 on the domain RY~1x] — 00, aj.

2.3. On the existence of metrics with convergent parabolic groups. In this
paragraph, we fix a € R and endow R ! xR with the metric T , (t)dz*+dt* where
u(s) =Ilns+ alnlns for s large enough and some constant a > 0; in this case, the
curvature varies, nevertheless one has sll)rgo K(u(s)) = —1 and all derivatives of

K (u(s)) tend to 0 as s — 400 . We will first need the following

Lemma 2.2. Fiz k €]0,1[. For any o > 0, there exists a constant s, > 1 and a
non decreasing C? function uq : R*T — R such that

o uy(s)=lnsif0<s<1

e uy(s)=Ilns+alnlnsif s > s,.

2ul,(s) + sull(s) 9
K(uq =0 % L

N B
Proof. We first fix a C? non decreasing function ¢ : R — [0, ], which vanishes
on R~ and is equal to o on [1,+o0[. For any ¢ > 0, we consider the function
Ve : [, +00[— R defined by

Vs>1 wve(s):=Ins+ ¢c(s)lnlns
where ¢.(s) := ¢(elnlns). A straightforward computation gives, for any s > e
2v(s) +svl(s) _ Ne(s)
s2(vL(s))? De(s)

with
e N.(s):=1+ ¢1;(z) — (Trgl(,:)L + 2(;5’5(5)(8 Inlns + ﬁ) + ¢”(s)s* Inln s,
e D.(s):= (1 + Qi;(z) + Qﬁg(s)slnlns)g,
Z—eg(1+1
o 0L08) = Spemels) and 0(s) = =S ),
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Consequently, one obtains, as € — 0 and uniformly on [e, +o00[

¢’E(s)<slnlns+ i) = €(lnlﬁ + ;)qﬁg(s) -0

In s Ins (Ins)?
and
Inl
¢! (s)s*Inlns = % <52 —e(1+n 5)) ¢e(s) = 0,
2 / 1
so that W — 1. One may thus choose €y > 0 such that
Vs> e _ 2v,(s) + s (s) 2
- s2(vL,(s))?

and one sets
{ Ins if O0<s<e

Veo(s) if s>e, (6)

U (8) :=

with s, := exp(exp(1/eg)). O

We thus fix a, @ > 0 and endow RY = RN~! xR with the metric T7,, (t)dz?+dt>
where u, is given by Lemma 2.2. This metric has pinched negative curvature less
than —k? and constant negative curvature in the domain {(x,t) : t < a}.

Now, let P be a discrete group of isometries of RV =1 of rank k € {1,--- , N —1},
i.e generated by k linearly independent translations pz,,--- ,pz in RVN~1. In order
to simplify the notations, 7 = (ny,---,n;) € Z* will represent the translation of
vector 171 + - -+ + nET, and |n| will denote its euclidean norm. These translations
are also isometries of RY endowed with the metric T, ., (t)?dz? + dt? given above
and the corresponding Poincaré series of P is given by

Pp(s) =1+ Z e—sdoro) — 1 4 Z e~ 25Ua,a(|7])—sO(n)
pEP* ne(Zk)*
e—s0(@) (7)
== 1 + —28(1.
ne(zk)* |n|?s (111 |ﬁ|)

We have thus proved the

Proposition 2.3. Let RN be endowed with the metric Ty, (t)dz* 4 dt* where uq
is given by Lemma 2.2. If P is a discrete group of isometries of RN~ of rank k, its
critical Poincaré exponent is equal to k/2; furthermore, the group P is convergent
if and only if a > 1.

Remark 2.4. One may also choose u is such a way that u=*(t) = et/2= Vi, Ifr=1,
the critical exponent of the associated Poincaré series is equal to % and the group P
is also convergent; this last example appears in [13], where some explicit results are
given, in terms of the Poincaré series of the parabolic groups, which guarantee the
equidistribution of the horocycles on geometrically finite negatively curved surfaces.

3. Weakly homogeneous Hadamard manifolds of type (a,u,). In the pre-
vious section, we have endowed RY with a metric T, ,(t)?dx? + dt?; unfortunately,
in this construction, except for some particular choice of u, all the isometries fix
the same point at infinity and the group Is(RY) is thus elementary. We need now
to construct an Hadamard manifold with a metric of this inhomogeneous type in
the neighbourhood of some points at infinity but whose group of isometries is non
elementary.
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3.1. Metric of type (a,u) relative to some group I' and some horoball #.
Consider first a non uniform lattice I' of isometries of H. The manifold M :=
HY /T has finite volume but is not compact; it thus possesses finitely many cusp
Ci,---,Cy, each cusp C; being isometric to the quotient of some horoball H; of
HY (centered at a point &) by a Bieberbach group P; with rank N — 1. Each
group P; also acts by isometries on RV~ x R endowed with one of the metrics
T,..(t)%dz? + dt? given by Notation 2.1.

