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Abstract Let (Y,) be a sequence of i.i.d. Z-valued random variables with law .
The reflected random walk (X,,) is defined recursively by Xg = x € No, X,,41 =
| X, + Yu+1]. Under mild hypotheses on the law ., it is proved that, for any y € Np,
as n — 400, one gets Py [X, = y] ~ CX,yR’”n’3/2 when > 7 ku(k) > 0 and
Py[X, = y] ~ Cyn_l/2 when ZkeZ ku(k) = 0, for some constants R, Cy y and
Cy, >0.

Keywords Random walks - Local limit theorem - Generating function - Wiener-Hopf
factorization
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1 Introduction

We consider a sequence (Y;),>1 of Z-valued independent and identically distributed
random variables, with commun law p, defined on a probability space (2, F, P).
We denote by (S,),>0 the classical random walk with law @ on Z, defined by
So=0and S, = Y1 + - - - + Y;; the canonical filtration associated with the sequence
(Yy)n>1 is denoted (7,),>1. The reflected random walk on Ny is defined by

Vn > 0 Xn+] = |Xn + Yn+1|a

where X is a Np-valued random variable.
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The process (X,)n>0 is a Markov chain on Ny with initial law £(Xo) and transition
matrix Q = (g(x, y))x,yENo given by

Vx,y >0 g(x,y) = [ZE)LX)X)—FM()’-F)C) LE iig )
When Xo = x P—as., with x € Ny fixed, the random walk (X,),>0 is denoted
(X3 )n=0; the probability measure on (€2, 7') conditioned to the event [Xo = x] will
be denoted P, and the corresponding expectation E,.

We are interested with the behavior as n — 400 of the probabilities P,[X, =
v],x,y € Np; it is thus natural to consider the following generating function G
associated with (X,),>0 and defined formally as follows:

Vx,y €Ny, Vs € C G(s|x,y) := pr[xn = yls".

n>0

The radius of convergence R of this series is > 1.

The reflected random walk is positive recurrent when E[|Y,,|]] < +ooandE[Y,] < 0
(see [8] and [9] for instance and references therein) and consequently R = 1; itis also
the case when the Y;, are centered, under the stronger assumption E[|Y;, |3/ 2] < +o0.
On the other hand, when E[|Y},|] < 400 and E[Y,,] > 0, as in the case of the classical
random walk on Z, it is natural to assume that © has exponential moments.

We will extract information about the asymptotic behavior of coefficients of a
generating function using the following theorem of Darboux.

Theorem 1.1 Let G(s) = :ﬁ?) gns" be a power series with nonnegative coefficients
gn and radius of convergence R > 0. We assume that G has no singularities in the

closed disk {s e C/ls| < R} except s = R (in other words, G has an analytic

continuation to an open neighborhood of the set {s e C/ls| < R} \ {R}) and that in
a neighborhood of s = R

G(s) = A(s)(R — 5)" + B(s) D
where A and B are analytic functions." Then

A(R)RI—™

NW as n — 4oo. 2)

8n

This approach has been yet developed by Lalley [5] in the general context of random
walk with a finite reflecting zone. The transitions g (x, -) of Markov chains of this class
are the ones of a classical random walk on Ng whenever x > K for some K > 0.
In our context of the reflected random walk on Ny, it means that the support of p is

I'1n Eq. 1, this is the positive branch s¢ which is meant, which implies that the branch cut is along the
negative axis; so the branch cut for the function G(s) is along the halfline [R, +o00].
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bounded from below (namely by —K); we will not assume this in the sequel and will
thus not follow the same strategy than S. Lalley. The methods required for the analysis
of random walks with non-localized reflections are more delicate, and this is the aim
of the present work. We also refer to [6] for a generalization of the main theorem in
[5] in another direction

The reflected random walk on Ny is characterized by the existence of reflection
times. We have to consider the sequence (ry)r>0 of waiting times with respect to the
filtration (7,),>0 defined by

ro=0 and riy:=inf{n > : Xy + Y41 +---+Y, <0} forall £>0.

In the sequel, we will often omit the index for r; and denote this first reflection time
r. If one assumes E[|Y;|] < 400 and E[Y;,] < 0, one gets P [ry < +oo] = 1 for all
x € Ng and k& > 0; on the contrary, when E[|Y,|] < +o00 and E[Y,,] > 0, one gets
P.[ry < 4o00] < 1 and in order to have P, [r; < +o0o] > 0 it is necessary to assume
that w(Z*~) > 0.

The following identity will be essential in this work:

Proposition 1.2 Forall x,y € Ny, and s € C, one gets

G(slx,y) =EGslx, ») + D R(slx, w)G(s|w, y), 3

weN*
with
e forallx,y >0

+00
E(s|x, y) i= D s"Pi[X, = y, 1 > n]
n=0

o forallx > 0and w > 1

R(s|x, w) := IEx[l[r<+c>o,Xr:w]sr]
= Zs”]P’[x+S1 >0,...., x4+ 81 >0,x+ S, = —w].

n>0

The generating function E concerns the excursion of the Markov chain (X ), >0 before
its first reflection and R is related to the process of reflection (Xy, )k>0.

By (3), one easily sees that, to make precise the asymptotic behavior of the
P.[X, = y], itis necessary to control the excursions of the walk between two succes-
sive reflection times. Note that this interrelationship among the Green’s functions G, E
and H may be written as a single matrix equation involving matrix-valued generating
functions. For s € C, let us denote Gy, & and Ry the following infinite matrices

o Gy = (Gs(x, ¥))x,yeN, With Gs(x, y) = G(s]x, y) forall x, y € N,
o & = (&(x, ¥))x,yen, With & (x, y) = E(s|x, y) forall x, y € No,
o Rs = (Rs(x, ¥))xeNy.yeNs With Ry(x, y) = R(s|x, y).
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Thus, for all x, y € Ng and s € C, one gets
gs = gs + Rs gs~ (4)

The Green functions G(:|x, y) may thus be computed when I — R is invertible, in
which case one may write Gy = (I — Ry)™'&s.
Let us now introduce some general assumptions:

H1: the measure 1 is adapted on Z (i-e the group generated by its support S, is
equal to Z) and aperiodic (i-e the group generated by S, — S, is equal to 7Z.)
H2: the measure | has exponential moments of any order (i.e. 3, 7 r"u(n) <
+o0 for any r €10, +00[) and 3", .z nu(n) > 0.2

We now state the main result of this paper, which extends [5] in our situation:

Theorem 1.3 Let (Yn)n>1 be a sequence of Z-valued independent and identically
distributed random variables with law w defined on a probability space (2, F, P).
Assume that  satisfies Hypotheses H and let (X,,)>0 be the reflected random walk
defined inductively by

Xn+1 = | Xn + Yoyt for n>0.

o IfE[Y,] = D iz ku(k) = O, then for any y € Ny, there exists a constant
Cy € R*" such that, for any x € Ny

c
Py[X, = y] ~ —= as n — +o0.
N~

o IfE[Y,] = ZkeZ ku(k) > O then, for any x,y € Ny, there exists a constant
Cyy € R*" such that

n

o
P.[X, = y] ~ Cx,ym

for some p = p(n) € [0, 1].

