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1 Branching processes: the Galton-Watson model

In this course, we intend to give a short introduction to an elementary model for the genealogy of a
population. The original branching process was considered by Galton and Watson in the 1870’s while
seeking a quantitative explanation for the disappearing family names phenomenon, even in a growing
population. In general it describes the evolution of successive generations of a “population” under the
following assumptions:

1. the initial generation numbered 0 has one member (the ancestor),

2. the number of children of any member in any generation of the population is random and follows
a offspring distribution called p,

3. the p-distributed random variables that represent the number of children of each member in all
generations of the population are independent.

Let us consider a family (N, ;)n>0,>1 of N-valued, independent and identically distributed random
variables defined on a probability space (2, F,P). For any n > 0 and ¢ > 1, the random variable N, ;
equals the number of “children” of the i*" individual of the generation n.

We write Z,, the number members in the n-th generation; we set Zy = 1 and

(1.1)

g _ Np1ag+Np1o+...+Nyo1z,., ifZ,1#0
" 0 if Z,_1 = 0.

The sequence (Z,),>0 is the Galton-Watson process, it is a Markov chain on N with initial distri-
bution dg.

We denote p = (u(k))x
non-degenerate, i.e. u(k) #

o the distribution of the random variables N,; and assume that p is

>
1 for any k£ > 0 and aperiodic i.e. ged{k € N* | u(k) > 0} = 1.

1.1 Basic properties of the Galton-Watson process

We consider the generating function f,of u defined by: for any > 0,n > 0 and ¢ > 1,

+oo
f@) = fula) = p(k)z" = E(z").
k=0

When there is no risk of confusion, we will simplify the notation and set f = f,.

The radius of convergence of this series is denoted p,,; it is obvious that p,, is greater than or equal
to 1 since p is a probability measure.

Throughout this course, we assume that y is not degenerate.

Here, we state the first result.

Proposition 1.1. Assume that E(Ngl) < +o0.

1. The function f is C? and convex on [0,1]; furthermore, if P(Ny,,; > 2) > 0, then f is strictly
conver.

2. The expectation m and the variance o2 of u satisfy the equalities

m:=E(N,;) = f'(1) and o?:=V(N,;) = f"(1)+ f(1) - f(1)2



3. The generating function F, of Z, is given by Fy =1d and F,= fo---0of.
——

n times
4. The expectation of Z, is equal to = m™.
5. The variance of Z, is given by

_ymt—1
n—1 J2

V(Zy) = 'm2 1 when m # 1

no otherwise.

1.2  On the extinction probability of the GW process

Let ¢, be the extinction probability at the n!” generation : ¢, = P(Z, = 0). The sequence of events
((Z,, = 0))n>0 is increasing; so is the sequence (g )n>0. The extinction event £ can be expressed by

£={IneNst Z, =0} = | J(Z. =0).
n>0
Here are some trivial cases.
1. If 4(0) = 0 then P(E) = 0; furthermore, if u(1) = 1, then Z, =1 P-a.s. for any n > 0.
2. If u(0) =1 then Z, =0 P-a.s. for any n > 1 and P(£) = 1.

3. If 0 < w(0) < 1 and wu(0) + p(1) =1, then P(Z, # 0, Zp+1 = 0) = p(1)"u(0), which yields

12(0)

ST

+o0
P(E) =Y P(Zn # 0, Zns1 = 0)
n=0

From now on, we omit these 3 particular cases and assume that u satisfies the following assump-
tion

0<u0)<1 and pw(0)+ p(1)<1. (1.2)

Under condition (1.2), the function f is strictly convex.
We obtain the following proposition.

Proposition 1.2. 1. ¢, = F,(0).
2. The sequence (qn)n i increasing and its limit q is a fized point of f (i.e. f(q) = q).
3. q is the smallest positive fized point of f.
4. q=1"1if and only if m < 1.

The quantity ¢ is called the extinction probability of the Galton-Watson process (Zy,)n>0-
Proof. The convexity property of the function f on [0, 1] yields

1. if f/(1) > 1, then the equation f(z) = 2 has two distinct solutions in [0, 1], so ¢ < 1;
2. if /(1) <1 then the equation f(x) = x has a unique solution in [0,1] and so ¢ = 1.

O
The Galton-Watson process (Z,,)n>0 is called sub-critical when m < 1, critical when m = 1 and
super-critical when m > 1.



Figure 1: Generating function in the sub-critical (left), critical (middle) and super-critical (right) cases

1.3 Speed of convergence to extinction

Let 7 be the moment at which the population dies out:
7:=inf{n >1| Z, =0}

(with the convention inf() = +00). The quantity P(7 > n) is the survival probability up to time n
P(Z, # 0) of the GW process; it tends to 0 as n — +oo when the GW process is sub-critical or
critical.

To study the evolution of a GW process, the following fact is of major importance: the process
(Zp/m™)n>0 is a positive martingale ! Indeed, noticing 7, the o-algebra generated by the random
variables Ny ;,0 <k <n —1,7 > 0, we may write

Z
T 1 " 1 Zn
B(M51T) = (ZNM | 7%) = o =
=1

where the last equality relies on the fact that Z,, is 7,,-measurable and the N,, ;,¢ > 1, are independent
of Tp,. Thus, by the Martingale Convergence Theorem, the sequence (Z,,/m™),>0 converges P-a.s. to
some limit W with value in [0, 0o].

Now, we state a precise results about the extinction of the GW process. The first two statements
are due to Kolmogorov [14] and the third to Kesten and Stigum [12].

Theorem 1.3. Let (Zy)n>0 be a GW process whose offspring distribution p satisfies (1.2) and has
finite mean.

1. In the sub-critical case, the process (Zy)n>0 becomes extinct P-a.s. and there exists a constant
c > 0 such that
P(r>n)=P(Z, #0) ~em™ as n— +oc. (1.3)

2. In the critical case, (Zyn)n>0 becomes extinct P-a.s. and

2
P(r >n)=P(Z, #0) ~ 3, 45 n- +00. (1.4)

3. In the super-critical case, the martingale (Z,/m"™)n>0 converges P-a.s. to some random variable
W which satisfies the two properties:

EW)<1 and P(W =0) € {¢,1}, (1.5)
where g €0, 1] is the probability of extinction of (Zyn)n>0. Furthemore,
P(W=0)=q <= E(Ny;log" Ny,;) < +o0.



The last statement is a deep and difficult result, the reader may find the proof in the course by R.
Abraham and J.F. Delmas [1], based on the notion of GW trees (see Section 2). We only detail the
proof of assertions (1) and (2).

