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THE SURVIVAL PROBABILITY OF A CRITICAL
MULTI-TYPE BRANCHING PROCESS IN LI.D. RANDOM
ENVIRONMENT

By E. Le Pace*, M. PEiGNE f AND  C. Puam |

Université de Bretagne-Sud * and Université Fr. Rabelais Tours'

We study the asymptotic behavior of the probability of non-
extinction of a critical multi-type Galton-Watson process in i.i.d. ran-
dom environments by using limits theorems for products of positive
random matrices. Under suitable assumptions, the survival probabil-
ity is proportional to 1/y/n *.

1. Introduction.

Branching processes in random environments (BPREs) were introduced in
the 1960s (see for instance [20]) to describe the development of populations
whose evolution may be affected by environmental factors; they have been
a central topic of research.

In the single-type case, the behaviour of these processes is mainly deter-
mined by the 1-dimensional random walk generated by the logarithms of
the expected population sizes mg, k > 0, of the respective generations. The
theory of fluctuations of random walks on R with i.i.d. increments allows
one to classify BPREs in three classes - supercritical, critical or subcritical
- of single-type BPRESs, according to the fact that the associated random
walk tends to +oo, oscillates or tends to —oo (see for instance the fun-
damental papers [2] and [3]). In particular, when E(|logmy|) < +oo, the
BPRE is supercritical (resp. critical or subcritical) when E(logmy) > 0
(resp. E(logmy) = 0 or E(logmy) < 0). There exist numerous statements
concerning the asymptotic behaviour of the probability of non-extinction up
to time n, the distribution of the population size conditionally to survival
up to moment n, large deviation type results (see for instance [1], [4], [7]).
In the critical case, the branching process is degenerate with probability one
[2]; M. V. Kozlov [17] (for BPREs with linearly fractional generating func-
tions) and J. Geiger and G. Kersting [10] in the general case strengthened
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this result and proved that the probability of non-extinction up to time n is
equivalent to ¢1/4/n as n — +oo, for some explicit constant ¢; > 0. Let us
recall that this probability of non-extinction up to time n is equivalent to
1/n when the offspring distribution is fixed, i.e. it does not vary randomly;
in other words, branching processes in random environment die more slowly.
In the supercritical and subcritical cases, similar studies have been done (see
for instance [2], [3] and [11]), we do not go into detail about these cases since
they are outside the scope of this paper.

It is of interest to prove analogues of the above statements for the multi-
type BPREs (Z,,)n>0. The main difficulty which appears is that the role of
the random walk associated to the BPRE in this case is played by the log-
arithm of the norm of some RP-valued Markov chain whose increments are
governed by i.i.d. random p x p-matrices My, k > 0; the coefficients of these
matrices M} are non negative and correspond to the expected population
sizes of the respective generations, according to the types of the particles
and their direct parents. Products of random matrices have been the object
of many investigations and many limit theorems do exist in this context:
for instance, the law of large numbers, the central limit theorem, the large
deviations principle (see [5] and references therein). Unfortunately, the the-
ory of their fluctuations remains a field in which practically no research has
been done and the multi-type BPRESs constitute a relevant application area
for this study. Nevertheless, as in the single-type case, the set of multi-type
BPREs may be divided into three classes: they are supercritical (resp. crit-
ical or subcritical) when the upper Lyapunov exponent of the associated
random matrices is positive, null or negative. [16].

A problem of particular importance is to specify the asymptotic behaviour
of their probability of non-extinction up to time n. As for single-type BPREs,
the case has been first studied when the generating functions defining the
random environment are linear fractional; it yields to explicit formulas which
are easier to tackle.

In [6], E. E. Dyakonova obtained in the critical case an equivalence of
the survival probability at time n, under the restrictive assumption that the
mean matrices M} have a concordant deterministic Perron-Frobenius eigen-
vector. It happens for instance when the M) are upper-triangular matrices
with strictly decreasing coefficients on the diagonal. In this case, the be-
haviour of the BPRE is governed by the 1-dimensional random walk whose
increments are the logarithm of the spectral radius of the Mj; this allows
one to apply the same techniques as in the single-type case.

To tackle the “general” case when the action of the random matrices
M, is strongly irreducible (see hypothesis H2 below), limit theorems on the
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fluctuations of the norm of products of random matrices were required; they
have been recently achieved in [12] and [13] with asymptotic results on the
tails of certain hitting time distribution.

In this paper, we investigate the asymptotic behaviour of the probability
of non-extinction up to time n of critical multi-type BPREs and obtain
an optimal result in the case of linear fractional generating functions. To
formulate our main results, we first introduce some standard notations and
definitions.

We fix an integer p > 2 and denote RP (resp. NP) the set of p-dimensional
column vectors with real (resp. non-negative integers) coordinates; for any
column vector * = (z;)1<i<p € RP, we denote T the row vector  :=
(1,...,2p). Let 1 (resp. 0) be the column vector of RP whose all coor-
dinates equal 1 (resp. 0). We fix a basis {e;, 1 < i < p} in RP and denote |.|
the corresponding L' norm. We also consider the general linear semi -group
ST of p x p matrices with non-negative coefficients. We endow S™ with the
L'-norm denoted also by ..

The multi-type Galton-Watson process is a temporally homogeneous vec-
tor Markov process (Zy)n>0 whose states are column vectors in NP. We
always assume that Zj is non-random. For any 1 < ¢ < p, the i-th compo-
nent Z, (i) of Z, may be interpreted as the number of objects of type i in
the n-th generation.

We consider a measurable function { + f¢ from R to the set of multi-

variate probability generating functions f¢ = ( féi))lgigp defined by:

1) =3 p ()5,

aeNP
for any s = (s;)1<i<p € [0,1]P, where

(i) a=(a); € NP and s* = st 87
(ii) pg)(a) = pg) (ou,...,ap) is the probability that an object of type ¢ in
environment £ has oy children of type 1,..., a; children of type p.

Let (£,)n>0 be a sequence of real valued i.i.d. random variables defined
on a probability space (€2, F,P). The Galton-Watson process with p types
of particles in a random environment (&,),>0 describes the evolution of a
particle population Z,, = (Z,(1))1<i<p for n > 0.

We assume that for any n > 0,i =1,...,p and £ € R, if &, = £ then each
of the Z,(i) particles of type i existing at time n produces offspring in ac-

cordance with the p-dimensional generating function féi)(s) independently
of the reproduction of other particles of all types.
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If Zy = é; then Z; has the generating function:

1) () = 3 v ()s”.
aeNP

In general, if Z,, = (i)1<i<p, then Z, 1 is the sum of a; + ... + o inde-
pendent random vectors, where «; particles of type ¢ have the generating
function ff(z) for i =1,...,p. It is obvious that if Z, = 0, then Z,,, = 0.