The constant p () which appears in this statement is the infimum over R of the
generating function of p. We also know the exact value of the constants C, and
Cy,y, x,y € Np, which appear in the previous statement: See formulas (36) and (40).

2 We can in fact consider weaker assumptions: There exists 0 < r— < 1 < rt such that a(r) =
> ez n(n) < +oo forany r € [r—,ri] and p, reaches its minimum on this interval at a (unique)
ro € [r—, 1]. We thus need more notations at the beginning, and this complicates in fact the understanding
of the proof and is not really of interest.
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2 Decomposition of the Trajectories and Factorizations

In this section, we will consider the subprocess of reflections (Xy, )k>0 in order to
decompose the trajectories of the reflected random walk in several parts which can be
analyzed.

We first introduce some notations which appear classically in the fluctuation theory
of 1-dimensional random walks.

2.1 On the Fluctuations of a Classical Random Walk on Z
Let 7*~ the first strict descending time of the random walk (S,),>0:
¥ == inf{n > 1/S, < 0}
(with the convention inf = +00). The variable t*~ is a stopping time with respect
to the filtration (7,,)n>0.

We denote by (7,°7),>0 the sequence of successive strict ladder descending epochs
of the random walk (S,,),>0 defined by 7;~ = O and 7,7, = inf{k > T, /S <

n+l =
Spx—} for n = 0. One gets in particular T"” = t*7; furthermore, setting 7,7~ :=
T~ — T, forany n > 1, one may write 7'~ = 7" + -+ + 1~ where (7,7 ),>1

is a sequence of independent and identically random variables with the same law
as 7*7. The sequence (Srn**)nz() of successive strict ladder descending positions of
(Su)n>0 1s also a random walk on Z with independent and identically distributed
increments of law pu*~ := L(S;+-). The potential associated with u*~ is denoted by
U*™; one gets

U () = f(u*—)m(.) = JfE[tSsTJ (.)].
n=0 n=0

Similarly, we can introduce the first ascending time tt:=inf{n > 1 /Sp > 0} of the
random walk (S,),>0 and the sequence (Tn+) n>0 of successive large ladder ascending
epochs of (S,),>0 defined by T0+ = 0 and TanH = inf{k > Tn+/Sk > STn+} for
n > 0; as above, one may write 7," = 7," +--- + 7,5 where (7,/),>1 is a sequence of
i.i.d. random variables. The sequence (S7.+),>0 of successive large ladder ascending
positions of (S,),>0 is also a random walk on Z with independent and identically
distributed increments of law u* := L£(S,+). The potential associated with u™ is
denoted by U™ ; one gets

Ute) = +Zo.i(/ﬁ)*"c) = fE[fSSW(J]-
n=0 n=0

We need to control the law of the couple (t*~ S;«-) and thus introduce the character-
istic function ¢*~ defined formally by ¢*~ : (s,2) = >, s"E [1[,*7=n]zs’l] for
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s,z € C. We also introduce the characteristic function associated with the potential
*— *— 7= _Spae *— k
of (T%7, Spx-) defined by ®*7(s,2) = 2 oo E s 2% | =200 (5, =

. Similarly, we consider the function ¢ (s, 7) := E[s’+z5r+] and the corre-
St

i ] = Duz0 9" (5. 2" = g
By a straightforward argument, called the duality lemma in Feller’s book [4], one
also gets

1
1—¢*=(s,2)

sponding potential ®* (s, z) 1= > ;- E[s ',

D (s, z):Zs"IE [r+ > n, zS"] and @7 (s, z):Zs”IE [t*_ > n, zs”] . (5

n>0 n>0

We now introduce the corresponding generating functions T*~, U*~ and U defined
by, fors e Candx € Z

T (s|x) = E[sf*’ 1{X}(S,*-)] = ZS"P[T*_ —n S, = x],

n>1
THsk) = B[s™ 1 (8000 ] = D s"P[e " =n. 5, =],
n>1
U (s|x) = ZE[sTk*il{x}(STk*f)] = Zs"P[t+ >n,S, = x],
k>0 n>0
Ut (s]x) = ZE[sTk+1{x}(STk+)] - Zs”[P’[r*_ > n, Sy = x].
k>0 n>0

Note that U*~(s|x) = 0 when x > 1 and UT (s|x) = 0 when x < —1.

We will first study the regularity of the Fourier transforms ¢*~ and ¢™ to describe
the one of the functions T*~ (-|x) and T (:|x); To do this we will use the Wiener—
Hopf factorization theory, in a quite strong version, in order to obtain some uniformity
in the estimations we will need. We could adapt the same approach for the functions
U*~(-]x) and UT(-|x), but it is more difficult to control the behavior near s = 1 of their
respective Fourier transforms ®*~ and ®*. We will thus prefer to note that, for any

x € Z*~, the function U*~(-|x) is equal to the finite sum ZL’;‘O }E[sTk’k l{x}(STk**)]’

since Tk*_ > k a.s; the same remark does not hold for U™ (-|x) since P[S;+ = 0] > 0,

but we will see that the series z;‘;’g ]E[s Uy Lix (STk+)] converges exponentially fast

and a similar approach will be developed.
It will be of interest to consider the following square infinite matrices
o 15 = (TS*_(x, y)) . with 7"~ (x, y) == T* (s|]y —x) forany x, y € Z~,
X, yeL™

o U = (Z/ls*_(x, y))x e WU () = U (sly =) forany x,y € 2

The elements of Z~ are labeled here in the decreasing order. Note that the matrix
7~ is strictly upper triangular; so for any x,y € Z~ one gets U] (x,y) =

PN TR (e, y).
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o I = (7}+(x, y))
o U = (Uﬁ(x,y))

N with 7. (x, y) := T*(s|y — x) for any x, y € Ny,
0

X,y€

with U (x, y) := U™ (s|y — x) for any x, y € Ny.
x,y€eNp

We will also have U;" (x, y) = > o(Z;H)¥(x, y) for any x, y € Np, and the number
of terms in the sum will not be finite in this case, but it will not be difficult to derive the
regularity of the function s +— Z/I;r (x, y) from the one of each term s +— 7;+ (x,y).
In the sequel, we will consider the matrices 7;*~ and 7, as operators acting on
some Banach space of sequences of complex numbers; we will first consider the case
of bounded sequences, that is the set Cli? of sequences a = (ay)x>0 of complex
numbers such that |a|s, = sup,~ |ax| < 400; unfortunately, it will not be possible
to give sense to the above inversion formula on the Banach space of linear continuous

operators acting on ((CEIC?, | - |oo) and we will have to consider the action of these

matrices on a larger space of C-valued sequences introduced in Sect.2.4.
In the following subsections, we decompose both the excursion of (X,),>0 before
the first reflection and the process of reflections (Xy, )k>0.

