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1. Introduction

We consider a finitely generated group I', we fix a (symmetric) set S of generators of I' and
we denote by X = X(S, I') the Cayley graph of T' associated with S : the vertices of X are the
elements of I' and two such vertices g and h are connected by an edge [g, h] if and only if g~ 1h € S.

For instance, the Cayley graph associated to the group Z2, with the set of generators S :=
{(1,0),(0,1),(=1,0), (0, —1)} may be represented as the set {(z,y) € R?/x € Z or y € Z}.

Another classical example is the free group Fy generated by two elements a and b and
the symmetric set S of generators is equal to {a,a=',b,b~'} in this case(*). The Cayley graph
associated with Fy is thus the regular tree with 4 edges starting from each vertex.

The set of vertices of X is a metric space when it is endowed with the following distance :
ds(g, h) is equal to the minimal number n of letters such that g~'h = a; - - - a; with a; € S (if one
assumes that the length of any edge is equal to 1, then dg(g, h) is also the length of the shortest
curve in X joigning the vertices g and h). In particular, we get ds(g,h) = ds(e,g~'h) and so
ds(g, h) = ds(vg,vh) = ds(e,g~'h) for any v € T.

In the example of the group Z?2, we thus have d((0,0), (k,1)) = |k| + |I| (this is the /!-distance)
; on the other hand, in the example of Fo, one gets d(e,ay - - a,) = n when a; - - a, is a reduced
word.

We now study the function Nt q(R) := #§{y € I'/ds(e,y) < R} ; we get, for any R € N

NZQ(R):2R+1+2<(2(R—1)+1)+(2(R—2)+1)---+(2><0+1)> —2R*412R+1

and
Nr,(R) = 4 x 3871,
There is another classical orbital function associated with Z? whose study is the classical
Gauss-Minkowsky circle problem ; the set Z? is considered as a subset of the euclidean space
(R?%, ||.||2) and the orbital function is

N(R) = Ngz ., (R) := t#{(z,y) € Z* : 2* + y* < R?}.

One gets N(0) = 1,N(1) = 5, N(v/10) = 37, N(v/100) = 317, N(v/1000) = 3149 ; N. Gauss has
proved that

N(R) = 7R* + O(R).
Proof. For M € Z? let Cps be the unit square with M as south west corner. Denote by B(0, R)
the euclidean disc with center 0 and radius R; one gets

e M€ B(0,R)NZ*= Cy C B(0,R+2)
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Sthis is the set of “finite reduced words” aj - - - an, of length n and letters a; € {a®',b*'} (with the convention
that the “empty word”, ie the case when n = 0 corresponds to the neutral element e¢) where the significance of
"reduced” is the following one : a;y1 # a} for any 1 < i < n —1. The law * on F2 is defined inductively by
aq * a;l = e for any a; in S and

—ai--+anp*by1---bm =ai---anby---bm when ap ;ébitl and

—ai---ap*by--bm =a1--an—1%ba- by



e CyyNB(O,R—+2)#0= Cy C B(O,R)
with leads to the following double inequality

(R —V2)? < N(R) < (R + v2)?

and gives E(R) := [N(R) — 7R?| < 27(1 + v/2R). It is conjectured that the error term E(R) is
O(R=¢) for any € > 0 ; it is proved that E(R) = O(R# ¢ (Husley (1993)) and lim sup \/]%
(Hardy Landau).

The circle problem is connected to the theory of groups as follows : Z?2 is a discrete subgroup
of R? (which means that the orbit of any point is discrete in R?) and one gets

area B(0, R)
area (R?/Z?)

N(R) = ﬁ(ZQ : omB(o,R)) ~

where R?/Z? is the quotient space and corresponds to the classical flat torus.

The main argument is that the area of the annulus B(0, R+ A)\ B(0, R) has linear growth and
is thus negligeable with respect to the area of B(0, R). This allows to obtain a precise estimate of
the orbital function in this case.

This will not the case on the Cayley graph of F? where the growth is exponential ; there
is a similar example in Riemannian geometry, the hyperbolic space H?, and we will focuse our
attention on this subject now. We will introduce the main tools we need, we will look at co-
compact subgroups of isometries of H? but also consider non uniform lattices and another large
class of discrete subgroups, called the Schottky groups.

We will prove with elementary tools the following :

THEOREM 1.1. Let T' a discrete subgroup of isometries of H which is either a co-compact
group (called also uniform lattice), either a non uniform lattice or either a Schottky subgroup of
Isot(H). Then, there exists or > 0 (with ér = 1 in the case of lattices) and, for any x,y € H, a
constant C := C(T',x,y) > 0) such that for any R > 0 one gets

SrR
C

To obtain a precise estimate of the orbital function in this case is much more harder than in the
euclidean one ; it is due to the fact that the area of the annulus is not negligeable with respect to
the one of the disc, we say that there is a boundary effect. To avoid this difficulty, it is necessary
to introduce a quite subtle notion : the mizing property of the geodesic flow of H?/T" with respect
to some measure, which leads to the equidistribution of the spheres on H?/T. This is much more
difficult to prove and it goes out of the goals of this course ; we will suggest an approach to solve
this problem in the euclidean case, giving thus another proof of Gauss’ result.

As a corollary of the previous theorem, and in fact of the stronger result which states that we
have in fact Np(R) ~ Cref* we may for instance obtain the following result which clearly appears
as a generalisation of the Gauss-Minkowsky’s circle problem :

<#{yel:dx,v y) <R} <CerE 4

COROLLARY 1.2. One gets

(L) <5t e ) o

We fix here once and for all some notation about asymptotic behavior of functions :
C
Notations. We shall sometimes write f < g (or simply f =< g) when f(R) < cg(R) for some
(& (&
constant ¢ > 0 and R large enough. The notation f = g (or simply f =< g) means f < g =< f.

4Note that it suffices to prove this theorem for x =y = xo for some xg € H, since, as ~ is an isometry of H we
have by the triangle inequality

d(x0,7 - x0) — d(x,%0) — d(y,x0) < d(x,7-y) < d(x0,7 - x0) + d(x,%0) + d(y, x0)-
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2. Introduction to the hyperbolic plane
2.1. The hyperbolic space and its metric. We denote by H the hyperbolic plane defined

by :

H:={z=z+1iy € C/y>0}.
This space is equipped with the hyperbolic Riemannian structure (®) : the scalar product (. )2
on the tangent plane of H at the point z = x + iy is defined by:

Vi, 7 € R? (@), = <“’2”>

Y
where ( ., . ) denotes the standart scalar product on R?. It implies that the norm on the tangent
space T,H ~ R? at z = x +iy € H is |||, = % Intuitively, this means that the infinitesimal
Vdz? + dy?
element of length in the neighbourhood of the point z = x + iy is ds := u
dx dy

In the same way, the infinitesimal element of area near x + iy is given by dv = ——.

The length L(y) of a curve 7 : [0,1] — H, t — ~(t) = 2z(¢t) := x(t) + iy(t) is

NG
L(v) ._/O e dt—/o sl

The distance between two points z and 2’ in H is defined by dp(z, ') := inf L(-y) where the infimum
is taken over all smooth curves v connecting z and z’.

2.2. The unit disc model. There exists another model of the hyperbolic 2-dimensionnal
geometry in the unit disc D := {z € C/|z| < 1}. Note that the map
1z+1

(1) fiz2— 2= P

is 1 to 1 from H to D. (©
The unit disc D is endowed with the distance d* given by d*(Z,W) = d(f~1Z, f~'w). A
simple calculous leads to the following equality

g L=lf@P _1-12P
F()l = 2lm(z) 2y

so that iz
42) = || x 2] = 1£'(2)] x |dz]

which may be also written as

1— (X2 +Y?2) /dz2 + dy?
VAT T AVE = (o + i) Jda? Tyt = LT KIHY?) Vda?

2 Yy

The infinitesimal element of hyperbolic length in H and D is

C Jda?+dy? ) VdX? +dY?
B y 1 (X24Y?)

ds :

and the infinitesimal element of area is
_dxdy 4dX dY

dv = 5 5
y (1 — (X2 YZ))

SWe say that a manifold M is equipped with a Riemannian structure g if for any p € M we have choosen
a scalar product g, on the tangent space of M at p which depends smoothly on p : for instance, the standart
Riemannian structure on R? corresponds to the choice of the same scalar product for any tangent plane.

2202
6Note that f(z +iy) = X + Y with X = :62-&-(2++u)2 and Y = % so that X2 + Y2 < 1. The inverse

. . 2 2
map f~1 is defined by Z — %fll so that f~1(X +4Y) = % and one easily cheks that f—! maps
D to H.



The same calculous show that the scalar product ( . , . )z on the tangent plane of D at the point
Z is given by
oo 4 I
N
We shall refer to these two models of hyperbolic geometry as the Poincaré models, and we shall
change from one model to the other as each of them has its own particular advantage.

2.3. The compactification of the hyperbolic plane. There is a natural compactification
of the above two models, since these models are open subsets of the complex plane. The topology
induced by the hyperbolic metric on H and D is the one induced by the classical topology on C ;
the compactification of H and I will thus be the closure in C := C U {oo} of these subsets :

e the compactification of H is H := {z € C : Re(z) > 0} U {oc} and its boundary is
OH :=RU {o0}.
e the compactification of D is the closed unit disc and its boundary is the unit circle 0D.

2.4. The isometries of H. In the sequel SL(2,R) is the group of 2 x 2 matrices with real

coefficients and determinant 1. Let us consider the group G of M&bius transformations g (or
linear fractional maps or homographies) defined by : for any z € H

az+b a b
(2) 9= 4 where g—(c d)ESL(2,R).
Note that g - z € G belongs to H since
Im(z)
I cz) = ——

Furthermore, for any g, ¢’ € G and z € C one gets gg'-z = g- (¢’ - z) (where gg’ denotes the product
of the matrices g and ¢') ; this means that the composition of two homographies is an homography
whose associated matrice if the product of the two initial matrices, one says that G acts on H.

In fact, the group G we will consider is PSI(2,R), ie the quotient of SL(2,R) by its
center {+]}

G=rsrr):={(* ’ ) e SLER)} /(D).

a b

b ) € SL(2,R) satisfies Vz € H( e d ) -z = z, one gets equivalently cz? + (d —

I
Indeed, if ( .
a)z+b=0for any 2 € Hand so c =b =0 and a = d = %1 ; it follows that if g,h € SL(2,R)
satisfy g -z = h - 2/ for any z € H, one gets equivalently g~ 'h -z = z and so h = +g.
The main result of this paragraph is the following

LEMMA 2.1. The action of G = PSL(2,R) on H is isometric and transitive.

Proof. The action is transitive since GG contains all the transformations z — az +b with a > 0
and b € R.
The differential D,g of the diffeomorphism g € G at the point z € H is given by

. _, L

"To compute the differential of g we have derivated the fonction z — g - z with respect to the variable z ; we
may give some explanations about this “identification”.