Proof. (1) In the sub-critical case, we may write

P(r > n) = P(Z, #0) = P(Z, > 1) < E(Z,) = m".

so that (P(7 > n)),>0 tends exponentially fast to 0 as n — +o00. To prove (1.3), we have to be more
precise. First we notice that the sequence (P(Z,, > 0)/m™),>0 is decreasing. Indeed

P(Zpi1 > 0) =1 - Fuy1(0) = 1— f(F(0))
1 — f(Fn(0))
1— F,(0)
< (1) P(Z, > 0) = m P(Z, > 0).

x P(Z, > 0)

Thus, the sequence (P(Z, > 0)/m™),>0 converges to some non-negative limit ¢. To check ¢ > 0, we
use the fact that Z, > 0 P-a.s. and P(Z, > 0) > 0; consequently ()

E(Zn)?
P(Z,
5=0 = w@)
_ E(Zn)?
V(Z,) + E(Z,)?
B mn+1(1 _ m)
(1 —=m")o? + (1 —m)mnt+l
P(Z, 1— .
so that liminf (Zn > 0) > m( Qm) > (0 since 0 < m < 1.
n—-+oo mm o
(2) Assume that (Z,)p>0 is critical. Set v, := P(r > n) and notice that lim v, = 0 and

n—-+o0o
2

Upt1 = 1— f(1 —vy,) for any n > 0. This yields, using the fact that f(1—z) =1—-x+ %x2(1 +¢€(x))
with e(z) — 0 as x — 0T,

1 1 1 1

Un+1 Un, 1_f(1_vn)_a
1 1

n (1 - U;vn( (n)) vn

with o(n) — 0 as n — 400
1 o’ 1
= — |14+ —=v,(1
(1 G - o
with o(n) — 0 as n — 400
o2
— 5 as n — +oo.

o2
—) ~ —n as n — +00.
Vk 2

Consequently —=— + Z(
Vk+1

3if Z is a positive r.v. s.t. P(Z > 0) > 0 then P(Z > 0) > E(Z)?/E(Z?); this is a direct consequence of the
Cauchy-Schwartz inequality, since E(Z) = E(Z1zx0).



O

In the previous section, we have seen that the random variable 7 is P-a.s. finite if and only if the

process (Zy,)n>0 is sub-critical or critical. As a direct consequence of (1.3), (1.4) and (1.5) we see that
E(7) < +oo if and only if the process (Z,)n>0 is sub-critical.

2 Branching processes: an approach via trees

In this section we propose another approach to describe GW trees. It is important to obtain strong
results in an elementary way on the asymptotic behavior of these processes; it is also of interest to
study the limit of GW trees [1]. We present in this section some results concerning super-critical GW
processes, conditioned on survival or extinction.
2.1  The set of discrete trees
We recall Neveu’s formalism for ordered rooted trees. We denote U the set of finite sequences of
positive integers

n>0

where N* = N\ {0} and (N*)® = {0#}. For any n > 1 and u = (u1,--- ,u,) € U, the integer denoted
by |u| is the length n of u, with the convention || = 0.

The concatenation of two sequences u,v € U is denoted uv, with the convention that uv = u if
v=0and uwv = if u = 0.

A sequence u € U is an ancestor of v € U (we write u < v) if there exists w € U, w # (), such that
v = uw; the set of ancestors of v is the set

Ay ={uel|u=<v}.
Definition 2.1. A tree t is a subset of U which satisfies the following conditions.
(i) 0 € t.
(ii) If u € t then A, C t.
(11i) For any u € t there exists k,(t) € NU {400} such that, for any i € N*,

wi €t <=1 <1< ky(t).

The integer k,(t) is the number of offsprings of the vertex u € t. The vertex () is called the root
of t. For instance, ky(t) = 3, k(1)(t) = 3 and k(31)(t) = 2 in the Figure above.
We denote by T, the set of all trees and introduce some definitions.

Definition 2.2. For anyt € T,
(i) the height of t is defined by H(t) := sup{|u| | u € t};
(ii) the width at level h > 0 of t € T is the integer zx(t) defined by  zp(t) =t#{u € t | |u| = h}.

For any sequence v = (vy)n>1 € (NN, set 99 = 0 and v, = (v1,--- ,v,),n > 1. If 5, € t for any
n >0, the sequence v = {v,,n € N} is an infinite branch of t.

Now, we fix some notations.
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Figure 2: Ezample of a finite tree t

1. The subset of trees with no infinite vertex is denoted

T:={te Ty |Vuectk,(t) <+oo}.

2. The set of finite trees is denoted
To:={t € T||t| < +o0}.

where |t| denotes the cardinality of t. Notice that Z kyu(t) = |t| — 1.
uct

3. For any h > 0, the subset of trees with height less than A is denoted

TW = {t € T | H(t) < h}.

4. The restriction function rj, : T — T is defined by: for any tree t € T,

rp(t) ={u e T ||u] < h}.

5. For any t € T and u € t, we denote S, (t) the sub-tree of t “above” u defined by

Su(t)={vel|u et}

2.2 Galton-Watson trees

Let 1 = (u(k))k>0 be a probability distribution on the set of non-negative integers and N be a random
variable with distribution .

Definition 2.3. A T-valued random variable T has the branching property if for any n > 1,
conditioned on kg(T) = n, the sub-tree (S1(7),--- ,Sp(T)) are independent and distributed as .

The T-valued random variable T is a Galton-Watson tree (GW tree) with offspring distribution p
if it has the branching property and if the distribution of kg(T) is .



It is easy to check that a T-valued random variable 7 is a Galton-Watson tree with offspring
distribution p if and only if the restriction of the distribution of 7 on the set Ty is given by

VteTo  P(r=t)=]]pka(t)) (2.1)

uct

and for any h > 1 and t € T" we have P(ry(1) = t) = H p(kyu(t)). In this case, the process

uet
lu|<h

(21(7))n>0 has the same distribution as the Galton-Watson process (Zj)p>0 defined in (1.1).
The extinction event £ of the GW tree 7 is

E=E(1)=(1€Ty) ={weQ|1(w) € Ty}.
Using the branching property, we obtain
PE) = P(&(r))
= Y P(ESI(M) N NESKT) | ko(r) = k) (k)

k>0

= Y PE)*ulk) = FB(E)).

k>0

In the two next subsections, we apply this formalism by trees to study more deeply the super-critical
case.

2.3 On the super-critical GW process conditioned on extinction

We assume in this subsection that assumption (1.2) holds and m > 1 while in this case P(€) = ¢ €]0, 1].
We introduce the new distribution & on N defined by

vk >0, (k) =q¢" u(k). (2:2)

+oo
1
Notice g f(k) = = f(q) = 1 which proves that [ is a probability measure on N satisfying assumption
q
k=0

(1.2). Furthermore, its generating function f; satisfies the equality fz(z) = % f(gx) so that

(1) = fi(g) < 1.

Thus, the offspring distribution ji is sub-critical and the associated GW process becomes extinct P-a.s..
In other words, if 7 is a GW tree with offspring distribution f, then P(E(7)) = 1. More precisely, we
obtain the following proposition.

Proposition 2.4. Let 7 be a super-critical GW tree with offspring distribution u satisfying (1.2) and
extinction probability ¢ = P(E) €]0,1[. Then, conditioned on the event £, the tree T is distributed as
a sub-critical GW tree T with offspring distribution i given by (2.2).

Proof. Since f is sub-critical, the random tree 7 belongs a.s. to Ty. For t € Ty, we obtain

- _ _ 1
B = t) = ] ulhu(0)" " = g=ea O [Tk (6) = B = 1)
uct uct



since Z kyu(t) = |t| — 1. Taking into account P(7 € Ty) = P(E(7)) = 1 and P(r € Ty) = P(&(7)) = g,
uct
the last inequality may be written as

P(7 = t) = P((F = t) N (7 € Ty)) = ;P((T:t)m(f €To)) =P(r=t]|&).

2.4 On the super-critical GW process conditioned on non-extinction

We study here the super-critical GW tree conditioned on non-extinction event £°. Remind P(€¢) =
1—q€]0,1].

For any t € T, we say that u € T is a survivor in t (or u has type s) if the set {v € t | u < v} is
infinite; otherwise, u becomes extinct (or u has type e).