2.2 The Approach Process and the Matrices 7

The trajectories of the reflected random walk are governed by the strict descending
ladder epochs of the corresponding classical random walk on Z, and the generating
function T*~ introduced in the previous section will be essential in the sequel. Since
the starting point may be any x € Ny, we have to consider the first time at which
the random walk (X,),>0 goes on the “left” of the starting point (with eventually a
reflection at this time, in which case the arrival point may be > x), that is the strict
descending ladder epoch t*~ of the random walk (S,),>0. We thus introduce the

matrices 7; defined by 7; = (7} (x, y)) with
x,yeNp

Vx,y € No Zo(x,y) =T (sly — x). (6)

Observe that the 7y are strictly lower triangular.

2.3 The Excursion Before the First Reflection

We have the following identity: for all s € C and x, y € Ny

x—1

Eslx, y) = UM (sly —x) + D T (s]w — 0)E(s|w, y).

w=0

As above, we introduce the infinite matrices & = (é's (x, y)) N with & (x, y) :=
X, yelNg
E(s|x, y) for any x, y € N, and rewrite this identity as follows
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Since 7y is strictly lower triangular, the matrix I — 7 will be invertible (in a suitable
space to made precise) and one will get

& = (1 - Z)_luj. @)

In the following sections, we will give sense to this inversion formula and describe
the regularity in s of the matrix-valued function s — &;.

2.4 The Process of Reflections

Under the hypothesis P[t*~ < +o00] = 1,3 the distribution law of the variable S«
is denoted ©*~ and its potential U*™ := > _,(u*7)*"; all the waiting times 7"~
are thus a.s. finite and one gets (u*7)*" = E(S;n*—); furthermore, for any x € Ny, the
successive reflection times ry, k > 0, are also a.s. finite. The process (Xy, )x>0 appears
in a crucial way in [8] to study the recurrence/transience properties of the reflected
walk.

Fact 2.1 [8] Under the hypothesis P[t*~ < +oo] = 1, the process of reflections
(Xv)k=0 is a Markov chain on Ny with transition probability R given by

0 if y=0

DU (—wptT(w—x—y) if y> 1. ®)
0

Vx € Ng, Vy e Ny R(x,y) =

Furthermore, the measure vy on N* defined by

+00

Vx e N* Ur(x)::z (%—x) +M*_(] —Xx =Y, —x[)
y=1
) ©)

is stationary for (X, ) k>0 and is unique up to a multiplicative constant; this measure
is finite when E[|Sp«— ] = 2 p o1 k™~ (k) < +o0.

This statement is a bit different from the one in [8] since we assume here that at
the reflection time the process (X,),>0 belongs to N*; nevertheless, the proof goes

exactly along the same lines. It will be useful in the sequel in order to control the

spectrum of the stochastic infinite matrix R = (R(x, y)) N ; before stating the
x,yeNp

following crucial property, we introduce the

Notation 2.2 Let K = (K (x)),cN, be a sequence of nonnegative real numbers which
tends to +00; the set of complex-valued sequences a = (ay)yenN, Such that |a|g =

SUP,eN % < +00 is denoted (Cﬁo.

3 This condition is satisfied for instance when E[Y,|] < 400 and E[Y,] < 0.
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The space (C§° endowed with the norm | - | is a C-Banach space. In the following
statement, h denotes the sequence whose terms are all equal to 1.

Property 2.3 There exists a constant k €]0, 1[ such that, for any x € Ng and y € N*
one gets

R(x,y) = k™ (—y).

In particular, the operator R acting on (Clig) , |- loo) is quasi-compact: The eigenvalue
1 is simple, with associated eigenvector h, and the rest of the spectrum is included in
a disk of radius < 1 — k.

Furthermore, for any K > 1, the operator R acts on the Banach space ((Cﬁo, l“1x),
where K is the function defined by Vx > 0 K (x) := K*, the eigenvalue 1 is simple
with associated eigenvector h and the rest of the spectrum of R acting on ((Cﬁo 1K)
is included in a disk of radius < 1 — k.

Proof Let N, := inf{k < —1/uf{k} > 0} (with N = —o0 is the support of 1 is
not bounded from below). Since u is adapted, one gets u*~ (k) > 0 for any k €

{—N,,---,—1} (and any k € Z*~ when N,, = —o00); consequently, U*~ (k) > 0
for any k € Z*~. In fact, by the 1-dimensional renewal theorem, one knows that
limg_s 0o U (k) = m > 0 since E[S;+-] > —oo when u has exponential

moments; consequently ¥ := inf,cz- U* (x) > 0. Using (8), one may thus write,
for any x € Ng and y € N*

R(x,y) = U ()™ (=y) = k™ (=y).

The matrix (R(x, y)) N thus satisfies the so-called Doeblin condition and it is
X, yelNg

quasi-compact on ((CELO, | - loo) (see for instance [1] for a precise statement). The
same spectral property holds on ((Cﬁo, | - |x) for any K > 1; indeed, since u*~ has
exponential moments of any order, we have

sup Z Rx, y)KY < +oo0.

XEN() }’ENO

O

For technical reasons which will appear in Sect. 4, we will replace the function
K : x — K* by a function denoted also K which satisfies the following conditions

K
(i) VxeNop K(x)>1 (i) lim 2 =1 (@ii) RKx)<1. (10
x—+oo KX
It suffices to consider the function x +> (1 v KWX) with M = sup,cn, 2 en

R(x, y)K?. The set of functions which satisfy the conditions (10) will be denoted
IKC(K).
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We now explicit the connection between R and 7g; namely, there exists a similar
factorization identity than (3) for the process of reflection. Using the fact that the first
reflection time may appear or not at time t*~, one may write: forall s € Cand x € Ny
and y € N*

x—1
R(s|x,y) = T(s| —x — y) + > T(s|w — )R(s|w, y), (11

w=0

which leads to the following equality:
—1

Ry=(1-T) Vi (12)

where we have set V; = (Vs (x, y)) with

x,yeNp

if y=20
Vi(x,y) = [T* l—x—3) if e N (13)
The crucial point in the sequel will be thus to describe the regularity of the maps
s T5, s — Vs and s > U near the point s = 1. We will first detail the centered
case; the main ingredient is the classical Wiener—Hopf factorization which permits to
control both functions ¢*~ and ¢ .

Another essential point will be to describe the one of the maps (I —7;)~" and
(I —Ry)™" and this question is related to the description of the spectrum of the
operators 7; and Ry when s is close to 1: This is not difficult for 7Z; since it is a strictly
lower triangular matrix but more subtle for R in the centered case where R = R is
a Markov operator.

3 On the Wiener-Hopf Factorization in the Space of Analytic Functions
3.1 Preliminaries and Notations

The Wiener—Hopf factorization proposes a decomposition of the space—time charac-
teristic function (s, z) — 1 —sE[z¥] =1 — sfi(z) in terms of ¢*~ and ¢T; namely,
for all s, z € C with modulus < 1

1=si@) = (1- ¢ 6.20) (1= 9" 2). (14)

In [3], we use this factorization to obtain local limit theorems for fluctuations of
the random walk (Sy,),>0; we first propose another such a decomposition, and, by
identification of the corresponding factors, we obtain another expression for each of
the functions ¢*~ and ¢+ .This new expression allows us to use elementary arguments
coming from entire functions theory in order to describe the asymptotic behavior of
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the sequences (]P’[Sn =x, 7" = n]) and (IE”[Sn =y, 7% > n]) for any
n>1 n>1

xeZ  andyeZ".