Now, we endow RV~ x R with one of these metrics T, , (t)2dz? + dt* and choose
a in such a way we may paste the quotient (RV=1 x [0, +oo[)/P; with M \ C;.
The Riemannian manifold M remains negatively curved with finite volume. By
construction, the group I' acts isometrically on the universal covering X ~ RN of
M endowed with the lifted metric gq,; note that g, . coincides with the metric
T2, (t)da? + dt? on the preimage by T' of the cuspidal end Cy (%),

All this discussion gives sense to the following definition:

Definition 3.1. Fiza,a > 0, let u, be the function given by Lemma 2.2 and (X, g)
a negatively curved Hadamard manifold whose group of isometries contains a non
uniform lattice I'.

Assume that X/T' has one cusp C, let P be a mazimal parabolic subgroup of T’
corresponding to this cusp, with fized point & and let H be an horoball centered at &
such that the v - H,y € T', are disjoints or coincide.

One endows the manifold X with the metric gq., defined by

1. gau has constant curvature —1 outside the set Uvel“'y -H
2. gau coincides with the metric T, ., (t)*dz?+dt* inside each horoball yv-H,v € T.

One says that the Riemannian manifold (X, g,,) has type (a,u) relative
to the group I" and the horoball H. More generally, one says that (X, g) has
type u when, for some a € R, some lattice I' and some horoball H, it has type
(a,u) relative to T and H.

Remark 3.2. If the metric g has type (a,u) relative to I' and H, the curvature
remains equal to —1 in the stripe RN=! x [0,a] C H. In the limit case “a = +00”,
one recovers the hyperbolic metric of constant curvature —1.

By construction, the elements of I' are isometries of (X, gq.). It is a classical
fact that the group of isometries of HY is quite large since in particular it acts
transitively on the hyperbolic space (and even on its unit tangent bundle). This
property remains valid when X is symmetric, otherwise its isometry group is discrete
([6], Corollary 9.2.2); consequently, if g has type (a,u,) with o > 0, the group of
isometries of (X, g) does not inherit this property of transitivity, it is is discrete and
has I" as finite index subgroup ([6], Corollary 1.9.34).

We set from now on the following

Notation 3.3. The Hadamard manifold X has a fized origin o and its group of
isometries is supposed to contain a non uniform lattice I'; we fix a mazimal parabolic
subgroup P of T with fixed point & € 0X and an horoball H centered at £ such that
the horoballs v - H,v € I', are disjoints or coincide.

3By the choice of C1, the horoballs v-H1,~ € T, are disjoint or coincide, they are also isometric
to R¥—1 x RT endowed with the hyperbolic metric e~ 2*dx? + dt2; another way to endow RY with
the new metric gq,u is to replace inside each horoball v - H1 the hyperbolic metric with the
restriction of T2, (t)dz? + di? to the half space RN =1 x R
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We fix a > 0 and we assume that, for any a > 0, the manifold X may
be endowed with a metric g, := g4, of type (a,u,) relative to I' and #,
where uy 18 given by Lemma 2.2.

We denote by d, the corresponding distance on X.

Note that, by construction, the sectional curvature of g, is pinched between two
non positive constants and is less than —x? for somme constant x > 0 which does
not depend on a. Furthermore, using the fact that u,, is non negative and uniformly
continuous on [1, +00[, one obtains the

Property 3.4. For any a,a’ and o > 0, there exists a constant K = Ky 4 o > 1
with Kg 0.0 = 1 as @’ — a such that

1
? Ga S 9o’ S Kgav
so that

1
— d, <dy < Kd,.
7 da < dor < Kda

Remark 3.5. Note that if a’ > a, one has in fact g, > gor and so d, > dgr. It will
be used in the last section.

3.2. On the metric structure of the boundary at infinity. In this paragrah
we describe the metric structure of the boundary at infinity of X; we need first to
consider the Busemann function B.(a)(-, -) defined by:

for any x € 0X and any p,q in X

(a) -1 _
B:"(p,q) —){;rg(da(p,X) da(q,X))-
The Gromov product on 90X, based at the origin o, between the points x and y in
0X is defined by
(a) ._ B;a) (0,2) + B?(Ja) (0,2)
o 2

where z is any point on the geodesic (z,%) (note that the value of (x|y)(*) does not
depend on z). By [2], the function

D,:0X x0X — R

(z[y)

Da(x,y) == {eXp(—méxm@) j: iiz (8)

is a distance on 0.X; furthermore, the cocycle property satisfied by the Busemann
functions readily implies that for any z,y € 0X and y € I’

K _ R (a _
Da('y T, y) = exp(—gBi,a)(o,’y 1'0)) exp(_§Bg(; )(077 1'0))Da(m7y)' (9)

(z,y) —

In other words, v acts on (0X, D,) as a conformal transformation with coefficient
of conformality

7 ()]0 = exp(—rB) (0,7~ 1.0)

at the point z, since equality (9) may be rewritten

Do(y-z,7-y) = V1V (@)|alV (W)|aDalz,y). (10)
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We will need to control the regularity with respect to a of the Busemann function
z 5 B (0, z). By Property 3.4, the spaces (X,dp) and (X,d,) are quasi-isometric
and, for any ag > 0, there exist a constant Ky > 1 such that

1
Ya € [0,&0] Edo <d, < Kydy. (11)

Note that, by [7], one also gets

K. (y‘z)a < (y|z)a’ < Ka,a’,a(y|z)a' (12)

The corresponding distances D, on 0X are thus Hoélder equivalent; more pre-
cisely, we have the

Property 3.6. For any ag > 0, there exists a real wy €]0,1] such that, for all
a € [0,aop], one gets
DY*0 < D, < D%,

The regularity of the Busemann function = B;a)(o, p) where p is a fixed point
in X is given by the following Fact, which refines a result due to M. Bourdon.

