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Abstract : We consider a discrete-Markov chain on a locally compact metric
space (X, d) obtained by randomly iterating maps T;,i € IN, such that the
probability p;(xz) of choosing a map T; at each step depends on the current
position x. Under suitable hypotheses on the 7;’s and the p;’s, it is shown
that this process converges exponentionally fast in distribution to a unique
invariant probability measure ; when the p;’s are constant on X it is possible
to control the exponential rate of convergence.We apply this result in order
to obtain a strong law of large numbers and a central limit theorem for this
chain.

Résumé : On considere une chaine de Markov a temps discret sur un espace
métrique localement compact (X, d) obtenue par itération aléatoire de fonc-
tions T;,7 € IN, la probabilité p;(z) de choisir la transformation 7; dépendant
seulement de la position courante x. Sous des hypotheses assez générales por-
tant sur les applications 7; et p;, on montre que ce processus converge en
loi & vitesse exponentielle vers une unique mesure de probabilité invariante ;
lorsque les poids p; sont constants sur X, il est possible de controler le taux
de convergence exponentielle. Nous appliquons ce résultat pour obtenir une
loi forte des grands nombres et un théoreme limite centrale pour cette chaine.
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I Introduction

Let X be a locally compact space with a countable basis ; X is then metrizable and one can
choose a metric d on X compatible with the topology such that (X, d) is a separable com-
plete metric space in which sets of finite diameter are relatively compact. Let (7;);>o be a

collection of Borel measurable functions from X into X and (p;)i>o be a non-negative Borel
+oo

measurable partition of unity on X (thatisVi € IN,Vz € X p;(z) >0 and > pi(z)=
i=0

We consider the following discrete-time Markov process on X : for a given x € X and

Borel subset B C X, the transition probability from z to B is defined by

P(e.B) = ilgmwpxas)

where 15 denotes the characteristic function of B.
Closely connected with this transition probability is the Markov operator (also denoted
P) defined for complex-valued Borel measurable functions f on X by

“+o0

Pf) = [ F)PG.dy) = 3 f(Ti(x)pi(a).

=0

We now state these things in probabilistic notations : let Q@ = NN = {(i,))n>1
in € IN} and F be the o-algebra on 2 with respect to which each coordinate function
Xk, k Z 1:

X - Q — IN

(in)n21 = 1

is measurable. Let F,,,n > 1, be the o-algebra on €2 generated by the variables Xy, ---, X,,.
For x € X, let IP, be the probability measure defined by

JHOPa@) = 3 f@r 0P (@) (Teg@) - po (T, - 0 Tuya),

if f denotes a function on €2 depending on the n first coordinates.

For all € X, define a sequence of X-valued random variables on Q by Zy(z,w) = x
and Z,(x,w) = Tx,@w) 0o Tx,wx for n > 1. One can easily see that (Z,(x,"))n>0
is a X-valued Markov chain under [P, with initial distribution concentrated at x and
transition probability P.

In this paper, we only treat the case where the T;’s are locally Lipschitz functions
and the p;’s are continuous on X ; these conditions together will guarantee that P maps
Co(X, C ) into itself, where C,(X, C ) denotes the space of complex-valued bounded and
continuous functions on X.
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When the pls are constant on X, the sequence (T, ,0---0T, ),>0 is a random walk on
the semi-group (C(X, X), o) of continuous functions from X into X. Several authors have
treated such systems : Dubin and Freedman [6], Hutchison[20], Diaconis and Shashahami
[8], Elton, Barnsley [3] ... (with some success to make computer pictures). Of course,
there are many close connections with the products of random matrices( see by example
Furstenberg and Kesten [11], Guivarc’h and Raugi [16] ...) and also with the theory of
random recurrent equations (cf Le Page [25], Goldie [12], Letac [26] ...).