In the present situation, we need first to obtain similar results than in [3] but in terms
of regularity with respect to the variable s of the functions ¢*~ and ¢ ™ around the
unit circle, with a precise description of their singularity near the point s = 1; by the
identity (3), we will show that these properties spread to the function G(s|x, y), which
allows us to conclude, using the classical Darboux’s method for entire functions.

We will assume that the law p has exponential moments of any order, i.e.
> ez u(n) < 4oo for any r € R*". This implies that its generating function
Qo z = 2,77 u(n) is analytic on C*; furthermore, its restriction to 10, +oo[
is strictly convex and lim,_, o0 A(r) = limHg [(r) = 4oo when u charges Z**

r>

and Z*~. In particular, under these conditions, there exists a unique 9 > 0 such
that ji(rg) = inf,~q 1(r); it follows i/ (rg) = 0, " (r9) > 0. Set py := ji1(rg) and
R, = %; one has pg = 1 when u is centered and pg €]0, 1] otherwise.

We now fix 0 < r— < rgp < r4+ < +o0 and will denote by L = L[r_, ry] the
space of functions F : C* — C of the form F(z) := ), .7 a,z" for some (bilateral)-
sequence (ap)nez such that D" o la,|r" + >, ¢ lay|rl < 4o00; the elements of L
are called Laurent functions on the annulus {r_ < |z| < r4} and L, endowed with
the norm | - |, of uniform convergence on this annulus, is a Banach space containing
the function ft.

3.2 The Centered Case

Let us first consider the centered case: E[Y,,] = i/(1) = 0; we thus have ry = 1 and
00 = Ro = 1. Under the aperiodicity condition on w, one gets |1 — sji(z)| > 0 for
any z € C*, |z] = 1, and s such that |s| < 1, except s = 1; it follows that for any
z € C*, |z| = 1, the function s m may be analytically extended on the set
{s e C/|s| <148}\[1, 1+ §[ for some § > 0.

The following argument is classical, we refer to [10] for the description we present
here. One gets /i'(1) = 0 and 4”(1) = o? := E[Y?] > 0; setting H(s,z) =
1 — s/1(z), it thus follows

aH 3’H )
—(1,1)=0 and —(1,1) =% > 0.
9z 972

The Weierstrass preparation theorem implies that, on a neighborhood of (1, 1)

H(s,2) =1 —spi(z) = ((z — 12+ bs)z— 1)+ c(s))H(S, 2)

with H analytic on C x C* and H # 0 on this neighborhood, and b(s) and c(s) analytic
on the open ball B(1, §) for § small enough. We compute H(1, 1) = —%, b(l) =
c(1) = 0and ¢'(1) = 777 ; = 2 The roots z—(s) and z(s) (with z_(s) < 1 <
Z4+(s) when s €]0, 1[ and z_(1) = z4+ (1) = 1) of the equation H (s, z) = 0 are thus
the ones of the quadratic equation (z — D2+b(s)(z—1) +c(s) =0; solving, we find
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24(5) = B(s) £ C(s)V/1 —s

where B(s) and C(s) are analytic in B(1, §) with B(1) = l and C(1) = 4/c/(1) = f
Consequently, for § small enough, the functions z1 admit the following analytlc
expansion on Os(1) := B(1,48) \ [1, 1+ 3[:

2e(s) = 14 D (D ey (1 — )"? with o ==

n>1

This type of singularity of the functions z+ near s = 1 is essential in the sequel
because it contains the one of the functions ¢*~ (s, z) and @™ (s, z) near (1, 1). The
Wiener—Hopf factorization has several versions in the literature; we emphasize here
that we need some kind of uniformity with respect to the parameter z in the local
expansion of the function ¢*~ near s = 1, this is why we consider the map s +—
©*~ (s, -) with values in L. It is proved in particular in [1] (see also [ 7] for a more precise
statement, in the context of Markov walks) that there exists § > 0 such that the function
s (z = ¢* (s, 2) = M) is analytic on the open ball B(1, §) C C, with

z—2-(5)
values in L. Setting ¢*~ (s, -) 1= Do o(1 — s)kqbz‘k;(-) for |1 — s| < & and ¢E"k; eL

and using the local expansion z_(s) = 1 — “/75«/ 1 — s+ ---,one thus gets for § small
enough and s € Os(1)

(p*—(s, D)= (p*—(L )4+ Z(l _ s)k/2(p2<k—)(')

k>1
with Zk>() |(p(k) loo8® < 400 and (p 1) A= g
We summarize the information we will need in the followmg

« 1= E[ZT*]

Proposition 3.1 For any r— < 1 < ry, the function s — @*~ (s, -) has an analytic
continuation to an open neighborhood of B(0, 1) \ {1} with values in L; furthermore,
for 8§ > 0, this function is analytic in the variable /1 — s on the set Os(1) and its
local expansion of order I in L is

(5, ) = ¢ (L) F V1 =59 () + 0, ) (15)

S
with ¢(7) + 2 = g X %ﬁ;l and O(s, -) uniformly bounded in L.

A similar statement holds for the function ¢ ™; in particular, the local expansion near

s = 1 follows from the one of the root z (s), namely z4+(s) = 1 + @«/1 —s5+...
We may thus state the

Proposition 3.2 The function s — ¢ (s, -) has an analytic continuation to an open
neighborhood of B(0, 1) \ {1} with values in L; furthermore, for 5 > 0 small enough,
this function is analytic in the variable /1 — s on the set Os(1) and one gets

P (5.0 =0T (L) +VI—s 9} () +0G. ) (16)
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s
with (p("’I) 12> —@ X #j;ﬂ and O(s, -) uniformly bounded in L.

3.3 The Maps s > T* (s|x) and s — TT(s|x) for x € Z

We use here the inverse Fourier’s formula: for any x € Z*~ and s € C, |s| < 1, one
gets

1
T (s|x) = E/z_x_l(p*_(s,z)dz.
T

Similarly T (s|x) = ﬁ Jp 27T (s, z)dz forany x € Ny. We will apply Proposi-
tions 3.1 and 3.2 and first identify the coefficients which appear in the local expansion
as Fourier transforms of some known measures; Let us denote

e §, the Dirac mass at x € Z,
o AT = sz_l 38, the counting measures on Z*~,
e AT =738 the counting measures on No.