Fact 3.7. [1] Let E C 90X and F C X two sets whose closure E and F in XUOX are
disjoint. Then the family of functions x +— Bg(ga)(o, p), with p € F, is equi-Lipschitz
continuous on E with respect to D,.

In particular, for ag > 0 fized, there exist w €]0,1[ and C > 0 such that, for all
a € [0, ap], one gets

vay € Evvp eEF B;a)(ovp) - B;ga)(oa p) < DO(x7y)w' (13)

4. Divergent Schottky groups without PGC.

4.1. On the existence of convergent Schottky groups when o > 1. The fact
that « > 1 ensures that any subgroup of P is convergent. In [4], it is proved that
I" possesses also non elementary subgroups of convergent type; we first recall this
construction and clarify the statement.

Proposition 4.1. There exist Schottky subgroups G of I' and ag > 0 such that
e G has Poincaré exponent 1 and is convergent on (X, go)
e G has Poincaré exponent > % and is divergent on (X, ga) for a > ag.

Note that the group G necessarily contains a parabolic element, otherwise it
would be convex co-compact and thus of divergent type, whatever metric g, endows
X.

Proof. We first work in constant negative curvature —1 and fix a parabolic isometry
p € P. Since I is non elementary, there exists an hyperbolic isometry ¢ € T' whose
fixed points are distinct from the one of p. If necessary, one may shrink the horoball
H in such a way that the projection of the axis of ¢ on the manifold M = HY /T
remains outside the cuspidal end C' ~ H/P; in others words, one may fix o on the
axis of ¢ and assume that for any n € Z* the geodesic segments [0, ¢" - o] lie outside
the set U ~ - H (and consequently in the region of constant curvature relative to

yel’

the metric g,).

By the dynamic of the elements of HY there exist two compact sets U, and Uy
in X UJX as follows:
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1. U, is a neigbourhood of the fixed point &, of p;

U, is a neigbourhood of the fixed points f; and £ of ¢;

3. there exists > 0 such that for any x € U, and y € U, the angle X 0y is
greater than 6;

4. for all k € Z* one has

o ((X Uax) \up) cU, and ¢ ((X UaX) \uq) c U,

o

By the Klein’s ping-pong lemma, the group (p,q) generated by p and ¢ is free.
Therefore each element v € (p, q), v # Id, may be decomposed in a unique way as
a product o’ a5 ... ap* with oy € {p,q},n; € Z* and o; # a;41; the integer k is
the length of v and «y, is its last letter.

Let us now endow X with the metric go = go,,,. If x € U, and y € U,, the path
which is the disjoint union of the geodesic ray (x, o] and [0,y) is a quasi-geodesic in
(X, go); therefore there exists a constant C' > 0 which only depends on the sets U,
and U, and on the bounds on the curvature - that is, on the choice of the function

Uq - such that do(x,y) > do(x,0) + dp(0,y) — C The Poincaré series of this group

equals

1>1 m;,n; EL*
It follows that
Pl (s) <14 (0 X ohon™o) 3 sbior™ ).
>1 meZL* nez*
Recall that dg(0,p™ - 0) = 2Inm + 2alnln |m| + a bounded term; since a > 1, the

series ) . e~sdo(@:P™0) converges at its critical exponent dpy = %
We may now replace ¢ by a sufficient large power ¢* in order to get

mezZ* nez*

For such a k, it comes out that the critical exponent of the group G generated by
p and h := ¢ is less than % and that Pg(%) < 4o00; since p € G, one also gets
dg 2 Oy = % Finally 6 = % and G is convergent, with respect to the metric dj
on X.

Let us now prove that for a large enough the group G is divergent on (X, d,).

By the triangle inequality one first gets

Y eua(090) 5§ FT msdalop™IA ey R 0)

geG 1>1 n;,m; EZ*

> Z(Z e—sda(o,pm‘o) Z e_Sda(O,h”‘o))l'

I>1 nez* mez*

(14)

Recall first that, when the curvature is constant and equal to —1 (that is to say
”a = +00” in the definition of g,), the quantity dg~ (0, p™ -0) —2log |m| is bounded,
so the parabolic group (p) is divergent with critical exponent % There thus exists
g0 > 0 such that, for € €]0, g¢], one gets

Z e—(%-‘rs)duﬂN (o,p™-0) Z 6_(%+E)dw1\’ (0,h™-0) 1, (15)
mez* nez*

which proves that the critical exponent of G is strictly greater than % for a = 4+o00.
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The same property holds in fact for finite but large enough values of a. Indeed,
there exists m, > 1, with m, — +00 as a — 400, such that the geodesic seg-
ments [0, p™ - o] for —m, < m < m, remain inside the stripe RV~1 x [0,a] C H
corresponding to the cuspidal end of type (a, @) ; since g, has curvature —1 in this
stripe (see Remark 3.2), the quantities d,(0,p™ - 0) — 21n |m| remain also bounded
for these values of m, uniformly in a ([4], lemme 4). Similarly, for any a > 0 the
geodesic segments [0, ™ - o] lie in the region of constant curvature of the metric g,
so that dy (o, h™ - 0) = dg~ (0, h™ - 0). So, by (15), for € €]0,¢¢], one gets

lim inf e~ (zFe)da(op™ 0) Z e~ (3 Fe)da(o,h™ 0) > 1.