Denote f, = f¢, - By the above descriptions, (written in equation 2.1 in
[16]) for any s = (8;)1<i<p, 0 < 5 < 1

E (SZ”|Z0, ceisZn_1, fo,- .. ,fnfl) = fnfl(S)Z"fl

which yields (lemma 2.1 in [16])

E (Szn|f(§i)7f17 .. '7fn—1> = E (Szn|20 = éiaf()a cee 7fn—1)

— LA fals).20).
(1)

In particular, the probability of non-extinction qni at generation n given

the environment féz), fi,o a1 is

Q7(’LZ) = P(Zn#6|f0(l)afl7afnfl)
(L) = 1= (Al far(0)..)) = &(1 — fo(fil--. fao1(0)...))),
so that
E[¢D] = E[P(Z, # 0|f", f1, ..., fu_1)] = P(Zn # 0|Zo = e;).

As in the classical one-type case, the asymptotic behaviour of the quantity
above is controlled by the mean of the offspring distributions. We assume
that the offspring distributions have finite first and second moments; the

generating functions féi),g € R,1 < i < p, are thus C%-functions on [0, 1]P
and we introduce
o (1)

08]'

(i) the random mean matrices Mg, = (Mg, (i,))1<ij<p =

i,
taken from the vector-valued random generating function fe, (s) at
s = 1, namely

oY () orP ()
951 o dsp
M, = :
arP (1) orP (1)

951 o dsp
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. ) 2 ¢(?)
(ii) the random Hessian matrices Bg} = (Bgl)(k, D)i<ki<p = (gslj;;‘l(l)) ;

1 < i < p, taken from the real-valued random generating function
fgl)(s) at s = 1.

The random variables M, and B() are i.i.d.. The common law of the
My, is denoted by p and for the sake of brevity, we write M,, instead of
Me,.

Let R,, and L,, denote the right and the left product of random matrices
My, k > 0, respectively R, = MoMy...M,_1and L, = M, ... M M.

1
By [9], if E(max(0,log|My|)) < +o0, then the sequence (n log ]Rn|>
n>1

1
converges [P-almost surely to some constant limit 7, := lir}ra —E[log |Ry|].
n—+oo N

1
Furthermore, by [16], if there exists a constant A > 0 such that 1 <

Mg, (i,j) < Aand 0 < ng(k:,l) < A P-almost surely for any 1 < 14,7k, <
p, then the process (Z,)n>0 becomes extinct P-almost surely if and only if
u < 0.

In the present work, we focus our attention on the so-called critical case,
that is 7, = 0, and specify the speed of extinction of the Galton-Watson
process.

We define the cone C and the space X respectively as follows:

C::{j:(xla"'pxp)ERp| Vizl,...,p, 1‘120}’

and
X:={zeC]||z|=1}.

In the sequel, we consider

e the right and the left linear actions of ST on C defined by:
(Z,9) = Ig and (Z,9)— gx

for any 2 € C and g € ST,
e the right and the left projective actions of ST on X defined by:

and (:E,g)r—>g-x:ﬁ

lgz|

for any # € X and g € ST.



6 F. AUTHOR ET AL.

d

For any g = (9(i,J))1<ij<a € ST, let v(g) = 1?31;1(2 g(@j)). Then, for
1=

any x € C,

(1.2) 0 <w(g) |z < lgz| < gl .

We set N(g) := max (@, |g|) We also introduce some proper subset of S+

which is of interest in the sequel: for any constant B > 1, let ST (B) denote
the set of p x p matrices g = (g(4,7))1<i,j<p With positive coefficients such
that for any 1 <1,7,k,1 < p,

1 (4,9)
B = g(k,1)

)

(1.3) < B.

On the product space X x ST we define the function p by setting p(z, g) :=
log |zg| for (Z,9) € X x ST. This function satisfies the cocycle property,
namely for any g,h € ST and 7 € X,

(14) p(j)gh) = p(af ’ gah) +p(§évg)

Under hypothesis H3 introduced below, there exists a unique p-invariant
measure v on X such that for any continuous function ¢ on X,

(e )e) = [ [ ela-gwidantd) = [ olawids) = vie).

Moreover, the upper Lyapunov exponent 7, defined above coincides with
the quantity [y, ¢ p(Z,9)u(dg)v(di) and is finite [5].

In the sequel, we first focus our attention on “linear-fractional multi-
dimensional generating functions” f = f, y/ of the form:

1

(1.5) F) = Fonls) =1 ===

M(1 —s),
for any s € [0, 1], where ¥ = (v,...,7) € R? with v > 0 and M € S*. For
such a function f = f ar, we set v = y(f) and M = M(f) and notice that

M (f) equals the mean matrix (85;(;)

( >1§i,j§p’
Here, we specify hypotheses concerning the distribution g of the mean
matrices M¢, = M(fe,),n > 1.

H1. There exists eg > 0 such that [¢, N(g)®u(dg) < co.
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H2. (Strong irreducibility). There exists no affine subspaces A of R? such
that AN C is non-empty, bounded and invariant under the action of all
elements of the support of p.

H3. There exists B > 1 such that the support of u is included in S*(B).

H4. The upper Lyapunov exponent m, of u is equal to 0.

H5. There ezists 6 > 0 such that p(Es) > 0, where

Es:={ge ST |VieX, log|zg| >}

If the variables f¢, are linear fractional generating functions, then we intro-
duce an additional hypothesis.

1
H6. There exists B' > 1 such that B <A(fe,) < B P-—a.s.

Here comes the main result of this paper.

THEOREM 1.1. Assume that the random wvariables fe, are linear frac-
tional generating functions and that hypotheses H1-H6 hold. Then, for any
1€ {1,...,p}, there exists a real number ; € (0,+00) such that

(1.6) lim +/nP(Z, #0|Zy = &) = Bi.
n—+oo
For general generating functions, we obtain the following weaker result.

THEOREM 1.2.  Assume that the random variables f¢, are C?-functions
on [0,1]P such that

1. there exists A > 0 such that for any i,k,l € {1,...,p},
2 ¢(4)
0% fe.,

A2
6Sk881

68k

1) < (1) P—as.

55
2. the distribution p of the matrices Mg, = < gg: (1)>1<' ~ satisfies
<i,j<p

hypotheses H1-H5.