S 4 .
One easily checks that z +— % and 7z — are the generating

functions associated, respectively, with the measures (89 — w*7) * A*~ and (59 —
)« AT,

1-E[5+ ]
1—-z

Proposition 3.3 There exists an open neighborhood 2 of B(0, 1) \ {1} such that, for

*

any x € Z, the functions s — T* (s|x) := E[s" 1x)(Sy=-)] and s > TT(s|x) :=
IE[s’+ Lx}(Sz+)] have an analytic continuation to 2; furthermore, for 6 > 0 small
enough, these functions are analytic in the variable /1 — s on the set Os(1) and their
local expansions of order 1 are

2
T (s]x) = "~ (x) — VT — s%u* (1=c0.xl) + 1 =9) 06l (17

and
TH(s|x) = 't (x) — V1 = s‘/;,ﬁ (]x, +oo[) +(1—5)0G6k)  (18)

with O(s|x) analytic in the variable /1 — s and uniformly bounded in s € Ogs(1) and
x €Z.
Furthermore, for any K > 1, there exists a constant O > 0 such that

KXl

T*_(slx)‘ <0, kW

T+(s|x)‘ <0 and KM

O(s|x)‘ <0. (19
forany s € QU Os(1) and x € Z.
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Proof The analyticity property and the local expansions (17) and (18) are direct con-
sequences of Propositions 3.1 and 3.2. To establish for instance the first inequality in
(19), we use the fact that for s € Q U Os(1), the function z — ¢*~ (s, z) is analytic
on any annulus {z € C/r_ < |z| < ry}; forany K > 1 and x € Z*~, one thus gets

1 1
T*_(s|x)=ﬁ/ =1 ©* (s, z)dz_ﬂ / 77* 1 ©* (s, 2)dz.

{z/lzI=1/K}

o |T* (slx)‘ < —” X SUPsequo; ) [9*—(s, z)|. The same argument holds for the
lz|=1/K
quantities T™ (s|x) and O(s|x). m]

3.4 The Coefficient Maps s > 7*~(x, y) and s > 7,7 (x, y) forx,y € Z

We first present some consequences of the previous statement for the matrix coeffi-
cients 7.~ (x, y) and 7" (x, y).

Proposition 3.4 There exists an open neighborhood 2 of B(0, 1) \ {1} such that for
any x,y € Z, the functions s +— T} (x,y) and s — T;"(x,y) have an analytic
continuation to ; furthermore, for § > 0 small enough, these functions are analytic
in the variable /1 — s on the set Os(1) and their local expansions of order 1 are

T =T, +VT=s T (x, )+ 1 -5 Os(x,y) (20
and
Tr,y) =T 0, )+ VT —sTHx, y) + (1 —5) Og(x, y) 1)

where

T (x,y) = pu* (y —x),

T y) = =2 (1= 00,y = x1),

T (x,y) = +(y - Xx),

THa,y) = —Lpt (]y —x, +00[),

O; (x, y) is analytic in the variable «/Hfors e Os(1).

Proof We give the details for the maps s — 7"~ (x, y). Let €2 be the open neighbor-
hood of B(0, 1)\ {1} given by Proposition 3.3 and fix § > O suchthat (17), (18)and (19)
hold. In particular, for any x, y € Z~, the function s — 7" (x, y) = T* " (s]y — x)
is analytic on €2 and has the local expansion, for s € Os(1)

T, ) =T, y) + V1T —s T (x,y) + (1 —5) Oy(x, y)
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whose coefficients are given in the statement of the proposition and s — O(x, y)
is analytic in the variable 4/1 — s; furthermore, the quantities K ly—x] 7;+ (x, y)‘ and

K==l

O (x, y)‘ are bounded, uniformly inx, y € Z~ and s € QU Os(1). m|

3.5 The Coefficient Maps s — U (x, y) and s — L{;F(x, y)forx,yeZ

We consider here the maps s +— U (x, y) and s > U, (x, y). The matrix U~ =
(U (x, y))x’yez is the potential of 7;*~ = (7;*~ (x, y))x’yez; since 7'~ is strictly
upper triangular, each I/~ (x, y) will be the combination by summations and products
of finitely many coefficients 7"~ (i, j), i, j € Z, and their regularity will thus be a
direct consequence of the previous statement.

Proposition 3.5 There exists an open neighborhood 2 of B(0, 1) \ {1} such that, for
any x,y in 7, the functions s — U;™(x,y) have an analytic continuation to ;
furthermore, for § > 0 small enough, these functions are analytic in the variable
A1 — s on the set Os(1) and their local expansions of order I are

U7, y)=U"(x, )+l —s U (x, y) + (1 —s) O(x, y) (22)

where
o UT(x,y)=U"(y—x),
o Uy =—2u(ly —x0),
o O;(x, y) is analytic in the variable V1 =5 and bounded for s € Og(1).

Similarly, for any x, y € Ny, the functions s +— U (x, y) have an analytic continu-
ation to 2, and these functions are analytic in the variable \/1 — s on the set Og(1)
with the following local expansions of order 1

UG, y) =Ut(x,y) +VT—s Ut (x,y) + (1 - 5) Og(x, ) (23)

where
o UT(x,y) =UT(y —x),
o Uty =—LU*(j0.y - 1),
e O (x, y) is analytic in the variable /1 — s and bounded for s € Os(1).

Proof The matrix 7;*~ being strictly upper triangular, for any x, y € Z~, one gets
(7;77)" (x, y) = 0 when n > |x — yl, so

lx—yl

U = D (1) (0. (24)

n=0

The analyticity of the coefficients 2/~ (x, y) with respect to s € €2 and /1 — s when
s € Os(1) follows from the previous Proposition.
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Let us now establish the local expansion (22); for any fixed x, y € Z~, one gets

[x—yl

U = 3 (T +VT=5 T+ (-9 0,) (..
n=0

_ n n
The constant term U*~ (x, y) is thus equal to Zlnxzoyl (T*_) (x,y) = :[28 (T*_)

(x, y); on the other hand, the coefficient corresponding to 4/1 — s in this expansion is
equal to

[x=yln-1

U (x,y) = Z Z(T*f)k’j:** (’T**)n_k_l(x, y).

n=0 k=0

Inverting the order of summations and using the expression of T* in Proposition 3.4,
one gets

U (x, y) = U T U (x, y)

=_g U*‘*(Z 1 (1= 00, k]) ak)*U*‘ (v —x)
k<—1
V2

——U" (y —x,0]).
o

To obtain the last equality, observe that the measures U™~ * (Zkgf1 w=(q -
00, k) «Sk) * U* and U*™ x A*™ = 21671 U*™ (Jk,0]) 8 have the same gen-
erating function.

The proof goes along the same lines for 24" (x, y) = > /%0 (’];"’)n (x, y), but there
are infinitely many terms in the sum since ©(0) > 0; for s € Q U Os(1), one thus
first sets 7,6 = eI + Ty with e :=E [s’+1{o}(ST+)]. One gets §; = u(0) €]0, 1[,

so |eg| < 1 for € and § small enough. Since I and 7y commute and 75 is strictly upper
triangular, one may write, for any x, y € Ng, andn > |x — y]|,

n

() @w =3 (Z) Y

k=0

|x—yl
=2, (Z) ey T ()

k=0
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so that
Ut =3 (TF)
n>0
[x—y| . [x—yl n
= Z (7;+) (x,y) + Z Z (k) "R Tk (x, y)
n=0 n>|x—y| k=0
lx—yl n \x—y\l
= Z(?;J“) (x,y) + ZE Z n...(n—k+De"*) 1k, y)
n=0 k=0 " \n>|x—y|

with s +— (Zn>|x_y| n...n—k+ l)g;’_k) analytic on 2 and analytic in /1 — s

on Os(1). The analyticity of s +— U;"(x, y) follows, and the computation of the
coefficients in (23) goes along the same line than in (22). O

4 The Centered Reflected Random Walk

Throughout this section, we will assume that hypotheses H hold and that u is centered.
In this case, the radius of convergence of the generating functions G(-|x, y), x, y € Np,
is equal to 1 and we study the type of their singularity near s = 1.

