CONDITIONAL LIMIT THEOREMS FOR PRODUCTS OF RANDOM
MATRICES
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ABSTRACT. Consider the product G,, = gy...g1 of the random matrices g1, ..., g, in GL (d,R)
and the random process G,v = gn...q1v in R? starting at point v € RY < {0}. It is well
known that under appropriate assumptions, the sequence (log||G,v||),~; behaves like a sum
of i.i.d. r.v.’s and satisfies standard classical properties such as the law of large numbers, law of
iterated logarithm and the central limit theorem. Denote by B the closed unit ball in R% and
by B¢ its complement. For any v € B¢ define the exit time of the random process G,v from
B¢ by 7, = min{n > 1: G,v € B} . We establish the asymptotic as n — oo of the probability
of the event {7, > n} and find the limit law for the quantity ﬁ log |G| conditioned that
Ty > M.

1. INTRODUCTION

Let G = GL (d,R) be the general linear group of d x d invertible matrices w.r.t. ordinary
matrix multiplication. The Euclidean norm in V = R? is denoted by ||v| = 1/ Zf v?, for

=1 Y
v € V. Denote by [|g|| = sup,ey (0} % the operator norm of an element g of G and endow
the group G with the usual Borel o-algebra w.r.t. ||-||. Suppose that on the probability space

(Q, F,Pr) we are given an i.i.d. sequence (g,),~, of G-valued random elements of the same
law Pr (g, € dg) = p(dg), where p is a probability measure on G. Consider the product
G, = gpn...q1 of the random matrices g1, ..., g, and the random process G,v = ¢,...¢1v in V
starting at point v € V ~ {0} . The object of interest is the size of the vector G,v which is
controlled by the quantity log||G,v|| . It follows from the results of Le Page [31] that, under
appropriate assumptions, the sequence (log||G,v||), -, behaves like a sum of ii.d. r.v.’s and
satisfies standard classical properties such as the law of large numbers, law of iterated logarithm
and the central limit theorem. Further results and a discussion of the assumptions under which
these results hold true can be found in Furstenberg and Kesten [16], Bougerol and Lacroix
[7], Guivarc’h and Raugi [26], Benoist and Quint [1], Hennion [27], Jan [30], Goldsheid and
Margulis [20].

Denote by B the closed unit ball in V and by B¢ its complement. For any v € B¢ define the
exit time of the random process G, v from B¢ by

7, =min{n >1:G,v € B}.
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The goal of this paper is to establish the asymptotic as n — oo of the probability of the event
{ro >n} = {Gyv e B ...,G,v € B°} and find the limit law for the quantity \/iﬁlogHGan
conditioned that 7, > n.

The study of related problems for random walks in R has attracted much attention. We
refer the reader to Spitzer [38], Iglehart [28], Bolthausen [6], Bertoin and Doney [2], Doney [11],
Borovkov [3], [4], Vatutin and Wachtel [40], Caravenna [8] and to references therein. Random
walks in R? conditioned to stay in a cone have been considered in Shimura [37], Garbit [17], [18],
Echelsbacher and Konig [14] and Denisov and Wachtel [9], [10]. The case of Markov chains with
bounded jumps were considered by Varapoulos [39] who obtained upper and lower bounds for
the probability of the exit time. However, to the best of our knowledge, the exact asymptotic
of these probabilities for Markov chains has not yet been studied in the litterature.

To formulate precisely our main results we introduce the following conditions. Let N (g) =
max { [|g||, | g||_1} and P (V) be the projective space of V. Our first condition requires expo-
nential moments of log N (g) .

P1. There exists dp > 0 such that / N (9)” p (dg) < oo.
G

Denote by I', the smallest closed semigroup which contains the support of p. The second
condition requires, roughly speaking, that the dimension of I';, cannot be reduced.

P2 (Strong irreducibility). The support of p acts strongly irreducibly on V, i.e. no proper
unton of finite vector subspaces of V is invariant with respect to all elements of T'y,. .

Any g, € G admits a polar decomposition: g, = hlexp(a,)h?, where hl h? are orthogonal
matrices and a,, is a diagonal matrix with entries a,(1) > --- > a,(d) > 0 on the diagonal. We
say that the sequence (gy,),, is contracting for the projective space P (V) if limy, o0 (an(1) —

a,(2)) = 0.

P3 (Proximality). The semigroup I}, contains a contracting sequence for the projective space
P (V).

Condition P3 is verified if I',, contains a matrix with a unique eigenvalue (counting multi-
plicities) of maximal modulus. For details on the conditions P2 and P3 we refer the reader to
[7]. It follows from [20] that P2 and P3 are satisfied if and only if the action of the Zariski
closure of I, in G is strongly irreducible on V and proximal on P(V).

In the sequel for any v € V \ {0} we denote by v = Rv € P (V) its direction and for any
direction 7 € P (V) we denote by v a vector in V ~\ {0} of direction ©. For any g € G and
v € P(V) denote by g - the element of the projective space P (V) associated to the product
gu, l.e. g-U = gu.

On the product space G x P (V) define the function p called norm cocycle by setting

(1.1) p(g,v) :=log ||”gv“||’ for (9,7) e G xP (V).
v

It is well known (see Le Page [31] and Bougerol and Lacroix [7]) that under conditions P1-P4
there exists an unique p-invariant measure v on [P (V) such that, for any continuous function
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o on B(V),
(12)  (per) () :// o (g-) v (D) p (dg) =/ o (@) v (dD) = v ().
G JP(V) P(V)
Moreover the upper Lyapunov exponent
(1.3) e = / p(9,7) s (dg) v (d)
GxP(V)

is finite and there exists a constant ¢ > 0 such that for any v € VX {0} and any ¢ € R,

log || G| —
1m1Pr((%HG!ﬂ| n%‘gt)::é(ﬂ,
n—00 o'\/ﬁ

where @ (-) is the standard normal distribution. Throughout the paper we assume:

P4. The upper Lyapunov exponent vy, is equal to 0.

Hypothesis P4 does not imply that the events {7, > n} ={Gv € B : k=1,..,n}, n>1,
occur with positive probability for any v € B¢; to ensure this we need the following additional
condition:

P5. There exists 6 >0 such that  inf p (g :log|lgs|| > 0) > 0.
seSe—

It is shown in the Appendix that a measure p on G satisfying P1-P5 and such that v, = 0
exists.
Assume P1-P5. From Theorems 2.2 and 2.3 we deduce that, for any v € B¢,

2V (v)

oV 2m™n

(1.4) Pr(r, >n)= (14+0(1)) as n — oo,

where V is a positive function on B¢ with following properties: for any s € S! the function
t — V (ts) is increasing on (1,00), 0V (logt —a) < V (ts) < c¢(1 +logt) for t > 1 and some

Vi(ts)
logt L.

Moreover, in Theorem 2.4 we prove that the limit law of the quantity #ﬁ log |G|, given

constant a > 0, and lim;_,

the event {7, > n} coincides with the Rayleigh distribution ®* (¢) = 1 — exp (—%) : for any
v € B¢ and for any ¢t > 0,

log HGan
—ohnrnril =T ]
NG Ty >N (1)

The usual way for obtaining such type of results for a classical random walk on the real line
is the Wiener-Hopf factorization (see Feller [15]). Unfortunately, the Wiener-Hopf factorization
is not suited for studying the exit time probabilities for random walks in R? or walks based
on dependent variables. Alternative approaches have been developed recently: we refer to
[39], [14], [9] and [10]. For the results (1.4) and (1.5) we rely, on the one hand, upon these
developments, and, on the other hand, upon a key strong approximation result for dependent
random variables established separately in [21]. As it is shown in Le Page [31], the study of a
product of random matrices is reduced to the study of a specially designed Markov chain. One
of the difficulties is the construction of the harmonic function for the obtained chain. To crop

<t

n—o0

(1.5) mnPr(
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with this, we show that, under assumptions P1-P4, its perturbed transition operator satisfies
a spectral gap property on an appropriately chosen Banach space. This property allows to built
a martingale approximation, from which we derive the existence of the harmonic function. In
the second part of the paper we transfer the properties of the exit time from the Gaussian
sequence to the associated Markov walk based on the strong approximation [21].