a——+0o0
Im|<mg nez*

There thus exists ag > 0 such that, for a > ag one gets Z e~ (3Fe)da(0g0) — 4 o0
geG

This last inequality implies that 6 > 1 when a > ao; by ([4], Proposition 1), the
group G is thus divergent since 6, = %.D

We now want to check that there exists some a €]0, ag[ such that the group G
is divergent with dg = % when X is endowed with the metric g,; to prove this,
we need to compare the Poincaré series Pg(s) with the potential of some Ruelle
operator L, s associated with G that we introduce in the following paragraph.

We fix from now on a Schottky group G = (p,h) satisfying the con-
clusions of Proposition 4.1 and subsets U, and U, in X UO0X satisfying
conditions (1), (2),(3) and (4) above.

4.2. Spectral radius of the Ruelle operator and Poincaré exponent. We
introduce the family (L4 s)(a,s) of Ruelle operators associated with G = (p, h) de-
fined formally by: for any a € [0, ag], s > 0,2 € 90X and any bounded Borel function
¢:0X - R

ﬁa,s(b(x) = Z Z 11¢U,Y6_883(Ea)(V7H'O’O)¢(7n ’ LL') (16)

v€{p,h} neZ*

n

The sequence (p™ - 0), accumulates at &,. So, for any = € U the angle at o
of the triangle x o/p?- o is greater than 0/2 for n large enough and the sequence
(Bg(ca) (p~™-0,0)—d,(0,p™-0)), is bounded uniformly in z € Uy, and a > 0. Similarly,
the sequence (B&“)(h—" -0,0) — dgy(0,h™ - 0)),, is bounded uniformly in z € U, and
a > 0. It readily implies that £, (¢(z) is finite when s > max(6,y,d(p)) = 3 and
that it acts on the space L°°(0X) of bounded Borel functions on 0X.

By a similar argument, for any k > 1, the quantities

(Bz(/“)((pmlh”l e p™ )T 0,0) — dg (0, p™ ™M - pT R - 0))

n

and

(B (g™ - ™)1 - 0,0) = da(o, h™p™ - - B4 p™ - ) )
are bounded uniformly in my,nq, -+ ,mg,n; € Z* and x € Uy, y € Up. One thus
gets

> exp(da(o,p™ A" - pTER™ - 0)) < [L2 1o

My, Nk EL*
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which states that the series P (s) diverges (resp., converges) if and only if Z |£§f"sl|oo
E>1
diverges (resp., converges). Now, the fact that £, is a non negative operator im-

1
plies that the limit . hIJP (|£3ksl|oo> * is equal to the spectral radius poo(Lq.s) of
—+o00 ’
Lg.s on L>°(0X). We have thus established the

Fact 4.2. The Poincaré series Pg(s) diverges (resp., converges) if and only the

potential Z |£Zf€sl|oo diverges (resp., converges). In particular, if §, denotes the
E>1
Poincaré exponent of G for the metric g,, one gets

00 = sup{s >0 poo(Las) > 1} = inf{s >0 poo(Las) < 1}.

Consequently, since G satisfies the conclusions of Proposition 4.1, one gets

o the series Z |E(2)f“1/21\00 converges;
k>1
o for ag large enough, the series Z |£i’;,1/21|00 diverges
k>1
which implies in particular poo(Lo,1/2) <1 and poo(Lg,,1/2) > 1.

We will prove that for some value a, €]0,ao[ one gets poo(Lq, 1/2) = 1; the
uniqueness of a, will be proved in the last section.

We first need to control the regularity of the function a +— poo(Legy,1/2). It will
be quite simple to check that the function a +— Ly ;2 is continuous from R* to the
space of bounded operators on L>°(9X); unfortunately, the function £ +— po (L) is
in general only lower semi-continuous. In the case of the family of Ruelle operators
we consider here, this function will be in fact continuous, because of the very special
form of the spectrum in this situation.

4.3. On the spectrum of the Ruelle operators. Throughout this section, we
will use the following
Notation 4.3. For any a € [0,a0],z € 0X and v € G, we will set

o L,= La,1/2 and poo(a) = poo(‘ca,l/2)~

o by(y,x) = B (y"'o,0)

Furthermore, §, will denote the Poincaré exponent of G with respect to the metric

ga and, for v € {p,h} and n € Z*, the “weight” function w,(~",.) is defined by

we(y™,.) + 0X — RT an
z = laqu, e 0aba(v"2)

With these notations, the Ruelle operator £, introduced in the previous para-
graph may be expressed as follows: for any ¢ € L°°(0X) and any = € 0X,

Lod(x) = > > wa(y"2)o(7" - x). (18)
ve{p,h} n€Z>
The iterates of L, are given by
Li¢(x) = > wa(y,7)d(y ) (19)

v€G(k)
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where G(k) is the set of ¥ = af" ---a}* € G of length k (with o431 # af') and
we(y,x) = 1I¢U°‘k e—%c¢ba(7:%) when ~ has last letter ay; observe that we have the
following “multiplicative cocycle property”:

k
We (v, ) = H we (o a1t - x). (20)
i=1

We will see that the £,,a > 0, act on the space C(9X) of real valued continuous
functions on X and that the map a — L, is continuous. Nevertheless, the function
a — poo(a) is only lower semi-continuous in general and may present discontinuities.
The main idea to avoid this difficulty is to introduce a Banach space on which the
L, act quasi-compactly.