Variable pls were considered by Doeblin and Fortet (1937 [6]), Ionescu Tulcea and
Marinescu [22], Karlin (with motivations in learning models [24]) ..., and, more recently
Barnsley, Elton, Demko and Geronimo [2]. Note that there are closed connections with
the symbolic dynamic and the Ruelle-Perron-Frobenius operators theory (see [2], [14], [15]
.-+ and the example 3 in the section 6 of this paper). One can observe that the sequence
(Tx, , 0+ 0Tx,)n>0 is not a Markov chain on (C(X, X), o) when the p;’s are variables.

Others articles treat some particular iterated function systems : Random walk on IR?
generated by affine maps (Berger and Mete Soner [4]), random walk on (IR")? with elastic
collisions on the axes (Leguesdron [26], Peigné [30] , Fayolles, Malyshev and Menshikov
[10]...).

One of the main problems concerning these Markov processes is on the existence and
attractiveness of a P- invariant probability measure v on X and, in case the answer is
affirmative, on the rate of convergence of the sequence (P"),>o to v as n goes to infinity.

The Elton and coauthors’ argument is based on the following fact : under an assump-
tion on the T;’s called ”average-contractiveness” and a ”Dini condition” on the p}s (that

vi(t)
t

over ]0, ] for some § > 0), they prove that the sequence (P f),,>o is equicontinuous on X
for any continuous complex-valued function with compact support on X. An application
of Ascoli’s theorem completes the proof. Note that they do require that the probability
of strict contraction between any two points is bounded away from zero, in order to prove
the attractiveness of the measure v ; that means, in some sense, that there is a kind of
independance in the choice of the T;’s (see the proof of lemma 2.7 in [2]).

is, the moduli of uniform continuity ¢; of the pis are such that ¢ — is integrable

Unfortunately, it seems to be impossible to determine the rate of convergence of the
sequence (P"(z,.))n>0 to the invariant mesure v using their method. Our main focus is
to obtain such a speed and our argument relies on the fact that, when the p;’s are Holder
continuous, P operates on a suitable space L C C(X) constituted by certain Lipschitz
functions on X :

L= Lap={f€CX):|fll =[fl+m(f) <+oo}

b 1f] = sup @) _ £(2) ~ £(w)
MR ey T RGO o)




where z( is a fixed element in X and « and 3 are strictly positive reals. This space was
first introduced by Le Page in ([25]) in order to study the asymptotic behavior of the limit
distribution of a random recurrent equation.

We have the following theorem

Theorem 1
Suppose that the following assumptions are satisfied

o d(Ty, Tiz)
HO. su E —_—
wy;lé)X =0 d(y7 Z)
Y#£z

pi(z) < +oo

= d(sz,xO)

HI. su i(r) < 400
x,yegf Z(:) 1+ d(y, xo) pi(z)
2 d(Thx, x) pi(z) — pi(y)]
H2. su ———————m(p;) < +oo with m(p;)) = su LA/ s Les
2 T d(w ) " P)= =2 i)

ry,d(z,y)<1

H3 (p). There exist ko € IN* and p € [0, 1] such that
Vo,y,z € X

Z d(T'sz 6:-+0 ilyaTvikO O~ Oﬂlz) piko(nko,l IS OTzhx) te p“(fﬂ) < P d(y,2>

i1,k €IV

HJ. Forallx andy in X, there exist sequences of integers (in)nen= and (jn)nen+ Such
that

hI_P d(j—lbn o...oﬂlz77—}n ©---0 j1y) (1+d(T7n O---O]}lgj'7;[‘0)) =0
with pin<Tin—1 ©---0 T’llx) © e Piy (m)pjn(j}n—l 0---0 j1y) i (y) >0 Vn > 1.
Then, one can choose o and 3 in IR** such that

i) P operates on the space L

i) there exist on L a positive bounded operator v and a bounded operator Q) with
spectral radius p(Q) = |Q"|M™ strictly less than one such that

lim
n——+o0o
P=v+Q
with v? = v and vQ = Qv = 0.