The survival process (23 (t))n>0 is defined by:

zp(t) =t{u € t | |u| = h and u is a survivor}.

For instance, the root () is a survivor of 7 with probability 1 — q. We denote S and E the number of
children of the root () which are survivors and which become extinct, respectively; obviously,

E=(9=0) and &°=(5=>1).
We consider the “double” generating function G defined by: for z,y > 0,
G(z,y) = E(z°y" | £°).

Lemma 2.5. Let 7 be a super-critical GW tree with offspring distribution p satisfying (1.2) and
extinction probability g = P(E) €]0,1[. Set ¢ :=1—q. Then, for any x,y >0

Gla.y) = faz +aqy) — flay) (2.3)

q

Proof. Using the branching property, we obtain

E(z%y" | £9) =

- ;ZW) (@ + )" ~ (av)")

n>1
f(qx +qy) — flqy)

q

Conditioned on the event £¢, the GW tree 7 is distributed as the following random tree 7°:
(i) individuals of 7% have type s or e;

(ii) the root of 7° has type s;

10



(iii) an individual of type e produces only individuals of type e according to the sub-critical offspring
distribution i given by (2.2);

(iv) an individual of type s produces S individuals of type s, with S > 1, and E individuals of
type e, the generating function G(z,y) of (S, F) being given by (2.3); the order of the S and E

individuals of type s and e respectively is uniform among the ( ; S) possible configurations.

In particular, conditioned on £¢, the survival process (25 (7))n>0 is a GW process whose offspring

distribution i has generating function
Fale) = E(S | £9) = Gla, 1) = LEZD 2
q

The mean of 4 is f3(1) = f/(1) = m. Since 4(0) = fu(0) = 0, the GW process with offspring
distribution [ is super-critical and does not become extinct P-a.s.

GG

oo

Figure 3: The generating function f = f,: up to a scaling factor, f; is the “south-west” little square
and fj is the “north-east” little square.

3 Branching processes in random environment

In the previous section, we present a model for the size over time of a population which evolves in a fix
environment. Indeed, the offspring distribution p is always the same: the members of the population
produce and die according to the same laws of chance. Furthermore, they do not interfere with one
another. Unfortunately, natural processes of multiplication are often affected by many factors which
introduce variations over time and also dependencies.

In this section, we take into account some variations of the offspring distributions over time. The
first natural idea is to replace the distribution p by a sequence (un)n>0 of fixed distributions; the

11



probability measures p,,n > 0, are the offspring distribution of members of generation n (or living at
time n). Nevertheless, it is not reasonable to fix once and for all the reproduction rules; for instance,
the development of an animal population is often affected by environmental factors such as weather
conditions, food supply, an so forth... which cannot be predicted with certainty over a long period.

In this section, we consider branching processes (Zy)n>0 developing in an environment which
change stochastically in time and affect the reproductive behaviour of the population. The offspring
distributions pg, i1, . . . are random variables, with values in the set of probability measures on N. In
some sense, there are two levels of randomness!

Several types of assumptions may be introduce about the distribution of the sequence (fin)n>0-
We consider here the case when they are i.i.d. random variables. It is a strong assumption... but the
results are hard enough to prove!

3.1 Definitions

From now on, we fix a probability space (€2, F,P) and we denote G the set of generating functions of
probability measures on N and B(G) the o-algebra of Borel sets in G.

We consider a sequence f = (f,)n>0 of i.i.d. G-valued random variables defined on (2, F,P). We
assume that for any n > 0 and P-almost all w € 2, the probability measure ;% associated to f is not
a Dirac mass; it implies f¥(z) =1 < x = 1.

The Galton-Watson process in the random environment f describes the evolution of the size Z,
of a particle population at time n > 0, which the following rules:

1. Zg=1

2. each of the Z,, particles existing at time n produces offspring in accordance with the generating
function f, independently of the reproduction of other particles.

In particular, the random variable Z; has the generating function: fy(z) = Z o (k)™ (where g

keN
denotes the (random) probability measure with (random) generating function fy); if Z, = k, then

Zn+1 is the sum of k independent random variables with (random) generating function f;,.
By the above descriptions, for any x > 0

E ($g|ZO7 . '7Zn—17f07 s 7fn—1) = f’n—l(‘r)zn71

which yields
E (27 fo,- -+ fae1) = fo(fi(o-- foor(x)...).

We assume the two following conditions, which extend (1.2) in the random environment case:

P(uo(0) <1) =1 and  P(uo(0) 4 po(1) < 1) > 0. (3.1)

3.2 On the extinction probability

Given the environment f = (fo, f1,---), the probability of extinction ¢, at generation n > 1 is

qn(f) = P(Zn = ()’f()7 N afn—l) = f[)(fl( .. fn—l(O) .o )) (32)

Notice that the sequence (¢n(f))n>0 is non decreasing P-a.s.; thus it converges P-a.s. to some limit

q(f) which is called the extinction probability conditioned on the environment f.
The probability of extinction at time n is

Qu = P(Zy = 0) = E(@u(f) = E(fo(fa(-- fa-1(0)....))). (3.3)

12



As above, the sequence (Qn)n>0 converges to @ = E(q(f)).
Now we study the properties of these two quantities, by trying to “mimic” what exists in the fixed
environment case.

Lemma 3.1. The probability q(f) of extinction conditioned on the environment f satisfies
P(q(f) = 1) =0or 1.

Proof. Letting n — 400 in (3.2) yields, for P-almost all f

a(F) = fo(a(0f),

where 6 is the shift operator on G defined by 9((]})1-20) = (fit1)i>0. By iterating, we obtain, for
any n > 1,

a(f) = fO"'fn—l(Q(enf)> P-a.s.. (3.4)

So q(f) =1 is equivalent to ¢(0"f) = 1 P-a.s. for any n > 1, which implies that the event (¢(f) = 1)
belongs to the asymptotic o-algebra of the sequence (fn)n>0. By the 0-1 law of Kolmogorov, this

event (q(f) = 1) as full or zero measure (4),

O
Here comes the first main result of this section

Theorem 3.2. Assume that E(log fé(l))Jr < +o0. If[E(log fé(l)) <0 then P(q(f) = 1) =1.

In other words, conditioned on almost all environment f, the process (Zn)n>0 becomes extinct a.s.

Proof of Theorem 3.2. We assume P(q(f) < 1) > 0 and prove that E(log fé(l)) > 0.

By Lemma 3.1, we have P(q(f) < 1) = 1. Thus, the quantity h(f) := —log(1 — ¢(f)) is defined
P-a.s and non negative; let us set

o) = h(F) = ho) = —tog( =21,

Notice that, by Lemma 3.1 and convexity of f

o) = —tog( LTI > 10w £y ). 35

= max(g,0) and g_ = max(—g,0).
< E(log f}(1))" < +o0c. Inequality (3.5) yields

Let us decompose g as g = g4 — g— with g4
(i) First, let us check that 0 < E(g_(f))

E(-g(fig()<0)

_ e L7 1—a(f)

- (e S yapi a0 > 1)

_ o 1— folq(0f)) 1— folq(0f))

B E<1g 1—q(0f) = 1—q(6f) EEQ
< E(log fo(1); fo(1) > 1)

= E(log f3(1))" < +o0.

0 <E(g9-(f))

“The asymptotic o-algebra of the sequence of random variables (fn)n>0 i8 Foo := Np>o0{fx | K > n}. The 0-1 law of
Kolmogorov states that, when the f,k > 0, are independant, then Foo = {0, Q} P-a.s.