We end this section by recalling some standard notations. Throughout the paper ¢, ¢, ¢”, ...
with or without indices denote absolute constants. By c., c; s, --- we denote constants depending
only on theirs indices. All these constants are not always the same when used in different

formulas. Other constants will be specifically indicated. By ¢, () = \/%exp (—%) and
o, (t) = ffoo ¢o (t) du we denote respectively the normal density and distribution functions of

mean 0 and variance o2 on the real line R. The identity matrix in G is denoted by I and ¢’ is
the transpose of g € G. For two sequences (ay),,», and (by),~, in R the equivalence a, ~ b,

1| =0,

as n — 0o means lim,,_

2. MAIN RESULTS

Consider the homogenous Markov chain (Xn)nzo with values in the product space X =
G x P (V) and initial value Xy = (g,v) € X by setting X; = (¢1,¢ - v) and

(2.1) X1 = (Gn+1,Gn--q19 - ), n > 1.

The transition probability of (Xn)nzo is given by

(2 Pfg.0)= [ Flong Duldn),
G

for any (¢,7) € X and any bounded measurable function f on X. On the space X define the
probability measure

(2.3) A (dg, dv) = p(dg) x v (dv),

where v is the p-invariant measure defined by (1.2). It can be shown by standard methods that
under conditions P1-P4 the measure A is stationary for the Markov chain (X}),~,, i.e. that
X(Pf) = X(f) for any bounded measurable function f on X. Denote by P, the probability
measure generated by the finite dimensional distributions of (Xj),., starting at Xy = 2 € X
and by E, its the corresponding expectation; for any probability measure v on X, we set
P, = [y P,v(dz). Then for any bounded measurable function f on X,

E.f(X1)=Pf(z) and E,f(X,) =P"f(x), n>2.
Let v € V. {0} be a starting vector and v be its direction. From (1.1) and (2.1), iterating

"

the cocycle property p(¢9"¢',7) = p (9", 9" -0) + p(¢’,v) one gets the basic representation

(2.4) log |Gagvll =y + > _p(Xi), n>1,

k=1
where y = log ||gv|| determines the “size” of the vector gv. In the sequel we will deal with the
random walk (y + S,),>, associated to the Markov chain (X,,) where Xy = 2 = (g,0) is

n>0"
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an arbitrary element of X, y is any real number and

(2.5) So=0, 8, => p(Xi), n>1.

k=1
In the proof of our main results we will make use of the following CLT which can be deduced
from Theorem 2 (p. 273) in [31] and where we assume that -y, = 0.

Theorem 2.1. Assume P1-PJ. Then there exists a constant o € (0,00) such that uniformly

mzx € Xandt >0,
S
lim P, <t =d(t).
i (\/_—> ®)

Using (2.4) and the results from [31] it is easy to obtain the well known expression

(2.6) 0% = Varp, (p(X1)) +2>_ Covp, (p(X1),p(Xx)) < o0.

For any y > 0 denote by 7, the first time when the Markov walk (y+ S,),-, becomes

negative:

n>0

7, =min{n >1:y+ 5, <0}.
From Lemma 5.1 of Section 5 it follows that, for any y > 0 and x € X, the stopping time 7, is
P,-a.s. finite.

To state our first order asymptotic of the probability P, (7, > n) we need an harmonic func-
tion which we proceed to introduce. For any (z,y) € X x R denote by Q (z,y,dz’ x dy') =
P, (X; € do’,y+ S; € dy’) the transition probability of the two dimensional Markov chain
(Xn,y + Sn),>o under the measure P,. Consider the transition kernel (z,y) € X x Rf —
Q. (z,y,-) on X x R defined by

Q+ (xa Y, ) = ]-Xij' () Q <x7y7 ) .
Note that Q. is not a Markov kernel. A Q. -positive harmonic function V' is any function
VX x Rf — R/ satisfying

Given such a function V, let Q + be the Markov kernel defined by
— 1
(2.8) Qo =Q: (Vo)

for any bounded measurable function ¢ on X x R}. The kernels Q,, Q. and the harmonic
function V' introduced above are related to the exit time 7, by the following identities: for any
x € X,y >0,n>1and bounded measurable function ¢ on X x R},

(VQie) (2,9) = QL (Vo) (2,y) = Eo (Vo (X, y + Sn) 57, > 1) -
With ¢ =1 we see that V' is Q. -harmonic iff
V(l’,y) :ELII (V(Xlay+sl) ;Ty > ]-)

The following theorem proves the existence of a Q. -harmonic function. We also establish
some of its important properties such as linear behavior as y — oc.
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Theorem 2.2. Assume hypotheses P1-P5.
1. For any x € X and y > 0 the limit

V(z,y) = lim E, (y + Sy; 7y > n)
n—oo

exists and satisfies V (x,y) > 0. Moreover, for any x € X the function V (z,-) is increasing
on R, satisfies 0V (y—a) < V(x,y) < c(l4vy) for any y > 0 and some a > 0, and

2. The function V' is Q4 -harmonic, i.e. for any x € X and y > 0,
Ew (V<X17y+51);7—y > 1) = V(ZE,y)

The proof of this theorem is given in Section 5 (see Propositions 5.11 and 5.12) with a =
2||P9||, , where the function 6 is the solution of the Poisson equation § — P§ = p (see Section
4 for the existence of the function # and its properties).

Now we state our main result concerning the limit behavior of the exit time 7.

Theorem 2.3. Assume hypotheses P1-P5. Then, for any x € X and y > 0,

2V
PI(Ty>n)NMCLSn—>OO.

o\ 21N

The following theorem establishes a central limit theorem for the sum y 4+ S,, conditioned to
stay positive.

Theorem 2.4. Assume hypotheses P1-P5. For any x € X, y >0 and t > 0,

y+ S
IP{,E( —~ §t7y>n)—®+(t)’:0,

lim
n—00

where ®T (t) =1 — exp (—%) :

The results for log |G, v|| stated in the previous section are obtained by taking X, = = = (I,7)
as the initial state of the Markov chain (X,),, and setting V' (v) =V (z,In [v]]) .

3. BANACH SPACE AND SPECTRAL GAP CONDITIONS

In this section we verify the spectral gap properties M 1-M3 of the perturbed transition
operator of the Markov chain (X,,),~, acting on a Banach space to be introduced below; for
more details we refer to [31]. Under these properties and some additional moment conditions
M4-M5 stated below, in the paper [21] we have established a Komlos-Major-Tusnady type
strong approximation result for Markov chains (see Proposition 6.3) which is one of the crucial
points in the proof of the main results of the paper. The conditions M1-M5 are also used to
show the existence of the solution # of the Poisson equation p = § — P8 which is used in the
next section to construct a martingale approximation of the Markov walk (.S,),,~ -

v

e {lo]l
space of continuous bounded functions f : X — R endowed with the supremum norm || f||_ =

On the projective space P (V) define the distance d (@, ) Let Cp, be the vector
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SUp(ymex |f (9,0)]. Let g > 0 and 0 < & < §o. For any f € C; set

) k. = su = u 3=
(3.1) D= S e o o™ T = hE OV (0) N )

Define the vector space B =B, := {f € Cy : k- (f) < oo} . Endowed with the norm

(3.2) 1fllg = 11/l + &= ()

the space B becomes a Banach space. Note also that fi, fo € Bimplies fi f, € B with || fi fa]|5 <
| fillg | f2|l5 > so that B is also a Banach algebra.
Denote by B' = L (B, C) the topological dual of B equipped with the norm |||/ : [|¢|lz =

SUP) 7| 5<1 %, for any linear functional ) € B’. For any linear operator A from B to B, its

operator norm on B is [|Al| 5,5 = supj <1 ”HfH” The Dirac measure J, at z € X is defined

by 0. (f) = f (x) for any f € B. The unit function e on X is defined by e (x) =1 for x € X.
Using the techniques of the paper [31], it can be checked that under P1-P4 the condition
M1 below is satisfied:

M1 (Banach space):
a) The unit function e belongs to B.
b) For every x € X the Dirac measure 8, belongs to B', with sup,ex [|02]5 < 1.
c) BC L' (P(z,-)) for every z € X.
d) There exists a constant ng € (0,1) such that for any t € [—ng,no] and f € B the function
e’ f belongs to B.
Condition M1 c¢) implies that the operator P defined by

feB Pl /fg7 (- dg, dv)

is well defined. Moreover, it follows from M1 d) that the perturbed operator P;f = P (e’ f)
is well defined for any ¢ € [—n9, 0] and f € B (notice that P = Py).

Again using the techniques from [31] one can show that conditions of theorem of Ionescu
Tulcea and Marinescu [29] are satisfied (see also Norman [35], Section 3.2); consequently we
deduce the conditions M2-M3 below:

M2 (Spectral gap):
a) The map f v Pf is a bounded operator on B.
b) There exist constants Cgo > 0 and r € (0,1) such that

P=1+R,

where 11 is a one dimensional projector, IIB = {f € B: Pf = f} and R is an operator on B
satisfying IR = RII = 0 and ||R"||5_5 < Cor", n > 1.