In the sequel, we will consider the restriction of the £, to some subspace of
C(0X) of Holder continuous functions.

Notation 4.4. We denote L, ,(0X) the space of Holder continuous functions on
0X defined by

]La,w(aX) = {¢ € C(aX)/|¢|a,w = |¢|O<> + [(b]a,w < +OO}

where [@law = sSup  sup M denotes the w-Hélder coefficient of ¢ with
ve{p,h} ‘T‘y;Uw Dq(z,y)”
Ty

respect to the distance D, .
When a = 0 we will omit the index Dy and set L, (0X) := Lg ,,(0X).

The spaces (L,,.,(0X),|.|) are C-Banach space, furthermore for any a > 0, the
identity map from (L, ,(0X), |.law) to (C(0X),].|ec) is compact.

We now want to prove that each operator £, acts on L, ,,(0X); in fact, we need
a stronger result, i.e that each L,, for 0 < a < ag, acts on L, (0X). It will be a
direct consequence of the following:

Lemma 4.5. There exists wg €]0,1[ such that for all w €]0,wo], v € {p,h}, a €
[1,a0] and n € Z*, the function wq(y™,.) belongs to L,(0X); furthermore, the
sequence (e‘sGda(oﬁn"’”wa(’Y”,.)|w)n is bounded.

Proof. The cluster points of the sequence (7™ -0),, belong to U,. Since the curvature
is pinched, the quantity b, (7", z)) —d(0,~™ - 0) is bounded uniformly in n € Z*, x €
0X \ U, and a € [0,a0); so is the sequence (e?cda(e7"0)|y, (47, Jlso),,- In order
to control the w-Holder coefficient of w,(y™,.), we use Fact 3.7: the functions
T — Bg(ca)(o,v_" - 0) are equi-Lipschitz continuous on 90X \ U, with respect to
D,, since once again the cluster points of the sequence (7" -0),, belong to U,. More
precisely, the sequence (e5cd“(°”yn‘°)|wa(7",.)|w)n is bounded for any a € [0, ao]
and for w given by inequality (13) .OJ

From now on and for once, we fix wy €]0,1] satisfying the conclusion
of the above Lemma. We know that, for a € [0,aq], the operator £, acts on
L, (0X) whenever w €]0, wo]; let p,,(a) denote the spectral radius of £, on L, (0X).
We have the

Proposition 4.6. For any w €]0,wqo] and a € [1,a0], one gets

* pu(a) = pos(a)
e p,(a) is a simple eigenvalue of the operator L, acting on L, (0X) and the
associated eigenfunction is non negative on 0.X .
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Furthermore, the operator L, is quasi-compact on L,(0X): there exists r < 1
such that the essential spectral radius of Lq on Ly, (0X) is less than rp,(a).

In particular the eigenvalue p,(a) is isolated in the spectrum of L,, it is simple
and the corresponding eigenfunction is non-negative.

Proof. Fix x,y € 0X NUp; one gets
1Lhp(z) — LES()I < D walv,2)|0(v - 2) — B(v- )]

v€G(k) (21)

+ Z |wa(77m)_wa(7ay)| X |¢|oo

v€G(k)

Note that in these sums, it is sufficient to consider the v € G(k) with last letter

ay # p. For such v the quantity b,(v, ) is greater than d,(0,v - 0) — C for some

constant C' which depends only on the angle 6y and the bounds on the curvature;

in particular b, (y,x) > 1 for all but finitely many v € G with last letter # p. It
b

readily follows that lim inf M > 0, uniformly in z € U,. In other words, there

YEG (k)
k— 400

exists 0 < r <1 and C > 0 such that
Y (2)la < Cr*

for any k > 1,z € U, and v € G(k) with last letter # p. The same argument works
when z,y € 0X NU,.
We thus obtain the inequality

[Lhlw < raldle + Rildlos
with 7, = CK2r*|CF| and Ry = > vecn Wa(V, o
1/k .

Note that £, is a non-negative operator, so that the quantity lim sup,, |£F1[5" is
equal to the spectral radius poo(a) of £, on C(A). Using a version due to H. Hennion
of the Ionescu-Tulcea-Marinescu’s theorem concerning quasi-compact operators, one
may conclude that the essential spectral radius of £, on L, (0X) is less than rpe (a);
in other words, the spectral values of £, with modulus > rps(a) are isolated
eigenvalues with finite multiplicity in the spectrum of £,. This implies in particular
that p,(a) = peo(a). The inequality p,(a) > poo(a) is obvious since the function 1
belongs to L, (0X). Furthermore, the strict inequality would imply the existence
of a function ¢ € L, such that £,¢ = \¢ for some A € C of modulus > p(a); this
would give |A||¢] < Lq]¢] so that |A| < poo(a), which is a contradiction.