13



Notice that the function h decomposes as h(f) = g(f) + h(6f); by iteration, we may write

h(f) = Sng(f) + h(O" f)

with S,g(f) := g(f) + g(0f) +---+ g1 f) for any n > 1. We may write, for any P-almost all f

Sng+(f) _ Sng—(f) _ %h(f) _

n n

(0" f). (3.6)

1
n

(ii) We deduce 0 < E(g4(f)) < +oo and Eg(f) = 0.
Namely, since the function h is non negative, identity (3.6) implies

Sug+(f) _ Sng-(f) _ Lhep). (3.7)

n n n

The ergodic theorem, applied first in inequality (3.7) and secondly in (3.6), yields

E(g+(f)) < E(g-(f)) < E(log fo(1))" < +o0

and

Bg(f) = Bgi () ~ Eg_(f) = lim_~h(f) — (6" ).

n—+oo N

The sequence (h(f)/n)n>1 converges P-a.s. to 0. It implies that (h(6™f)/n),>1 also converges
P-a.s. to a constant. This constant is 0 since h(6™f) and h(f) have the same distribution.

Finally E|g(f)| < +o0o and Eg(f) = 0.

(ili) Now, we check that E(log fj(1)) > 0.

As above for g_, we may write

0 <E(log fo(1))” = E(—logf3(1)); fo(1) <1)
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(iv) We conclude, proving that E(log f;(1)) > 0.
Indeed, the equality E(log f(1)) = 0 implies E(g(f) + log fé(l)) = 0; consequently, by (3.5), the

function g(f) + log fi(1) equals 0 P-a.s., which occurs if and only if 1o{0,1} = 1 P-a.s. Contradiction
with (3.1).
O
Theorem 3.3. Assume E(log fé(l))Jr < 400 and E(—1log(1 — fu(0)) < 4o0.
If E(log f6(1)> > 0 then P(q(f) < 1) = 1. In other words, conditioned on almost all random

environment f, the process (Zy)n>0 survives with some strictly positive probability.
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Proof. Notice that E(log £(1))~ = E(—log £(1); f4(1) < 1) < E(—log(1— £5(0))) < 4+oc0 and ¢,(f) =
fo(- -+ fa—1(0)) = fo((gn-1(8f)) < 1 P-a.s., since the f; are non trivial (see (3.1)). Consequently

0 < —log(l—gn(f)) <400 P—as..

We claim that in fact 0 < E(—log(1 — ¢, (f))) < +oc. For n > 0 set v, := E(—log(1 — ¢,(f))) and
notice that 0 < 1y < +00. We may write

—log(1 = gu(f)) = —logl— fo(gn-1(6f))
- 1o 1 _fO(Qn—l(ef)) —1lo _ £
1— folgn1(0)\ " .
< (— log 1= gn 1 (07) > — log(1 — gn-1(0f))

)
< —log(1 — fo(0)) — log(1 — gu_1(6))

which yields 0 < v, < E(—log(1 — fo(0))) + vn—1. Consequently 0 < v, < 400 by induction over n.

1— fO(Qn—I(Qf))
1- qn—l(ef))

It implies also that the non negative random variable — log has finite expectation,

denoted 7),, and that, for any n > 0,

n
Un =VUp—1+Mh =10 +Z771
=1

Assume that ]P’(q( f) < 1) < 1; Lemma 3.1 implies IP’(q( f) < 1) = 0. Consequently, the sequence

(@n(f))n>0 increases P-a.s. to 1, and v, T +o00 by monotone convergence.
1 — fo(gn1(61))
- Qn—l(ef))

(Mn)n decreases to E(—log f)(1)). Since E(—log f;(1)) is negative, the sum Zm converges to —oo
i=1

Since ¢,_1(0f) 11 P-a.s., we also deduce that — log 1 —log f(1). Consequently

and so does (vp)n>0. Contradiction.
O
By Theorems 3.2 and 3.3, following the classification of GW processes in the deterministic case,
we classify the Galton-Watson process in random environment by the value of Elog f{(1) (when it
exists, i.e. when E‘ log f(/)(l)‘ < 400). The GW process is

(i) sub-critical ifE(log fé(l)) <0;
(i) critical if E(log f(’)(l)) =0;
(iii) super-critical if E(log f(’](l)) > 0 (and E(—1log1 — f}(0)) < +o0.)

4 Probability of survival a up to time n for BPRE

In this chapter we state the main theorems concerning the behaviour of the sequence (E(gn(f)))n>0
as n — +o0.
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Theorem 4.1. (Critical case) [8] Suppose

)
f1()?

(i) 0 < E(log f'(1))? < 400, (ii) E < (1+log., f’(l))) < +o0o (iid) Elog f§(1) = 0.

Then, for some 0 < 8 < +00,

P(Z, > 0) = E(1 — q,(f)) ~ jﬁ as mn — +oo.

This theorem was first proved by KozLov [13] for i.i.d. random environment with linear fractional
generating functions. Let us emphasize that P(Z, > 0) converges to 0 slower than in the fixed
environment.

The following statement illustrates the fact that random environment hypothesis may have deep
influence on the behaviour of the survival probability up to time n. We omit its proof.

Theorem 4.2. (sub-critical case) [9]

1. Strongly sub-critical case.

Suppose
(1) E(fo(1)log, fo(1)) < +oo and  (i1) E(f3(1)log f5(1)) <O.

Then, there exists 0 < 51 < 1 such that
n
P(Z, > 0)~ 5 (E(fé(l)) as mn — +oo.

2. Intermediate sub-critical case.

Suppose
(i) E(fo(1)log® fo(1)) < 400 (ii) E((1+log fo(1))f"(1)) < 400 (iii) E(log f3(1)) <0
and  (iv) E(fy(1)log f5(1)) = 0.

Then, there exists 0 < Bo < +00 such that

P(Z, > 0) ~ &(E( 6(1))n as n — 4oo.

Vn

3. Weakly sub-critical case.

Suppose

. y(1) . fo (1)
(1) E (fé(ol)l—ﬁ> < 400, (i1) E (J%Fl)?_e < 400, (i) E(log fi(1)) <0

and  (iv) 0 < E(fj(1)log f{(1)) < +oo.

Then, there exists 0 < B3 < +o0 and 7 €]0, 1] such that
B2

as n — +oo.
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In the strongly sub-critical case, the condition E(f}(1)log fi(1)) < 0 implies E(log f{(1)) < 0 and
also Ef)(1) < 1. Similarly, Ef)(1) < 1 in the intermediate sub-critical case.
Indeed, in this case, the function ¢ : ¢t — E(e!1°8fo(1))) is well defined and convex on [0, 1] and satisfies
6(0) = 1,6(1) = Ef§(1),#/(0) = E log fj(1) and ¢/(1) = E f}(1)log f}(1). Consequently,

- convexity implies ¢/(0) < ¢'(1) < 0, so that E log f}(1) < 0.

- ¢(1) < ¢(0), so that Efj(1) < 1.
Nevertheless, this quantity may be greater than 1 in the weakly sub-critical case.

For super-critical BPRE, there exist results similar to Kesten-Stigum’ theorem (see Theorem ?7?);
they are based on a martingale argument. The reader is referred for instance to [15] and references
therein.

5 BPRE: the critical case

In this chapter we present the main steps of the proof of Theorem 4.1, following [8].