Then, there exist real constants 0 < c¢; < ca < 400 such that for any
ie{l,...,p}, andn >1,

C1 o ~ C2
1.7 — <P(Z,#0|Zy=¢;) < —.
( ) \/ﬁ = ( n 75 | 0 z) = \/ﬁ
In particular, under weaker assumptions than in [16], this theorem states
that the process (Zy,)n>0 becomes extinct P-a.s. in the critical case. Notice
that by a recent work [8], equivalence (1.6) holds true even when the f¢,
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are not assumed to be linear fractional generating functions. The authors
in [8] apply the proof in the present paper with two new ingredients: first,
an extension to the multitype case of Geiger & Kersting’s decomposition
of the extinction probability ([10], formula (2.2)) and second, a variation of
Lemma 3.1 below, taking into account the residual term which appears in
this expression of the extinction probability.

Notations. Let ¢ > 0 and ¢, be two functions of some variable x; we shall

write ¢ % Y (or simply ¢ =< ) when ¢(x) < cp(z) for any value of z. The
notation ¢ < Y (or simply ¢ < 1)) means ¢ % P é o.
Acknowledgments. We wish to thank the referees for many useful re-

marks and comments; their suggestions really improve the presentation of
this manuscript.

2. Preliminary results.

2.1. Product of matrices with non-negative coefficients. We describe in
this section some properties of the set ST. We first endow X with a distance
d which is a variant of the Hilbert metric; it is bounded on X and any element
g € ST acts on (X, d) as a contraction. We summarize here its construction
and its major properties.

For any = = (l‘i)lgigp,:lj = (yi)lgigp € X, we write

T

Yi

m(z,7) = min{ i =1,...,p such that y; > O}

and we set

A(@,5) = o (m(@ §m(5,7)),
1—s
1+s

where ¢ is the one-to-one function on [0, 1] defined by ¢(s) := . For
g€ ST, we set
c(g) :==sup{d(z-g,7-g) | Z,7 € X}.

We present some crucial properties of d.

PROPOSITION 2.1.  [15] The function d is a distance on X wich satisfies
the following properties.

1. sup{d(z,9) | z,9 € X} = 1.
2. For any g = (9(¢,7))i; € ST

dg)= max 190D9kD = g( Dglk,j)|

igkde{lpr g(i,5)g(k, 1) + g(i,1)g(k, j)
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In particular, there exists kp € [0,1) such that ¢(g9) < kp < 1 for any
g € ST(B).

5. d(E- 9,5 9) < c(9)d(,§) < clg) for any 7,5 € X and g € §+(B).

4. clgg) < c(g)e(y’) for any g,g" € ST(B).

The following lemma follows from [9] Lemma 2. It is the key argument in
the sequel to control the asymptotic behaviour of the norm of products of
matrices of S*(B).

LEMMA 2.1. For any g € ST(B) and 1 <i,j,k,l <p,

. . B?
(2.1) 9(i,5) =< g(k,1).
In particular, there exist ¢ > 1 such that for any g,h € ST(B) and ,5 € X

c - c
1. |gz| < |g| and |gg| < |g|,
~ C
2. lygz| < lgl,
C
3. |gh| < |gl|h]|.

2.2. Conditioned product of random matrices. Recall that (My,)n>0 is a
sequence of i.i.d. matrices whose law p satisfies hypotheses H1-H5 and R,, =
My...My—y and L, = M,_1... My for n > 1. Consider the homogenous
Markov chain (Xp,),>0 on X, with initial value Xo = 7 € X, defined by

X, =7 Ry,n>1.

Its transition probability P is given by: for any & € X and any bounded
Borel function ¢ : X — R,

Po@) = [ ol autdy)

The chain (X;,),>0 has been the object of many studies, in particular there
exists on X a unique P-invariant probability measure v.

Indeed, by Proposition 2.1, for any Z,y € X and any sequence (g, )n>1
of elements in ST (B), it follows that

(2.2) dZ gn---91,9 gn---91) < K.
This yields supd(Z - gnik- " Gn-" 91, % - Gn...g1) — 0 as n — +o0o; the
k>0
sequence (Z - g1 -+ - gn)n>0 thus converges in X.
In particular, under hypothesis H3, the sequence (Z - Ly, )n>0 converges P-
a.s. towards some X-valued random variable X . It follows that the Markov
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chain (Z - Ry,)n>0 converges in distribution to the law v of X, which is the
unique P-invariant probability measure on X. Property 2.2 allows one to
prove that the restriction of P to some suitable space of continuous functions
from X to C is quasi-compact, which is a crucial ingredient to study the
asymptotic behavior of (Z - Ry)n>0 ([14], [5], [15]).

In the sequel, we are interested in the left linear action Z — TR, of the
right products R, for any & € X. Since it holds

TR, = el 7. R, |

we consider the random process (Sy,)n>0 defined by: for any z € X,a € R
and n > 1,

So = So(Z,a) :==a and S, = Sp(Z,a):=a+1og|TR,|.

Iterating the cocycle property (1.4), the basic decomposition of S, (Z,a)
arrives:

n—1
(2.3) Sn(#,a) = a+1og|iRy| =a+ Y p(Xp, My).
k=0
Let us emphasize that for any a € R the sequence (X, Sp)n>0 is a Markov

chain on X x R whose transition probability P is defined by: for any (z,a) €
X x R and any bounded Borel function 9 : X x R — C,

Py(#,a) = |, V@ g.atp(@.9)n(dg).
We set R} := R*\{0} and denote P, the restriction of P to X x R* defined
by: for a > 0 and any Z € X,
ﬁ—l—((i’a a)v ) = 1XXR+(')§((£> a)? )

Fix a > 0 and denote by 7 the first time greater than 1 the random process
(Sn)n>0 becomes non-positive:

(2.4) T:=min{n >1| S, <0}.

For any 2 € X and a > 0, let us denote Pz, the probability measure
on (Q,F,P) conditioned to the event [Xo = #,S50 = a] and Ez, the cor-
responding expectation; we omit the index a when a = 0 and denote Pz
the corresponding probability. For any n > 0, let m,, = m,(Z,a) be the
minimum of the values S1(Z,a), ..., Sy (%, a) and set

m,(Z,a) := Pz o[my > 0] = Pz o(7 > n).
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We present a general result concerning the behavior of the tail distribution
of the random variable 7.

The asymptotic behaviour of the probability Pz ,(7 > n) is established in
[13] when the matrices M,, are invertible and in [19] when the M, has non
negative entries, under several conditions P1-P5; the first step is to establish
the existence of a P,-harmonic function h on X x R*. Our hypotheses H1,
H2, H4 and H5 are exactly P1, P2, P4 and P5 in [19] and H3 is obviously
stronger than P3. Proposition 2.2 concerns the existence of the function A
and its properties.

PROPOSITION 2.2. [19] Under hypotheses H1-H5, for any z € X and
a > 0, the sequence (Ex7a[5n;7' > n]) L Comveryes to a function h(Z,a)
n=z
which satisfies the following properties.