It remains to control the value p,(a) in the spectrum of £,. The operator
L, being non negative and compact on L, (0X), its spectral radius p,(a) is an
eigenvalue with associated eigenfunction ¢, > 0.

Assume that ¢, vanishes at zp € 0X and let g € {p, h} such that zq € Uy; the
equality Lq¢q(x0) = puw(a)pa(zo) implies that ¢, (v - z9) = 0 for any v € G with
last letter # g. By minimality of the action of G on X one thus has ¢, = 0 on
0X. Consequently, the function ¢, is non negative.

Let us now check that p,(a) is a simple eigenvalue of £,. Consider the operator

1
P defined formaly by P(f) = Wﬁa(ﬂﬁa); this operator is well defined on
Pwl)Pq

L, (0X) since ¢, does not vanish, it is non negative, quasi-compact with spectral
radius 1 and Markovian (that is to say P1 = 1). If f € L,,(0X) satisfies the equality
Pf = f one considers a point z¢p € 90X such that |f(x0)| = |f|e and g € {p, h} such
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that o € Uy. An argument of convexity applied to the inequality P|f| < |f] readily
implies |f(xo)| = | f(7y-zo)| for any v € G with last letter # g; by minimality of the
action of G on dX it follows that the modulus of f is constant on dX. Applying
again an argument of convexity and the minimality of the action of G on its limit
set, one proves that f is in fact constant on 0.X; it follows that C¢,, is the eigenspace
associated with p,(a) on L, (0X).00

4.4. Regularity of the function a — L,. In this section we will establish the
following

Proposition 4.7. For any 0 < w < wyq, the function a — L, is continuous from
[1,a0] to the space of continuous linear operators on (L, (0X),].|.)-

Proof. Tt suffices to check that, for v € {h,p},a,a’ € [1,a0] and 0 < w < wy one has

dgdo(0,7™ -0

lim supe )\waf(Wn, D) —wa(y",)|w = 0.

a’—apey,
First one gets

n n _ o =8cba(¥",) 1, —80c (b (Y™, ) =ba (¥"5.))
we (7, .) —we (Y, .)| =€ e a -1

< Ce—t6da(170.0) | =86 (bur (77.)=ba(3")) _ 1]

where the constant C' depends only one the bounds on the curvature.

Since the axis of h lies in the region of X where the curvature is —1, the quantity
dy(0,h™ - 0) — |n|lp, where I, denotes the hyperbolic length of the closed geodesic
associated with h, is bounded uniformly in a € [0,a0] and n € Z*; the same holds
for the quantity d,(p™ - 0,0) — do(p" - 0,0). Consequently

lwar (77, .) — wa (4™, )] < C'e 090 (1"0:0) =06 (bar (7",)=ba (")) _ 1
and we have to study the regularity of the function a — b, (7™, x), for any point
x ¢ U,. By inequalities (12), one gets
Wl2)ar = (Wl2)a as o —a,
when (y|z), remains bounded. There are thus two cases to consider:

o We first consider the case 7 = p. For any n € Z* let y,, be the point in 0.X
such that o belongs to the geodesic ray [p™ -0, y,) (for the metric g, ); this ray
is in fact a quasi-geodesic for any a’ € [0, ag], so the point o belongs to some
bounded neigbourhood of the geodesic ray (for g,/) from p™ - o to x, (note
that ning* Do(yn,&p) > 0 by convexity of the horospheres). For any n € Z*

and a’ € [0, ag] one gets

n n

bar (p"2) = (0" - 2|yn)ar — (@p™"  Yn)ar — bar (P", 07" - Yn)-
Since p™ -z — &, as |n| = +o0 and ian Do(yn,&p) > 0, one gets
ner*

(pn . $|yn)a’ — (pn : xlyn)a
asa’ — a, uniformly in n € Z* and = ¢ U,,. Similarly, since ian Do(yn,&p) > 0,
new*

the sequence (p~™ -y, ), converges to £, as |n| — oo so that (z|p~™ -

Yn)ar — (x|p™™ - Yn)e uniformly in n € Z* and = ¢ U,. Finally, one has
by (P, p "™ xy) = B;‘i)(o,p"o) = dy(0,p™-0); the geodesic segment [0, p™-0]
is included in the horosphere H, so that

ba’ (pn7p_n : xn) — ba(pn7p_
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as @’ — a, uniformly in n € N*.
e Consider now the case when v = h; for any n > 1, one gets

ba(h",l‘) = (hn : x|hn '52_)11 - (ﬂ@j)a - ba(h",ﬁ;:)

with be(h", &) = nly. The facts that @ ¢ Uy, and & € Uy, readily implies
(2[&)ar = (#]&])a as @’ — a. On the other hand ™ -z — x4 as n — +00 s0
that (h"™-z|h™ &) e — (24|61 )a; since & # x4, the Gromov product (z1[&),
is equal to —log d, (0, (24&;)) up to a bounded term and the sequence ((h" -
z|h" - &) 4 )n>1 is bounded uniformly in a € [0,a0),2 ¢ Uy and n € N. Tt
readily follows that (A" z|h™ &)y — (h™-x|h"™-&), as a’ — a, for any n > 1.
A similar argument holds for n < —1. Finally, by (h"™, x) — by(h™,z) — 0
uniformly in n > 0 and z ¢ U, and the lemma is proved for v = h.