We denote by M the space of infinite matrices M = (M (x, y)), yeN, such that

IMlloo == sup >~ [M(x, y)| < +o.

.XEN() yENO

The quantity || M ||~ is the norm of the matrix M considered as an operator acting
continuously on the Banach space ((Cli?, | - |oo). As we have already seen, we also
work on the space of infinite sequences CIRg" forsome K € KC(1+n) where > 0; con-
sequently, we will consider the space M of infinite matrices M = (M (x, ¥))x, yeN,
such that

K(y)
IMlk = sup >, =S IM(x, y)| < +o00.
XENoyENO (‘x)

The quantity || M| g is the norm of M considered as an operator acting continuously
N
on (CKov | : |K)

4.1 The Map s — 7, and Its Potential U

Recall that the matrix 7 is the lower triangular with coefficients Zs(x, y), x, y € N,
given by

Ty =T0 =0 =E[s" 10 (Se)].
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Proposition 4.1 There exists an open neighborhood 2 of B(0, 1) \ {1} such that the
M o-valued function s + T has an analytic continuation to 2; furthermore, for
8 > 0 small enough, this function is analytic in the variable /1 — s on the set Os(1)

and its local expansions of order 1 in (Moo, || * lloo) IS
T=T+V1—sT+(1—s) 0y 05)
where
= ] _[wr-nifo<y<x-—1
o 7 = (T(X, y))x,yeNo with T (x,y) = {() s ,
~ _ B o . | i
oT:(T(x,y)) with T(x,y)={ o " (] 00, y x])1f0§y§x 1,
x,yeNp 0 3o

e Oy is analytic in the variable /1 — s and uniformly bounded in (Mo, || - | x0) for
s € Os(1).

Proof The regularity of each coefficient map s +— 7Z;(x, y) may be proved as in
Proposition 3.4; we thus focus our attention on the analyticity of the M o,-valued map
s — 7. By a classical result in the theory of vector-valued analytic functions of the
complex variable (see for instance [2], Theorem 9.13), it suffices to check that this
property holds for the functions s + 7Z;(a) for any bounded sequence a = (a;);>0 €
(CNO; to check this, we will use the fact that any uniform limit on some open set of
analytic functions is analytic on this set.
Fix N > 1 and let 7 y be the “truncated” matrix defined by

| Ts(x,y) if max(x —N,0) <y <x-—1
Lin(x.y) = [ 0 otherwise.
One gets T, v(@) = >.F T+ (—k)a® with a® :=0,...,0,a0,ai, ..., which

k times
implies that the Myo-valued map s — 7 n is analytic on Q and analytic in the

variable 4/1 — s on Os(1). The same property holds for the map s — 7 since, by
(19), one gets

(0] (0] N—+o00

K1~ (K — DKV 0

1T = Tnllo=sup > T I< D,

x€No ly—x|>N ly—x|>N

Let us now give sense to the matrix (I — 7;)~!; formally one may write

I =T =U =D (T

k>0
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Since the matrices 7 are strictly lower triangular, one gets 7;" (x,y) = 0 for any
x,y € Ngpand k > |x — y| + 1; it follows that, for any x, y € Ny

lx=yl
I =T)7 () =Us(x, y) = D (T (x, ). (26)
k=0

The analyticity in the variable s (resp. /1 — 5) on 2 (resp. on O; (1)) of each coefficient
Us(x, y) follows by the previous fact and one may compute its local expansion near
s = 1. Nevertheless, this property does not hold in the Banach space (Muo, | - [lx0),
as it can be seen easily in the following statement (clearly ¢/ and U ¢ M), we have
in fact to consider the bigger space Mk to obtain a similar statement.

Proposition 4.2 Fix n > 0 and K € K(1 + n). There exists an open neighborhood
Q of B(0, 1) \ {1} such that the function s — Us has an analytic continuation to <,
with values in Mg furthermore, for § > 0 small enough, this function is analytic in
the variable /1 — s on the set Os(1) and its local expansion of order 1 in Mg is

Ui =U+VT—sU+(—s) O (27)

where
Urm(y—x)if0<y=<ux
0 ify>ux
SO - 2= (1y — i _
o U=U(xX,y))r yen, with U(x, y)z[ —=U (]y x,O]) %f O<y=<x l’
0 if y>x

o O; = (Os(x, y))x, yeN, is analytic in the variable /1 —s for s € Os(1) and
uniformly bounded in M.

o U= U, Yy yen, with Ux,y) =

i

Proof Since || 7T ||oo = 1, one may choose § > 0 in such a way || Z5|lco < 1 + % for

any s € Os(1); it thus follows that, for such s, any x € Ngandy € {0, --- , x — 1}
x—] -
eI = 3 1Tl = (1 +2/n) (1+3) 28)
n=

So, |Us|lk < +o0o when s € Os(1) and K € K(1 4 n). To prove the analyticity of
the function s — U, we consider as above the truncated matrix U, y and check, first
that for any a € CNo the maps s — U, y(a) are analytic on 2 and analytic in the
variable +/1 — s on Os(1), and second that the sequence (U x)n>1 converges to U
in (Mg, || - ||k)- The expansion (27) is a straightforward computation. O

From now on, we fix a constant 7 > 0 and a function K € (1 + n).
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4.2 The Excursions & (-, y) for y € Ny

The excursion & before the first reflection has been defined formally in (7) as follows
-1
& = (1—7;) U = U U

The regularity with respect to the parameter s of the matrix coefficients ;" (x, y)
and the matrix U; = (I — ’TS)_l is well described in Propositions 3.5 and 4.2. Each
coefficient of & is a finite sum of products of coefficients of U and Z/{;‘ , so the
regularity of the map s — & (x, y) will follow immediately. The number of terms in
this sum is equal to min(x, y), it thus increases with x and y and it is not easy to obtain
some kind of uniformity with respect to these parameters. In fact, it will be sufficient
to fix the arrival site y and to describe the regularity of the map s — (& (x, ¥))reN,-

Proposition 4.3 There exists an open neighborhood Q2 of B(0, 1)\ {1} (depending on
the function K ) such that, for any y € Ny, the function s — & (-, y) has an analytic
continuation on 2 with values in the Banach space (Cﬁo s furthermore, for § > 0 small
enough, this function is analytic in the variable 1 =5 on the set Os(1) and its local
expansion of order 1 in (C§° is

Ey) =ECY) +VT =5 EC, )+ (1 —5) O5(y) (29)

where
e EC.) =U—-D)U(y) =UUT(. ),
L4 g(v y) = Z/{Z/[+(', )’) +UU+(, y)v
e O (y) is analytic in the variable /1 — s and uniformly bounded in (C§° fors e
Os(1).