M3 (Perturbed transition operator): There exists a constant Cp > 0 such that, for all
n>1,

(3-3) sup [P}z < Cp.

[t]<no
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Since e is the eigenfunction corresponding to eigenvalue 1 of P, the space IIB is generated
by e. Moreover for any f € B,

(3-4) IIf =A(f)e,

where A is the stationary measure defined by (2.3). Indeed, for any f € B, there exists ¢; € R

such that IIf = cre. By condition M2 it follows that X (f) = X (P"f) = A(IIf) + A (R"f), for

any n > 1. Taking the limit as n — oo and using again M2 we obtain A (f) = A (ILf) = ¢;.
Using condition P1, we readily deduce the conditions M4-M5 below:

M4 (Moment condition): For any p > 2, it holds supsupEY?|p (X))’ < co.

zeX n>0

M5: The stationary probability measure A satisfies /sup P" |p|* () A (dz) < oo.
n>0

4. MARTINGALE APPROXIMATION

The goal of this section is to construct a martingale approximation for the Markov walk
(Sn),>0 - All over the section it is assumed that hypotheses M1-M3 hold true. Following
Gordin [19], we define the function 6 as the solution of the Poisson equation p = § — Pf and the
approximating martingale by M, = >, (6 (X)) — P8 (X,_1)), n > 1. Note that, the norm
cocycle (1.1) does not belong to the Banach space B, so that the existence of the solution of
the Poisson equation does not follow directly from condition M3.

Lemma 4.1. The sum 0 = p+ Y~ P"p exists and satisfies the Poisson equation p = 6 —P6.
Moreover,

(4.1) sup |0 (z) — p (x)] < oo.

reX

Proof. Let us emphasize that the function p may be unbounded and so may not belong to
B. The key point in what follows is that p = Pp € B, which can be established by standard
methods (see Le Page [31]); by condition M2, this readily implies

Pp=P" 5= X(p)+ R (p) = R (p),

where, by the stationarity of A we have A (p) = X (Pp) = A (p) = 7, = 0. Since the spectral
radius of the R is less than 1, it holds

1Pl < IIP"plls = | B"" (D)]|-
Consequently, by M2 b), there exists a real number ¢; > 0 such that, for any z € X and n > 1,
(4.2) P (2)] < err”

with r € (0,1). It readily follows that the sum 6 = p+ >~ >° | P"p exists. The Poisson equation
p = 6 — PO is obvious. Finally, for any z € X, one gets [0 () —p(x)] < Y07, [P"p(x)| <
c1Y o ™ < oo, which proves (4.1). O
Corollary 4.2. For any p > 2, it holds supsupE, |0 (X},)|" < +o0.

n>1 zeX
In particular |PO)|| = sup [P0 ()| < oo.
reX
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Proof. The first assertion follows from the moment condition M4 and the bound (4.1). Since
PO (z) = E,0 (X;) the second assertion follows from the first one. O

Let Fy be the trivial o-algebra and F,, = 0 {X}, : k < n} for n > 1. Let (M,),~, be defined
by -
(4.3) My =0and M, =Y {6(Xy) — PO (Xp_1)}, n> 1.
k=1

By the Markov property we have E, (0 (X}) |Fr—1) = PO (Xy_1), which implies that the se-
quence (M, ]:n)nzo is a 0 mean P, -martingale. The following lemma shows that the difference

(Sp — Mn)nzo is bounded.

Lemma 4.3. Let a = 2||P0||_ . It holds sup |S,, — M,| < a P,-a.s. for any x € X,
n>0

Proof. Using the Poisson equation p = § — P8 we obtain, for k£ > 1,
p(Xi) = 0(Xy) — PO (Xg) = {0 (X)) — PO (Xp—1)} + {PO(Xp—1) — PO (Xi)}

Summing in k£ from 1 to n we get

S0 =D p(X) = Y_{0(X,) — PO(Xi1)} + PO (X0) = PO (X,),

which implies S,, — M,, = PO (X,) — PO (X,,), n > 0. The assertion of the theorem now follows
from Corollary 4.2. U

The following simple consequence of Burkholder’s inequality will be used repeatedly in the
paper.

1
Lemma 4.4. For any p > 2, it holds sup — supE, |M,|" < +oc.
n>1 NP2 Lex

Proof. Denoting &, = 0 (Xx) — PO (X,_1) and applying Burkholder’s inequality one gets

> &
k=1

p/g 1/p
(4.4) (Ex [ M, [P)'7" < ¢, | B,

By Holder’s inequality, one gets

n p/2
P
k=1

with sup (E, |&[7)Y? < 2sup (B, |0 (Xk)|p)% since E, [(PO) (X}_1)|" = E, |0 (X)|". The de-
1<k<n k>1
sired inequality follows from Corollary 4.2. O

E,

n
<R, > |G < nP? sup By (&
1 1<k<n
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5. EXISTENCE OF THE HARMONIC FUNCTION

We start with a series of auxiliary assertions. Assume hypotheses M1-M4. Recall that by
Lemma 4.3 the differences S,, — M,, are bounded P -a.s. for any x € X and n > 1. For any
y > 0 denote by T, the first time when the martingale (y + M,), -, exits R} = (0,00),

T,=min{n>1:y+ M, <0}.
The following assertion shows that the stopping times 7, and T} are IP,-a.s. finite.
Lemma 5.1. For any x € X and y > 0 it holds P, (1, < 00) =P, (T, < o0) = 1.

Proof. The first claim is a consequence of the law of iterated logarithm for (.5,,),,5, established
in Theorem 5 of [31]; the second claim follows from Lemma 4.3. O

Lemma 5.2. There exist ¢ > 0 and 9 > 0 such that for any ¢ € (0,e09), n > 1,z € X and

y >nt?E
(5.1) E, ( L T, < n) Sci.
nE

Proof. Consider the event A4, = {maxi<y<, |&| < n'/27%}, where &, = 6 (X)) — PO (Xj_1);
one gets

E. (ly+Mz|; T, <n) = E,(ly+ Mzg,|; T, <n,A,)
+ o (Jy+ Mg, |; T, <n, A)
(5.2) = Ji(z,y)+ L (zy).

We bound first J; (z,y) . Since T), is the first time when y + M7, becomes negative and the
size of the jump &7, of y + My, at time T, does not exceed n'/272 on the event A,, it follows
that J; (x,y) < n'/?2%P, (T, < n; A,) < n'/27%. Therefore, for any y > n'/?>~ and 2 € X
Y

(5.3) Ji(z,y) < =

Now we bound J, (z,y). We set M} = max;<x<, | My|; since |y + Mr,| < y+ M on the
event {7, < n}, it is clear that, for any = € X,
(5.4) (2, y) < yPy (A7) + By (M5 A7)
The probability P, (AS) in (5.4) can be bounded as follows:

P, (45) = P, (max &k| > n1/2_26)

<k<
< Y P (|l >0t
1<k<n
< n(1/2 2e)p Z E. (I&")
1<k<n
)P
< n(1/22s ZE (16 (Xx)I")
1<k<n
Cp

np/2—1-2ep’
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where the last inequality follows from Corollary 4.2. Similarly, we have

E, (M3 AS) < E, (Mp;M; > n'/?2 AC) 4 nl/2T2P, (A2)

(5.6) < / P, (M > t)dt + 2n'/** %P, (A°),
nl/2+2¢
with
c ¢ . ¢ depy

Now we analyze the integral in (5.6). Using Doob’s maximal inequality for martingales and
1 p/2
Lemma 4.4 we get P, (M) > t) < t—pEx |M,|" < cpnt—p, therefore

o0 [o.¢] 1
/ P, (M >t)dt < cn?? / —dt

1/242e 1/2+42¢ P
np/?
S G e
Y
(58) S Cpm.
Taking (5.6), (5.8) and (5.7) altogether, one gets
. gc Yy Yy

(59> B, <Mn’ An> < Cp<n26p—3e + np/2—1—26p—36> :

Implementing the bounds (5.5) and (5.9) in (5.4), we obtain,

) ) Y
np/2—1-2ep n2ep—3e np/2—1-2ep—3¢

(5.10) Jo (z,y) < cp<

Finally, from (5.2), (5.3), (5.10), we get, for any y > n'/?=¢,

. Y Y Y Y
]Ex (}y + MTy‘ ) Ty < n) < E + Cp<np/2—1—2sp + n2ep—3e + np/2—1—2€p—35)'