Finally one has proved that for v € {h,p} and a,d’ € [0, ag] one has

lim sup e?6%0 7" )|y (47, ) — wa (1", )]oe = 0.

a’'—=anez,
To conclude the proof of the proposition, we use the classical fact that if a bounded
sequence (f)n in Ly, (0X) converges uniformly to some (continuous) function f,
then the convergences remains valid in L, (0X) for any 0 < w < wp: namely, we
may fix € > 0 and note that, for 0 < w < wy, the following inequality holds

n n 2|wa'<’7n?') _wa(’ynv')'oo
[wa'(’y a')_wa('y 7~)]w < w

wo—w

+[wa' (’7n> .)_wa(,yn’ ')}wog
which immediately gives

wo—w

n n 2 n n n n
[war (7", ) =wa (7", Mo < (D) |war (37 )=wa (¥, oot |war (7", ) =wa (3" )l
One concludes letting ¢’ — a and ¢ — 0.0

4.5. Proof of the main theorem. We can now conclude the proof of the main
theorem. We fix w €]0, wq|.

Since the spectral radius p,(a) of the operator £, acting on L, is an eigenvalue
and is isolated in the spectrum of £, the function a — p,,(a) has the same regularity
than a — Lg; it is thus continuous on [1, ag]. Furthermore, for any a € [1, ag], the
eigenfunction ¢, associated with p,(a) is non negative on 0X. So one has ¢, < 1,
which readily implies that [£2%¢,|o0 = [£2¥1] uniformly in k& > 1. By the equality
Lota = pu(a)da, it follows that p,(a) = peo(a).

By the choice of the metrics g,, we have poo(0) < 1 and poo(ag) > 1; so there
exists a. €]0, ag[ such that p,(a.) = peo(as) = 1.

On the other hand, the function s — p,(L,, s) is strictly decreasing on RT.
Fix s > §(); one has p,(a.) < 1 and the series Pg(s) thus converges when X is
endowed with the metric g,«. This proves that for the value a, of the parameter a
the critical exponent of G is less than d,; since p € G, one has in fact dg = §).

Finally, since ¢,, =< 1, one has Z |£i’f7§<p>1|oo = Z \[,i’f)é(p) $a, |oo ; these two
k>1 k>1
series diverge in fact because of the equality Lq, 5., ¢a. = ¢a.. By the Fact 4.2, it
follows that for the value a, of the parameter a, the series Pg(d¢) diverges.
By criteria (1), one easily sees that mr is finite when o > 2 and infinite when
a €]1,2].
This achieves the proof of the main theorem. [J
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4.6. Complement. A natural question concerns the uniqueness of the value a,
of the parameter a such that the spectral radius ps(a) of L, is equal to 1; this
uniqueness is not necessary to prove the main Theorem but nevertheless it is of
interest to describe for instance the behavior of the orbital function of G when a
varies, which is the subject of a forthcoming work.

By the continuity of the function a — poo(a), the uniqueness of a, is a direct
consequence of the strict monotonicity of this function. We thus have to prove that
p(Ly) < p(Ley) for any a,a’ in [0, ag] such that a < a’. Note first that, for any fixed
x € X one gets

1
2k B E —Ldg (x,7-x )
oo> kgrlloo< Z e

YETgy Y€y
l(v)=h l(v)=h

p(ﬁa):poo( a - hIH (H IB-(G)(’Y_l'x’x)

k—+oo

and we have thus to check that there exists C' > 0 and p := p(a,a’) < 1 such that,
for any n > 1, one gets

Z o~ 3 da(x,7%) Scpk Z e~ 3 %ar (X,7%) (23)
Y€l V€l
l(v)=h 1(v)=h

For any x € 0X and y, we will denote by (N (y) the horoball (with respect to the
metric g,) centered at x and passing through y; furthermore, for any x € X we
denote by 1, y(x) its projection (with respect to g,) on the horosphere oMLY (y)-

In order to simplify the argument, one first assume that the two fol-
lowing conditions hold

e (Cy) for any x € U, N OX the points A" - 0,n € Z*, lie outside the horoball
(o).

o (Cy) for any = € U, NIX the points p™ - o, m € Z*, lie outside the horoball
(o).

Fix k > 1 and v € I'y;, with last letter in h. Let us decompose 7y into asiaor—1--- a1
with ag; = p" and ag;—1 = h"™ for 1 < ¢ < k; set o := Id and v, :=a;---a; for
1 < j <2k. We fix ¢ € U, N OX; by the ping-pong dynamic, there exists ¢ > 0
independent of ~y such that the distances d, (0, v, o(7 7' -0)) and dy/ (0, 9y 0(771-0))
are both <e.