Any function f : C — C may be decomposed between real and imaginary parts : for any z € C, one gets
f(2) = u(2) + iv(2z) where u and v are real valued functions defined on C. One may thus associate to f the function
F :R? — R? setting

V(z,y) €R®  f(z,y) = (U(z,y),V(z,y))
with u(z + iy) = U(z,y) and v(z + iy) = V(x,y). The functions u,v are holomorphic on C and the functions
U,V continuously differentiable on R? ; the local expansion of order 1 leads to the following equations : for any
x,y,a,b € R2, setting z := x + iy and h := a + ib, one gets

f(z+h) = f(2) + hf'(2) + ho(h)

and

F(z+a,y+b) = F(z,9) + DFs,,)(a,b) + Va2 + 520(\/a? + 52),
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. ]
It follows Hng(U)” = m and so
~ 1D=g(@)]| 4] Im(z) \=* _ lldll _ -
Dog(@). = _ ( ) =Ty,
” g(U)Hg Im(gz) |CZ—|—d|2 x ‘CZ—FC”Q Im(z) ”u”

So g preserves the length of any curve v on H: it is an isometry ; more precisely, one gets, for any
z € H and @, 7 € R? (Dg, (%), Dg.(?)),.. = (@, ). which proves that the function is a preserving
orientation isometry. Consequently, the group G is included in the group of isometries of
H which preserve the orientation.

O

In fact, one may check that PSL(2,R) is exactly the set of isometries of H which respect the
orientation (see [4]).

Note also that the hyperbolic plane is homogeneous in the sense that any two points z, w may
be sent one on the other by an isometry ; in some sense, the group of isometries of H is quite big.(®)
Remark 1. It is important to recall that, like any holomorphic map on the complex plane, the
homography z — Z‘jjr's, a,b,c,d € C,ad — bc = 1, is a "conformal” map on C\ {_Td} : that means
that it preserves the angles, in particular if two curves are orthogonal at a point z, then they images
by g are orthogonal at g - z.

Remark 2. Since the isometries of H are of the form ( 2.4), it is quite simple to describe
the isometries in the unit disc model ; note that ¢ is an isometry of D if and only if fLogo f
is an isometry of H, where f is given by (1), and is thus a linear fractional transformation of
the form (). Since f and f=' are also linear fractional transformations, associated respectively to

1 1

(12 D )= ( §) masosasivomimcsie o

so that AA — CC = 1. This is the general form of the isometries in the unit disc model.

. i1 —i 1 . . . .
the matrices ( ¢ ; ) and ( ! i ) , the map g is of the same type, with associated matrice

2.5. The boundary at infinity. There is a natural way to compactify the set H ; its bound-
ary at infinity is the set of extremities of its geodesics, we set OH = RU {co}. In the same way the

boundary at infinity of the hyperbolic unit disc is the unit circle.

The action of g = ( OCL Z

R U {oo} if we consider that co is mapped on ¢ and ’Td on oo.

) € SL(2,R) may be continuously extended to the boundary

2.6. The geodesics of H. Recall that the distance d between two points z and w in H is
given by

d(z,w) = ir;f L(7)

where the infimum is over the set of smooth curves joigning z and z’. We have the

PROPOSITION 2.2. For any two points z,w in H, there exists a unique differentiable curve c
such that whose length l(c) is equal to d(z,w). It is called the geodesic between z and w.

If Re(z) = Re(w), this curve is the vertical segment of line between these two points ( and the
distance is d(z,w) = | In(Im(z)) — In(Im(w))|.

Otherwise, ¢ is the arc between z and w of the unique (euclidean) circle passing through z and
w and which is orthogonal to the real axis.

) ) Ul(z,y) Ul (z,y) a Ula+U.b .
! / / xT ’ Yy ? —_ x Yy
with f'(z) = u/(2) +#'(2) and DF(, ,)(a,b) = ( (2 y) y,(%y) )( b ) = ( 7q y’b > The equality

(W' (2) +iv'(2))(a+ib) = Upa+U,b+i(V a+ Vyb), valid for any a,b € R? leads to the following well known Cauchy
equations :
[z +iy) = Uy, — iU, =V, +1V.

az+b
cz+d’

1 cos2p —sin2¢p )

1 — — e’ =1
one gets f'(z) = (ot d)? — Teztd? and so DF(, ) = [cz+d|? < sin2¢  cos2p

When f is given by z +—

8Note that given two triples (z1, 22, 23) and (w1, w2, ws) of points in HU {oco} there exists a unique complex
Moébius transformation T' with T'(2;) = w; for ¢ = 1,2,3. The proof is left to the reader.



Proof. Assume first that 2 = ia and w = ib with b > a > 0. Let v : [0,1] — H be a C* arc
with extremities z and w. One gets

y(t)

with equality when v(t) = (1 —t)ia+tib ; so the imaginary axis is a geodesic and dy(ia, ib) = ‘ln §|

2 2
L(y) = /01 \/<x (t)>y(;; (y (t)> dt > /01 YOl g — b~ ma

Suppose now that z and w are arbitrary. One first choose g € SL(2,R) which maps these two
points on the imaginary axis, which can be done as follows :
1 —Re(z)
0o 1)
- otherwise, let C the circle passing through z and w and which is orthogonal to the real axis;
let s and s, with s < t be the intersection of this circle with R. Consider now the linear fractional
transformation

- if Re(z)=Re(w), one take g - u — u — Re(z), and so g = (

f 1 n 1 u—1
DU — = .
u—s t—s (t—s)(u—2s)
1t
for any u € C, which corresponds to the matrice g = ( tis _tgg ) This transformation f maps

s to +o00 and t to 0; so, by classical properties of homographies, the half circle C is send on the
imaginary axis ¢{R. Since f is an isometry, the half circle C is a geodesic of H.OJ

When Re(z)=Re(w), then the distance between these two points is equal to d(z, w) = | In(Im(z))—
In(Im(w))|. More generally, when 2z and w are arbitrary, one gets

2 2+/Im(z)Im(w)
In the unit disc model D, the distance d(0,r) between the origin 0 and the point r €]0, 1]

d(0,r) r

. " dx 1+7r d(0,r) L . .

1 to 2 =1 that tanh =3~ = hich 1 h = .
is equal to /0 T2 n— so that tanh =5 r which implies sin 5 Vi
More generally, the distance between any two points Z and W is given by
\1—ZW|+|Z—W\_
1—2ZW|—|Z -W]

d(Z,W) =1n

which can be expressed also as follows

sinh A2, W) = 12 - W] (10
2 V1-1ZP/1- W]
2.7. Hyperbolic area. For any open subset A C H, the hyperbolic area is defined by
dx d
area (A) :/ x2y
A Y

when the integral exists. In the unit disc model, the area of an open subset B C is given by

dx dy
area (B) = 4/B m

It can be easily shown that the hyperbolic area is invariant under all transformations in PSL(2,R) :
for any open subset A C H with finite area and any g € PSL(2,R), one gets area (g(A)) = area (A).

Using either one of the two models of the hyperbolic plane, one may compute the area of
classical domains.

IWe give some hints to obtain this formula. One checks first it is valid whenz = ia and w = ib : in this case
d(z,w) :‘ In %‘ so that sinh(d(z,w)/2) = |b — a|/Vab. Furthermore, since elements of G are isometries of H, the

left-hand side of (3) is invariant under the action of any g € G ; on the other hand, by the Property 77, the right
hand side is also invariant under g. It thus suffices to choose g in such a way the geodesic segment [z, w] is sent on
a segment of the imaginary axis (see the proof of Proposition 2.2

10 izl

one uses the map z — Z := * = which is an isometry between the two models.
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e For instance, if one considers a hyperbolic geodesic triangle A with angles «, 3,7, one
gets the famous Gauss Bonnet Formula

area (A)=m—a—f—1.

In particular, the area of any triangle cannot exced 7, and it is exactly equal to « for the
ideal triangles, that is the triangles whose vertices belong to R U {oo} ! (see [4] Theorem
1.4.2 for the proof of this formula, in the half plane model ; this is also the subject of
some exercice)

e One may also compute the area of the discs in HZ. It is easier to identify the discs of the
hyperbolic plane and to compute their area in the unit disc model. Fix 0 < r < 1 ; one
gets, for any 6 € [0, 27|

; "o2dt L+r
d(0,7r) = d(0,re )—/0 TP 1n(17r).
So the disc B(0, R) C D with center the origin 0 and (hyperbolic) radius R coincides with

the (Euclidean) disc with same center 0 and Euclidean radius r = gﬁ;} = tanh R. Its
area does not depend on the center of the disc and is equal to

dx dy
area (B(O,R)) = 4/ m
7 /271’ /tanh r dr do
B (1—r2)2
(tanh £)?

. (tanh £)2
= 2m(coshR—1)

~ 7T€R‘

It is why one says that the growth of the hyperbolic plane is exponential, with exponential
rate 1.

2.8. The curvature of H2. Let x € Hand R > 0 ; the circle with center x and radius R is the
set C(x, R) := {y € H/d(x,y) = R}. In the unit disc model, one may see immediately that C(0, R)
coincides with the euclidean circle with center 0 and (euclidean) radius tanh %. We parametrize
this circle as follows : v : [0,27[— C(0,R),t — (2(t),y(t)) = (tanh & cost, tanh & sint); let us
compute its circumference [(R), one gets

N t)2 47 tanh &
I(R) Pry(®) A s orsinh R.

0 1-— tanh2 g 1 — tanh? R

On thus gets
RS
Z(R) = 27TR + W? + 0(R3).

In particular, the length of the circles is greater in hyperbolic geometry than in Euclidean one ;
more precisely, the Gauss curvature K(z) at a point z € H measures the difference between these
lengthes is given by
3 1
K(z)=—— lim l — 27 R);
() = = lim —-(I(R) - 27R);

in the present case it is equal to —1.

2.9. Some basic hyperbolic trigonometry. As in Euclidean geometry, there exists a lot
of formulae of trigonometry in hyperbolic geometry. We will focus our attention on the following
one and its corollary, which will be usefull i the sequel :



PRrROPOSITION 2.3. For any hyperbolic triangle A with sides of hyperbolic length a,b,c and
opposite angles a, 3, one gets

Cosine Rule I: cosh ¢ = cosh a cosh b — sinh a sinh b cos 7.

Proof. Let us denote the vertices opposite the sides a,b,c by v,,vp, v, respectively ; up to an

isometry, one may assume that v, = 0,Im v, = 0 and Re v, > 0. We have v, = tanh d(%”“) =

tanh 2, and similarly v, = €*” tanh 2.

We have ¢ = d(va, vp) so that coshe = 1+ 2sinh? =1+ 2%.

Applying the identities cosh 20 = % and sinh 20 = 1%2‘;71‘5‘]2‘99 for 0 = § and 0 = % one

checks that cosh a coshb — sinhasinhbcosy =1+ 2% and the proof is complete.
O

COROLLARY 2.4. For any € > 0, there exists a constant k. > 0 such that, for any triangle A
with sides of hyperbolic length a,b, c and opposite angles o, 3,y with v > €, one gets

a+b—ke<c<a-+b.

Proof. The second inequality is just the triangle inequality. To prove the left hand side one,
we use the hyperbolic law of cosines :

¢>1In(coshe) = In (cosha cosh b — sinh a sinh b cos 'y)
> ln((l — |cos~y|) cosha cosh b)
e? el
> 1n((1—\cos’y|)? 5):a—l—b+ln(1—|cos'y\)—2ln2.