1. For any x € X, the function h(Z,a) is increasing on RT.
2. There exists ¢ > 0 and A > 0 such that for any x € X and a > 0,

(2.5) % V(a—A) < h(F,a) < c(1 +a).

h(Z,a) iy

3. For any x € X, the function h(Z,a) satisfies lim

N a—r+00 a
4. The function h is Py-harmonic.

This statement yields to the following theorem about the limit behaviour
u
of Pz o(T > n) as n — +o00; the relation u, ~ v, defines lim =1,
n—+00 Uy

THEOREM 2.1.  [19] Under hypotheses H1-H5, for any & € X and a > 0,
2

ov2m™n

(2.6) Pso(T >n) ~ h(Z,a) as n — oo,

where o2 > 0 is the variance of the Markov walk (Sy)n>0, given in [13].
Moreover, there exists a constant ¢ > 0 such that for any © € X, a > 0 and
n >0,

(2.7) VnPsz o(17 >n) < c h(z,a).

Remark. The fact that ¢? > 0 is a direct consequence of hypotheses H2
and H5 (which implies in particular that the semi-group generated by the
support of p is unbounded); see [5], chap 6, Lemmas 5.2 and 5.3 and section
8 for more details.
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3. Proof of Theorem 1.1.

3.1.  Ezxpression of non-extinction probability. For any 0 < k < n, set
Ry, = My...M,_1 and Ry, := I otherwise. Let Y}, := Ry, -1. It is
known (see Lemma 1 in [6]) that

_ 1 +%My . My a1+ iMoo My a1+ A Ynal

3.1 =1

Since ;R Ry n1 = €;My...M,_11 for any 1 < k < n, we may rewrite (3.1)
as

@\ 1 L 1 = Yk
3.2 ( ’) =< +> = T = Y =
(32) " €iRnl ;::0 iR Yr1n  &R,1 g:% EiRLY k11,0

Notice that, for any fixed k& > 0, the sequence (Y} ,)n>0 converges to some
limit Yy o0 ([9], [15]). Indeed, the matrices M;, 1 > 1, all belong to ST(B), so
do their transposes and we may write as in (2.2)

n—>_+)oo

v % —k
sup d(Yk,na Yk,n+m) < K%
m>1

0.

The sequence of row vectors (?k’n)nz(] is thus a Cauchy sequence in X,
it converges and so does (Y n)n>0; we denote Yj o the limit of this last
sequence. Using this key fact, we prove in Lemma 3.2 that the sequence

(q,(f)) converges to some positive limit
n>1

—+00

0 Yk -1
(3.3) 0w = @ kalm)

in the L'-norm with respect to a probability measure @gya introduced in the
following subsection.

3.2. Construction of a new probability measure I/P\’;U,a conditioned to the

environment. Since the function h is P;-harmonic on X x RT, it gives rise
to a Markov kernel Pﬁ on X x RT defined by

~ 1~
Pip =~ Pi(ho)

for any bounded measurable function ¢ on X x R*. The kernels Er and ﬁﬁ
are related to the stopping times 7 by the following identity: for any z € X,



13

a>0and n > 1,

PRy o(i.a) = s PHO)@.0)

_ (:cla)E’” (hé(X, Su): T > n)

>

1
— WE (h(Xn, Sn);mn > 0) .

>

This new Markov chain with kernel ﬁf allows one to change the mea-
sure on the canonical path space (X x R)®N o(X,,, S, : n > 0),0) of the
Markov chain (X, Sy)n>0 (1) from P to the measure ]?’5;7(1 characterized by
the property that

(3.4)
1

E:E,a[gp(X()v SOv cee 7Xk7 Sk’)] = }L(TG)EE,Q[SD(X(% ey Sk)h(Xk7 Sk’)7 my > 0]

for any positive Borel function ¢ on (X x R)¥*1,

For any 0 < k < n,

]Efr,a[SO(XOa SO7 e 7Xk7Sk)7mn > 0]
= E;;VG[(p(Xo,...,Sk);SO>0,Sl>0,...,Sn>0]
= Ei,a[@(‘Xha e 7Sk)7SO > 070’ + p(X07M0) > 07

k—1 n—1
a+ Y p(Xe M) + ) p(X, M;) > 0]
=0 i=k

= E57a[E[(p(Xg,...,Sk);So >0,...,Sk >O,
So0b%>0,...,8 +S,_ob">0/My,..., My_]]

- ]E:E,a SO(XOM'WS}C)
XE[Sk >0,...,5 +S,_k o Ok > O|M0, R ,Mk_l];mk > 0:|
= Eia|le(Xo,...,Sk)

XPXk,Sk(SO o Hk > 0, . aSn—k o Qk > O);mk > 0:|

= Eaa|e(Xo, ... 86)Px, s, (T > n—k);my > 0]

19 denotes the shift operator on (X xR)®" defined by 0((mk, Sk)kzo) = (Tht1, Sk+1)k>0

for any (zx, sk )k>o0 in (X x R)®N
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Hence,
(3.5)
Ei:,a (QO(XO, ceey Sk); My > 0) = E:E,a[sﬁ(Xm RN Sk)mn—k(Xka Sk); mg > 0].

Moreover, in view of Theorem 2.1, the dominated convergence theorem and
(3.5), we obtain for any bounded function ¢ with compact support,

lim E@a[(p(Xo, ey Sk)\mn > 0]

n—-+00

1
- Es o[0(Xo,- - -, Si)h( Xk, Si):
) alp(Xo Sk)M( Xk, Sk); mi > 0]

z, [(p(Xo, B Sk)]v

h
(3.6) = E
which clarifies the interpretation of @jya.

We formalize in three steps the construction of a new probability measure,
denoted again @;U,a, for each £ € X and a > 0, but defined this time on
the bigger o-algebra o(f,,Z, : n > 0). Retaining the notations from the
previous parts, the measure @%,a is characterized by properties (3.4), (3.7)
and (3.8).

Step 1. The marginal distribution of @j,a on (X, S, :n>0)is @57(1 char-
acterized by the property (3.4).