Proof For any x, y € N, one gets & (x, y) = §=0 Us (x, 2)U (z, y), and the con-
clusions above follow from Propositions 3.5 and 4.2; in particular, for any fixed y € Ny
and N > 1, the (Cﬁo—valued maps — (& y(x, y))y defined by & n(x, y) = E(x, y)
if 0 < x < N and & n(x, y) otherwise, is analytic in s € 2 and 4/1 —s when
s € Os(1). It is sufficient to check that this sequence of vectors converges to (-, )
in the sense of the norm | - |x for some suitable choice of K > 1; by (28), one gets

& | = 0+ DA+2/m (143) x max 4. y)|

)&-(x,y)‘

Cy
so that (75 < {12

for some constant C, > 0 depending only on y. Since

’&(X’Y)
K € K(1 + n), one gets sup,-y o 0 as N — +oo; this proves that

the sequence (ES,N(o, y))N o converges in (Cﬁ" to £(-,y) as N — 400 and that
>

s + & (-, y) is analytic. The local expansion (29) follows by a direct computation. O
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4.3 On the Map s — R

The matrice R describes the dynamic of the space—time reflected process (rx, Xy, )k>0
and is defined formally in Sect. 2:

Ry = (1 . Z)_IVS = UV,

with Vg = (Vs(x, y)) and Vs (x, y) := { 0 ify=0 . So, one
0

x,yeN T* (s| —x —y)if y e N*
first needs to control the regularity of the map s — V.

Fact 4.4 The Mg-valued function s — Vs is analytic in s on Q and in /1 — s on
Os(1); furthermore, it has the following local expansion of order 1 near s = 1

Vi=V+VT=s5sV+1-5) 0 (30)
where
B . _]o if y=20
o V= (V(x, y))x’yeNO with V(x,y) = [ W (—x — y) if y € N*,
~ ~ ) ~ 0 if y=0
° V= (V(x’y))x,ye 0 with V(. y) . _\/TEM*_ (]—OO,—X—)’]) ify € N*,

e Oy isanalyticinthe variable /1 — s and uniformly bounded in Mg fors € Os(1).
We now may describe the regularity of the map s — R;.

Proposition 4.5 The Mg -valued function s — Ry is analytic in s on Q2 and in
V1 =5 on Os(1); furthermore, and it has the following local expansion of order 1
near s =1

Ri=R+v1—sR+(1—ys)0, (31)

where
o« R=UV+UV.
e O;isanalytic inthe variable \/1 — s and uniformly boundedin Mg fors € Os(1).

Proof The analyticity of this function with respect to the variables s or /1 — s is clear
by Proposition 4.2 and Fact 4.4 and one may write, for s € Os(1),

Ry = (1 - 7;)_1)4
= Uy Vs
— (u+mﬁ+(1 —s)os)(v+\/m9+(1 _S)Os)

— UV + V1 —s(av+m7) + (1 —5)0;.

O
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A direct computation gives in particular

min(x,y)
Ex, = D U k=x)U"(y—k (32)
k=0
and
R(x,y) = Ax, y) + B(x, ) (33)
with
0 ifx=0o0ry=0
x—1
= 2
Al y) =4 _v2 Siu (]k —x, 0]),u*_(—k —y) otherwise :
o
k=0
and
0 if y=20
B(x,y) := _Qx *—(p w— (1 _ . e
. Z U™ (k—x)u (] 0o, —k y]) otherwise

k=0

4.4 On the Spectrum of R and Its resolvent (1 — RS)

The question is more delicate in the centered case since the spectral radius of R is
equal to 1 (we will see in the next Section that itis < 1 in the non-centered case, which
simplifies this step).

4.4.1 The Spectrum of Rs for |s| = 1 and s # 1

Using Property 2.3, we first control the spectral radius of the R for s # 1; indeed,
we may control the norm of R?:

Fact4.6 For |s| = 1 and s # 1, one gets ||’Rf||1< < 1; in particular, the spectral
radius of R in Mg is < 1.

Proof Fix s € C\ {1} of modulus 1; by strict convexity, for any w € Ng and y € N*,
there exists py,y €10, 1[, depending also on s, such that [Rg(w, y)| < pw,yR(w, ¥);
on the other hand, by Property 2.3, we may choose € > 0 and a finite set F C Ny such
that, for any x € Ny,

R(x, F):= > R(x,w) > e.

weF

For any y € Ny, we set p, = ma}c Pw,y; since F is finite, one gets p, €]0, 1[.
we

Consequently, for any x € Ny
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R = D D0 R w) x [Row, »[K () < Si651) + Sasl)

weN* yeN*
with
ik = D0 D R w) x [Ry(w, )| K ()
weF yeN*
Sk = D D Rexw) x [Ry(w, )| K ().
wé¢F yeN*
One gets

Sisho) < D" Rx,w) D pyR(w, YK () < pR(x, F)
weF yeN*

ith p := R(w, y)K 0. 1.
with p := max %“* pyR(w, »)K (y) €0, 1]
)7
On the other hand, S>(s|x) < R(x, N*\ F) = 1 — R(x, F). Finally, since K > 1,
one gets
R2K ()|
e (PR, F)+1 =R, ) 1= (1= ple < 1,

which achieves the proof of the Fact 4.6. O

Since the map s — R isanalyticontheset{s € C/|s| < 1+8}\[1, 14§[, the same
property holds forthe map s — (I —R,)~! onaneighborhood of {s € C/|s| < 1}\{1}.

4.4.2 Perturbation Theory and Spectrum of R for s close to 1

We now focus our attention on s close to 1.* Recall that 4 denotes the sequence whose
terms are equal to 1 and observe that v, (h) = 1. By Property 2.3, the operator R may
be decomposed as follows on Mg

R=n+0Q

where

e 1 is the rank one projector on the space C - h defined by

a = (ar=0 — (Z Vr(k)ak)h,

i>1

4 Recall that h denotes the sequence whose terms are all equal to 1 and observe that ve(h) = 1.
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e Q is a bounded operator on (C,N(0 with spectral radius < 1,
e moQ=0Qom =0.

The map s —

is bounded on Os(1). By perturbation theory, fors € Os(1)
-5

with § small enough, the operator R admits a similar spectral decomposition as above;

namely, one gets

Vs € Os(1) Ry = Agmy + O (34)

with

e ), is the dominant eigenvalue of R, with corresponding eigenvector hy, normal-
ized in such a way that v (hy) = 1,

e 77, is a rank one projector on the space C - hy,

e Q; is a bounded operator on (Cﬁ“ with spectral radius < p; for some ps < 1,

o T,0Q, =Q om =0.

Ay — 1 T
Furthermore, the maps s +— Sl— 5> =
-5

i s h, —h andsr—)—Qs_Q
JI=5' J1—=5 V1=
are bounded on Os(1). We may in fact make precise the local behavior of the map
s > Ag; by the above decomposition and Proposition 4.5, one gets, for s € Os(1),

As

ur(Ryh) + vr (R = R) (s — )
=14+v1—s5 ve(Rh) + (1 —5)O(s)

with O(s) bounded on Os(1). Since vr(ﬁh) # 0, the operator I — R is invertible
when s € Os(1) and § small enough, with inverse

(I_RS)_lzl IA ”SJF(I_QS)_I‘

- Ny

-1
Fact 4.7 For § > 0 small enough, the function s (1 — Rs) admits on Og(1)

the following local expansion of order 1 with values in Mk .