Choose p > 2. Then there exist ¢ > 0 and g, > 0 such that for any ¢ € (0, ) and y > n'/>=¢,

E, (ly + Mr,|; T, <n) Sc%

which proves the lemma. Il
Let € > 0, y > 0. Consider the first time v, when |y + M}| exceeds 2n'/?~¢ :
(5.11) Vn = Vnye =min{k >1:|y+ M| > 2n1/2_€} :

Lemma 5.3. There exists ¢ > 0 such that for any ¢ € (0,¢1), x € X and y > 0 it holds
P, (imy, o0 Vnye = 00) = 1.
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Proof. Let N > 0 and M = max;<g<y, |Mj|. Using Doob’s maximal inequality for martingales
and Lemma 4.4, we get, for n sufficiently large (namely 2n'/?= > 2y)

P, (Vhye <N) < P, (Mj'\} > onl/2—e — y)

< ]Px (ME(] > nl/Z*E)
2 p
p
< (W) E, [My|
NP/2

S =
Since p > 2, choosing 0 < ¢ < g1 = pz;pQ, we have p(1/2 —¢) > 1, which implies that the series
> Py (Vnye < N) is convergent. The assertion of the lemma follows by the Borel-Cantelli
lemma. U

Lemma 5.4. For any € € (0, 1) there exists ¢. > 0 such that for anyn>1l,r e X andy >0
2
P, (l/my,e > nl_s) < exp(—c.n).

Proof. Let m = [b>n'~%*] and K = [n°/b?], where b will be chosen later on. By Lemma 4.3, for
any z € X we have |S, — M,| < a < n'/?7¢ P,-a.s. with a = 2||P0||__ . So, for n sufficiently
large and for any y > 0,

P, (Vn,y,g > nl—s) = P, ( max |y + Mk| < 2n1/2—a>

1<k<nl-e

< P, ( max |y + Mgn,| < in/Q_E)

1<k<K

. < < 3npl/2=) .
(5.12) < P, (1%82)% |y + Skm| < 3n )

Using the Markov property, it follows that, for any = € X,

P, ( max |y + Skm| < 3n1/2_5)
1<k<K

< P, ( max |y + Skm| < 3n1/2_‘5) sup P, (|2 + S| < 3n'/%79)

1<h<K-1 2€R, zeX
from which iterating, we get

K
(5.13) P, <1r<r}€ag§( |y 4+ Skm| < 3n1/2s> < (yeitlgexpx (Jy + S| < 3n1/25)) _
Denote B, (r) = {z : |y + 2| < r}. Then, for any 2 € X and y € R,

. Sm
P, (Jy + Sp| < 3n/%7°) =P, (ﬁ €B,, /m (rn)) ,
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where 1, = 3n'/27¢/\/m. Using the central limit theorem for S,, (Theorem 2.1) we have, as

n — 0o,
(5.14) S P(Sm €B,, )> / 62 (1) du| — 0
. up |P. [ —= w (rn) | — 02 (u) du .
YER, zeX vm uvm By (rn)
From (5.14) we deduce that, as n — oo,
sup Py (Jy + Sl < 3n1/2’s) < sup/ Go2 (u) du+o0(1).
y€eR, zeX yeR JB, , m(rn)

Since r, < b7, we get

Sup/ Po2 (u) du < Oo2 (u) du < cory, < <
yeR JB, , m(rn) r, b

Choosing b large, for some ¢. < 1 and n large enough, we obtain

sup P, (Jy + S| < 3n'77°) < ..
yeR, zeX

Implementing this bound in (5.13) and using (5.12) it follows that

sup Py (Vnye >n'7F) < ¢ <exp(—conf),
y>0, zeX

which proves the lemma.
Lemma 5.5. There exists ¢ > 0 such that for any € € (0, %) ,n>1lzeXandy >0,

sup E, (|y + M| Vnye > nl_a) < c(l1+y)exp (—cn®)

1<k<n

for some c. > 0.
Proof. By Cauchy-Schwartz inequality, for any n > 1,1 < k <n,xr € X and y > 0,
E. (ly + Mi|; vy, > nl_a) < El/? (ly + Mk|2) PL/2 (Vnge >n'"7) .

By Minkowsky’s inequality and Lemma 4.4

Ei/Q (|y + Mk|2) <y+ \/Elig <y+ (EmMs)l/?) <y+ ent/2.
The claim follows by Lemma 5.4.

Lemma 5.6. There exists ¢ > 0 such that for anyn > 1,2 € X and y > 0,

(5.15) B, (y+ My Ty >n) <c(1+y).
Proof. First we prove that there exist ¢ > 0 and gy > 0 such that for any = € X, ¢ € (0,&9) and
y > n!/?e,
(5.16) E. (y + My; T, >n) < (1+£) y-
n€
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Since (M,,, F, ) n>1 18 a zero mean P,-martingale, we have E, M,, = 0 and E, (y + M,; T, <n) =
Ex(y_'_Mn; T,>n) = E;(y+ M,) —E,(y+ My T, <n)

y—E; (y+ Mn; T, <n)

- y_Ex (y+MTy; Ty Sn)

(5.17) = y+E, (|y—|—MTy‘; T,<n).

By Lemma 5.2, there exist ¢ > 0 and g9 > 0 such that E, (|y + MTy} ; Ty < n) < =y, for any
y > n'/?7¢ and € € (0,¢) . Implementing this inequality in (5.17), we obtain (5.16).

Now we show (5.15) for any = € X and y > 0. We use a recursive argument based on the
Markov property coupled with the bound (5.16). First we note that, for any ¢ > 0,

E,(y+M,; T, >n) = E, (y + My Ty >n, vy < nl’s)
+E, (y +My; Ty >n,vpye > nl_s)
(5.18) = Ji(z,y) + L (z,y).
By Lemma 5.5, for some ¢ € (0,¢g),
Jo (z,y) < c(14y)exp (—cn®).

To control J; (z,y), write it in the form

]
(5.19) Ji (z,y) Z E, (y+M,; T, >n, v .=k).
k=1

By the Markov property of the chain (X,)

n>1"
E; (y + My; Ty >N, Vpye = k) = /]E:c’ (y/ + M, ; Ty’ >n— k)

xP, (X € da’, y—i—MkEdy" T, > k, l/nyEZk)

where Uy, (x,y) = E, (y + M,,; T, > m) for any m > 1. Since
{Wnye =k} C {|y + M| > nl/%s} )
using (5.16), on the event {T}, > k, v, ,. = k} we have

(5.21) Un—i (Xi,y + M) < (1 + (n——ck)e) (y + M) .

Inserting (5.21) into (5.20), we obtain
E, y—i—Mn, Ty>n, Upye=k)

(5.22) < ( )E Y+ My; Ty >k, vnye =F).
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Combining (5.22) and (5.19) it follows that, for n sufficiently large,
] C
Jl (l',y) S Z (1+m) Ex(y+Mka Ty>k7yn7y,€:k)
k=1
[

/

nE
k=1
Since ((y + My) 1iz,5n}), -, is @ submartingale, for any z € X, and 1 < k < [n'~¢]

E, (y+ My Ty > kvpye = k) <Ep (y+ My—; Ty > '] vy = k).
This implies

[ ]
/
Ji(z,y) < <1 - _E) Eq (y + Mpypr—<); Ty > [nl_e} Vnye = k)
/
< (L) E e M T )

Implementing the bounds for J; (x,y) and J5 (z,y) in (5.18) we obtain

/

CE —€
E. (y+ M,; T,>n) < (1 + n—) E. (y + M- T, > [n' 7))
(5.23) +c (14 y)exp (—cn®).
. 11—e 11
Let k; = [n(l_e)q for 7 > 0. Note that [k;_a} = Hn(l_e)J] } < [n(l_s)ﬁ} = kji1. Then,

using the bound (5.23) and the fact that ((y + M,) l{Ty>n})n>1 is a submartingale, we get

E, (y -+ Mkla Ty > kl)
/
< (1 + %) E. <y + M[k}—5]5 T, > [k’%_a]) +c(1+y)exp (—cks)
1

/
< (1 - &) E, (y + My,; Ty, > ko) + ¢ (1 +y) exp (—ckf) .

ki

Substituting this bound in (5.23) and continuing in the same way, after m iterations, we obtain
(5.24) E,(y+M,; T,>n) <A, (E, (y+ My,; T, >kn)+c(1+y)Bn),
where

m c/
5.25 A = 1 -
620 I 57)

Jj=1 J
and
(5.26) B, = Zexp (—cks_y) -

J=1
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e(1—e)?~

Letting a; = n~ 1, we obtain

(5.27) A < exp <2€c'E Z og) :
=1

We choose m = m (n) such that k,, = [n(l_s)m] < ng < k,,_1, where ng > 1 is a constant. Let
qo = naEQ. Note that, for any j satisfying 0 < j < m, it holds

(67} j — m—
= T R <t =g <1
J
Therefore . . » .
a; < g, = g In T < gl Inge,
This implies
m m . n=¢
(5.28) da;<ngt gt < —2—
— — 1 —n,
J J
In the same way we can check that
m n=¢
j—1
(5.29) By <oy n 0 <o 0

The assertion of the lemma follows taking into account that
E. (y+ My,,; Ty > kn) = Ei(y+ Myy; T, > no)
< Eo (y + [ Myl)
< y+ec

Corollary 5.7. There exists ¢ > 0 such that for anyn > 1,2 € X and y > 0,
E, (y+ Sp;my>n) <c(l+y)

and
E,(y+M,;7,>n)<c(l+vy).