O
Remark. There exists another “geometrical” argument to prove this theorem. Without loss of
generality, we may assume that the vertice of A corresponding to the angle v is 0 and that the
others vertices are on the geodesic segments [0,e~*%] and [0,e’2] ; furthermore, the geodesic edge
c joigning these two vertices lies inside the domain surounded by the two above segments and the
circle C, orthogonal to the unit circle at points e’z and e /2. So the hyperbolic distance from

0 to c is less than the one between 0 and C,, that is to say to In %f: with r = coil — tan% =
2

1—sin Z 1_Sin£% > 0.

cos X = cos
This Corollzary will be very usefull in the sequel, since we have the following

PROPOSITION 2.5. For any k > 0, there exits C := C(k) > 0 such that, for any x,y and
z € H satisfying the inequality d(x,z) > d(x,y) + d(y,z) — k, one gets

(4) d(y,[x,2z]) < C.

Proof. Let y' be the projection of y on [x,z] : the geodesic segment [y,y'] and [x,z] are
thus orthogonal at y* . and by Corollary 2.4, one gets
T

d(e,y) 2 dex.y") +dly"y) = s(3) and d(y,2) 2 dly.y") +dy*2) - A(5)-

Since d(x,2) = d(x,y*) + d(y*,2) > d(x,y) + d(y,z) — x and d(y, [x,2]) = d(y,y"), inequality
(4) follows with C = “23) 0

3. Classification and decomposition of the preserving orientation isometries

We first introduce the 3 following subgroups of G :
o K {Te _ ( cosf —sind )/9 c R}

sinf cos6

OA::{aA:(\{)X i )/)\>0}
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i fn= (3 4 ees)

Note that for any A > 0,t € R and z € H one gets ay -z = Az and n; - z = z+t ; the homographies
ay are thus homotheties with center 0 and the maps n; are horizontal translations.
Furthermore, these subgroups are caracterized by their fixed points in H? :
e the group K is exactly the set of g € G which fixes 1,
e the group A is exactly the set of g € G which fixes both 0 and 400
e the group N is exactly the set of ¢ € G’ which fixes +00 and no other points in H.

Indeed, let g : z — Zjis,g £ +Id :

- the equation ¢ - i = ¢ implies a = d and b = —c and one concludes g € K using the fact that
ad —bc = 1;

- the two equations g - 0o = oo and g-0 =0 imply b= c = 0 so that d = a~! and g € A.

- the equation g - co = oo implies ¢ = 0. If @ # 1 then a # d and dfba is another fixed point
of g; consequently, oo is the unique fixed point of g if and only if ¢ € N. More generally, any

isometry g = ( Z Z ) in G\ {Id} can be classified with its fixed points ; this is the content of

the following subsection.

3.1. Classification of the the isometries. If g = ( Ccl Z ) belongs to GG, we denote by
tr(g) = a + d the trace of the matrice g ; we get

PRrOPOSITION 3.1. Let g € G\ {Id}.

(1) if|tr(g)| < 2 then g fives exactly one point in H, this point belongs to H and g is conjugated
to some element of K

(2) if ltr(g)| > 2, then g fizes exactly two points in RU{co} and is conjugated to some element
of A,

(3) if |tr(g)| = 2 then g fizes exzactly one point in H, this point belongs to OH and g is
conjugated to some element of N

Proof. The point z € H is fixed by g if and only if cz? + (d — a)z — b = 0 ; the discriminant of
this equation is A := (d — a)? + 4bc = (d + a)? — 4 = tr(g)? — 4.

- if [tr(g)] < 2, then A < 0 and there exists two distinct solutions which are conjugated each
to the other ; there exists thus a unique solution zy € H ; if h € G is such that h(zp) = 4, then
hgh~! fixes i and thus belongs to K.

- if |tr(g)] > 2 then A > 0 and there exist two distinct solutions o, 3 in R C OH ; if h € G is
such that h(a) = 0 and h(3) = oo then hgh~! fixes 0 and oo and thus belongs to A.

- if |tr(g)| = 2 then A = 0 and there exists a unique solution a € R ; if h € G is such that
h(c) = co then hgh™! fixes oo and no other points in H, it thus belongs to N.OJ

Let us introduce some definitions :

e In the first case, one says that g is elliptic ; it has a unique fixed point in H, and this
point belongs to H,.
e In the second case , one says that g is an hyperbolic isometry. It fixes two points in
H and these points belong to 0H :
- one of these two points (denoted by f;‘) is such that, for any z € H, one gets
gtz — f;‘ as n — —+o0o. It is called the attractive fixed point of g.
- the other one (denoted by 59_) satisfies g" - 2 — §; as n — —oo. It is called the
reppeling fixed point of g.
o Atlast, when g fixes only one point in H and this point (denoted by &,) belongs to OH,
one says that g is parabolic ; g acts by translation on the horospheres centered at &,.

3.2. The action of G on the unit tangent bundle. Any g = ( Z Z ) € G acts naturally

on TH as follows :
. o . az+b 1 )
VZGH,VUGTZH g(ZU) = (g'Z7DgZ(’U,) = (m,mu)
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Since g is an isometry, one gets ||| = || Dg. 1| so that G acts also on the unit tangent bundle 7T H
of H defined by T'H = {(z,%)/z € H,u € T,H, ||| = 1} ; this is this action which contains the
global information on G.

For any z € H, we denote by . the unit vector in (T, H, (,).) pointing to co.

cosf —sind
Let ky = (&
¢ Lot o sinf  cosf
kg -4 =1 and Dk@ . ﬁz = mﬁz = —6219ﬁi.
Then for any unit vector @ in T;H, there exists a unique k € K such that k- (¢, 4;) =
(1,7).
1

e For ay € A, one has ay -i = Ai and Day - i; = Wag = \tl; = Ux.;-

) € K with 0 < 6 < w( since we are in PSL(2,R)) ; one has

)2

e For ny € N, one hasn; -i =t +i and Dny - tU; = U; = Uy

Fix now z € H and 4 € T H and set z = t + i\.
One has z = ngay - i ie i = (ngay) "t - z ; the vector D, (niay)~! - is a unit vector in T;H, there
thus exists an unique @ € [0, 7[ such that D.(nax)"! - @ = —e*%4; so that @ = D;(nsanky) - i.
Finally (z,4) = niaxke - (4, ;).

By this argument, we have also prove that any ¢ € G may be decomposed as nak with
n € N,a € A and k € K, and the decomposition is unique.

We have thus prove the

1

PROPOSITION 3.2. The action of G on T*H is simply transitive : for any (z,%) € T H, there
exists a unique element g € G such that (z,4) = g - (i, ;).

Any element g € G may be decomposed in a unique way as g = nak with n € N,a € A and
k € K. This is the so-called Iwasawa decomposition of G.

We may also obtain by a similar way a geometrical construction of the Cartan decomposition
of elements g of G which states that there exists k, k' € K and a € A such that g = kak’ :

Fix g € G, set z = g-i and A = d(i,2) ; the point z belongs to the (hyperbolic) circle C
centered at ¢ with (hyperbolic) radius A ; set w = {RNC, one gets w = ay -i. Let k € K such that
k-w = z. One thus gets z = g -i = kay -4 so that (kay) " 'g-i =1 ; it follows that (kay) g € K,
in other words there exists k' € K such that g = ka k'

4. Fuchsian groups

DEFINITION 4.1. A subgroup I’ of Isom(H) is discrete if it is a discrete set in the topological
space Tsom(H) ~ PSL(2,R).

Equivalently, I' is discrete if and only if v, — Id,~, € I" implies ~,, = Id for sufficiently large

PRrROPOSITION 4.2. A discrete group I' acts properly discontinuously on H : that means that,
for any x € H, one gets Card(T' - x N C) < +o0 for any compact subset C' C H.

Proof. Let x € H and C be a compact subset of H, then {y e I': v-x € C} = {g € PSL(2,R) :
g-x € K} NT is a finite set, since it is the intersection of a compact set (11) and a discrete set,
and hence I' acts properly and discontinuously.(]

One says that a discrete group I' is and elementary group when it is a cyclic group generated
by some element ; otherwise one says that I' is a Fuchsian group.

Hone has to check that the set {g € PSL(2,R) : g-4 € C} is a compact subset of PSL(2,R) ; using a Cartan

(i Z ), one gets a2 +b%+c?+d? = )\g—l—% with d(i, g-4) = d(i, ax, i) = 2| In Ag].
g ‘

The point g - i lives in a compact set in C if and only if the reals Ay lives in a compact subset of R*T which is

equivalent to the fact that g lives in a compact subset of G.

decomposition kay k' of g == (
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4.1. The notion of fundamental domain. We are going to be concerned with fundamental
regions of mainly Fuchsian groups :

DEFINITION 4.3. Let T be a discrete subgroup of Iso™(H). A closed region F C H with
non-empty interior is a fundamental region for I if
(1) L{vel“'y ) F =H?
(2) FNny-F =0 for any v €'\ {Id}
The family (v - F)yer is a tesselation of H.

It is not always easy to construct a fundamental domain of a Fuchsian group . Since I' is
discrete, there exists in H a point x which is not fixed by any element of I'\ {Id} (see Lemma 2.2.5
in [4]) ; it is thus possible to defined the Dirichlet region for I' centered at x:

Dy (T) := {y €H/d(y,x) < d(y,v-x) forall vy € 1"}.

Clearly, one gets x € Dy(T") and one may check that Dy (') contains a neighbourhood of x (see
[4], chap.3 for the details)

Note that for any g € G, the set Hx(g) = {y eH/d(y,x) <d(y,g-x) } is the hyperbolic half-

plane which contains x and with boundary the geodesic {y € H/d(y,x) = d(y,g-x) } orthogonal
to the geodesic segment [x, g - x] through its mid-point (*?). The Dirichlet domain Dy(T') is thus

Dy(T) = (] Hx()
'YW;EIF d

4.2. Examples of co-compacts groups, or uniform lattices. The existence of co-compact
Fuchsian group is not easy to check and is related to the theory of Riemann surfaces.

When T contains no elliptic elements, one may prove that area(H/T') = 27(2g — 2) where g is
the genus of the surface X/T" ; in particular g > 2 ! One may find in [4] an explicit construction
of a Fuchsian group I" without elliptic elements and such that H/T is a surface of genus 2 (see
Example C, chap 4.3.).

When I' contains elliptic elements, these are necessarily of finite order since I' is discrete ; the
volume of the quotient surface may be computed in terms of the genus and the order of the elliptic
elements (see [4] chap.4.).

4.3. An example of non uniform lattices. In this paragraph, we show that the subgroup
I' = PSL(2,Z) of G (which is of course discrete!) is such that the quotient manifold H/T" is
non-compact but has finite area : one says that I' is a non-uniform lattice of G.

One has PSL(2,7) = {g - ( . Z )/a, b,c,d € Z and ad — be = 1}. We will prove the

PROPOSITION 4.4. Fix k > 1. The Dirichlet region of I' = PSL(2,7Z) centered at ki is the set
1
F={zeH/|z| >1 and |Re z| < 5}
In particular T' is a lattice and area(H/T') = %.