5.1 The context: linear fractional generating functions

We focus our attention on the case when the generating functions defining the environment are linear
fractional.

Definition 5.1. The generating function f of a probability measure on N is linear fractional when
there exists constants 0 < a < 1,0 < B <1 with 0 < a+ f <1 such that for all x € [0, 1]

a_, _aw
1-8 1-8z

f(x):=1 (5.1)

In other words, f is the generating function of the probability measure p which is the convex
combination ady + (1 — a)G, of the Dirac mass dp at 0 and the geometric distribution G, of parameter
0<p<1, with0<a<10® (in this case, we set @ = (1 —a)p and 8 = 1 — p. In particular

()= ﬁ and f”(1) = (12fg)3. Then formula (5.1) may be written as
1" -1
vrel0,1]  1-fz)= <f,(1)(11 —+ 2‘?,8))20 . (5.2)

Thus, we consider here a sequence f = (fn)n>o0 of i.i.d. random variables with values in the set
of linear fractional generating functions; in other words, we consider a sequence ((auy,, 8y))n>0 of i.i.d.
random variables with values in [0, 1] x [0, 1] and set

an an®
_ + )
1- 5, 1-Bux

The starting point of the proof of KozLoV is the following formula for the superposition of linear-

Ve e [0,1] folzx) =1

n—1
fractional generating functions, based on (5.2): for any 0 < x < 1, setting [[,, := H fi(1)
1=0

-1
1 = 1 ffQ)
il Ny | AP Y 1 7

(5.3)

k—1

Pthe geometric distribution G, is the probability mesure v = (v} )r>1 on N* such that v = (1 —p)* " 'p for any k > 1.

17



Let us set X :=log f;_4(1), n; := ;’,1(1)/2f;,1(1)2 for j >1and Sy =0,5, = X1+ + X,. With
these notations, the hypotheses of Theorem 4.1 become

(i) 0 < B(X?) < 400, (ii) EX; =0 (iii) E (1 + X;") < +o0.

Formula (5.3) at x = 0 implies

@n(f) = 1—an(f) o4
= P(Zy,>0] fo, , fa1)
— I_QH(f) (5.5)

= 1—fo(-+ far(0)--+)
n—1 -1

= (e_S" + Zmﬂe‘&.) (5.6)
=0

This yields

Q. = P(Z,>0)
n—1 -1
= E ((65" + Z T]H_lesi) . (5.7)
=0

The expression (5.7) of g,(f) allows us to introduce the following notation

o0 -1
o (f) = (Z m+1eS"> : (5.8)
=0

First, notice that goo(f) exists P-a.s. in [0, 4o00]. It is natural to expect that the sequence (Gn(f))n>0
converges to oo (f); unfortunately since the X; have 0-mean, the terms e ™%, 1 < i < n, oscillate be-
tween 0 and +oo (6) In fact, the sequence (Gn( f ))n>0 does converge with respect to another probability
measure I/E;’x under which the terms e~ are all bounded from above. The probability measures @x are
defined in the next section.

To study the behaviour of P(Z,, > 0) as n — 400, we use results from random walk theory. We

just state it here, we present the tools and elements of the proofs in the next section.
5.2 Centered random walks on R: fluctuations and asymptotic behaviour of the
minimum

We consider in this section a sequence (X;);>1 of identically distributed and independent (i.i.d.) real
valued random variables, with distribution p, such that

E(X?) < 400 and E(X;) = 0. (5.9)

6 . e Sn . Sn .
Indeed, liminf — = —oo and limsup —= = 4oco P-a.s.,. The main steps of the arguments are the follow-

n——+o0o n n—-+o0o n
ing ones: by the central limit theorem, lim ]P’(i > c) = L/-,—OO e_“2/2du for any ¢ > 0,; consequentl
g . y ) nHJrOO \/E \/% 5 ) y b q y
P(lim sup(& > c)) > 0. Notice that the event limsup(i > c) belongs to the asymptotic o-algebra associated
n—-+oo \/E n—-+oo \/ﬁ

with the sequence (X, )n>1. The 0-1 law of Kolmogorov yields P(lim sup(i > c)) =1and ]P’(lim sup Sn > c) =1
- n——+oo \/’E n—-+oo \/’E

= +oo) = 1. Similarly the event (lim inf ﬁ = —oo) has full measure.

. . . S
letting ¢ — 400, one obtains IP’(hm sup — 7
n— 400 n

n—-+oo \/’E

18



We also propose some classical assumption in this theory which ensures that the random walk
(Sn)n>0 does not “stay” in a proper subgroup of R:

The group G generated by the support of 1 is dense in R. (5.10)

For any x € R, the process (S,)n>0 defined by Sp = z and S;, =z + X1 +--- + X,, for n > 1 is the
random walk on R starting from z and with law p. It is a Markov chain on R whose transition kernel
P is defined by: for any Borel set B C R and any = € R,

P(a.B) = [ 1p(e-+yn(dy).

We denote B(R) the o-algebra of Borel sets on R and ((R)®N, B(R)®N, (F,,)n>0, 0, (Pz)zer) the canon-
ical space associated to the random walk (S,)n>0. To simplify the notations, we set P = Py.
Under the hypotheses (5.9), the random walk (S,),>0 oscillates P-almost surely, for any = € R;
namely
liminf S;, = —oo and limsup S, = 400 P,—a.s. (5.11)

n—+00 n—+00
Let (1x)x>0 be the sequence of strictly descending ladder epochs of (S,,)n>0 defined by: 19 = 0 and for
lpp1 ==1inf{n > 1; | S, < Sy, }.
By (5.11), these random variables are P-a.s. finite; furthermore, for any n > 0
loy1 =1, +1 00",
It is a classical result on random walks [6] that under hypotheses (5.9),

1. (lg41—1g)r>0 is a sequence of i.i.d. random N-valued random variables with the same distribution
as 1y,

2. the sequence (5}, )n>0 is a random walk on R*~, with iid. increments Sy, ,, — 51, whose

distribution is the one of Sj,,

n—+1

3. E(1;) = +o0 and —oo < E(5),) < 0.

For any = > 0, let 7, be the first time at which the process (Sy,)n>0, starting from 0, reaches the
half-line | — co, —z[: more precisely,

Ty :=1inf{n > 1|95, < —z}.

The random variables 7, x > 0, are stopping times with respect to (F,)n>0. Notice that 79 = 1; Pp-a.s.
and, more generally, any stopping time 7,z > 0, is P-a.s. a strictly descending ladder epoch of the
random walk (Sy,)n>0.
It is of interest to consider the restriction P+ to RT of the transition kernel P. It is defined by:
for any € RT and any Borel set B C R™,
+00
P*(a:,B):/ Ip(z+y)u(y) =Pz + X, € B, > 1).

—T
This is a sub-markovian kernel , i.e. P*1 <1, whose iterates (P*)",n > 1, are given by:

(P+)n($7B) = P(l‘—}— Sn € B,Tm > TL) = IP’(a:—I—Sn € B;mn > —;13),
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A function h : RT™ — R* is P*-harmonic when it satisfies the equality: for any = > 0
h(z) = PTh(z) = E(h(z + S1); 7% > 1).
Such a P'-harmonic exists and satisfies some important properties.

Proposition 5.2. Assume conditions (5.9) and (5.10) hold and let h be the function from R to Rt
defined by: for any x € R
— >
W) = { E(S.,) when x>0

0 otherwise.

Then
1. The function h is Py-harmonic on R.