In particular, one can identify v with an attractive and P- invariant probability mea-

sure on X having a moment of order one (that is / d(zg, x)v(dx) < +00) and one can
X



find 6 €]0,1[,C > 0 and ng € IN* such that

Vfe L VreX,Vn>ng |P"f(x) —v(f)] < C&|f].

Remarks and coments

1. The hypothesis H0O implies that the transformations 7;,7 > 0, are Lipschitz func-
tions on X.

2. The hypotheses HO, H1 and H2 hold when (7});>o and (p;);>o are finite collections
of Lipschitz functions on (X, d).

3. If X is compact, the metric d is bounded and the norm ||.||, is equivalent to the
norm ||.||o ; the hypothesis H1 is always fullfilled and H2 becomes equivalent to the fact
that the pls are Lipschitz functions on (X, d). So, this theorem appears as a generalisation
of the survey of iterated functions systems on a compact space.

4. Note that under the hypotheses HO, H1 and H2, there exist reals » and R such
that
vieL [Pf<rlfll+ RIf];

thus, under these hypotheses, P operates on L. Iterating this inequality, one obtains
VieLVn>1 [IP"f[| <rulfll+ Rulf]

where (1,),>0 and (R,,)n>0 are sequences in IR*". Furthermore, if we suppose that H3 is
also satisfied, one can choose (r,,),>0 such that liminf(rn)l/” < 1.
- n—-+0oo

5. The hypothesis H3 is sometime called "uniform average contractivity before ky
steps” ; using probabilistic notations, it may be stated as follows
There exist p € [0,1] and kg € IN* such that

VCL’,y,Z €X Em[d(zko(yv ')7 Zko(za ))] <p d(y7z)‘

[terating this formula, we are led to the next inequality
Ve,y,z € X,Vn € IN,Vl € {0, ko — 1}

Ea?[d(ano-i-l(y’ ')7 ano-l—l(zv ))] < Cpnd(y, Z)

d(Zi(y,.), Zi(z,.
with C'= sup sup [E,] Gy, ). Zi(z,))
0<i<kg—1 m,y,;éeX d(y7 Z)
YF£2
sequently, we have

] < +oo in virtue of hypothesis HO ; con-

d(Z. ). Z . n
limsup( sup Ez[ ( n(ya )a n(Z7 ))])1/
n—+400 x,y,:éex d(y7 Z)

y#z



6. Note that condition H3 does not require that one of the transformations T; is a
contraction in (X, d) ; by example let us consider the following iterated function system

on (IR?/].]|) (where |.|| is the euclidean norm on IR?) :
T T 5
\V/(I,y) S RZ Tl(‘T?y) = (Z? %)7 T2<‘T7y) = (17 Zy) and b1 =DpP2 = 1/2

We have m(T}) = m(Tz) = 5/4 but hypothesis H3(p) holds with p < 15/16 and ky = 2
since

1,5
> Ty = (25 +2
1,5€{1,2}

15 15
17) =%

7. In many papers (see by example [2], [3], [4]), the "uniform average contractivity
condition” is stated as follows :
There exist kg € IN* and g > 0 such that

sup ]EI[(d(Zko(ya D), Zio(2,.))

)1 <1

this condition seems to be more general than ours, but in fact, introducing the new
distance § on X defined by d(z,y) = d(z,y)* with a = inf{1, ¢}, one can see that H3 is
satisfied on (X, 4).

8. From the remark 5, it follows

Va,y,z € X ]Ez[io d(Zn(y,.), Zn(z,.))] < 400

n=0

and so, for IP,— almost all w € Q, the trajectories (Z,(y,w))n>0 and (Z,(z,w))n>0 are
proximal on X, that is
lim d(Z,(y,w), Z,(z,w)) = 0.

n—+o0o
We will see that in fact the following stronger result holds

lim d(Z,(y,w), Zn(z,w))(1 + d(xg, Zp(y,w)) = 0 P,(dw) — a.s.

n—-4o00
Unfortunately, this property is not sufficient in order to compare the trajectories (Z,,(y, w))n>0
and (Z,(z,w"))n>0 when the processes (Z,(y, .))n>0 and (Z,(z,.))n>0 are defined respec-

tively on the spaces (€2, IP,) and (2, [P,). Hypothesis H4 will allow us to make this
comparison.