Proof. The isometries T : z— z+ 1 and S : z — _71 are in I" ; the 3 geodesics sides of F' are
OHy;(T),0Hy;(T~1) and OH;(S). Thus Dy;(T') C F.
If Dy;(T') # F, there exists z € int(F) and v € I" such that -z € int(F) ; this cannot happen!

Indeed, suppose that v = ( Z Z ) ; then

lez +d|? = P|z]* + d* + 2cdRe(z) > ¢* 4+ d? — [|cd| = (|¢| — |d])* + |cd|,

1275 see that the set {y € H/d(y,x) = d(y,x’) } is the geodesic orthogonal to the geodesic segment [x,x’]

through its mid-point w, it suffices to check that it is true when x = ¢ and x’ = 72 ; in this case, one gets w = ir
ly—i® _ Jy—r?i]?
Im(y) = r2Im(y)

and, by (3), the equation d(y,x) = d(y,x’) is equivalent to ie |y| =r.
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since |z| > 1 and Re(z) > —%. But (|| — |d|)? + |cd| is a non negative integer which cannot be

equal to 0 (otherwise ¢ = d = 0 which contradicts ad — bc = 1). Therefore (|c| — |d|)? + |cd| > 1
and |cz + d| > 1. It follows that

I Im 2 o1
mvy-z=———<Im z.
7 |cz + dJ?
the same arguments holds with z,~ replaced by 7 - z,7~! which leads to a contradiction. Then

Di(T) = F.O
Note that the orbit PSL(2,Z) orbit of i remains under the line Im(z) = 1, ie outside the

horosphere H := {z € H: Im(z) > 1} : indeed, for any v = ( CCL 2 ) € PSL(2,R), one gets

1
Ve +d? =1

Im~vy-7=

since ¢? + d? > 1.
More precisely, for any rg > 1 and z € H with Im(z) > rg, the inequality Im v - z > r¢ implies
c =0 3 . in otherwords, if ¢ # 0, the - z for any 2z € H with Im(z) > ro > 1 are strictly below

the horocycle Im(z) = ro. We have then the

LEMMA 4.5. Fiz rg > 1 and denote by H,, the horosphere {z € H : Im(z) > ro}. The images
of Hy, by the elements of PSL(2,7Z) are pairwise disjoint.

Proof. If y-H,, Ny -H,, # 0, then, setting g = v~ 1, one gets g-H,, NH,, # 0. By the above, this
implies that g is an upper triangular matrice and so v - H,, # ' - Hy, and so v - Hy, =" - Hyp,-O

4.4. The Schottky groups. In this subsection, we introduce the notion of Schottky group
and give an important property they satisfy and which will be usefull in the sequel. These Schottky
groups will be typical examples of groups satisfying the following property :

Property C : There exist a closed and proper subset F' in the boundary of the hyperbolic space
such that any element of T' different from the identity maps 0X — F into F.

We now consider a group I' satisfying Property C. We have the two following facts :

Fact 1- The group I is discrete and its limit set is contained in F'.

Proof of Fact 1- If I" was not discrete, one would get in I" a sequence of elements acting on 0.X and
converging to the identity so that any point outside F' would be the limit of a sequence of points
in F'. That the limit set of I" is contained in F' follows from the fact that fixed points of isometries
in I'* =T — {Id} belong to F.

We can now state the definition of a Schottky group :

DEFINITION 4.6. Let b, i = 1,... L, be a family of hyperbolic isometries in Iso™ (H) and
0 > 0 a constant ; one says that b1, -+, b are in 0-Schottky position if there exist closed and
pairewise disjoint sets FX in H such that

e hi(H\ F)CFE;" foranyie{l,---,L}
o hy (H\ F") C F, foranyiec{l,---,L}
e for any x andy which belong to distinct sets Fl-i, the angle between the geodesic segments
[0,x] and [0,y] is greater than 6.
The group T' generated by the isometries hy,--- , b is called the Schottky subgroup generated by
the b;’s.

Since any element in I' maps the complement of the closed set F' = UF; into F', the group I is
discrete by Fact 1. Moreover, by the Klein’s tennis table criteria, it is the free group generated by

the ljlil, Sy fl : any element in I' can be uniquely written as the product v = ay --- ax where
a; € {blil, x ,hfl} with the property that a; # aj__&l forany 1 <j<k—1.

Notations The set A := {f)fl, e ,hfl} is called the alphabet of T'. A sequence aj ---ay where
a; € {bF',--- ,h%l} with a; # a;_&l for any 1 < j < k — 1 is said admissible. If v = ay...ay, the

ay, - ,ay are called the letters of v and the number k of letters is the symbolic length of ~.

2
13Set z = @ 4 iy with y > 70 ; one gets Im vz > rg < W{W >r2 < y? > r2(cz + d)% 4 rgc?y? which

cannot be satisfied when ¢ # 0 since in this case ¢ > 1.
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+1

PROPOSITION 4.7. LetT" be a Schottky group generated by the set {f)lﬂ, -+, b7} of hyperbolic

isometries of H. Then

e there exists a constant kr > 0 such that for any v = a1 ---ax € I' with symbolic length
k> 1 one gets

d(o,y-0) > d(o,ay---a;-0)+d(0,a;41--ap-0) — Kr.
e there exists a constant Cr > 0 such that
d(ay---a;-0,[0,7-0]) < Cr.
e for any v €T and any x € [0,7 - 0], one gets
d(x,T-0) < Cr+ Ar

with Ar = igllang d(o,b; - 0).
Proof. By the assumption over the subsets FL.jE C H associated with the generators b;, there exists
6 > 0 such that for any v := a1 ---ag and 7/ := by ---b; in T’ with a1 # b; the angle between the
geodesic segments [0, - o] and [0,' - 0] is greater than 6 ; in particular, for any 1 <¢ < k— 1, the
angle between [0,a; ' ---a; ' -0] and [0, a;41 - - - ay - 0] is greater than 6 since a;;1 # a; *. Tt readily
follows that, for some constant k = k() > 0 one gets, for any admissible sequence (a;)1<i<k

d(o,ay---ag -0) > d(o,a1---a;-0)+d(o,a;41 - a-0)— Kr.

By Proposition 2.5, it follows that the point +; - o lies in some Cr = C(Kr)-neighbourhood of the
geodesic segment [0, - 0].

For any v = a; - - - a € I' with symbolic length £ > 1 and any 1 < i < k, one sets y; = a3 - - - a;.
One sets d(y; - 0,741 -0) < Ap for any 1 < i < k — 1 ; if x; denotes the orthogonal projection
of v; - 0 on [0,7 - o] (with the convention xg = 0 and x; = v - 0), one also gets d(x;,%x;1+1) < Ar
for any 0 < i < k — 1 since the projection is a contraction. Now, fix X in [0, - 0] ; there exists
i €{0,---,k—1} such that x lies in the interval [x;,X; 1] ; so d(x,T-0) < d(x,x;) +d(x;,7;-0) <
AF + CF. U

5. On the orbital fonction of some discrete groups of isometries of H

5.1. The orbital function of a discrete subgroup of Iso(H). We assume that I is a
discrete subgroup of Iso™ (H). We denote by Nr its orbital function defined by :

Vx,y) € HVR>0 Nr(x,y,R):=Card{yeT:d(x,v -y} <R}

The aim of the present section is to prove that for a large class of “non elementary ” discrete
subgroups I' of isometries of H, one gets : there exists or > 0 and Cr > 0 such that

SrR
(5) Vx,y) € H,VR >0 < Nr(x,y,R) < Cpe’r®,
T
This estimation will be valid for uniform and non uniform lattices with dr = 1, and also for

Schottky groups, with dr to be precised.
5.1.1. The critical exponent of T'. By the triangle inequality, one gets, for any x,y € H and
any isometry v € Iso™ (H)

d(0,7-0) < R=d(x,7-y) < R+ d(0o,x)+d(o,y)
and
d(o,7-0) < R=d(x,7-y) < R+d(o,x) + d(0,y).

It readily follows that for any discrete subgroup of isometries of H, and any R > d(o,x) + d(o,y),
one gets

N(o, o,R—d(o,x) — d(o,y)) <N(x,y,R) < N(o,o, R+ d(o,x) + d(o,y))
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1 r:d Y)<R
so that the exponential growth lim sup oe{y € (x,7.y) < R}
R—+4o0 R
not depend on the choice of the points x and y. By definition, the critical exponent of T is

equal to

of the orbital function of I" does

1 el:d y) <R
5r = lim sup og{y (x,7y) < R}
R—4o0 R
and does not depend on x and y.
This exponent dr is also called the Poincaré exponent of I' and is defined as the exponent
of convergence of the so-called Poincaré series of I' defined by

—sd(x
X Y, S § e YY)

yel’

Note that if P(x,y, so) < +oo then P(x,y,s) < oo for any s > sg ; conversely, if P(x,y, sg) =
+00 then P(x,y,s) = +oo for any s < sp. So, there exists a value s, > 0, called the critical
exponent of T' such that P(x,y,s) = 400 if s < s, and P(x,y,s) < +oo if s > s.. Note that this
critical exponent does not depend on x and y since for any s > 0 and any x,y € H one gets

e sdex)=sd0Y)D(g 0,5) < P(x,y,s) < e X FTsdOY)D(g o, 5).
Furthermore, denoting by Ar(x,y, R, D) the annulus defined by
Ar(x,y,R,D) := {’y € F/R <d(x,v'y)<R+ D},
one gets, for any s > 0

Z e ") Card Ar (x,y,n,1) < P(x,y, s0) < Z e *"CardAr(x,y,n,1).

n>0 n>0

log (Card.Ar(X7 y,n, 1))

so that the critical exponent of I' is equal to limsup . A straightforward

n—-+o0o n
argument leads to the fact that this coincides with the critical exponent of T'.

5.1.2. The critical exponent of the cyclic group (h) generated by an hyperbolic element . Let
be an hyperbolic element of Iso™ (H) with fixed points €T and £~ at infinity ; the geodesic (£~ £T)
is globaly invariant by h and for any n € Z and x € (£~ 1), one gets d(x, h™ - (x) = |n| x I where
lp = d(x, b - x) is the length of the closed geodesic associated with . The Poincaré series of the
group (h) generated by b is given by

Vs >0 P(x,x,8) Ze‘s‘””" =
nez

176 Slb -

and its critical exponent is equal to O.

5.1.3. The critical exponent of the cyclic group (p) generated by a parabolic element p. Let p
be an parabolic element of Iso™ (H) with fixed points £ at infinity and consider v € PSL(2,R) such
that v - oo = £(1) so0 that the parabolic element 4~ o p o v has oo as unique fixed point ; there
1 a
( 0 1
consider the Poincaré series Py (v - X, py - x) for x =i ; one gets

thus exists a € R such that y 1 opoy = ) To compute the critical exponent of p, we will

d(y-i,py-i) = d(i,y 'py-i) = d(i,a+i) = 2a+e(a). Y

1
It follows d(v -4,p"y i) = 2(In|n|)(1 + e(n)) and so Py (v - i,py - 4,5) < Z The critical

Ps
nez*

exponent of (p) thus equals 1 and the Poincaré series Py, diverges at s = 3.