Step 2. For any n > 0, the conditional distribution of (fo,- -, f,) under
@%ﬂ given Xo =20 =2,..., X, =Zn, S0 =50 =a,...,S, = s, is given by:

@i,a(fk €A, 0<k<n|X; =25 =s;,0<i<n)
(3.7) =P(fr € Ar,0 <k <n|X; =74, 5:(Z) = 54,0 <i < n),

for any measurable sets Ag,..., A, in Hp and almost all (Z;)o<i<n and
(si)o<i<n With respect to the law of (Xo,...,Xn,S0,...,5,) under P (and
also under @j,a since, by formula (3.4), the probability measure I/[Bj’a is ab-
solutely continuous with respect to IP on each o-algebra o(Xj,...,S5)).
Step 3. The conditional distribution of (Z,),>¢ under @j,a given fél), fi,---
is the same as under PP, namely

Ei,a (Szn’Z()a . '7Zn71af0(i)afla . 'afn71>
(38) = fn—l(S)Zn_l =K (SZH‘Z()a .. '7Zn—17f[§i)7f17 v 7fn—1> .

3.3. Proof of Theorem 1.1. We follow J. Geiger and G. Kersting’s ap-

proach. We fix 1 <4 < p. For any T € X and a > 0 let us denote }P’g)a the
probability measure on (€2, F,P) conditioned to the event [Xg = Z,Sy) =

a, Zy = &;] and Eg)a the corresponding expectation.
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First, notice that the quantity P(Z, # 0 | Zy = &) equals Ez 4(q") for

n

any (z,a) € X x R¥; thus we fix (Z,a) € X xR¥,p>1and 0 <k <n and
decompose P(Z,, # 0| Zy = ¢é;) as
(3.9) PO (Z, # 0) = A, + By + Cp, — D,
where
o Ap=An(F,a) =PV (Z, #0,m, <0);
o By = By(&,a,p) =P (Zy # 0,mpn > 0) — Py(Zy # 0,mp, > 0);
o Cp = Cu(#,a,p,k) =PV (Z), # 0,mp, > 0);
o Dy = Dy(@,a,p, k) =PV (Z # 0, Z,, = 0,mp, > 0).

We decompose the proof in 5 steps and then conclude, letting first £ — +oo,
then p — 1 and at last a — +o0.

1. The quantity A = A(Z,a) := limsupvnA,(Z,a) tends to 0 when

n——+00
a — +00.
2. The quantity B = B(Z, a, p) := limsup vnBy (%, a, p) tends to 0 when
n——+oo
p— +1.
3. As n — +o00, the sequence (\/HC’n(:E, a, p, k))n>0 converges to
- h(z,a)~ ~
C =C(z,a,p, k) := c1;——P,(Z) #0).
Ve
4. For any p > 1 the quantity D = D(Z,a, p, k) := limsup v/nD,(Z, a, p, k)
n—-+o0o

tends to 0 when k — +o0.
5. The sequence (IP):(;L(Zk # 0))g>0 converges to some limit v (&, a) > 0.

Step 1. We may write

An(@,0) = Eig E(Zn 7é6\f0(i),f1,...,fn_1) . go)

(3.10) = Eie (qg>;mn < o) .
To control the quantity q,(f ), we use the expression (3.2); Lemma 2.1 yields

n—1

1 1 Ve

O T GR. 2e

s eR,1 Py eiRLYiy1n
> max NL = max ~1
= 0<k<n—1 | &R Yit1m 0<k<n—1 | |ZRy|
> 1

exp { min (a+1In \iRkD}

0<k<n—1



16 F. AUTHOR ET AL.

so that qé) = exp(mn(Z,a)) and by applying Theorem 2.1 equation (2.7),

we obtain

]P’g)(Zn #0,m, < —a)
Ez[exp(my); my, < —al
+oo

Ze_kﬁ”j(—k‘ <mp < —k+1)
k=a

An(Z,a)

IA

IN

Eﬂ

ka>n)

1
(3.11) < — ) (k+1)e*
% Z
“+oo
Notice that the sum Z (k + 1)e" becomes arbitrarily small for sufficiently

k=a
great a. Consequently A(Z,a) = limsup vnA,(z,a) — 0 as x — +o0.

n—-+oo
Step 2. Theorem 2.1 yields
0< Bu(#,a,p) = BY)(Zy#0,mpy > 0) —BY) (Z, # 0,mp, > 0)

Z,a
h(z,a) <1 1 ) oy
~ - — as n 00
NN
2
with ¢ = . Hence
! oV 2w
~ . ~ ~ 1 p—1
B(Z,a,p) :=limsup vnB,(Z,a,p) < cih(Z,a) |1 — — ) == 0
n—-+00 \/Z)
Step 3. Fix 0 < k < n. Using (3.5) and the fact that l[mk>0] and my, (X}, Sk)
are measurable with respect to the o-algebra o( f0 s fi,-y fk—1), we may
write
Cn(Z,a,p, k) = (Z1 # 0,m,, > 0)

Py
é)a (Zk # 0,m > 0, M, (X, Sk))
i)
i)

= Egr (E(lzkiﬁl[mk>0]mpnfk(Xk7Sk) | féi)w--,fkq))
= 5; (P(Zk #0137 fk—l)l[mkzo]mpn—k(XkaSk))
= Ez, (qk‘ s Mpp > 0)

= Esa (0" | mpn > 0) Pra(mpn > 0)
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By (3.6), since k is fixed

lim E;, (qg)|mpn > O) = Iﬁi’a (q,(:)> = I/E;’g)a(Zk #0).

n—-+0o
Hence, by Theorem 2.1

lim_VACw(E,a, p,k) = 1 M

n—-+oo

BY) (2, #0).

Step 4. As in the previous step, we may write

Dn(i,a,p.k) = PV (Zp #0,Z, =0,m,, > 0)
(Zk # 0,mpn > 0) — Pg,)a(zn #0,mp, > 0)
T,a (Q;(:)v Mopn > 0> - Ei,a <q7(1i)7mpn > 0)

ia ((q,(f) — q,@) m,_ 1), (Xn, Sn); mp > O)

1 1
=< ——FE; o (G — qn)h(Xn, Sp);my > 0).
Since 1i,, >0 and h(Xp, Sy) are o(So, . . ., Sp)-measurable, we observe that
N I i i
\/EDH(J;?(Lpak) j p_1E~,a (qIE})_QT(’L))

_ L (pt 5) _ plO)

= = (B, (2 #0) — B, (2, £ 0))
Hence
D(‘%vaapvk) :hmsup\/ﬁDn(i’,a,p, k) = ! (Pz(Zk #6)_1}(2)(%)@))

n—s-+oo p— 1

so that D(z,a,p, k) — 0 as k — +o0.
Step 5. We first state the following lemmas whose proofs follow in the next
section.

LEMMA 3.1. Foranyz € X and a > 0,
Ezq Z e~ < too0.
n=0

This allows one to identify the limit of the sequence (]/P\’(Z)G(Z/rC # 0))k>0-

j7
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LEMMA 3.2, For any 2 € X and a > 0, the sequence (qg)) . converges
n>

to qéé) mn Ll(@@a); in particular

(3.12) lim P (7, #0) = Bz 000
k—+oc0 7

00 7

where qc()? is given by the expression (3.3).