9. Using the preceding remark, one can see that for all y, 2 € X, there exists sequences
of integers (i, ),>1 such that

lim d(Ti, 00Ty T;, 0 0Ty z)(1 + d(xo, T;, 0+ - - 0 Tyyy)) = 0.

n—-+o0o



Then, one can easily see that H4 is satisfied when HO, H1 and H3 hold and Vx € X, Vi €
N pi(x) > 0.

10. We will prove that H1 and H3[p] lead to the following result

sup Em[io d(xO, Zn(x’ ))

< +00;
zeX n—=0 1+ d(l’o, I‘) ]

in particular, for any x € X and IP,-almost all w € €} we shall have

lrlgligof d(zo, Zy(z,w)) < 4o00.
Thanks to this property, we shall not need to require the probability of strict contraction
between any two points be bounded away from zero (as in [2]) in order to prove the
attractiveness of the measure v ; the hypothesis H4 will be sufficient.

The paper is organized as follows. In section 2, under the hypotheses H0, H1, H2 and
H3(p) we prove that one can chose a and [ such that P operates on L, g and satisfies
the following Doeblin-Fortet inequality DF(r) :

Vn=1VfelL [IP"fIl < pul fIl + Ralfl,

where (R,,)n>0 and (p,,)n>0 are sequences in IR*" such that liminf(pn)l/" =r <p*el0,1].

Thus, using a result due to H.Hennion ([19]) which sharpens the Ionescu-Tulcea and
Marinescu theorem ([22]) one can describe the spectrum of P on L. In section 3, assuming
that the p;’s are strictly positive constants, we take a as closed as 1 as we want and we
control the eigenvalues A of P on L of modulus > p®. In section 4, we suppose that
the assumption H4 is satisfied and we study the eigenfunctions of P on L associated to
eigenvalues A, |[A\| = 1. Section 5 is concerned with asymptotic behavior of the Markov
chain (Z,(x,.))n>0 on (2, IP,) and section 6 deals with examples.

II The spectral decomposition of the operator P

Let C(X, C ) be the space of complex-valued continuous functions on X and let ¢ and v
be increasing and continuous functions from JR' into IRT such that

1) — b(0) o — i PO
P(0) = 0.6(1) = v(0) = Land  lim (1) = lim "0 = +oc.

We now consider the two following functions W and & defined by

Ve,ye X U(z) =¢(d(zo, x)) and  P(z,y) = ¢(d(z,y))

7



where 1z is a fixed point in X.
We introduce the space L = L, = {f € C(X,C ) : || f|| = |f| + m(f) < +oo}, with

‘f’:SHPM and  m(f) = supw

zeX \Ij(aj) z,yeX (I)(Q?, y) (
TH#Y
One can easily see that (L, ||-||) is a complex Banach space and that every bounded subset

of (L, || - ||) is relatively compact in (L, | - |).
The following statement holds

Proposition II.1 Assume that

U(Z )
F1. sup sup IE,| Y(Znly,.))

< +00
nelN z,yeX \I/(y) ]

Fo. swp S wTDIn@) — i)l

z,y€X i=0 \If(x)q)(x’ y)
T#Y

< +00

d(Z ), Z N (Z, .
F3(r). liminf(rn)l/" =r<1 with r,= sup I[F,] (Zn(y,.), Zn(2,.)¥(Zn(y, .))
n——+o00 x,Z,;éX (y’ z)\l}(y)

]

Then, P operates on the space L, its spectral radius p(P) = lirf | P™|M™ is 1 and we
have the following Doeblin-Fortet inequality DF(r) :

Vn = 1LVf e L [P fl| < rallf]l + Rl f]

where the R,,n > 1, are positive constants.
Thus, r is greater than the essential spectral radius p.(P) of P on L, that is, for any
r’ > r, there exist subspaces F' and H in L satisfying the following conditions

i) L=Fea&H, P(F)CF,PH)CH.

ii) 1 < dimF < +oo and the spectrum o(Pr) of the restriction Pr of P on F' consists
of eigenvalues of modulus > 1.

ii1) H 1s closed and the spectral radius p(Py) = lirjp | PRV s strictly less than 1.