0 0

140nemaytake'y:]dwhenézoo,’y:(1 Bl)when§:03nd’y:<1 jg)whenéeR*

154 pplying formula (3), one gets sinh W $ and thus d(i,a+1) = 2In(a++va? + 1) = 2(Ina+1n2+¢(a))
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5.1.4. The critical gap property. In this subsection, we consider a non elementary discrete
subgroup I' C Iso™(H) without finite order elements and which is not generated, either by an
hyperbolic element or a parabolic one.

Let h; be an hyperbolic element of ', with fixed points ¢;” and &; ; since the limit set Ap of
I" contains infinitely many points and the set of attractive fixed points of hyperbolic elements of
I is dense in Ar, there exists an open set U C OH which does contain neither ¢ nor ¢ and an
(hyperbolic) isometry v € I' with the attractive fixed point z in U ; the other fixed point of
may not be equal to ff‘ or & (16) 5o that one may enlarge U in such a way U contains the two
fixed points of ~.

We choose now two open subsets U; and U™ of 9H such that

e for any n > 1 one gets h7(OH \ U;") C U;” and h;"(OH\ U;") C U;
e U NU=UNU=0.

Since U contains the two fixed point of v, there exists N > 1 such that for any n > N, one
gets v (OH \ U) C U ; we fix such a n and set g := ™.

It follows that h; and by are in Schottky position and that they generate a free (discrete)
subgroup of I'; in particular {h7'h2b72 - - - bobT* /k > 1,ny -+ ,ny € Z*} C I s0

Prloos) = Y Y emonliitnsito
k>1ny, ng€l*
> > > o—5d(0,h71-0)—5d(0,h3-0)——sd(0,"-0)

k>1mny,-- np€L*

> Z(e—sd(o,hzo) T e—sd(o,hy.o))k

k>1 nezZ*

Since lim e sdo:h2-0) Z e~ sdObT0) — 4 o one gets e~ 04(:h20) Z e 040570 5 1 when § > 0
o nez* nezx
is quite small ; consequently Pr(o,0,d) = +o00 which gives dp > 6 > 0.
Let us emphasize that the fact that the series Z e sd(o:h30) diverges at its critical exponent

nez*
(which is evident since this critical exponent is 0) is crucial in the above argument. The same

holds when b is replaced by a parabolic element p; since the Poincaré series Py (0,0, s) diverges
at its critical exponent d,y = % We have thus prove the

ProprosiTiON 5.1. The critical gap property The critical exponent of a non elementary
discrete subgroup T of Iso™ (H) is > 0 ; furthermore, if ' contains a parabolic transformation, one
gets ép > %

5.2. The compact case. We assume here that T is a discrete subgroup of I'so™(H) such that
M := H/T is compact. Let A be the diameter of the Dirichlet domain D of I" centered at 0.

If v € T is such that d(o,7-0) < R — A, then for any R > A, one gets v- D C B(o, R).

On the other hand, if v- D N B(o, R) # 0, then d(o,v-0) < R+ A.

Consequently

U ~1-DcB(RC U D

~er ~eT
d(o,y-0)<R—A d(o,y-0)<R+A
so that

Nr(o,0,R — A) x area (M) < area (B(o,R)) < Nr(o0,0, R+ A) x area (M).

The estimation N (0,0, R) < eff follows ; in particular, the critical exponent of any uniform lattice
of H is equal to 1.

Remark. The same argument works in the case when H is replaced by a general simply connected
Riemannian manifold X whose group of isometries admits co-compact subgroups I'. In the general
case we have no precise estimates of the volume of balls, but the following weaker result may

16¢he fact that T is discrete implies that two elements in I" have a commun fixed point if and only if they both
belongs to the cyclic group generated by some g € I' ; this is not the case here since z ¢ {ff', &t
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be obtained : if Bx(x,R) is the ball of X with center x and radius R > 0, then the quantity

[(B
M admits a limit as R — 400 which is called the volume entropy of X and denoted

by hye(X) ; furthermore, for any discrete uniform lattice T' C I'so™ (X)), one gets dp = hyo(X).

5.3. The case of Schottky groups. In this section, I' is a Schottky group generated by the
isometries hy,--- , b with L > 2. By
From now on, we will use the following notations : for any x € H and any R, € R*T, we
denote by

e Ar(x,q, R) the “annulus ” of width « defined by
Ar(x,a,R) :={y €T -x/R—a<d(x,y) < R+ a}
o ur(x,q, R) == {Ar(x, o, R)
5.3.1. We first prove the following.

LEMMA 5.2. There exist A > 1 and C > 0 such that for any x € H and A, B > 2A, one gets
(6) vr(0,2A, A+ B) < C x vr(0,2A, A) x vr(o,2A, B).

Proof. We fix A > 1 greater than the constant C' 4+ Ar which appears in Proposition 4.7. If
y € Ar(o,2A, A + B), one sets d(o,y) = A+ B+ 2\ with —A < XA < A, one considers the point
x on the geodesic segment [0, y] such that d(o,x) = A + A, and one chooses x’ € T" - 0 such that
d(x,x") < A ; one thus gets x’ € Ap(x,2A,A) and y € Ag(x',2A, B). Inequality (6) follows.
O
We apply the following elementary Lemma to the sequence v,, := vr(0,2A,n), which satisfies
the submultiplicative condition (6) above:

LEMMA 5.3. (Fekete [5]) Let (vn)n>1 be a sequence of positive numbers such that vpim <
VnUm YN, M > ng.

1
Then, lim —Inv, = L € RU{—oco} and v, > et™ for all n > ny.
n

n—oo

1
As E}im = Inwvp(x, A, R) = dr, we thus get 7% < wvp(x, A, R).
Remark. We must emphasize that the function vr(x,2A, R) has the same exponential growth

than Np(x,x, R) since
n+[24]
ur(x,2A,n) < Np(x,x,n + [24]) < Z ur(x, X, k).
k=0

(we may for instance use assertion (i4) of Lemma 5.6, which will proved in the next section).

5.3.2. We now prove the converse inequality. For any i € {1,---, L}, we denote by I'" the
subsets of I" whose elements have first and last letter equal to biﬂ: note that if the index of the
last letter of some v € T is distinct from the index of the first letter (say ¢), then setting v/ := vh;,
on gets |d(o,v-0) —d(0,v" - 0)] < Ar so that

B < < i .
121%XL Nr¢(0,0,R) < Nr(o,0,R) < 1<Z<L Nr (0,0, R+ Ar)

It is thus sufficient to prove that for any 1 <4 < L one gets Ny (0,0, R) = eri,

We thus fix i € {1,---, L}, we set

AVp(x 0, R) == {y-xel .x/R—a <d(x,y) < R+a}
and _ _
vl(f) (x,a, R) := ﬂAl(f) (x,a, R).

We fix j # i and o > 0 and we choose N large enough in such a way that d(o, b7 - 0) > Kkr + 2«
for any n > N, where kr is the constant which appears in Proposition 4.7.

For any 7,7 € T with -0 € Aff)(ma,A) and v -0 € Al(f) (0,, B), we set

O(7,7') :=1" = b7
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We thus get d(o0,7” -0) < A+ B + 2a + NAr; on the other hand
d(0,y"-0) > d(o,7y-0)+d(0, -0)+d(o,h} -0) - 2kr
> A+ B—kp

so that, assuming « > max(Ar, kr), one gets
(7) A+B—-a<d(o,7-0) <A+ B+ (N +2).
Note that ® is one-to-one ; otherwise one should have v = ; h;-v v = ’)/gf)j-v 74 for some 1,y € T'®)

such that 71 - 0,72 -0 € .Al(j) (o,a,A) and ¥4 - 0,7, -0 € Al(j) (0,a, B). Without loss of generality,
one may assume that (1) < I(y2). Note that the words v, hév vy and yghé\’ +4 are reduced :

- if I(m) = l(72), we have in fact 3 = v2 and 7] = ~4 follows immediately,.

- suppose that I(y1) # I(72) ; since the last letter of 7o is h', one gets 72 = 1 b;-v -+ s0 that

d(o,y2-0) > d(o,v1 -0)+ do, [)9’ ©0) — Kr

> A—i—d(o,hév-o)—a—mﬂ

> A+a

which contradicts the fact that v2 - 0 € .A%i )(0, a, A). Consequently, @ is one-to-one and (7) leads
to

N+1
(8) vé)(oaA)xvé o,a, B) Zv (0,0, A+ B+ ka).

O
The inequality (6) may be extended as follows for elements of T : for A > 1 large enough
and A, B > 2A

(9) v87(0,2A, A+ B) < C x vp(0,2A, A) x v (0,24, B)
so that , for & > 2A and k > 0 one gets

(10) vl(f) (0,0, A+ B+ ka) < C(vp(o, a, a)) X vl(ﬂ)(o, a, A+ B).
Combining (8) and (10), one obtains :

v (0,0, 4) x v (0,0, B) < Cv! (0,0, A + B)

(/)(

for some C; > 0. One may thus replace vy’ (0, a, A) with C-vl(f)(o a, A) and note that the sequence

1 1
(()7) is submultiplicative. As lim —lnv (x A, R) = dr, we thus get e~OrR <
v’ (0, nar)/ n>1 A—oo R

NOTRU which is the expected inequality.
Ur (Xv Av R)

5.4. The case of non uniform lattices. In this section, we consider a discrete subgroup
I' € Iso" (H) such that H/T is not compact but has finite area (for instance I' = PSL(2,7)).

Th above argument does not work in this case since the diameter of H? /T is infinite. The first
step is to identify the value of dr and to check, in this case, that it is equal to the “volume entropy
7 1 of H. It is contained in the following subsection.

5.4.1. The Poincaré exponent of lattices. We state here the

PROPOSITION 5.4. Let T' be a non uniform lattice of PSL(2,R) ; its critical exponent or is
equal to 1, that is the exponential growth of the area of the discs in H of radius R > 0. Furthermore,
for any x,y € H, one gets Np(x,y, R) < ef.

To prove this Proposition, we first need to decompose the Dirichlet domain of I' in suitables
subsets. We will admit that the quotient manifold H?/T" is the disjoint union of a compact part
Cy and of finitely many cusps C1,--- , C}, each C; being isometric to the quotient of an horosphere
H; by a parabolic group P; = (p;).
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To simplify the notations we assume [ = 1 in the sequel, the proof being similar in
the general case.

Let D be the Dirichlet domain of " centerd at o and denote by D +— H/I'x — X the canonical
identification between D and H/I'. Assume that o belongs to the interior of D and let Cy (resp. Cy)
be the preimage by this map of the set Cy (resp. C1). We set Co = Uyery -Co and C, = Uyery - Ci.

One may choose C as a cylinder whose boundary is an horocycle of the surface; in other words,
(4 is isometric to the quotient of an horoball H; (centered at a point & € JH) by a parabolic
subgroup P; := (p;) whith fixed point &; ; in particular, C; may be choosen as a fundamental
domain for the action of P; on Hj.