Proof. Let a = ||P0||, and x € X. By Lemma 4.3, sup,,> |S, — M,| < a, P,-a.s., which implies
P, (1, <Ty4a) = 1. Since y +a+ M, > y+ S, >0on {r, >n}, P, -as., for any € X, using
Lemma 5.6, we get,

E, (y+a+ M7, >n) E, (y+a+ My Tyra > n)
a(l+y+a)

02(1+y)

INIA A

(5.30)
Using the bound (5.30) it follows that
E,(y+ Spity>n) <E; (y+a+ M1y >n) <c(l+y)

and
E,(y+ M1, >n) <E,(y+a+ M1, >n) <c(1+y).
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Lemma 5.8. There ezists ¢ > 0 such that for any x € X and y > 0,
E. |y + Mr,| <c(1+y) < oo.
Proof. Let z € X. As (Mn,]:n)7121 is a zero mean P,-martingale, we have E, M, = 0 and
E.(y+ M,; T,<n)=E, (y+MTy; T, < n) : 80, since y > 0,
E.|y+ Mran| = Eo(y+ My T, >n) —E, (y+ Mr,; T, <n)
E,(y+ M,; T, >n) —E, (y + M,; T, <n)
= 2E, (y+M,; T, >n)—y
< 2E,(y+M,; T, >n).
Taking into account that by Lemma 5.6, E, (y + M,; T, > n) < c(1+y), we get
E. |y + M| <2c¢(1+y).

Since
E. (|y+ Mr,|; T, <n) <Eq|y+ Mpan| <2c(1+4y),
by Lebesgue’s monotone convergence theorem it follows that

Ex|y—|—MTy} :JLIgoEw(‘y—i—MTy ; T Sn) <2c(1+4y) < oo.

Corollary 5.9. There exists ¢ > 0 such that for any v € X and y > 0,
E.(Jy+S,]) <c(l+y) <oo
and
E. (ly+ M,]) <c(l+y) < .
Proof. For any x € X and y > 0,
(5.31) Eo |y + Sryan| = Eo (y + Sus 7y > 1) — By (y+ Spyi7y < ).
By Lemma 4.3 we have sup,,» [S, — M,| < 2[|P0||, = a < co. Note also that E,M, = 0 and
E, (y+ M, 7, <n)=E, (y + M;,; 7y < n); therefore the second term is bounded as follows:
~E, (y+Snim<n) < —Eo(y+ M7, <n)+a
—E, (y+ M,;7,<n)+a
= E,(y+My;1y,>n)—E, (y+ M,) +a
E, (y+ M,;7,>n)+a
E, (y + Sn; 7y > n) + 2a.

IAINA

Substituting this bound in (5.31) we get
E, |y + STy/\n} <2E, (y+ Sp; 7y > n) + 2a,
from which, by Corollary 5.7, we obtain
Eo |y + Srynn| < c(14y) + 2a.
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Since

E. (Jy+ 55,7 > 1) <Ee|y+ Spaa| < c(L+y) + 20,
by Lebesgue’s monotone convergence theorem it follows that

E, ‘y—i— STy| = lim E, (|y—|— Sz,
n—oo

;7 >n) <c(l+y)+2a < oo.

The second assertion follows from the first one since P, (sup,>q [S, — M,| < a) = 1. O

Lemma 5.10. Uniformly in x € X,

1
lim — lim E, (y + M,; T, >n)=1.

Y—00 Y n—00

Proof. Let 2 € X and y > 0. Let ng be a constant and m = m (n) be such that [n1=9"] = n,.
Consider the sequence k; = [n(l_a)j] ,j=0,...,m. From (5.24) it follows

E, (y+ M,; T, >n) <A, (E; (y + My,; T, >no) +c(1+vy)By),

where A,, and B,, are defined by (5.25) and (5.26). Let § > 0. From (5.27), (5.28) and (5.29),
choosing ny sufficiently large, one gets A,, <1+ 6 and B,, < ¢ uniformly in m (and thus in n
sufficiently large). This gives

(5.32) E, (y+ My; T, >n) < (1490) (B, (y + Myy; T, >n0) +c(1+y)d).

Since ((y + M,) 1{Ty>”}>n>1 is a submartingale, the sequence E, (y + M,; T, > n) is increasing
(and bounded by Lemma 5.6): it thus converges as n — oo and one gets

li_)rn E,(y+M,; T, >n) < (1+40)(E, (y+ M,y; T, >no)+c(1+y)0d).

From (5.17) we have the lower bound E, (y + M,; T, > n) > y; we obtain
y < lim E, (y+ My, Ty >n) < (140) (y + Eq [Myyy| +c(1+y)0)

and the claim follows since § > 0 is arbitrary. O

For any x € X denote
| —E M, ify >0,
V(:c,y)—{ 0 ify<o.

The following proposition presents some properties of the function V.

Proposition 5.11. The function V' satisfies:
1. For anyy >0 and z € X

Viz,y) = lim E; (y + My;7y > n) = lim By (y + Sp;7y > 1)
n—oo n—o00
2. For anyy >0 and v € X,
0V (y—a) <V(zy) <c(l+y),
where a = 2 ||PO| . .

3. For any x € X, limy_,o
4. For any x € X, the function V (x,-) is increasing.

V(J?,y) — 1
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Proof. Let x € X and y > 0. Since (M,, F,),,5, is a zero mean P,-martingale,
B, (y + M1y >n) = E,(y+ M,) —E, (y+ My; 7y <n)
(5.33) = y—E, (y+MTy;Ty Sn).

Proof of the claim 1. According to Corollary 5.9 one gets sup,cx E, |y + MTy| <c(l+y) <
oo; thus, by Lebesgue’s dominated convergence theorem, for any x € X,

lim B, (y + Mr;7, <n) =Eo (y+ Mr,) =y =V (z.y).
Therefore, from (5.33), it follows
JLIEOEI (y+ My;my>n)=y—E, (y+ M) =V (z,y).
Since |S,, — M,| < 2||P0||_, and lim,_, P, (1, > n) = 0 one obtains
TLILIEOEJ; (y+ Sp;my >n) =V (2,9).
Taking into account that (y +.S5,) 17, >ny = 0, we have V (z,y) > 0, which proves the first

claim.
Proof of the claim 2. Corollary 5.7 implies that for any x € X, y > 0and n > 1,

E, (y+ Sy >n) <c(l+y).

Taking the limit as n — oo, we obtain V (z,y) < ¢(1+y), which proves the upper bound.
From (5.33), taking into account the bound |S,, — M,| < 2||Pd|_ = a, we get

Ew(y+MnaTy>n)Zy_Ex(y+STyaTy§n)_a2y_a

The expected lower bound follows letting n — oo.
Proof of the claim 3. From the claim 2 it follows that lim, V(z’y) > 1. Let a = 2||PO||
and y > 0. Since 7, < T}4,, we have

E,(y+ Su;my>n) <E,(y+M,+a;1,>n) <E,(y+a+ My; Tyro >n).
V) < 1,

Taking into account the claim 1 and Lemma 5.10, we obtain lim,_,
Proof of the claim 4. It is clear that y <y’ implies 7, < 7. Therefore

E, (y+ Sy >n) <E,(y 4+ Sp;7y >n) <E, (y + Spi1y >n).
Taking the limit as n — oo one gets the claim 4. U
In the following proposition we prove that V' is Q. -harmonic.
Proposition 5.12. For any x € X and y > 0 it holds
Q. V (z,y) =E, (V(X1,y+51);7,>1) =V (x,y) > 0.
Proof. Let x € X and y > 0 and set V,, (z,y) = E, (y + Sy; 7, > n), for any n > 1. By the

Markov property we have
I<y+5n+1;7_y > n+1)
o (Vo (X594 51))5m > 1)

Vn-i—l (ﬂi,y) = E
E



20 ION GRAMA, EMILE LE PAGE, AND MARC PEIGNE

By Corollary 5.7, we have

sup V,, (z,y) <supsupE, (y + Sp;7 >n) <c(l+y).
rzeX zeX n

This implies that V,, (X1;y + S1) 147,513 is dominated by ¢ (1 +y + S1) 147,513 which is inte-
grable. Taking the limit as n — 0o, by Lebesgue’s dominated convergence theorem, we get

V (xa Z/) = nh_{goEm (Vn (Xl; Yy + Sl) ;Ty > 1)
= E, (lim Vo (X1;y+51) 571 > 1)
n—oo
]E:cv (X17 ) + Sl) 1{Ty>1}

(5.34) - Q. ().
To prove that V is strictly positive on X x R} we first iterate (5.34): for any n > 1,

Let € > 0. From (5.35) using the claim 2 of Proposition 5.11 we conclude that, for any x € X
and n > 1, P,-a.s.