From Lemma 3.2, it is obvious that Eg,aqg? < 1. On the other hand,

the expression of q&) combined with Lemma 3.1 and the fact that |ZR,,| <

€iRnYn11,00 (see Lemma 2.1 property 2) yields Iﬁjyaq&) > 0. In otherwords,

for any a > 0 ' R '
0 < v (%, a) :=Ez.qY < +oc.

This achieves the proof of Step 5.
Let us complete the proof of Theorem 1.1. Letting n — +00 in expression
(3.9) yields, for any # € X;a > 0,p> 1 and k > 1,

C — D < liminf v/nPY(Z, # 0) < limsup vaP"(Z, #£0) < A+ B+C+D.

n—r+oo n—-+oo
Letting first k — 400 then p — 1 yields
erh(@,a)v(z,a) < lim nf VnP(Z, # 0)
< limsup v/nP(Z, # 0)
n—+oo
< erh(@,a)vD(z,a) + A(Z, a).

Since v()(Z,a) > 0, h(#,a) > 0 and A(Z,a) < +00, we obtain in particular

0 < lim inf VnP(Z, # 0) < limsup v/nP(Z, # 0) < +oc.

n—-+o0o

Finally, letting a — 400, we conclude that both limits

lim nPP(Z, #0) and lim cih(E a)o(Z,a)

n—+00 a——+00

exist, coincide and belong to ]0, 4o0].

3.4. Proof of Theorem 2.2. First, for any n > 1 and s = (s1,...,5sp), we

denote F,(s) = feo (fe, (- (fe,_1(8))-..)). By definition of qg), we have for
any 0 < k < n,

) = &(Fp(1) — Fi(2)),
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where z = z(k,n) = fe, (... (fe,_,(0)) ...); the Mean Value Theorem yields
¢\ = &(Fi(1) — Fi(2)) < &My... My_11 < |Ry| = exp(Si(%,0))

so that g1 < exp(m, (#,0)) and Elgy] < E[™ 0] = Eglem].
Using the same trick like in (3.11), we can deduce that there exists a
constant ¢y such that
c
Ef;[emn] — }Ei[emn;mn S O] ~ 7%’
and thus the upper estimate in equation (1.7) arrives.
To obtain the lower estimate in (1.7), for any R-valued multi-dimensional

generating function f(s), s = (s1,...,5,)7, we obtain (see for instance for-
mulas (64) and (65) in [21])
(3.13)
-1
p an B

f(s) <1— <Z %(1)(1 - 57;)> 1 4 b= p
i=1 "

Me, (1 —s)
1+79,(1—5)
and 7, = (A,...,A); thus, hypothesis H6 holds for g¢, with B’" = A.

Applying inequality (3.13) with f = fé(i)’ we may write

We set ge, (s) =1 — , where M, is the mean matrix of f¢, (s)

féz)(s)égéi)(s)7 izl""?p7

which yields

(3.14) E[1 — g, (96, (- - (96,-1(0)) .. )] S E[1 = fo(fr( - (fa-1(0))...))].

The lower estimate in equation (2.2) appears by applying Theorem 1.1 to
the left side of equation (3.14). Therefore, the assertion of the Theorem 2.2
arrives.

4. Proof of lemmas. We first give some hints for the proof of Lemma
2.1 and describe later the proofs of Lemmas 3.1 and 3.2.
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4.1. Proof of Lemma 2.1. First, using (2.1), we obtain

p

(4.1) o= 9 "L glh,1).

1,7=1

Further properties can be easily deduced from (4.1). Indeed, the assertions
we need are obvious by noticing that

p 3 2
L. p°B
gzl =Y g(i, ;=< gl
ij=1

- u . . p*B?
g9z =Y wigli,j)z; < |gl,
ij=1
p 7 B4
.. . p'B
lghl = > g(i,5)h(i. k) "< |gllhl.
1,5,k=1

4.2. Proof of Lemma 3.1. Before going into the proof, we first claim that
in the critical case, for any § > 0 and ¢ given from Lemma 2.1, there exists
an integer k = k(d,¢) > 1 such that

(4.2) p(Es) == p"{g | vz € X, log|zg| > §} > 0.

Indeed, let 7/ := inf{n > 1 |log|R,| > logc+ d}. The random variable 7’ is
a stopping time with respect to the natural filtration (o (Mo, ..., My))k>o0;
furthermore P(7" < +o00) = 1 since the Lyapunov exponent m, equals 0,
which yields

limsup log |R,| = limsuplog |Z - R,| = +00
n—+00 n—+00

(this last property is a direct consequence of the ergodic theorem applied
here to the Birkhof sums log |z - Ry,|,n > 0 [5]).

Therefore, for any § > 0 and ¢ given from Lemma 2.1, there exists x > 1
such that P(7' = k) > 0. Moreover, we also have

P(log|Rx| > loge+38) > P(log|Rk| >logc+ 6,7 = k)
= P(log|R,/| >logc+ 6,7 = k)
= P(r' =k) > 0.

Since for any 7 € X, g € ST, |gz| > %, it follows that

{g]loglg| > logc+ 8} C {g| Vi € X,log |Zg| > d}.



21
Thus,
0 < P(log |Rx| > logc+d) = p**{g | log|g| > logc+d} < ™ {g | VT € X, log|zg| > 0},

which is the assertion of the claim (4.2).

Let us go into the proof of Lemma 3.1. For any # € X, a > 0 and A € (0,1),
there exists some constant C'(\) > 0 such that (t + 1)e™* < C(A\)e ™ for
any t > 0. Hence

Ez [f e—ﬂ < 1+ h(} JiOIEx (67" h(Xn,S8n); S0 > 0,...,5, > 0)
n=0 z,a) n=1
1+ ﬁ +:Ej7a (75" (14 Sn); S0 > 0,..., 8, > 0)
< 1+ Z(Cj’(zi zlﬁlj,a (e‘AS";So >0,...,5, > O)
< 1+ 25(3 +Ong~C7a (75581 > 0,...,8, > 0),

n=

where ¢ is introduced in inequality (2.5).
We define a function ® for any & € X and a € R as follow:

+oo
d(Z,a) := ZE’E’“ (e_)‘S”; S51>0,...,5, > 0)
n=1

Notice that for any # € X, the function ®(Z,.) increases on R. To prove
Lemma 3.1, it is sufficient to check that for any £ € X and a € R

(4.3) ®(z,a) < +oo.