One chooses a representant 4 of a coset yP; € I’/ Py, so one gets

G=Ura= U bewi-a= |J 7H

yer ~eT /Py ~eT /Py

Proof of Proposition 5.4. Since I is discrete, the T'-orbit of any point (say o) is discrete in H, so
there exists r > 0 such that B(o,7) N~y - B(o,r) = (. It follows that

U B(y-o0,r) C B(o,R).
~ver
d(o,y-0)<R—r

Since the discs B(y - 0,7) are pairewise disjoints and have the same area, it follows that
(11) Nr(0,0,R —7) x area (B(v - 0,7)) < area(B(o, R)) < e®.

The last assertion of Proposition 5.4 ; in particular one gets dr < 1.
The converse inequality dr > 1 is more subtle (and not always satisfied in the variable curvature
case, where 1 is replaced with the volume entropy of the universal covering). We write decompose

B(o, R) into the disjoint union (B(O,R) N éo> U (B(o7 R)N él> and deals with the two subsets

separately :
(1) let Ag be the diameter of Cy ; one gets

B(o,R)NCy C U v - Co
v/d(0,y-0)<R+Ag

so that area B(o, R) NCy < Np(0,0, R+ Ag) x area(C).
(2) on the other hand B(o,R)NC; C U B(o, R) N % - H1, which can be also written

~FET /Py
d(o,7-H1)<R
into
~ (R]
(12) B(o,R)NC c | U B(o,R)N7-H,.
n=0 ~FET /Py

n<d(o,y-Hi)<n+1
Let us compute the area of B(o, R) N7 -H; setting x5 the point of 7, which achieves the distance

d(0,%-H1) ( this point is unique by strict convexity of the horocycles) ; for any y € B(o, R)N¥-H;,

the angle at x5 of the triangle o, x5,y is greater than 7, so that there exists ¢ > 0, which does not

depend on + such that d(o,y) > d(o,x5) + d(x5,y) — ¢ which readily implies that
B(o,R)N7-H C B(xa,R—i—c—d(oﬁ-Hl)) n9y-H
since d(0,x5) = d(0,7 - H1)). In particular, when n < d(0,7 - H1) < n+ 1, one gets

B(o,R) N7 - H, CB(x,y,RJrcfn) Nny-H.
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so that the area of B(o, R) N7 - H; is less than e%, up to a multiplicative constant. By (12), it
follows

[R]
area(B(o,R)NC;) < Z Z area(B(o, R)N%y- Hl)
n=0 FEr /Py
n<d(o,yH1)<n+1
[R] -
= ZCard{W el/Py st. n<d(o,xy)<n+1}xe =
n=0
[R] s
= ZCardh el/d(o,y-0)<n+1+Ag}xe z
n=0

the last inequality following from the fact that x5 lies on the boundary of some 7 - Cy so at a
distance less than Ag from 7y - 0. One thus obtains, for any € > 0

[R]
area(B(o, R)NC1) < Y e"0rtae™s™ < o0rtof

n=0

since dr > dp, = % by the critical gap property.
Finaly one gets

area(B(0, R)) < Nr(0,0, R+ Ag) x area(Cp) + eOr+Oft < oOr+eaR

which is the expected inequality.
O
5.4.2. The asymptotic behavior of the orbital function of lattices. The aim of this
paragraph is to prove Theorem 1.1 in the case when I is a lattice of H.
In this section, we will also consider the following function wr : H x H x R — R defined

wr(x, a, R) := e *Pup(x, a, R)
where § is some fixed real in |3, 1[.

2
We will first prove the following

LEMMA 5.5. There exist A > 1 and C > 0 such that for any x € H and A, B > 0, one gets

(13) wr(x,2A,A+ B) < C x (O<H<AZ+3A+2 wr(x, 2A,n)) X (0<n<BZ+3A+2 wr(x, 2A,n)>.

Proof. We fix A > 1 greater than the diameter of Cy, two constants A, B > 2A and y €
Ar(x,2A,A + B). Set d(x,y) = A+ B+ 2X with —A < XA < A and let z on the geodesic
segment [x,y]| such that d(x,z) = A+ X ; there are two cases :

1. the point z belongs to I' - Cy. There thus exists z' € I' - x such that d(z,2z’) < A ; one
gets 7 € Ar(x,2A, A) and y € Ar(z/,2A, B).

2. the point z belongs to I' - C;. Namely, z belongs to some horoball H € {v-H;/v € T'}
fixed by a parabolic subgroup P C I' (more precisely, if H = - H;, then P = yPy~1)

Since I' - x N'H = @, we have [x,y] N'H = [u,v] C]x,y[. Let v € I" such that u € v - Cy and
p € Py satisfying v € yp - Cp.
Setting a := d(x,u) and 3 :=d(v,y), with a« < A+ X and 5 < B + )\, one gets

(1) v-x€ Ar(x, A, )

(2) y € Ar(vp - x, A, B)

B)dy - x,vp-x) <A+B+2A+2A—a -4
If one replaces « and (3 by their integer part a = [a] and b = [g], one gets

)y -xe€ Ar(x,A+1,a)

(2)y € Ar(vp-x,A+1,b)

3 d(y -x,yp-x) =d(x,p-x) <A+ B+4A+2—a—0D.
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Summing over integers a < A+ A and b < B 4+ A, one gets
ur(x,2A,A+ B) < Z ur(x,A+1,a) X vp(x,A + 1,b)

a<A+A
b<B+A

x tH{peP:dx,p-x)<A+B+4A+2—a—b}.

Since dp = % < §, one gets #{p € P:d(x,p-x) < R} <% and inequality (13) follows.[]

In the case when T is a Schottky group (and more generally in the convex-cocompact case) we
may use a submultiplicative argument (the so-called Fekete’s Lemma) , which we have to relaxed
in the case of non uniform lattices and which can be obtained in the same spirit :

LEMMA 5.6. Let (wy)n>1 @ sequence of positive numbers such that

n m
Whgm < C- <Zwk> . (Zwk> Vn,m > ng
k=1 k=1

for some positive constant c¢. Then, setting W,, = zzzl wy and Wy, =14+ Wy + ... + W, we
get :

1 < n n
(i) nllngoﬁln W, =LeRU{—oc0} and W,, > ei for all n > 1; in particular W, > % for
all n > 0.

(i) if L > 0 then the series )., Wye™*™ and ) wpe *" have the same critical exponent L ;
furthermore, they both diverge for s = L.
(iii) Furthermore, if W, =< eX™ one gets in fact el < W,.

Let us assume for a moment Lemma 5.6 and conclude the proof of Theorem 1.1 in the case of
lattices. By Proposition 5.5, the sequence w,, := e~"wvp(x, A, n) satisfies the assumption of the
previous lemma, with L = lim —Inw, =dr—3§ = 1—4§ > 0 ; consequently, the series Z Wye tn

n—oo 1N
n

diverges, so does Pr(x, dr) since Z W,e '™ < Pr(x,or).

Furthermore, by Proposition 5.4, we get Nr(x,x, R) =< e, so W,, < eZf* and the last assertion
of the lemma leads to the estimation W,, < e® i.e. Np(x,x, R) =< eft.

O

Proof of Lemma 5.6. We prove the Lemma when ng = 1 (the argument for ny > 1 being
analogous), and we may assume ¢ > 1. We set

Wo,=1+Wi1+ ...+ W,
and v, := cw,, V, = Z:l v = Wy, V,:=cW, >1+ ZZ:1 Vi, so we obtain
Ungm < VoV Vn,m > 1.
This in turn yields V4, < an/m and, consequently,
Viem = Vo 4+ Vog1 + -+ Vogm < Vi Viy Vn,m > 1.

So, (Vi)n>1 satisfies the assumption of Fekete’s lemma. Hence the sequences % and %

converge to some L € RU{—o0}, and v, > ek, W, > %eL" forn > 1. As %(Wn—l) < W, <W,,
In W,
n

we obtain the same limit L for the sequence
equal to L. Moreover, we find

, and the series ) e™*"WW, has critical exponent

1 - 1
Wy >14+—(W, —1)> —e"
n 2cn

so the series diverges at s = L. Now

e = 3 (S e X (55 = () T

n>1 k>1 \n=k k>1
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so, the series ), e~ **w;, has the same critical exponent L as Yo, e "W, and, if L > 0, it diverges
at s = L.

In particular, one gets W,, = X" /n. To obtain the inequality W,, = e’ we make the addi-
tionnal condition W,, < eZ™ : in otherwords, there exists a constant A > 1 such that W,, < Ael”
for any n > 1.

Assume that the estimation from below W,, = e does not hold ; there thus exists a sequence
of integers (ky,), which tends to +oo such that

€n =Wy e thn 50 as n— +oo.

kp — kn—1 [_ lnen})
2 b

; consequently, k, — I, > kn_1 and €, < e I for any n > 1 and the sequence (I,),, tends to

— 400 as n — +o00. We thus set, for any n,m > 1

Vo Ae if e {kmo1, - km —lm — 1}
" eme it ne {km —lm, e k)

Without loss of generality, one may suppose that k, —k,_1 — +0o and one set [,, := inf (

Note that W,, < V,, < Ael™ for any n > 1 (the right inequality require the fact that A > 1). By
the above, there exists a > 0 such that 20,, > ae’™ for any n > 1 ; it follows

km
aeLkmg anm < ka
k=1

km—lm—1
< Z Ael* 4+ 1, emerFm
k=1
A L(km—lm) L(km—lm)
< ] 16 +lne
so that a < (CL% + lp)e~Um which contradicts the fact that [, — +4oo. We thus have
lim inf Wye~ % > 0, which achieves the proof of the lemma. |

k—-+o0
6. Exercices

Exercice 1 - Prove that the isometries of the hyperbolic plane in the unit disc model are fractional

with AA—

transformations of the complex plane corresponding to matrices of the form ( é‘ g )

cC=1.

Exercice 2 - Prove that for any z,w € C and any g € PSL(2,C) one gets
lg-z—g-wf> =1g'(2)] x |g'(w)| x |2 — w|*.

Exercice 3 - We study here the action of the fractional transformations of the complex plane

Z+b7 with a,d,b,c € C and ad — bc = 1) on the set € of

(i.e. transformations of the form z — ——
cz+d

circles and lines.
(1) Prove that the set of fractional transformations is a group generated by the maps hy :
1
z2+— Az, 7g:z2—~2+BandZ: z+— — with A,B € C.

z
(2) Prove that the maps hy and 75 preserve both the set of circles and the set of lines.
(3) Let C = C(zg,r) be the circle with center z and radius r > 0.

1
(a) Assume first zp = 0 ; prove that Z(C) is the circle with center 0 and radius —.
T
(b) Assume now zy # 0 and |z| # 7 ; prove that Z(C) is the circle with center Zy :=

20 . r
‘Z0|2 — 7‘2 and radius R := ’|z0|27—r2 . i
(¢) Assume atlast |zg| = r > 0 ; prove that Z(C) is the line {2|270|2(1 + i\ /X € R}
20
20

(that is the line passing through and orthogonal to Zj.)