Em (V(Xn7y+5n)7Ty >Tl)
E, 0OV (y+ S,—a))l(r, >n)
P {y+5>0,...,y4+S,1>0,y+ S, >a+¢e}.

According to condition P5 there exists § > 0 such that g5 := inf,ex P, (p (X1) > ) > 0. Choose
n sufficiently large such that ndé > a + . Then

P, (y+51>0,....,.y+S,—1 >0,y+ S, >a+¢)
> P.(y+ 51 >6,y+ S >20,...,y+ 5, >nd).
By the Markov property

>
>

(Y +S1>00,y+Sy>20,...,y+ S, >nd)

/ / /(n 1)5//715 /Q Tnts Y1, A0, din)

(5.36) XQ (Tp—2,Yn—2,dTy_1,dyn_1) ... Q (z,y,dx1,dy,),
where

Q (xaya d$/, dy/) = ]Pl“ (Xl € dxla Y+ p(Xl) € dy/) :
For any 1 <m <n, y,,_1 > (m—1)¢ and x € X we have

/ / Q (Tnts oty Ay ) = Py (p(X0) = 16 — )
md JX
> inf P, (p(Xy) >9)

zeX
= q5s > 0.

Inserting consecutively these bounds in (5.36), it readily follows that
P, (y+S1>08,y+S2>25...,y+S,>nd)>q} >0,
which proves that V is strictly positive on X x R O
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6. COUPLING ARGUMENT AND PROOF OF THEOREM 2.3
Let (Bt),so be a standard Brownian motion on the probability space (2, F,Pr). For any
y > 0 define the exit time
Té’m:inf{tZO:y—l—aBt <0},

where 0 > 0 is given by (2.6). The following well known formulas are due to Levy [34] (Theorem
42.1, pp. 194-195).

Lemma 6.1. Let y > 0. The stopping time 7' ™ has the following properties:
1. For anyn > 1,

2 vo_ 2
(6.1) Pr (T;m >n) =Pr (a inf B, > y) / e 22 ds.
0<u<n 2mno 0
2. For any a,b satisfying 0 < a <b< oo andn > 1,
1 P e a2
(6.2) Pr (T;m >n,y+ 0B, € [a,b]) = 5 / (6_ ot — € one? ) Lis>oyds.

From Lemma 6.1 we easily deduce:

Lemma 6.2. The stopping time Té’m has the following properties: for any y >0 and n > 1,

(6.3) Pr (7" > n) < c\/%g

and, for any sequence of real numbers (), such that a,, — 0, as n — oo,

(6.4) sup (M - 1) =0 (ay).
yEe [O,OZn \/ﬁ] 2Tno

We transfer the properties of the exit time 7 ;/”" to the exit time 7, for large y using the

following coupling result proved in [21], Theorem 2.1. Let Q = R® x R® and for any w =
(w1, ws) € £ define the coordinate processes Y wy,; and W = wy; for i > 1.

Proposition 6.3. Assume that the Markov chain (X; )l>0 and the function p satisfy hypotheses
M1-M}y. Letp > 2 and 0 < o < 55=. Then, there exists a Markov transition kernel v — P, (-)

from (X, B (X)) to <Q,B( )) such that:

1. For any x € X the distribution of (ﬁ) under ﬁ”x coincides with the distribution of
i>1
(p (Xz‘))i21 under Py;

2. For any x € X the Wi,i > 1, are i.1.d. standard normal random variables under Iﬁx;
3. For any ¢ € (0, ;1f2a) there exist a constant C depending on €, and p and an absolute
constant ¢ such that for any x € X and n > 1,

(Vi - oW7)

k

be n~1/? sup
( 1<k<n ;

14
> cn‘a) < Ottt
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Remark 6.4. In Theorem 2.1 of [21], the constant C' depends on ||0.||z and on p,(x) =

SUDg>1 E/? lp (Xk)[". By conditions M1 and M4 we have sup,cx [|0:||5 < 1 and sup,ex pp () <
oo which implies that we can choose the constant C' to be independent of x. Note that the con-
stant C' depends also on other constants introduced so far, in particular on the variance o and
the constants in conditions M1-M}.

Without loss of generality we shall consider in the sequel that g (X;) = Y;, B; = Z;:o Wj

and Iﬁ’x = P,. Choosing a < 7%2 and p sufficiently large in Proposition 6.3, it follows that there
exists €9 > 0 such that, for any ¢ € (0,¢¢), z € X and n > 1,

(6.5) P, ( sup ’S[m] — aBnt‘ > n1/2_25) < en %,
0<t<1

where ¢, depends on . To pass from the Brownian motion in discrete time to those in continuous
time one can use standard bounds for the oscillation of (B;),, from Revuz and Yor [36].
In the proof of Theorem 2.3 we use the following auxiliary result:

Lemma 6.5. Let € € (0,) and (6,,),5, be a sequence of positive numbers such that 6,, — 0

and 0,n* = 0o as n — oo. Then:
1. There exists a constant ¢ > 0 such that, for n sufficiently large,
P, (r, >n
sup (g—y> — 1| < b,.
reX, ye[n1/27579nn1/2] 2mno

2. There exists a constant c. > 0 such that for any n > 1 and y > n'/>7¢,

suplP, (1, >n) < c. Y

zeX %
Proof. We start with the claim 1. Let y > n'/?=%. Denote yt = y+n'/?"2 and y~ = y—n'/?2.
Let

A, = { sup ‘S[m] — aBnt‘ < n1/225} .

0<t<1
Using (6.5), we have P, (A¢) < c.n%, for any = € X. Since
{ry,>n}nA, c {7l >n}nA,

we obtain, for any z € X and y > n'/?~¢,

P.(r,>n) < P.(r,>n, 4,)+P,(49)
(6.6) < Py (708 >n) + e
In the same way we get, for any z € X and y > n!/?=2,
(6.7) P, (1, >n) > B, (727 > n) — con™.
Combining (6.6) and (6.7), for any = € X and y > n!/27%,

(6.8) ‘IP’:C (ry >n) —P, (TL’I‘ > n)‘ < ecn %,
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For any y € [n'/?7¢,6,,n'/?] and n large enough,
(6.9) y==yE£n'? =y(1+ B,n"°) < 20,n'?

with some 3, satisfying |8,| < 1. Using (6.4) and (6.9), for any z € X and y € [n'/?7¢,6,\/n] ,
we obtain

2y

6.10 P, (727 > n) = 14+0(6,)),

( ) ( y* ) 271'710'( ( ))

where the constant in O is absolute. Since 6,n°/* — oo, we have
1/2—¢

(6.11) 0, > —

Vn T onsyn
for n sufficiently large. From (6.8) and (6.10), taking into account (6.11), it follows that, for
any € X and y € [n'/?7¢,0,\/n]

P, (r, > n) = —2— (14 0(8,)),

2mno

as n — 0o, where the constant in O does not depend on = and y. This proves the claim 1.
Proof of the claim 2. Note first that for any y > n'/?~¢ and n large enough

(6.12) y<y" <y+n'P <y4yne <2
consequently, from (6.6) and (6.3), it follows that

P, (r, >n) <P, (T;T > n) +enE<ec +cn %

no

with n™%¢ < = for n large enough. This yields P, (7, > n) < c.% 7 for any z € X and

y > nae. U

Now we proceed to prove Theorem 2.3. Let ¢ € (0,&0) and (6,,),,5, be a sequence of positive

numbers such that 6, — 0 and 6,n°/* — 0o as n — oo. Let z € X and y > 0. Recall that
v, = min {k‘ >1:|y+ M| > 2n1/2*5} . A simple decomposition gives

(6.13) P, (z,y) =P, (1, >n) =P, (1, > n,v, >n' ) + P, (1, > n, v, <n' %)
The first probability in the right hand side of (6.13) is estimated using Lemma 5.4,
(6.14) sup P, (Ty >n, v, > nl_a) < sup P, (I/n > nl_a) =0 (e—CnE) )

zeX, y>0 zeX, y>0

For the second probability in (6.13) we have by the Markov property,
P, (Ty >n, v, < nl_s)
= E, (Pn_,,n (Xos ¥+ S0,) 57y > Uy vy < nl_‘f)
= E, (Pn_l,n (Xy,,y+5,,);y+ S, < 0,n"?, Ty > Up, Up < nl_s)
+E; (Pov, (X0, y + S0,) 3y + S, > 0,2 1, > v, vy < n'~e)
(6.15) = Ji(z,y)+ Ja(z,y).
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By Lemma 4.3 one gets y + 5,,, > y+ M,, — a,P,-a.e., where a = 2||P0||__ . By the definition
of v,,, we have, for n sufficiently large, P, -a.e.