Let us explain briefly the strategy of our proof, inspired by Lemma 3.2 in
[10]. J. Geiger and G. Kersting first use in a crucial way the so-called “duality
principle” (that is the fact that for a classical random walk (Sy)p>1 on R
the vectors (S1,S2,---,5,) and (S, — Sp—1,5, — Sn—2,...,S,) have the
same distribution) and they prove in this context of random walks with

+oo
i.i.d. increments that the quantity ZE“ [e_)‘s"; S1>0,...,5, > 0] is finite

n=1
when a = 0. Second, they extend this property for any a > 0.
In the multi-dimensional case, it is more complicated to apply the duality
principle and we can only prove at the beginning that the quantity ®(z, ag)
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is finite for some ag < 0 (without any control on the value of ag). To extend
this property to ®(Z,a) for a > ag, we use crucially hypothesis H5 ; we
refer to Step 2 below, especially inequality (4.4), and emphasize that the
argument holds only when —ag < 6). To avoid this difficulty, we modify the
function ® by introducing the functions ®, associated with the x™ power
of convolution p** of y. For any & € X, a € R, let

+oo
Dp(#,a) i= Y Baa (€558, > 0,0, S > 0)).
n=1

The relation is that ®(z,a) < ®.(Z,a) for any Z € X, a € R. Then, by using
the duality principle, we bound from above ®.(%,a) by a new quantity
U, (%) defined below for any # € X and a € R. Finally, we prove ¥, (Z) <
400 by using the ascending ladder epochs associated to the Markov walk
(Ly, - z,10g | Lpz|)n>0 and the Elementary Renewal Theorem.

We set Ly = 0 and denote L, := M,_1... My the left product of the
matrices My, ..., M, when n > 1. Set, for any = € X,

+0o0
U,(7) = ZEDLM:UF’\; | Lowe| > [ L1yl - - [ Lnw| > 1]

n=1
Property (4.3) is a direct consequence of the four following steps :

1. For any x > 1, there exists C(x) > 0 such that, for any # € X and
a € R,
O(z,a) < C(k)(1+ Px(2,a)).

2. If there exist some k > 1, %9 € X and ap < 0 such that 0 < @, (Zg,ap) <
400, then
VieX,VaeR D,(Z,a) < +o0.

3. There exist C1 > 0 and a1 < 0 such that for any x > 1, £ € X and
a < ay
Cq
Dy (T,a) = Uy(Z).

4. Forany k > 1 and 2 € X
\Ilﬁ(i') < +o00.

With these steps at hand, we may prove (4.3) as follows. First, for any
ap < a; < 0, we choose some dy such that dg > —ag > 0. For each &y,
there exists kg > 1 such that P(log |ZRy,| > do) > 0 (see (4.2) above). Since
do > —ag, we have Pz ,(S,, > 0) > 0, which implies @, (Zo,a9) > 0. On
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the other hand, since ag < aq, step 3 and step 4 yield @, (Zg,ap) < +oo.
Therefore, we can apply step 2 and it yields ®(Z,a) < oo for any z € X
and a € R. Finally, thanks to Step 1, (4.3) arrives.

Step 1. It is easy to see that

+oo k—1
®(%,a) < ZEM Y0 Eaale M8, > 0,0, S > 0]
n=1r=0
< ZEQE,CL (eiAST)
r=1
+o0o rk—1
+ ZE@Q (ef’\s’“; S >0,...,5., > O) X Zsup Eja (e*’\ST)
r=0 yeX
< <ZsupEya ( ST))(l—i—(IJ,i(if,a)),

,yG

which yields to the expected result with

0<C(k ZsupEya 5] < foo.
r= OyGX

Step 2. The inequality ®,(Zo, ap) > 0 implies that P(log |ZoRx| > —ag) > 0;

we thus fix 6 > —ag > 0 and x > 1 such that p**(E5s) > 0. Since ag < 0, this
property may hold only when & is large enough; this happens for instance
when the support of y is bounded.

To simplify the notations, we assume that —ag < & where § is given by H5. We
set k = 1 and write

+o00
D(E0,00) = Y E|lfoRa 5|F0R1| > €™, ., [FoRa| > e ]

Vv

/{s+ > O}ZE[’{I;OgRIn’ [ og] > €7,
geSTt:|Tog|ze™

o | ZogRipn| > efao} w(dg)

- / ZE [FogR1n| ™ |Tog] = € > e, |ZogRi 2| > e,

Es n=2

5 |Zog Ry m| > e*ao} n(dg)
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+oo
= / |5cog\—/\ Z E[\(:’io ) Q)le_’\; (o - g)R1| > ¢—0—log|Tog].
E

5 m=1

(@0 g) Ryl > e 0o ol dg)
= [ Ta0gl (a0 - 9,0 + log ugl (do).
6
so that

(4.4) (29, ag) > / |Zog| @ (o - g, a0 + 6)p(dg).
Es

Consequently, if ®(Zg, ag) < +oo then ®(Zo-g,ap+0) < oo for p-almost all
g € E; and by iterating this argument, there thus exists a sequence (gi)r>1
of elements of Es such that

VE>1, ®(Zo-g1- gk, a0+ kd) < +o0.
By Lemma 2.1, for any Z,7 € X and a € R

+o0
®(z,a—logc) < ZEHRn\*’\; |R1| > e, ..., |Rn| > e ™% < (3, a+logc);

n=1

it follows that, by choosing k sufficiently great such that ag+ké > a+2logc,
we have

(Z,a) < B(To- g1+ gr,a+ 2loge) < D(Zo - g1+ gk, a0 + kd) < +oo.

Step 3. For any 0 < k& < n, denote L, := M,_1...M; and L, = I
otherwise. Let ¢ > 1 be the constant given by Lemma 2.1. For any © € X
and a € R, by using Lemma 2.1, we may write

+o00
bo(#a) = S E (|@Rnﬁ|4; ZR| > €%, ..., |ZRns| > e*a)
n=1

IN

e A e e
C ZE<|RHH|_ ;|RH| > 7---7|Rnn| >C>

C
n=1



25

so that, by duality principle and Lemma 2.1,

+oo e~ 0 e~ @
‘I)R(.’IZ,CL) < A ZIE <’er‘_/\; ‘Lnn,(n—l)n’ > c ‘L'rm’ > c )
n=
+o0 e
= CAZ]EHLWJ_)\; |Lnn,(n—1)n| X ‘L(n—l)n‘ > |L(n—1)n’ ¢’
n=1
e—a
ooy | Link| > ]
c
too e~ a e~ a
< A ZE <|Lnn‘)\§ ‘Lnn’ > |L(n71)/<’0727 R |Ln/@| > 02>
n=1
2 " A e e
< c ZIE <|Lnnx|_ ;|Lnn$| > ‘L(n—l)m'ﬂcja ce |Lnn$| > A )
n—
Consequently, setting a; := —4logc and using the fact that the map a —

®,.(Z,a) is non decreasing for any a € R, one may write ®,(Z,a) < U(Z) as
long as a < ay.