2202
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(4) Let £ be a line in C and z; the orthogonal projection of 0 on L.
(a) Assume z; =0 : identify Z(£) and Z(L£ U {o0}).
(b) Assume z; # 0 ; using the question 3.c, prove that Z(L£) is the circle with center
21 .
PAE and radius ol
(5) Application 1. Prove that hyperbolic circles (in the two models H and D) are Euclidean
circles (with different center and radius) and vice-versa.
(6) Application 2. Let C be a circle in H?, orthogonal to the real axis at points a and 3 in
R. Check that the homography z — zia — 5%& = % maps C on the imaginary

axis ¢R.
(7) Application 3. Prove that geodesics in D are segments either of Euclidean circles orthog-
onal to the unit circle or of its diameters.

Exercice 4 - On the cross-ratio Let z1, 22, 23, 24 be 4 distinct points in CU {oo} ; their cross

ratio is defined by [z1, 22, 23, 24] 1=

(21 — 22)(23 — 24)

(22 — 23)(24 — 21)
In order to understand the geometrical meaning of the cross-ratio we will write

, with the convention 2 = 1.

29 —Z1 72— Z3
[21722,23724] =

Z4 — 21 2472’3.

Z2 — 21

(1) Check that if 21, 22, 24 € C belong to the same line £ of the complex plane then P
R ; conclude that [z1, 22, 23, 24] € R when z3 € L U {co}. ! '
(2) One supposes that z1, 22, 23,24 € C belong to the same circle C in the complex plane ;
prove that [z1, 2o, 23, 24] € R.
Hint. Without loss of generality, one may assume that C is the unit circle centered at
0 and 20 = €,z = 1 ; check that in this case any z = e € C\ {1,e"} satisfies

2 — 2 »
27— re®? with r € R. Conclude.

4 — 2

For i € {1,--- ,4}, let p; the point on the complex plane corresponding to z; ; what is

the interpretation in term of the angles papips and papsps ?
(3) Conversely, fix 21, 22 and z4 distinct elements in CU {oo} ; show that there exists either
a (unique) line £ either a (unique) circle C such that these 3 points belong to £ or to C.
(a) Assume that z1, 22 and z4 belong to aline £ ; check that if z3 ¢ £ then [z1, 22, 23, 24] ¢
R.
(b) Assume that 21,22 and z4 belong to the unit circle C and set zo = e and z4 = 1;
0 _
prove that if z = pe®* with p € RT,p # 1, then 6_20/26172 ¢ R. Conclude.
—z
Hint. We will use the fact that 672‘9/2@ € R since z; € C.
Z4 — 21
(4) Prove that for any g € PSL(2,R) and any 4 distinct points 21, 22, 23,24 in CU {00}, one
gets (21, 22,23,24] = [9- 21,9 - 22,9 - 23,0 - 24] ; using the fact that g is a conformal map
on H, deduce that g maps the family of lines and circle orthogonal to the real line into
itself.
(5) For any z,w € H let 2*, w* € RU{oo} the points at infinity of the geodesic of H? passing
through z and w, such that z €]z*, w[ and w €]z, w*[; prove that the hyperbolic distance

between z and w is equal to ’log [[*, z, w*,w“’

Hint. One first checks this formula when z = ia,w = ib with a < b.

Exercice 5 - Let 21, 20, 23 and wy,ws, w3 be in H such that z; # zj and w; # w; for 4,5 €

{1,2,3},i # j.

(1) Prove that there exists a unique fractional map g : z — ‘Zig’ with a,b,¢,d € C,ad—bc = 1,
such that g - z; = w; for i € {1,2,3}.

(2) Check that a,b,c,d € R when the z;, w; belong to OH.

(3) We suppose that z; € H. Denote by @ (resp. ¥, @' and ¢’) the initial unit tangent vetctor
of the geodesic segment [z1, 23] (resp. [z1, 23], [w1, w2] and [wq, ws)).
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(a) Explain why there exists a unique g € PSL(2,R) such that g - (z1,4) = (w1, d’) and
g- (Z1717) = (whﬁ/) .

(b) Check that, if h € PSI(2,R) is such that h : z; — w; for i = 1,2,3, then h = ¢
necessarily.

(c) Prove that g maps each z; to w; if and only if d(z;, z;) = d(w;, w;) for any i # j.

(d) Conclude that the unique solution g € PSI(2,C) of the question (1) belongs to
PSL(2,R) if and only if d(z;, z;) = d(w;, w;) for any i # j.

(4) Consequence. A triangle is said to be ideal if its 3 vertices belong to R U {co}. Explain,
without any computation, why all the ideal triangles have the same area.

Exercice 6 - Let g € Aand I' = (¢9) = {¢"/n € Z} ; draw a (natural) fondamental domain of T
and of the quotient manifold H/I' (idem when g € N).

Z)inG.

(1) Compute the elements n € N,«a € A and k € K such that nak = g. Prove that this
decomposition is unique.
(2) Let a € A such that g = kak’ with k, k' € K. Is the Cartan decomposition unique ?

Exercice 8 - Let I' be a discrete subgroup of isometries of I'so(H) which is torsion free, i.e.
without elliptic elements.

Exercice 7 - Fix g = ( Ccl

(1) Let g and h be two elements in I" ; prove that if g and h have a common fixed point, then
there exists v € I" and n,m € Z* such that g =™ and h =~™.

(2) Prove that T is either generated by an element or contains a Schottky subgroup with two
generators.

(3) Prove that the limit set of I contains either 1 or 2 points or is not countable.

Exercice 9 - We consider a hyperbolic triangle A with vertices v,, v, and v, and corresponding
angles o, # and v ; we want to prove the

Gauss-Bonnet formula : area(A) =71 —a— [ —1.

(1) Assume first that at most one of the vertices (say v.) belongs to OH.

(a) Explain why one may assume that v, = co (consequently, two sides of A are vertical
geodesics (say Re(z) = a for the side [v,,v.] and Re(z) = b for the side [vp,v.])
(eventually one or two of the others vertices belong to OH, so that v, and v, may be
real)

(b) The base of A is a segment of a Euclidean semicircle orthogonal to the real axis.
Why one may assume that this semicircle has center 0 and radius 1 7

(c) Prove that a = cosa and b = cos 3.

(d) Compute the area of A.

(2) Assume now that A has no vertices in R U {oo}.

(a) Explain why one may assume that v,, v, € iR (we will assume Im(v,) < Im(v;) and
denote by A, (resp. Ap.) the triangle (vg,ve, 00) (resp. (vp, v, 00)) and 6 the angle
7).

(b) Compute the angles of A,. and Ay..

(¢) Prove the Gauss-Bonnet formula in this case, using the previous question and the
fact that area(A,.) = area(A) + area(Ape).

(3) Application. Compute the area of the Dirichlet domain Dy; := {2z € H/|z| > 1 and |Re z| <
1} of PSL(2,Z), centered at 2i.

Exercice 10 - Let H be the horosphere {z = 2 + iy € H : y > 1}. Prove that there exists ¢ > 0
such that

area(B(i, R) N H) ~ ce™/?  as R — +oo0.

7. Solutions

Exercice 1 - Note that g is an isometry of D if and only if f~! o go f is an isometry of H,

where f is the map from H to D defined by z — Z := % We know that the isometries of
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H are the homographies z +— ZZZIZ with a,b,c,d € R and ad —bc = 1 so f~'ogo f is a linear
fractional transformation of this form. Since f and f~! are also linear fractional transformations,

. . oo 1 ) 1 ( - 1 ) .
associated respectively to the matrices \/ﬁ( 1 and A1 i ) the map g is of the same

type, with matrice %( i 1 )( (CI Z)( EZ _1@ ) = ( é % ) where A = % and
C= %(d_a), so that AA —CC =1.

Conversely, let g be a fractional map of the form Z — égig with 4,C € C,|A]*> - |C|? =1
; it maps D on D and, setting a = Re(A4) — Im(C),b = Re(C) + Im(A),c = Re(C) — Im(A) and

d:Re(A)+Im(C’),onegets<(cL b):%( — _12)(14 q)(i 1)With&,b,c,d€R

d 1 c A
and ad —bc =1 ; then f~*ogo f € PSL(2,R). This is the general form of the isometries in the
upper half space model.
Exercice 2 - It is a straightforward computation.

Exercice 3 - 1.If ¢ = 0 one gets necessarily d # 0 and gj_ts =4gz+ g = Tp/q © Nayq(z). Otherwise
= —w X mrt e =Tajeohoiye 0ToTa(2)

2. The circle C(zg, r) with center zo and radius r is the set of complex numbers z such that |z—zg| =
r;if z € C(z0,7) then |ha(z) — ha(z0)| = |Alr and |75(2) — 78(20)| = r ie ha(z) € C(ha(z0),|A|r)
and 75(z) € C(7B(20),7). A line £ orthogonal to n € C* is the set of complex numbers z such
that nz + nzZ = ¢ where c is a constant in R ; if 2 € £ one has nz + nZ = ¢ which can be written
LAz + %E = c (resp. n(z + B) +n(Z+ B) = ¢+ B +nB) so that ha(z) (resp. 75(z)) belong
to a line orthogonal to & (resp. orthogonal to n).

3.(a) One has |z| =r = |Z(2)| = |1/z| = 1/r.

(b) Set Z = % with |2 — 29| = 7, ie 22 — 229 — 220 + 2020 = r? ; then |Z — Zy| =
Z—ZzQ

| =R,

(¢) The complex number Z(z) belongb to the line orthogonal to Zp and passing through 3 °|2 iff

|zo0|* =12 —2%o
2([z0[?—7?)

lzo + 150 2|Z0|2,zo + 2|Z ‘220 ie zo + zo = 1. We know that z € C(zo, |20]), ie |z — 20| = |20] ie
2Z = Zzg + 2Zp ; it follows 720 + z = m =1
4. (a) If L = {dz/X € R} with zo # 0, then (L) = {A2o/X € R*} U {oo} and Z(L U {o0}) =
{/\Zo/)\ € R}
(b) We use directly the hint combined with the fact that ZoZ = Id on C.
5. In the lecture, we have seen that, in D, the euclidean circle Cey.(0, R) with center 0 and radius
r > 0 is the hyperbolic one (denoted by Cpy,(0, R)) with radius R = log 2. If the center is
2o # 0, one chooses an isometry g of D which sends 0 onto 2y and thus Chyp(O R) onto Cryp(20,7)
; Chyp(20,7) is also an euclidean circle, since it is the image of Ceyc(0, R) by the homography g .

To obtain the result in the upper half plane model, one notes that the map f which sends H
onto D is an homography.
6. Note that z — ﬁ — B%a is an homography ; it maps C onto a circle or a line of H. The image
of a is 0o, the one of § is 0 so C is mapped onto iR.
7. The map f : H — D is an homography which sends R U {co} onto the unite circle S! ; this is
also a conformal map, so it sends circles or lines orthogonal to R onto circles/lines orthogonal to
St.
Exercice 4 - 1. z; belongs to the line passing through z; and z4 iff 25 — 21 = A(24 — z1) for some
A € R ; the conclusion follows.

el _ git i0/2 sin % ' o

2. One gets Tt = € i So if z; and z3 belong to the unit circle, the complex

2
numbers e‘ia/Q% and e‘ia/Q% belong to R, so does [z1,€%, 23, 1].

Geometrical interpretation : the arc zoz4 on the circle is seen with the same angle both from z; or
z3 ; this is the classical geometrical criteria for cocyclicity of 4 points.