Proof : Fix f € L,4,n > 1 and x,y € X ; we have

|Pnf($)_Pnf(y)| < ]f(n’xwy)_’_‘]f(nvxay)
with

If(n,xy) = > |f(T, 0 0Tyx) = f(T, 0 0 Tyy)pi,(Tiny 0 0 Thyw) -+ piy ()
11, 0n

< rmom(f) ®(z,y) Y(y)



and

Jrn,zy) < Y |f(T, 00Ty

ila"',in
X|pin(ﬂn71 - OTilx> o 'pi1(x) _pin(Tin4 O OTily) o 'ph(y)’
< |fl > [¥(Ti, 0---0Ty)
11,0 in
X|pin(Tin4 O OTZ&I> o 'pi1(x) _pin(ﬂnfl O OTily) o 'ph(y)’

< A ek z,y)
k=1

where we denote
Jf(”? k,x,y) = Z \Ij(ﬂn ©---0 ily)pin<7—‘in—1 ©---0 E1x) o 'pik+1(T'ik 0--+0 Elx)

X|pik(ﬂk—1O'..Oﬂlx)_pik(ﬂ O"'oThy)'

k—1

Xpik—l(ﬂk—Q ©---0 T‘hy) R (y)

Using the hypotheses F'1, F'2 and F3(r), we are led to the following overestimation

(T, 0 0 Tyy)
J k < n 1
f(na ;$7y) — ilZin \IJ(E O:--0 21y)
X\I](Eko"'o ily)‘pik(ﬂk—l O...Oﬂlm)_pik(ﬂk—l O---0 Zly)’
\I](Tl O--cOT%ly)(I)(Tl- O"'oT;llvaikflo"'oThy)
XLy, o+ 0Tz, iy o 0 Tyy) V(T , 00T y)

k-1
xp;, (T; _,o0---oT,x)-- 'pik+1(Tik 0---0 Tilx)pik_l(Tik—z o0 Tyy) - piu(y)
< A B,k 11 Oz, y) V(y)

k—1 k—1

k—1

: U(Zk(y,-) XU (Tx)|pi(x) — pily)]
with By = sup IF,|—————>|,k > 1, and A = su E < 400
) W/EI-)X | ¥ (y) | Ix%;fgf i=0 U(z)®(z, y)

Finally, one obtains
k=1

thus, P operates on the space L and we have the expected inequality DF(r). The end of
the proposition follows from the H.Hennion’s theorem [19] O

Now, we prove that, under the hypotheses H0O, H1, H2 and H3, for a suitable choice
of the functions ¢ and 1, the conditions F'1, F'2 and F'3 of the preceding proposition are
fullfilled ; namely, let o and 3 be two positive constants and let us put

Vi€ RT o(t) = po(t) =t and (t) = Yg(t) = 1 +1°.

9



»(t)

We get o < 3 aso that Z‘/lier W = +o00 and we note L, s the space L associated to the
e o0 SO
functions ¢, and 3.

We have the following

Theorem I1.2 Suppose that hypotheses HO, H1, H2 and H3(p) are fullfilled.

Then, one can choose o and (3 in |0,1/2] such that the conditions F1, F2 and F3(r)
of the preceding proposition hold on the space L = L, g, with r < p® ; consequently, the
essential spectral radius of the operator P on L, g is lesser than p“.