2. h(z) = lim E(S,;7, >n) lim E(S,;m, > —x).

n——+oo n—-+00

3. The function h is increasing on R and

TGO (5.12)

r—+o0 I
4. There exists ¢ > 1 such that for any x >0 and y € R,

h(z +y) <ch(x) (1+y). (5.13)

Here comes the main ingredient coming from random walks theory that we use in the sequel. First,
we set my, := min(Sp, S1, -+ ,Sy,) for any n > 0 and notice that, for any = > 0,

Py (mp > 0) = Py(10 > n) = P(m,, > —x) = P(1, > n).

Theorem 5.3. Under the conditions (5.9) and (5.10) there exist constants co,c1 > 0 such that, for
any x>0

Vn>1 P(m, > —z) < ¢ h\(/@ (5.14)

3

and

(5.15)
where h is the function defined in Proposition 5.2.

We refer to Section 6 for comments and elements of the proofs of these two statements.
To prove Theorem 4.1, we follow the approach of J. Geiger and G. Kersting [8]. In the next section,
we construct a family of new probability measures P, on (Q,7). For any x > 0, the probability

measure P, takes into account the event (m,, > —x); it allows to control a.s. each term of the quantity
n—1

e Sn 4 Z ni41e~% which appears in the expression (5.4) of g (f).
i=0
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5.3 The measure probability P, on (Q,7)
Since the function h is P,-harmonic on RT, it gives rise to a Markov kernel Pﬁ on R* defined by
1
Plp =+ Py(ho)

for any bounded measurable function ¢ on R™. The kernels P, and Pﬁ are related to the stopping
times 7 by the following identity: for any x > 0 and n > 1,

(P6(e) = 5o PR()(@)
1
= @yt Ey (hé(Sn); T > 1)
1
= E, (hé(Sy); my, > 0)
1
- mE(h¢(a} + 8p);my > —1x).

This new Markov chain with kernel Pﬁ allows us to change the measure on the canonical path

space ((R)*N, o (S, : n > 0),0) of the random walk (S,,),>0 from P to the measure P, characterized

by the property
1

h(z)
for any positive Borel function ¢ on (X x R)¥*1,
By the Markov property, for any 0 < k < n, we may write

E. (¢(So, -, Sk);mn > 0) = Ex(¢(So, - . -, Sk)my,_(Sg); mk > 0). (5.17)

Eelo(So,- - S6)] = 7 Eal(So, ., S)h(Sk); my > 0] (5.16)

Consequently, the dominated convergence theorem and (5.17) yield, for any bounded function ¢ with
compact support,

. 1
ngffooEm[w(Soa ooy Sp)|my > 0] = %E:p[@(%, ooy SE)h(Sk); me > 0]
= E.[0(So,..., S, (5.18)

which clarifies the interpretation of @x

Now we formalize in three steps the construction of a new probability measure, denoted again I/P\’m, for
each z > 0, but defined this time on the bigger o-algebra 0(fn, Zn : m > 0). Retaining the notations
from the previous parts, the measure IP’ is characterized by propertles (5.16), (5.19) and (5.20).
Step 1. The marginal distribution of P, on o(S, : n > 0) is P, characterized by the property (5.16).

Step 2. For any n > 0, the conditional distribution of f under IP’gC given Sop = sg ==x,...,5, = s, is
given by:
]px(fO € AOv"‘ ufn EAn | SO = 80, " 7Sn:3n)

=P(fx € Ak, 0 <k <[ S; = 5,0 <i < n), (5.19)
for any Borel subset Ay, ..., A, of generating functions and almost all (s;)o<i<n With respect to the
law of (Sp,...,Sy) under P (and also under PP, since, by formula (5.16), the probability measure P is
absolutely continuous with respect to P on each o-algebra o(So, ..., Sy)).
Step 3. The conditional distribution of (Z,,)n>0 under P, given fo, ... is the same as under P, namely

E, (2720, Zn1: for s Far) =B (27| Z0, ., Zua, for oo fut) = faca ()P0 (5.20)
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5.4 Proof of Theorem 4.1

We follow J. Geiger and G. Kersting’s approach. First, notice that the quantity P(Z, # 0) equals
P, (Z, # 0) for any x > 0; thus we fix x > 0,p > 1 and 0 < k < n and decompose P(Z,, # 0) as

P(Z, #0) = An(z) + Bu(z, p) + Cn(x, p, k) — Dp(x, p, k), (5.21)
where
o A,(x) =Py(Z, #0,my <0);
o By(@,p) = Po(Zn # 0,my > 0) = Po(Zy # 0, mpn > 0);
o Cula.p.k) = Pu(Zi # 0.mpn > 0);
o Dy(x,p, k) =Pu(Z #0,Z, =0,mp, > 0).
We separate the proof in 5 steps.

1. The sequence (P;(Zj # 0))r>0 converges to some limit v(x) > 0.

2. The quantity A(z) := limsup v/nA,(z). tends to 0 when z — +o0.

n—-+4o00

3. For any z > 0, the quantity B(x, p) := limsup v/nBy(z, p) tends to 0 when p — +1.

n—-+oo
h(z) 5
4. The sequence (vnCy(x,p,k))n>0 converges to c W P, (Zy # 0) as n — +o0.
= P
5. For any z > 0 and p > 1 the quantity D(z,p,k) := limsup /nD,(z, p, k) tends to 0 when

n—-+4o00
k — +oo.

The assertion arrives, letting first kK — +o00, then p — 1 and at last + — +o0.

Step 1. First, we state the following lemmas. Their proofs are postponed in the next subsection.
“+o0o

Lemma 5.4. For any x > 0, E,. Zefs’“nkﬂ < +400.
k=0

Lemma 5.5. For any x > 0, the sequence (Gn),~; converges to goo in Ll(@x); in particular

lim Py(Z # 0) = Eydoo, (5.22)

k—+o0
where § s defined in (5.8).

From Lemma 5.5, it is obvious that E, (§oo) < 1. On the other hand, the expression of G, combined
with Lemma 5.4 yields E; (7o) > 0. In other words, for any = > 0,

0 < v(z) = Ey(Goo) < +00.
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Step 2. We may write A, (r) = E, (E (Zn # 0‘f07 ooy fa1) smn <0) = Eg (Gnymn <0).
Notice that g = P(Zy > 0|fo,..., fre1) < E(Zx|fo,..., fu_1) = €5 for any 0 < k < n — 1, so that
an = 0<€€n<in . gr < exp(my,). This yields

<k<n—

Py(Zy # 0,y < 0)

P(Zy, # 0,mn < —1)
E[exp(mn);mn < _x}

IA

IA

+o0
> e P(—k < mp < —k+1)
k=x

+o0o
Z e_kIP’(mn > —k)

<
k=x
1 R
< — ) (k+1)e k. (5.23)
Vi
Consequently A(z) = limsup vnPy(Z, # 0,m, < 0) — 0 as x — +o0.
n—-+00
g
Step 3. By (5.15),
0< Bu(z,p) = P(Z,#0,my, > —x)—P(Z, #0,mp, > —x)
= Pu(Z,#0,n<71<pn)
< Py(n<7<pn)
= Py(7 >n)—Py(1 > pn)
hz) <1 ! > S+
~ —— ] as n 00
i '
. 1 p—1
so that B(z, p) = limsup vnBy(z,p) < cih(z) (1 — — ) == 0.
n—-4o00 \/ﬁ
O

Step 4. Fix 0 < k < n. By (5.17)

P, (Zk 7& Ovmpn > 0) = P, (Zk 7é O’mk > Oa mpn—k(sk))

As a direct consequence, using (5.18),

h(x)

v Po(Zi # 0).