3. Let L15 (resp. L14) be the perpendicular bisector of the geodesic segment [z1, 23] (resp. [z1, 24])

; then, either £1oN L14 = {20} C C and the 3 points belong to the circle with center zy and radius
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d(z0,21) = d(z0, 22) = d(20, 24), either L12 N L14 = {0} and L12 = L14 in this case.
(a) One has % € R since 21, 29,24 € L but 2=2 ¢ R since 23 ¢ L.

Z4—2Z23
_ i0_ it i0/2 . ila_ . . .
(b) One gets 2=2 = 25 = preitp(el(e /2 _ pe=i0-1)/2)(¢it/2 _ pe=it/2) 50 that the imag-
. 2 . .
inary part of e~%0/2 22 s (lﬁf_);;ﬂ(lzm) # 0. A contrario, by question 2, 6729/2% € R since

z1 € C, consequently the cross-ratio is not real in this case.

4. The invariance of the cross-ratio by fractional transformations is a straightforward calculous. If
the cross-ratio is real, its image by a fractional transformation is also real, so PSL(2,C) maps €
onto itself.

The elements of PSL(2,R) fix globaly the real line and are conformal maps where they are defined,
they thus map the set of circles/lines orthogonal to R onto itself.

5. Assume first z = a and w = ib with a < b ; one thus gets z* = 0, w* = oo and ‘log |[z*,z,w*,w]|‘ =

log |[0,ia, 00,b]|| = log(b/a) = d(z,w) ; for general z,w € H, one chooses g € PSL(2,R) such
that g - 2 = ia and g - w = b and one concludes with the previous question.
Exercice 5 - 1. We first prove the result when z; = 0,20 = 1 and 23 = oo ; we obtain the 4

a+b __
c+d

. . . . "
equations : § = wi, ws, ¢ = w3 and ad — bc = 1 with a unique solution g = ( (cl ) <

d
PSL(2,C). When z, 29,23 are in general position, one denotes by g, and g, the elements of
PSL(2,C) such that g,(0,1,00) = (21, 22, 23) and g,,(0, 1,00) = (w1, w2, w3) and one gets g, 0g; ! :
(21, 22, 23) — (w1, wa, w3).

2. In the above 4 equations, when z;, w; € RU {oo}, the solutions a, b, ¢, d are real numbers.

3. (a) It is a direct consequence of the fact that the action of PSL(2,R) is simply transitive on
TH2.

(b) if h maps each z; onto w; it maps the geodesic segment [z1, z5] onto [wy, ws] ; then h = g since
it maps (21, ) onto (wy,d’).

(c) If g(#1, 22, 23) = (w1, wa, w3) then, since g is an isometry, one must get d(z;, z;) = d(w;,w;) for
any i # j.

Conversely, if the equalities between the distance hold, then by the Cosine Rule I, the angles
Z32123 and wow w3 are equal. There exists a unique g € PSL(2,R) such that g- (21, 4) = (wy, @)
and g- (z1,7) = (w1, @) and the equalities between the distances imply g- 2o = we and g- z3 = ws.
(d) Direct consequence of the previous questions.

4. One may send any ideal triangle onto the triangle (—1,1, 00) using an isometry of H, the area
is thus unchanged.
Exercice 6 - It has been done during the course.

Exercice 7 - 1. Existence. Set n = ( Lot ),a = ( VA (1) ) and k = ( 0986 —sing )
0 1 0 —= sinf  cosf

VoY
_ . _ 1 d cn — _ actbd
such that nak = g and compute ; one gets A = =, WL sinf = W and t = G775

)" lna = k'k™! ; the matrice (n’a’)~na is upper triangular

cosf = c

I A7

Unicity. If nak = n/a’k’, then (n'«a
and k'k~! € K, so these two matrices are equal to Id and the conclusion follows.

2. Set |lg]| = Va2 + b2+ 2+ d? and check that ||g|| = ||gk|| = ||kg| for any k € K. Then,
A
setting v = ( \Of 1 ), one gets A + 1+ = a® +b? + ¢? + d? and thus A = 1(a® + b* + ¢ +
2

d? £ \/(a? + b2+ 2 +d%)2 +4). The Cartan decomposition is not unique, one may for instance
replace the couple (k,k’) by (kz,xk’) with = ( (1) _0 ) ; it is unique when A # ; and when

one imposes A > 1.
Exercice 8 - (1) If necessary one may conjugate h and g in such a way the commun fixed point

is 0o. Consequently g and h belong to the set of matrices {( 6\ g )//\ eR*"be R}.
by

)

oAssumeﬁrstthatg:<(1) Cll)andh:((l) (;);onegetSthm:<(1) na—ll—mb)

since the group I' is discrete, the set {na + mb/n,m € Z} must also be discrete in R so



26
that there exists ¢ > 0 such that {na + mb/n,m € Z} = ¢Z ; there thus exists k,l € Z
such that a = kc and b = lc so that g = * and h = +! with v = ( (1) i )
A

0

1 0

e Assume now g = ( 0 1

) with A # 1 and h = ( ) Assume A > 1, otherwise one

= Q

n
replaces g by ¢g~'. One gets first ¢" = ( A a1" ) with a, = a()\”*l +AVT
1 Y
ﬁ—kﬁ) and ¢7" = ( % _)\(i" ) so that

o= (5 ) D0 2)=(0 )

so that the sequence (¢~ "hg"),>1 tends to I as n — +oco. This contradicts the discrete-
ness of T.

b
e Assume atlast that g = ( ())\ i ) and h = ( l(; 1 ) with A, u # 1. The fixed point
A a 1 Aa
of g distinct from oo is 2% so that, setting v = 0 1—1/\2 ), the conjugate v~ !gy

fixes 0 and +oo, in otherwords one gets v~ 1gvy = ( (1) ) In the sequel one may thus
by

w6 D0 1) -

assume ¢ = 0 and A > 1. One gets g~ "hg" = (
o

b

0 0
( lg ’\i” ) — ( 'g 1 ) as n — +oo. Since I' is discrete, one gets ( 'g 1 ) el
I I w
0
so one may thus assume either b = 0 ie h = ( /é 1 ) Since {g"hm/n,m € Z} =
m

Atp™ 0
{( 5 1 )/n,m € Z} is also discrete, the set {A\"u™/n,m € Z} is a discrete
)\nu*rn

subgroup of R*T it is of the form {k™/k > 1,n € Z} and there exists k, [ € Z* such that
k0 \F K !
= and h = ( ) .
g ( 0o 1 ) 0
(2) They are 3 cases to consider :

e if the set of fixed points of elements of I' is reduced to one points, then I' is generated by
a parabolic isometry.

o If the set of fixed points of elements of I" is reduced to 2 points £; and &, they could be
the fixed points of two distincts parabolic transformations p; and ps ; so p1(&2) ¢ {&1,&2}
and is fixed by the transformation plpgpfl which belongs to I' ; this contradicts the fact
that the set of fixed points of elements of I' is reduced to 2 points. So when the set
of fixed points of elements of I' is reduced to 2 points, these are the fixed points of an
hyperbolic isometry and, by the previous question, the group I' is generated by such an
isometry.

e Assume now that set of fixed points of elements of I contains at least 3 points. Then

- it may be the fixed points of an hyperbolic isometry p and of an hyperbolic one h,
- two of these points may be the fixed points of parabolic maps p; and po

- if I' contains no parabolic transformation, then it contains 2 hyperbolic isometries
h1 and hy with distinct fixed points (at most 4 in this case !)

= O

In these 3 cases, I' contains at most two elements in Schottky position and so the Schottky group
they generate.

3. When T is generated by a parabolic map or a hyperbolic one, its limit set is reduced to the set
of its fixed point ; it thus contains 1 or 2 points. Otherwise, I' contains a Schottky subgroup I
and each limit point of IV may be identified with a infinite reduced sequence with letters in the set
of generators of IV ; this set is infinite and uncountable.
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Exercice 9 - 1.(a) If v. € R, by the fractional map z — Z_—lvc, the point v, is sent onto co, without
changing the area of the triangle since this map is an isometry.

(b) The base of A is semicircle orthogonal to the real axis at points a and b with for instance
a < b. The transformation 7" : z — b—2a| (z — “;b) is an isometry of H? which sent a onto —1 and
b onto +1 (note that a,b € [a, b] so that T'(a),T'(b) € [—1,1]). So one may assume that the base is
a semicircle with center 0 and radius 1.

(c) Let D, be the diameter of the base semicircle, joigning 0 to v, ; since D, is orthogonal to the
semicircle at the vertex v,, the angle from D, to the real line is equal to a, and the cosine of this
angle equals to a. By the same argument , one gets cos § = b.

b “+o0 b
(d) One gets area(A) = / dz ;ly = / dac/ d—g = / _dr arcsin b—arcsin a and one
A a a V1—a?

Y Vi—zz Y
obtain the expected result using the equalities arcsinb = 7 — arccos b and arcsin(—a) = — arcsin a.

2. (a) One may choose g € PSL(2,R) which maps the segment [v,,vp] onto a segment of the
imaginary axis iR.

(b) By a straightforward geometrical argument one checks that the angles of A, (resp. Ap.) are
a,y+ 6,0 (resp. ™ — 3,6,0).

(c) The triangle A, is the union of the two disjoint triangles A and Ap.. It follows that area(A) =
area(Ag.) —area(Ap) =1 — (a+v+0)—n+(r—0+0)=7—(a+ 8 +7).

3. We apply the first question with a = f% and b = % ie a = 3 = % ; one gets area(D;) = /3.
Exercice 10 - The hyperbolic disc B(i, R) with center z = i and radius R > 0 coincides with the
euclidean one with center icosh R and radius sinh R ; it is thus the set of z = x 4 iy such that
2% + (y — cosh R)? < sinh? R. Note that the intersectiopn of B(i, R) with the horocycle Imz = 1

is the segment [—4/2(cosh R — 1); /2(cosh R — 1)]. By symetry of the volume area, we get

dx d
area(B(i, R)NH) = / i 2y
B(i,R)NH Y

/\ /2(cosh R—1) (/cosh R+4/sinh? R—zx2 dy ) .
- X
1 y?

Vsinh R cosh R+4/sinh? R—221
dy
+2 7) dzx
\/2(cosh R—1) “Jcosh R—4/sinh? R—z21 Y

2

0

/\/2(cosh R—-1)

1
— 9 (1 - )d:c
0 cosh R + /sinh® R — 22
sinh R . 2
inh2 R — 22
+8/ sin R2 x e
2(cosh R—1) 1+a

=1 + .

The first integral I; is equal to 21/2(cosh R — 1)+ o(R) = 2¢f/2(140(R)) ; to estimate the integral
15, one sets = := tsinh R so that

1 .12
sinh” R
I, = 8 — /1 —t2dt
2 / , 1+ ¢t2sinh®* R

cosh(R/2)
1
Vv1—t¢2
~ 8 Tdt as R — 400
! 1
~ 8 —dt as R — +o
1 t2
cosh(R/2)

~ 4cosh§ ~ 2eR/2 as R — +o0.

Then, area(B(i, R) N 'H) ~ 4e®/2 as R — +oc.
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