The cocycle property of the Busemann function thus leads to the following

da(0,7-0) > da(0,9,0(7 " 0)) —c

~ B9 0,0)
2k—1

= D BP0 eyt o) —e (24)
=0
2k—1

Z B(a) J+1 ,0) —¢,

and one may thus write, as in (19)

Z e~ 3da(x,7%) < e%L’Zkl(x). (25)
V€l
l(v)=h

M‘H
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By the previous assumption, all the quantities Béa) (’y]_ _&1 -0, 7;1 - 0) above are non
negative and we want to compare them with a similar quantity involving g,. For
any ¢ € 0X and x,y € X, the quantity B,(x,y) is equal to the ”signed” length
( for gq) of [x,%5,y(X)]a, the geodesic segment (for g,) joining x and ¢, y(x); in
other words, with obvious notations, one gets

B (x,y) = / dga

(%, %e,y (¥)]a

where the integral is non negative when x is outside Hga)(y) and negative when it
lies inside. Similarly, we introduce the quantity S, (x,y) defined by

Ba(x,y) = B (x,y) ::/ dg},-
[xawz,y(x)]a

Note that for any x,y,z in X and v € T one gets 8, (x,y) + B:(y,2) = B2(x,2) and
Bu(%,y) = Bya(y-%,7-y).
Since dg/ (0,12.0(7™! - 0)) is < ¢, we may write, as above
da(0,7-0) < do(0,020(y 1 0)) +¢
< Bu(yt0,0)+c
2k—1

> B0t o) e (26)
=0
2k—1

> Byyalazl-0.0) +c.
j=0

which leads to the following inequality

Z e 3% (57 %) > e 2K 1(x), (27)
Y€l
l)=h

where Ko(y) = Z Z 11¢U76_%By(74‘°’°)¢(7” -y) for any function ¢ €

~v€{p,h} neZ*
L*(0X) and any y € 9X. To prove (23) it is thus sufficient to compare the
spectral radius of £, and K; we will use the following

Fact 4.8. For any y € 0X and x,y € X one gets
ﬁy(x,y)( < ‘Béa)(y,y)‘-

Furthermore, for any n € Z*, there exists n(n) > 0, with n(n) > 0 when |n| is large
enough, such that

VyelU, 0<B,(p"-0,0) <BY(p"-0,0)—n(n).

Proof. The first inequality is a direct consequence of the Remark 3.5, namely
Jar < gq- To prove the second one, we note that for any y € Uy and any n € Z
with |n| large enough, the geodesic segment [p™ - 0,1, 0(p" - 0)], inters sufficiently
into the horoball H centered at &, and in particular in the region where g, and g
differ (ie gor > ga); consequently B, (p™ - 0,0) — Bl(,a) (p™ - 0,0) > 0. the existence of
7(n) > 0 follows by an argument of continuity with respect to y.O
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By this Fact, if y € U, one gets
Lol(y) = Y e 3BT 00 < N7 =30, (7 e0) i (),
nez nez*

Assume now y € Uy, and fix ng > 1 such that n(ng) > 0. By Property 3.4, one gets
0 < By(p~™ -0,0) < Kodo(p~ ™ - 0,0) where Ky is the constant which appears in
(11); consequently

e—%ﬁy(p_"o.o’o) > 60 = ei%do(p_no'ovo).

On the other hand, by the above

—n —n | __1 -n, _
Z 6_%By(p -0,0) < Z e—%(da/(p -0,0)—c) < AO — Z e~ 7K (do(p 0,0) c).
nez* nez* nez*

It follows
Lol(y) = e 3B (7000 1§ o3BG 00)

ner*
n#ng
< efn(g[)) X eféﬁy(l’_no'oao) + Z e*%ﬁy(p_"-o,o) (28)
ner*
n#ng
<p Z e_%ﬁy(ll7"'070) = p](:l(y)7
nez*

with p:=1— (1 - e—mﬁ)% €]o,1[.
Combining the two inequalities £,1(y) < K1(y) for y € U, and L,1(y) < pK1(y)
for y € Uy, one obtains by iteration
VE>1 L21() < p"KF1()
We put together this inequality with (25) and (27) and obtain finally

E e %da (x,7-x) < ecpk E e %d;(wi'x) X
v€lag v€lay
l(v)=h l(v)=h

This gives the expected inequality (23), in the case when conditions (C) and (Cs)
hold.

When one or both of these conditions do not hold, one replaces the family {h™ :
n € Z*} (resp. {p" : n € Z*}) by the countable set H := {g € I'*N*1/I(g) = h}
(resp. P := {g € T2N+1/I(g) = p}), where N is choosen large enough such that

o for any z € U, N 0X, the points g - 0,g € H, lie outside the horoball Hga)(o).

e for any x € U, N OX, the points g - 0, g € P, lie outside the horoball 7—[&;@)(0).
Any 7 in Topan41) With last letter A may be decomposed into v = agy - - - a; with
as; € P and ag;—1 € H for 1 < i < k; the same argument as above, with obvious
modifications, leads to the inequality

Z e—%da(x,'y~x) < e(:pk Z e—%d;(xﬁ'x)’

vE€l2k (2N +1) V€T 2k (2N +1)
U(v)=h l(v)=h

and (23) follows again.
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