Thus, equivalence (5.15) yields 1ir_i{1 VnCp(z, p, k) = ¢
n—-—+0o0
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Step 5. We may write, using equality (5.24)

D, (z,p,k) = Pu(Zy #0,Z, =0,m,, >0)
= Pu(Zk # 0,mpn > 0) = Pu(Zy # 0,mp, > 0)
= Eu (G mpn > 0) = By (Gns mpn > 0)
= Eo ((Gk — Gn)m(p—1)n(Sn); mn > 0)

¢(pl_*1>n h(lx)xam (@ — Gu)h(Sn);mn > 0).

Since 1(,, >0 and h(Sy) are o(Sp, . . ., Sp)-measurable, we observe that
VD, ) X ——Ee (@ — )
np\x,p, > z \gk — dn
Vvp—1
1

— = (B2 20 - BulZ, £0)
so that

1
D(z,p, k) :=limsupvnDy(z,p, k) 3 ——
(@) = limsup VD 1) % =y

(@x(zk £0) - v(x)) guar()

(5.25)

0

Combining expression (5.21) and the 5 steps above, we obtain for any > 0,p > 1 and k > 1,

cih(z)v(x) — D(z, p, k)

IN

lim inf /nP(Z,, # 0)
n—-+o0o
lim sup v/nP(Z,, # 0)

n—-4o0o

IN

IN

By Lemma 5.4, letting first £k — +oo then p — 1, we obtain

c1h(z)v(z) < Egﬁlg VnlP(Z, # 0) < limsup v/nP(Z,, # 0) < c1h(z)v(z) + A(x).

n—-+o0o

Since v(z) > 0,h(z) > 0 and A(z) < +oo for any = > 0, we obtain

0< limJirnf VnP(Z, # 0) < limsup v/nP(Z, # 0) < +oo.
n—-+0oo

n—-+o0o

Finally, since ll}I_’l_’l A(z) = 0, we conclude that both limits
ngg—loo VnP(Z, #0) and wgr-sl—loo crh(z)v(x)

exist, coincide and belong to ]0, +o0].

5.5 Proofs of Lemmas

cih(z)v(x) + A(z) + B(x, p) + D(z, p, k).

Proof of Lemma 5.4. First, we get rid of the terms ny1,k > 0; by (5.13), for any > 0 and k > 0,

one may write, P-a.s. on the event (my > —z),

h(@ + Skq1) = h(z + Sk + Xeq1) < e bz + Sp)(1+ X,5,).
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Hence

&=

w(e_sk Mh+1)

IA

1 _
mE(e S g1 h(z 4 Sp1); Megr > —1)

h(lmE(e_Sknth(x + Sk)(1+ cX,jH); mg > —x)
b
h(z)
Eq(e=5*). (5.27)

“+o00

E(e **h(z + Sk);mp > —x) x E(mg1 (1 + X} ) (5.26)

Thus, it suffices to prove that E, Ze‘sk < 400 for any = > 0. By (5.12), there exists ¢ > 0 such

k=0

that h(z) < ¢ z; hence, we may write, for some A €]0,1[ and ¢(\) > 0,

“+o0o
&)

n=0

<

n=1

n=1

(

@ 2B (
1+ cY) +i.OIE(«CJ’_(IJ”\S");x—1—5’0 >0,...,z+ 5, 20)

(

ZE e*/\(HSn);x-FSl20,...,a:+Sn20>. (5.28)

From now on, we set, for any x > 0,

+o0
O(x) := ZE(e*)‘(ZJFS“);:c—FSl >0,...,z+ 5, > 0).

n=1

The function @ is increasing on R™ and finite for any x > 0. Indeed, it suffices to check that

1. ®(0) < +ooc;

2. there exists § > 0 such that:

O(x) < 400 = (x4 0) < +00. (5.29)

To prove the first assertion, we use the so called “duality principle”: the vectors (X, X1 +
Xo,-, Xy + -+ X,) and (X, Xy + X1, , Xy + -+ + Xj) have the same distribution. It

yields

B(0) =

k>1

E

2

]E(ei)\sn;Xn ZoaXn+Xn—1 207)Xn++X1 ZO)
(e_ASn;Sn > Sn—lvsn > Sn_Q,---,Sn > 0)

E(e ™3k >1| nsz)

E e*A%) : (5.30)
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where i,k > 1, is the k-th ascending ladder epoch of the random walk (Sy,),>0 defined by: ¢y = 0
and for k > 1,
U :=1inf{n > l_1 | S, > Sgk_l}.
The random process (Sy, k>0 is a random walk on R*t, which is obviously transient. As a consequence
+oo
of the renewal theorem, the quantities ZE (l[aﬂﬂ[(Sgk)) are uniformly bounded on R*. By (5.30),

k=1
it follows that ®(0) < +oo.

For the second assertion (5.29), since the distribution p of the X is non degenerated and E(X;) = 0,
there exists § > 0 such that P(X; > ¢) > 0. For any x > 0, we obtain

O(x) = ZE (e_’\S";Sl >—x,...,8, > —ZC)

+o0
_ Z/ e W (efA(X2+-..+Xn);y +Xo> -z, y+Xo -+ X, > —m) w(dy)

n>17 "%
“+oo
> Z/ e VE (e_w";erSl > -z, Y+ Sy > —96) pu(dy)
n>0"9
+oo
> / e‘AyZE(e_)‘S"ﬁ—I-&Z—x,...,é—l—SnZ—:U),u(dy)
5

n>0

> d(x+90) /(:OO e M u(dy).

+o00
Assertion (5.29) follows immediately since / e~ M u(dy) > 0.
6

O
Proof of Lemma 5.5. We claim that
~ 11 1
li E,]—— —1]=0. 5.31

By definition, the quantities g, are always less than or equal to 1. Therefore, (5.31) implies that the
same property holds P,-almost surely for go,. Hence

dn  doo

T O~

Ex@n - Cjoo‘ = Ex <QnQOo

and lim ]/I\Dz(Zn #0) = IEIQOO.
n—-+oo
Finally, it remains to verify (5.31). From (5.4), (5.8) and (5.26)

1 1 “+00 “+00
—— —| < 675" + Zm_ﬂe*& =< Z 6751'7
i=n i=n

dn  doo
+o0
with E,(ni1e™°") < Eg(e™) for any i > 0 and ZEx(e_Si) < +00.
=0

We conclude by using Lemma 5.4.
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6 Fluctuations of random walks on R

First we prove the Proposition 5.2. and then present the main tools which yield to Theorem 5.3.
Proof of Proposition 5.2. (1) We decompose h(z) as
h(z) = —E(S-

x

,Te = 1) —E(S,, 72 > 1).
On one hand,
—E(S;,, 7o =1) = =E(S1,72 = 1) = =E(S1) + E(S1,7 > 1) = E(S1, 7 > 1)
and, on the other hand, by the Markov property,
—E(S;

x

T >1) = —E(S.,,z+ X1 >0,7, > 1)

T

“+o0o
- / E(y + Sr,y, )1u(dy)

—x

= - / +Oo yu(dy) — / WE(STW)H(?J)

—x —Z

= —E(S1,72 > 1)+ E(h(x+ S1),7, > 1).