(6.16) y+S, >y+ M, —a> /2= _ g > pli2e,
On the other hand, obviously, for 1 < k < n'~¢,
(6.17) P, (1y >n) < Poy (z,y) <Py (1, >n—n'"%).

Using (6.16), the two sided bounds of (6.17) and the claim 1 of Lemma 6.5 with 6,, replaced by
O (-2 )1/2 , we deduce that on the event F' = {y + 5, < 0,n"? 7, > v, v, <n'~¢}, forn

n—nl-¢

sufficiently large, P, -a.e.

2(y+5.,)

(618) Pnfyn (Xl/n7 y + SVn) =
2mno

(1+0(1));

in particular, (6.18) implies that, on this event F, we have, P -a.e.

Sy
7y + SVn) S Cy—i_—n‘

(6.19) P, (X, Jn

n

Implementing (6.18) in the expression for J; we obtain

2(1+0(1

Ji(z,y) = —(\/—2%57))1&5 (y+ Suiy + S, < 002 1) > vy v, < 0'7F)
2(1+o0(1)) -
== Ex +Sun;7_ >Vn7yn§n :
Vorng U v )

2(1+0(1))

(6.20) Nor

J3 ("L‘7 y) )

where
J3 (z,y) = E, (y + S,y + S, > Hnnl/Z,Ty > Uy, Up < nl’s) .
Similarly, implementing (6.19) in the expression for J;, we have

(6.21) Jo (,y) < <=Js (2,).

N

From (6.13), (6.14), (6.15), (6.20) and (6.21) we get

2(1+0(1))
2mno

+0 (n2J3 (2, y)) + O (7).

The assertion of Theorem 2.3 follows if we show that E, (y + S,,; 7y > vn, v < n'7°) converges
to V (z,y) and that Js (x,y) = o(1) as n — oo. This is proved in Lemmas 6.6 and 6.7 below.
Note that the convergence established in these lemmas is not uniform in x € X which explains
why the convergence in Theorem 2.3 is not uniform.

P, (r, >n) = E, (y + S0, Ty > Vp, Un < nl_g)

Lemma 6.6. Let € € (0,e0) and (0,),>, be a sequence of positive numbers such that 6, — 0

e/4

and 6,n°'* — 0o as n — oo. For any x € X and y > 0,

(6.22) lim E, (y+ S, Ty > Vn,vp <0/ 7°) =V (2,y).
n—oo



PRODUCTS OF RANDOM MATRICES 25

Proof. First we prove (6.22) for the martingale M,,. For any x € X and y > 0,
E, (y + M, ; Ty > VUp, vy < nl_a)

= E, (y + My, Apr—<]; Ty > Un A n'~¢ v, < nl’g)
(6.23) = E, (y + M, Apni—2]; Ty > Un A nl_a)
(6.24) -E, (y + My, Ajpt—<1; Ty > Un A n'~¢ v, > nl_E) )
Using Lemma 5.5, the expectation in (6.24) is bounded as follows:

E, (y + My Appi—<); Ty > Vn A nt=¢ v, > nl_e)
= E, (y + Mjpi-<p; 1y > n'=¢ v, > nl_a)
(6.25) < c¢(1+y)exp(—cn).
The expectation in (6.23) is decomposed into two terms:
E, (y + My Afpr-<); Ty > Vn A nl’g)

(6.26) = E, (y+ My ap—)) — Eo (y+ Myapr—ep; 7y < v An'™9).
Since (M), is a martingale, E, (y + M, rp—<)) =y and
(6.27) E, (y + My, A< Ty < Un A nl_s) =E, (y + M7y S vy A nl_a) )
By Corollary 5.9, M, is integrable, consequently

lim E, (y + M1y S vy A nl_a) =E, (y + MTy) ,

n—oo

which, together with (6.27) and (6.26), implies
(6.28) li_)rn E. (y + My -7y > va A0 %) =y —E, (y+ M) =V (z,y).

From (6.25) and (6.28) it follows that
(6.29) li_)rn E, (y 4+ My,; 7y > Vo, v <0'7°) =V (2,y).

Now we extend (6.29) to S, using the fact that the difference R, = S, — M,, is P,-a.s.
bounded. For this we write

E, (y + Suaaint—<]i Ty > Vp A nt=¢. v, < nl_e)
(6.30) = E.(y+M,,;7y > vp,vn <n' %) + By (R, 57y > v, vy <n'79).

Note that P,-a.s. we have 7, < 00, sup,5q |9, — M,| < a = 2[|P0|| and v, — oo, which
implies that, as n — oo,

(6.31) E. (|Ro, |37y > Vny vy < 0'7°) < aPy (1, > 1) — 0.
The assertion of the lemma follows from (6.29), (6.30) and (6.31). O

Lemma 6.7. Let € € (0,e0) and (0,),>, be a sequence of positive numbers such that 6, — 0

e/4

and 6,n°/* — 0o as n — oo. For any x € X and y > 0,

lim n*E, (y + S,y + S, > Onnl/Q, Ty > Up, Up < nl_a) =0.

n—o0
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Proof. Let ¥ =y + a, where a = 2 ||P§)||__ . Using the fact that 7, < T, and that the sequence
/ . .
((y + M,) 1{Ty,>n}>n>1 is a submartingale, we have

Eo (y+ S0y + Sy, > 0,0"%, 7y > v, v, <0'77)

< B, (y + M,y +M, >0n"Ty)> v, v, <n'"™)
(using submartingale property)

< E, (y/ + M[nlfs]; y/ + Mun > enn1/27 Ty’ > nl_sa Up < nl—e)

< E, (y’ + Mya—;  sup |y + M| > 0,0 T, > nl—f) .

1<k<[nl—=]

From now on, we use the notation M?* := sup,<,<, |My| ; since 6,n°/* — oo as n — oo (let us

remark that the condition 6,n° — oo at this step would not be sufficient), to finish the proof
it is enough to show that, for any 6 > 0 and z € X,

(6.32) lim n*E, (y' + M,; M} >n'?* T, > n) =0.
n—o0

We have

E, (y/ + M,; M) > n1/2+6’Ty, > n) < E, (y/ MM > n1/2+5)
(633) < y/]P)z (M;'; > n1/2+5) + Ea: (]\4;7 M;: > n1/2+6) :
with

E, (M:, M > n1/2+6) _ n1/2+6Px (M: > n1/2+5)
(6.34) + / P, (M} > t)dt.
nl/2+6
By Doob’s maximal inequality for martingales
1 np/?

Implementing (6.35) in (6.33) and (6.34),
E. (y' + M,; M > nl/3+9, Ty > n)

< c(y +n'/?r) e + cnP/? h tPdx
- y np/2+ps nl/246
< ¢ (y/ 4 n1/2+6) n P 4 enp/2p~(1/24+8)(p=1)
< ¢ (y/ + n1/2+6) n—pé + Cn—p5+1/2+5.
Since p can be taken arbitrarily large we get (6.32). 0

The small rate of convergence of order n~2¢ obtained in the previous lemma will be used in
the proof of Theorem 2.4 (see next section).
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7. PROOF OF THEOREM 2.4

We first state the following lemma.