(1 _ RS)_l - ! 7 + 0y (35)
VT =5 x vr(ﬁh)

where Qg is analytic in the variable /1 — s and uniformly bounded in M .

4.5 The Return Probabilities in the Centered Case: Proof of the Main Theorem

-1
We use here the identity Gy = (I - RX) &, given in the introduction. By Proposition
4.5 and Fact 4.6, for any fixed y € Np, the function s — G,(-, y) is analytic on a
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neighborhood of B(0, 1) \ {1}. Furthermore, for § > 0 small enough and s € Os(1),
one may write, using (29) and (38)

CwECy) 1

Gs(,y) = vr(ﬁh) Xm+0s

with vg, £(-, y) and R given, respectively, by formulas (9), (32) and (33) and s > O
analytic on Os(1) in the variable /1 — s and uniformly bounded in M.
We may thus apply Darboux’s theorem 1.1 with R = 1, o = —% (andsoI'(—a) =

Jm)and A(l) = —M > 0. One gets, for all x, y € Ny
vr(Rh)
C . 1 ve(E(, y))
P[X, =y]~ —% with C, = ——= x — =22 > 0. (36)
Jn T VT (R

5 The Non-centered Random Walk

We assume here E[Y,] > 0 and use a standard argument in probability theory to
reduce the question to the centered case.

5.1 The Relativisation Principle and Its Consequences

For any r > 0, we denote by ., the probability measure defined on Z by

1
VneZ pr(n) = ——r"un).

wu(r)
For any k > 0, one gets (1**), = (u,)** and that the generating function /i, is
related to the one of u by the following identity Vz € C  f1,(z) := %rz))
n(r

The waiting times 7*~ and t are defined on the space (2, 7), with values in
Np U {4o00}; they are both a.s. finite if and only if u, is centered, i.e. r = rg (see
Sect. 3.1 for the notations).

Throughout this section, we will denote IP° the probability on (2, 7°) which ensures
that the Y,, are i.i.d. with law u,,; the expectation with respect to IP° is denoted [E°.
We set po = f1(r9) and R, = 1/p, €]1, +00[. The variables Y, have common law
r, under P°, and they are in particular centered; we may thus apply the results of the
previous section when we refer to this probability measure on (€2, 7).

Fact 5.1 Letn > 1 and ® : R"*! — C a bounded Borel function; then, one gets

IE[Q)(SO, s1, ...,S,,)] =" x IE°[<D(S0, St sn)rgsn].
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As a direct consequence, for any x, y € Ng and s € C, one gets, at least formally
E(x,y) = rg_yé’zos(x, y) and Ry(x,y) = rgﬂR;’,OS(x, y)

where we have set £J(x,y) = >, .¢8"ES[r > n, X, = y] and R{(x,y) =
> =0S"ES[r = n,X, = y]. We may thus introduce the diagonal matrix A =
(A(x, ¥))x,yeN, defined by A(x,y) = 0 when x # y and A(x,x) = ry for any
x > 0; by the above, one gets formally

E =AEAT! and Ry = ARCA.

In the sequel, we will add the exponent o to the quantities I/ +,7,U,V defined
in the previous section when p was assumed to be centered and considered here as
variables defined on (2, F, P°); with these notations, we will have

o =UUT, E° =UUT +UUT,R° =UV° and R° =U°V° +U°V°.

Combining Propositions 4.3 and 4.5, we may thus state the
Proposition 5.2 There exists a function K, an open neighborhood 2 of B(0, R,) \
{Ro}, and 6 > 0 small enough such that, for any y € Ny, the functions s +>

Es(x, y)) N have an analytic continuation on Q2 with values in the Banach space
x€Np

(Cﬁo and are analytic in the variable \/R, — s on the set Os(R,) := B(R,, ) \
[Ro, Ro + ), with the following local expansion of order 1 in (Cﬁo :

E=E+VRs—5sE+ (Ry —5) O (37)

where

o &= AEAT]

o &= /oo AE°ATT,
o O; = (Os(x, y))yeN, is analytic in the variable / R, — s and uniformly bounded

in (Cﬁo fors € Os(R,).

Similarly, the function s — R = (Rs (x, y)) N has an analytic continuation
x,yelNo

to Q, with values in the Banach space M, and is analytic in the variable /R, — s
on the set Os(R,) with the following local expansion of order 1 in Mg :

Ry =R+ VRo —s R+ (R — 5) O (38)

where
e R=AR°A,_
e R=./po AR°A,
o O; = (Os(x, y))xen, is analytic in the variable / R, — s and uniformly bounded
in C§° fors € Os(Ry).
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To prove the main theorem in the non-centered case, we will thus apply the same
strategy than in the previous section. The proof simplifies in this case since the operator
I — R becomes invertible.

Fact 5.3 For K suitably choosen, § > 0 small enough and any s € Os(R,), the
spectral radius of the operator Ry on Mg is < 1.

Proof It will be a direct consequence of the continuity of the map s — R on Ks(Rp)
and the inequality || R, ||k < 1.Indeed, one gets, using the definition of R and setting
¢ = 1[—x 4ol

IRRNx < sup D~ (D REP[H(S1) - p(Sa-)T (-2 (] ) K ()

xeNp y>1 n>0

= sup > (2RI KO [9(S1) - (S0 1) (S0)])

xeNo y>1 n>0

< 7o sup (30 REP [9(S1) .. (Su-)(1 = $)(S))])

XGNO n>0
it F7'K(y) <1 forall y>1<rg
which achieves the proof, assuming that y rg 'k (y) is < 1 on Np. O

As a direct consequence, one may write

(I-R)™'=>RL

n>0

Furthermore, the map s — (I — R)~! is analytic in the variable s on € and analytic
in the variable /R, — s on Os(R,) and the local expansion near R, is

I-R) '=U-R) "+ VRo—sU-R)'"RU-R)"!
+(Ro —5) ... (39)

5.2 The Return Probabilities in the Non-centered Case: Proof of the Main Theorem

-1
We use here the identity G = ( I— RS) &, given in the introduction. By Proposition

5.2 and Fact 5.3, for any fixed y € Ny, the function s + G,(-, y) is analytic on
a neighborhood of B(0, R,) \ {R.}. Furthermore, for § > 0 small enough and s €
Os(R,), one may write, using Proposition 5.2 and the local expansion (39)

Ge(.) = U =R~ .y + VR —s((1 =R
xR =R) ™ ECy) + U =R ECY) + (R =)0,
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with s = Oy analytic on Og(R,) in the variable /R, — s and uniformly bounded
in MK.
We may thus apply Darboux’s theorem 1.1 with R = R,, o = % (and so I'(—a) =
2y andAR) = -R)'RU-R)EC,NV+U-R)EC y) <O.
For all x, y € Ny, one gets

o
P X, =yl ~ Cx,ynS%

with p, = 3- = f(ro) €]0, 1] and

1 o~ _ 1~
cx,y=—mx((1—7z) IRU-R)Ex, y)+(I—-R) 15(x,y))>0 (40)

where the matrices R, R, £, and € are given explicitly in Proposition 5.2.
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uscript.
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