Consequently h(x) = E(h(z + S1), 72 > 1) = PTh(x).
(2) Noticing that (Sy,)n>0 it is a martingale with respect to (F),>0, we may write

E(Sp;me >n) = E(S,) —E(Sy; 7 <n)
= —E(E(Sn;| Fr.);7e < n)
= —E(S., ;7 <n)

T

so that, by Monotone Convergence Theorem,

lim E(Sp;7 >n)=—E(S:,).

n—+00

—E(S
(3) The inequality S,, < —z < S, _1 P—a.s readily implies E(S;,) < —z and liminf(”) > 1.
T—+00 T

If the r.v. X} were bounded from below by —A, with A > 0, we would have S, < —x < S, _; <
Sr, + A P—a.s, which yields
E(S:,) r+ A

lim sup < limsup
T—+00 € T—+00 €

<1

When the X} are not bounded from below by —A, the same result holds as a consequence of the
renewal theory for non negative random variables (see Blackwell’s renewal theorem).

(4) When y < 0 we have h(z +y) < h(z) < ch(z)(1 +y*) since ¢ > 1. Now, assume y > 0. When
y > 0, the inequality S > S;, + 85, 00™ holds P-a.s and yields

Tr+y

h(z +y) = —E(S

Tz+y

) < E(S,,) + E(Sr, 007) = h(z) + h(y).
By (5.12), it follows h(y) < y so that

Bz + 1) < h(z)(1 + h(y)/h(0)) < ch(z)(1 + ) < h(z) (1 n Z%) < ch(z)(1 + y*),

for some ¢ > 1.
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6.1 Ideas of the proof of Theorem 5.3 via the Wiener-Hopf’s factorization

Throughout this section, we assume Sy = 0 and set Py = P. Notice that the following identity holds:
for any x > 0 and n > 1
P(ry > n) = P(m, > —x).

Remember that the stopping time 7y coincides with the first descending ladder epoch 1;. The proof
of Theorem 5.3 is decomposed in 3 steps.

Step 1: we explicit the tail behaviour of the distribution of 1;.

Step 2 concerns the asymptotic behaviour of of the sequence E(e*57;1; > n)

The conclusion arrives in step 3.
The classical approach used to study the behaviour as n — 400 of the quantity P(7, > n) is based on
the “Wiener-Hopf’s factorization”. This famous identity allows to decompose the generating function
of the couple (11,.5;,) into quantities associated to the r.w. (S,)n>0. In this section, we present the
main ingredients of the proof but we do not explicit the constant —E(S;,), the reader can find all the
details in [16].

By [4] (chapter IV, section 15, P5) or [6] (chapter XVII, section 2, Lemma 3), the following
identities hold: for all s € [0,1[ and a > 0

+oo +oo
Z s"P(ly > n) =exp (Z %P(Sn < 0)) (6.1)
n=0

n=1
and

+oo +00 5"
Z S"E(e®;1; > n) = exp (Z ~E(e*n; 8, < 0)) . (6.2)
n
n=0 n=1

Such identities are quite a miracle ! Their proofs rely on deep properties of functions of the complex
variable. They allow to obtain the asymptotic behaviour of the sequence (P(m, > —))n>1.

Step 1- Asymptotic behaviour of the sequence (P(11 > n))p>1.

1
By Central limit theorem, one knows that the sequence | P(S, < 0) — ) converges to 0; more
n>0

1 1
precisely, it is proved in [21] that the series E — <P(Sn <0) — 2> converges (and even absolutely)
n
n>1
to some limit ¢; thus, the equality (6.1) implies

e€
1—

+o00
> s"P(ly > n) = (14 2(s)).
n=0

»

Using the classical tauberian theorem [6] (chapter XIII, section 5), one gets, as n — 400,

C
Nz

Step 2- We prove that for any a > 0, the sequence (n3/2E(e“S”;11 > n))n>1
zero constant (which can be expressed in terms of the potentials of the descending and ascending ladder
random walks).

Derivating the two sides of (6.2) and multiplying by s, we obtain, for any |s| < 1 and a > 0,

P(ly > n) ~ (6.3)

converges to a non

+o00 +o00 +o0
Z s"nE(e*"; 1y > n) = Z s"E(e27; S, < 0) X Z S"E(e®; 11 > n).
n=1 n=1 n=0
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n—1

Hence nE(e*;1; > n) may be decomposed as Z ayby, g with, for any n > 0,
k=0
an = E(e®"; S, <0) and b, =E(e*";1; > n). (6.4)

As a direct consequence of the local limit theorem for random walks on R, we obtain a, ~ as

1
ao\/n
n — +o0, where 02 = E(X?). We conclude using the following elementary lemma ([11]) with o, = ay,
and B, = b,,n > 0.

Lemma 6.1. Let (an)n>0 and (Bn)n>0 be two sequences of non negative real numbers such that

1. lim +vno, =a >0,

n—-+o0o

+oo
2. Bn=B< +ox,

n=0

3. the sequence (nfy)n is bounded.

Then .
lim \/ﬁZakﬁn,k = aB.
k=0

n—-4o00

Notice that hypotheses 2. and 3. of this lemma are not direct consequences or foregoing. We need
E(e*n; S, < 0)
n

to apply the following lemma, with 5, = b,,n > 0, and v, = ,n>1.

Lemma 6.2. Let (5,)n>0 and (7n)n>0 be two sequences of real numbers such that for any s such that

ls| <1,
“+oo +00
Z Brs" = exp (Z '7713”) .
n=0 n=1

If the sequence (713/2%1)7121 s bounded, then so is the sequence (n3/gﬁn)n20.

Step 3- Asymptotic behaviour of the sequence (P(1y > n))p>1, for any x > 0.

For any n > 1, set m,, := min(0,S1,---,5,) and let T,, be the N-valued random variable corre-
sponding to the first time k € {0,--- ,n} such that m, = S (Warning! The random variable T}, is
not a stopping time!). One obtains

P(r, >n) = P(m, > —x)
= ZP(ng—:p,Tn:k)
k=0
= ) P(S1> Sk, Skt > Sk, —2 < Sk < 0,811 > Sk, S > Sk)
k=0
= > P(S1> Sk, Spe1 > Sk, —x < S < 0)

k=0
X P(Xpp1 >0, Xpy1 + -+ X, >0). (6.5)
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Since (X1, -+, Xg) = (Xg, -+, X1) have the same distribution, one may write the last expression as

P(51>Sk,---,Sk,1>Sk,—$§Sk<0) = P(X2+~--+Xk<0,~--,Xk<0,—x§Sk<0)
P(51<O,SQ<O,"' ,Sk,1<0,—x§5'k<0).

On one hand, by using a similar argument to the one developed in Step 2, one can check that

the term P(S7 > Sk, -+ ,Sk—1 > Sk, —x < Sk < 0) is asymptotically equivalent to 1/k:3/27 up to
a multiplicative constant. On the other hand, using the fact that the vectors (Xgi1, -, X,) and
(X1, , Xp—k) have the same distribution, one gets

P(Xp41 20, Xp1+-+ X, 20) = P(S120,--+,5, >0).

The reader will be easily convinced (see [16] for more details) that the quantity P(S1 > 0,---,S,_ >
0) behaves, as n — 400, like
P(S; >0, Sy >0)=P(r>n—k) ~ nik

for some constant ¢ > 0. One finishes the proof by applying again Lemma 6.1 to the equality (6.5).
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