Lemma 7.1. Lete € (0,50), t > 0 and (6,,), -, be a sequence such that 6,, — 0 and 0,n°/* — oo
as n — oo. Then -

(Ty>n—k y*j%—k <t>
—1

\/703 5 Jy uexp (—55) du

(7.1) lim sup

n—oo

=0,

where sup is taken over x € X, k < n'=¢ and n*/?== <y < 6,n'/?
Proof. Denote yt = y +n'/?72 y~ =y —n'/2% tt =t 4+ n > andt” =t —n 2. Let

mn =n — k, where 1 < k < n'~¢. As in the previous section, set

A, = { sup ‘S[m] — 0B, < n1/2_25} )

0<t<1
Since on this set it holds

{ry >m,} C {T;T > mn}

and
Y+ Sm y+oBy, .
—"<t —”<t
(2 e friste )
we obtain
Py (1y > M,y + S, < V)
< $(ry>mn,“5mn<t,4>+m<A;>
n
yt+ 0B,
< P$(§+>mn, I <t AL ) P, (A9
- \/ﬁ n
y* —|—0an .
(7.2) < Px(y+> e <t+)+]P>I(An).

In the same way we get

P; (7y > M,y + S, < V/nt)
P

bm y_ +Uan _ c
z (Ty_ >mn,T <t ) _]P)x(An)

v

(7.3)
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Now we deal with the first probability in (7.2). By Lemma 6.1,

1 vart
— _— e 2mno
V2mmyo /0

(substituting s = uy/n)

(vt /va)?
67 202mp /n ¢ _ u? uy+/ﬁ *u9+/\/ﬁ
(74) P — e 202mp/n |iec72mn/n — e o2mp/n :| du
\/2mm, /no

Note that, uniformly in k& < n'~¢ and n'/?~* <y < 6,n'/?, we have, as n — oo,

(7.5) my/n=(n-k)/n=1-0(n")

and

(7.6) £:“”—UHE=1+0(n—f).
Y Y

Therefore, uniformly in k < n'=¢, n'/2=¢ <y <6,n"/? and 0 < u < ¢,

oo = IV (4 n)6,) = 0(1)

o?m, /n

as n — 00. Since, by Taylor’s expansion, e’ — e~ = 2v,, (14 0(1)) as v, — 0, using again
(7.5), (7.6) we get, uniformly in k < n'=¢ n'/2=¢ <y <0,n"? and 0 < u < tF,

uyt/vm —uyt/vn 2uy+/\/_

€U2mn/n e o2mp/n

(1+0(1) = —2 (1+0(1).

?mg/n
as n — oo. Similarly, uniformly in k < n'=¢, n'/?=¢ <y <6,n"/? and 0 < u < tt,

(vt/vn)’ 2

u

(7.7) e 27mnin =1+40(1) and e 2Pmn/n = e 27 (1 +o0(1)).

From (7.4), (7.5), (7.7) and (7.7), we obtain

tt

2 u?
Py (70 > M, y* 4 0B, < v/nt™) = \/%03/ e 2?udu (14 0(1)),
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+ _
as n — oc. Since [i e 2?udu = [} e 27 udu + o (n~*) and n'/?~* < y < 0,n'/? we get

+ B
P, (T;/@ > m,, LT IPm t+)

vn
2y /t a2 ( 1 1/2—-2 )
= —=— | e z?udu (14 =0 (n'/* % 14+o0(1
o ), ; ( ) ) (1+0(1))
(use y > n1/2’5)
(75) W [ (14 0(1)
. = — e 22 udu 0 .
V2mno3 Jo
Similarly, we obtain
Yy~ + 0B, _) 2y /t w2
7.9 P, (7" >m,, *— " <t | = —L — e 22udu (1 +o(1)).
(7.9) (= = ) (1+0(1)
Taking into account the bound (6.5), we have
(7.10) P, (AS) =0 (n™>).

From (7.2), (7.3), (7.8), (7.9) and (7.10) it follows that

Sim 2 -
B (> ma e <) = S [ (o) +0 (1)

2y b2
m/ e QUQUdU(].‘i‘O(l)),
0

where for the last line we used the fact that, by (6.11), n=* = o (y/n'/?) . This proves (7.1). O

We now proceed to prove Theorem 2.4. Let ¢ € (0,&q). Note that

e
P, (1, > n)

P, (y+ S, < Vnt, 7y >n,y+ S, < 0pv/n, v, <n'e)
P, (1, > n)

P, (y+ S, < /nt, 7, >n,y+ S, > 0p/n,v, <n'™)
P, (1, > n)

P, (y 4+ S < /nt, 7, > n,v, >n'™e)

P, (1, > n)
(7.11) = Ty + Tps + Tos.

+Sn
]Pm (y—n S t,Ty > TL>
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The terms T, o and T;, 3 in this decomposition are negligible. Let us control first the term 7}, o;

we have 6, > n=¢/%, so
P, (1, > n,y+ Sy, > Ou/n v, <n'7e)
Tn2 S >
’ P, (1, > n)

< n—1/2+e/4]Ex (Y+S0,);7y > Vnyy + 5., > On\/1, U < nlis)'

- P, (1, > n)
Taking into account the convergence rate of order n~% in Lemma 6.7 and Theorem 2.3, we get
(7.12) lim 7,5 = 0.

n—o0

By Lemma 5.4 and Theorem 2.3, as n — oo,
P, (v, >n'%) O (exp(—cn))

= 0.
P, (1, > n) P, (1, > n) -

Let us now control the term 7}, ; which gives the main contribution. For the sake of brevity set
H,, (z,y) =Py (1, > m,y + Sy < v/nt); by the Markov property, one gets
R,1 = P, (y + S, < \/ﬁt,Ty >n,y+ S, < 0/n, v, < nl_e)
= E, (Hn_y (X0, y+S,,) 57y > Vn,y + S, < 0pv/n, v, < nl_‘s)

15]

ZE Hyog (Xioy + S) i1y > by + S < 0uv/n, v, = k).

In order to obtain a ﬁrst order asymptotic we are going to expand H,_j (Xg,y + Sk) using
Lemma 7.1 with n, z,y replaced by m,, = n — k, X and y + S respectively. We verify that on
the event Ay = {1, > k,y + Sy < 0,/n, v, = k} the conditions of Lemma 7.1 are satisfied. For
this, note that on the event A; one has the lower bound y + Sy = |y + S| > |y + M| —a >
n'/2=¢ > mY?™ and the upper bound y + Sy < 0., (mn)2, where ¢, =6, (n/m,)"* is such
that 6/, m mi/* = 0,n5/* (n/m,)"**/* = oo, uniformly in 1 < k < n!~¢. By Lemma 7.1, on the
event A, one gets P,-a.s., as n — oo,
2(y + Sk) '

Jor(n =)ot Jo wexp (—u?/20”) du (1 + o (1)),

Hy (Xk,y+ Sk) =

which yields

[n'~°]

t
R, = Z E. (2 Lskg/o uexp (—u*/20”) du

o 2mno

Ty > k,y + Sk Sen\/ﬁ,yn:k) (14+0(1))

2R, t
= %/ wexp (—u?/26”) du (1 + o (1)),
0

R,>=E, (y + 50Ty > Vn,y + S, < 0./, vy < nl_g) )

where
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By Lemmas 6.6 and 6.7, it follows, as n — oo,

R,, = E, (y + Sy, Ty > Vp, Uy < nl_s)
+ E.(y+Su:7y > vy + S, > 000, v, <n' )
= V(z,y)(14+0(1)).
Implementing the obtained expansion in the expression for R, 1, it follows, as n — oo

%/{) uexp (—u*/20”) du (1 + o (1)).

Rn,l

Using Theorem 2.3, this yields

2V (2,y) f uexp( 22> du
= A VEmed o 2 (1 40(1)
P, (1, > n) P, (1, > n)

(7.14)

I u?
= i) u exp (_Tc?) du(l+o0(1)),
as n — oo. Combining (7.11), (7.12), (7.13) and (7.14), we get

) P, (%gt,ry>n>
im = uex
n—o0 P, (1, > n) P

u?
20
= 1—exp (—2u—>

8. APPENDIX

which ends the proof of Theorem 2.4.

We prove the existence of a measure p satisfying conditions P1-P5. Let u, be a probability
measure on G satisfying conditions P1-P4 which admits v as invariant measure and whose
upper Lyapunov exponent is 0. Let A > 1. Define the measure

ey (dg') = adx (dg') + (1 — @) py Gdg’) ,

where o € (0,1). Then p, satisfies conditions P1-P3 and p, * v = v , i.e. v is p,-invariant
measure. Moreover, the upper Lyapunov exponent of p, is 0, i.e

/ / %) iy (dg) v (dv) =

iéldf @y (g :log|lgv]| > InA) >a >0
veSd—1

and

which means that conditions P4 and P5 are satisfied.
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