Step 4. To simplify the notations, we assume here k = 1; the proof is the
same when k£ > 2. For any £ € X and n > 0, set X/, := L, - = and
S), := log | L,x|; the random process (X7, S} )n>0 is a Markov walk on X x R
starting from (z,0) and whose transitions are governed by the ones of the
Markov chain (X}),>0 on X. To study the quantity ¥(z), we follow the
strategy developed in the case of one dimensional random walks on R with
independent increments and we thus introduce the sequence (1;);>0 of lad-
der epochs of (S),)n>0 defined by

m =0, nj41 = nj+1(z) :=min {n > n; : log |L,x| > log |Ly,z|}, j > 0.
For any = € X, one may write

“+o0o
W@ = Y E(|Lual ™3 21 n=1n)

n=1
(4.5) - iOIE <|Ln].x]_>‘>.
j=1

Let @' denote the transition kernel of the Markov walk (X, S} ),>0 and
+oo

Gy = ZQ’" its Green kernel. The sub-process (X ,S5; );j<o is also a

n=0
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Markov chain, its transition kernel Q;] is given by: for any bounded Borel
function ¢ : X x R — C and for any z € X, a € R,

Quo(z,a) = E(¢(X, ,a+S;)|X)= 1)

+0o0
= Y E(¢(Ly - z,a+log|Lnz|);m = n)
n=1

+oo
= ZE[(Z)(Ln -x,a+ log |L,x|);
n=1
|Liz| <1,-++,|Lp—1z| < 1,|Lpz| > 1].

Let G;] denote the Green kernel associated with the process (X;]j,S;U )j>0;
by (4.5)

e - Ee(a)
j=0
- i /X /R e (Q! ) (,0), dyda)

_ /X /R €G! (2,0), dyda).

The Markov walk (X, S} )n>0 has been studied by many authors (see
for instance [9], [14] or [13]). All the works are based on the fact that the
transition kernel of the chain (X],),>0 has some “nice” spectral properties,
namely its restriction to the space of Lipschitz functions on X is quasi-
compact. In particular, it allows these authors to prove that the classical
renewal theorem remains valid for this Markov walk on X x R as long as

1
it is not centered, that is m, = lim —E[log|Ly,|] # 0; in this case one
n—-+oo n
may prove in particular that, for any Z € X, the quantity G/ ((x,0),X x
a
[0,a]) is equivalent to — as a — 400 [14]. For the behavior as a — +o0
m
of G},((x,0),X x [0,a]), the situation is way different. On one hand, it is
easier since for any j7 > 1 the random variables S7’7j are strictly positive, one
might thus expect a similar result; on the other hand, the control of the
spectrum of the transition kernel Q;? remains unfortunately unknown in this
circumstance, in particular the transition kernel Q% does not even act on

the space of continuous functions on X! Nevertheless, we have the following
weak result with the postponed proof at the end of this subsection.
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Fact 4.1.  There exists C > 0 such that for any * € X and a > 0

+o0
G/ ((2,0),X x [0,a]) = P(log |L,.z| < a) < Ca.
n "j

=0

It follows that

1+9@) = [ [ 6 (@,0).dydo
—+00

< e)‘Ze_)‘“G;]((x,O),X X [a—1,a])
a=1
“+oo

< Y e G ((2,0),X % [0,a))

a=1
—+00
< Ce Z ae M < +o0.
a=1

To complete the proof of Step 4, it remains to prove Fact 4.1. First, by
definition of Es, for any j > 0 and 7 € X, we may write 57/7]'+1 - S,’7j >
01gs(My,); setting €; := 1g,(M,,), this yields S;]j > d(eo+ ... +¢€j-1) s0

that

+oo
Gp((2,0),X x [0,a]) = Y P(X) €X,85) €0,d]|Xy =)
j=0

IN

“+oo
>E (10,4 (S;,)I1 X6 = )
j=0

+o0
< ) E(Lpq6leo+ - +e5-1)) -
=0

To conclude, we use the fact that (g;);>0 is a sequence of i.i.d. random
variables; the Elementary Renewal Theorem for the Bernoulli random walk
process [(gg + ...+ &j-1)]j>0 implies

+oo
Gr((2,0), X x [0,a]) < E[> 1pq(6(s0+...+&-1) | 2a
Jj=1

4.3. Proof of Lemma 3.2. We claim that

=~ 1 1
n—-+00 an go0
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(4)

By definition, the quantities qni are always less than or equal to 1. Therefore,

(4.6) implies that the same property holds f”g,a—almost surely for q(()? . Hence,

1 1

1

1

RO

145 — ¢@| = ¢{ql) <

Using (4.6) again, we find that lim E57a|qg) —¢W| = 0. In particular,
n—+o00

lim @(i)

n—+oo LY

(Z0#0) = lim Es.q? = Bsaq?,

n—-+o0o

which is the assertion of (3.12).
Finally, it remains to verify (4.6). From (3.2) and (3.3)

‘ 1 1 1 ’
¢ % €iltn1
= Y | 7
k k k
e S " [ B
kzo CillYit1n  CilkYiy10o! € YRt 1,00
so that 1 1
@) (4)
dn oo
with
Iy = B | —
" mf &R, 11
n— ~
~ R (Y -Y
I = 3 Baal rraltn ~ Fitoe) |
— (EiRkYkt1,0)(€i Rk Yit1,00)
—+o0 ~
= k
Kn=> Eizal- ‘
" ,;L P& Rk Y100
By using Lemma 2.1, it is obvious that Lemma 3.1 implies
400 N 1
4.7 Eio| = | < +o0.
(1) 2 Bz (i70)
Besides, as a direct consequence of Lemma 2.1
(4.8) I, < E; !
. n - x,a |Rn’ Y
(4.9) o iRk (Va1 — Yit1,00) ’ Yer1n = Yer1,0| 1
(€iRkYk+1,0) (EiRkYk41,00) | | Ry =Ryl



29

+oo
~ 1
4.10 Kn = Ef,a o 1)
(410 2 ()
Hence

e (4.7) and (4.8) implies I, — 0 as n — oo.

e since Yji1,(w) = Yii10o(w) for any w € Q (see Section 3.1), this
convergence holds in particular ]@ia—almost surely; combining (4.7),
(4.9) and the the dominated convergence Theorem, we obtain J, — 0
as n — +00.

e by (4.7) and (4.10), the term C) can be made arbitrarily small by
choosing [ sufficiently great.
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