In particular, the set G of eigenvalues of P of modulus 1 is finite, the eigenspaces
Ly={feL:Pf=M\f},\eG, are finite dimensional and there are bounded projections
Uy from L to Ly such that

P=S AU+ Q
AEG
(*) U2=U,, U\U,=0if AN#pu
U@ =QUy=0

where @ is a bounded operator on L whose spectral radius p(Q) is strictly less than 1.

In order to prove this theorem, we will need the following

Lemma I1.3 Under the hypotheses HO, H1 and H3, we have

sup E,[d(xg, Zn(x0,.))] < H4oo
reX
n>0

Proof : It follows from the inequalities

Ew[d<l’0, Zn(x(% ))] = Z d(x()? Tln -0 Elxo)pin (,I;nﬂ -0 Tz1x) “Piy (I)
< > > d(T, 00T, 10, T;, 0 0Ty 1)
i1, yin k=1
pin(Tin—l ©--+0 Tllx) cDig (l‘)
S Zsup( Z d(iz—‘in ©0---0 ik-&-le’En O Oﬂkxo)
k=1YEX 411 in
pi, (T, 0 0Ty y) - pi(y))
< B pk
k=1

10



with pp = sup F] ’))] and B = sup IE,[d(Z(xo,.), 9)]. Under the hy-

z,y,2€X d(y7 Z) zeX
y#z
+oo
potheses HO and H3(p), the sum Y _ py is finite since
k=0

Vne IN,Vm € {0, -+, ko — 1} prkorm < pm p" with  p,, < +00.

Proof of the theorem 2.2 : From the above lemma, one obtains
Ve, y € X,;Vn >0

Eyld(zo, Zn(y, )] < Eld(zo, Zn(0,.))] + Eo|d(Zn(20, ), Zn(y, )]

< B pp + pnd(zo,y)
k=1

d(zo, Zn(y, .
which implies sup sup EI[M

< 400 (condition F1).
n>0 z,yeX 1+ d(z0,y) | ( )

The condition F'2 follows immediately from the inequalities

Ve,ye X
2 0(Ta) [pu(e) — puly)] VW),
LT Uy S 2SR Py <t when d(ny) 21
and
= ¥(Tix) |pi(x) — piw) «— (T, )
; U(2)d(z, y) :161)]@3;:) m(p;) < +oo when d(z,y) <1

In the same way, if we assume that 2a < 1 and 20 < 1, we obtain
Vo,y,z € X,VYn >0
EL[2(Zu(y,.), Zu(z,.))¥(Zu(y, )] B [®(Zn(y, )s Zn(z, )] P IEL W (Za(y, )*)"?
EL[d(Za(y, )s Za(z, )" V2(1 + E.[d(x0, Zu(y,))]")

Cpn)*d(y, 2)*(1 + d(zo,y)")

VAR VANRVA

with lim sup(C/(p,)*)"/™ < p* < 1.

n—-+oo

III A particular case : Iterated function systems
with place independant probability

Throughout this section, we will suppose that the functions p;,7 € IN are constant on X.
Thus, the iterated function system (73, p;)ie;v may be considered as a random walk on

11



the space C(X, X) of continuous functions from X into X. This is a very particular case
of iterated function system in which hypothesis H2 is obviously satisfied ; furthermore,
in this simpler case, it suffices to consider the following space :

Lo ={f € C(X,C ) : [|flla = [f] +malf) < +o00}

: - |f ()] _ |f(x) — f(y)]
with  |f] = S T 20 and  mq(f) I e T

T#yY

where ¢ is a fixed element in X and a €]0,1[. When a < 1, every bounded subset of
(La, ||.]]) is relatively compact in (L, |.|).
We have the following result

Theorem III.1 Let (T;,p;)ien be an iterated function system on X such that p; is con-
stant on X for every i1 € IN ; assume the three following assumptions

10. There ezists C € IR*" such that

Ve,ye X > d(Tiz, Ty)p; < Cd(z,y)

1€IN

I1. There ezists p €]0,1[ and ko € IN such that

Vl‘,y e X z d(TikO O OT;1$7T%1@0 ©---0 i1y)pik0 © Py < P d($7y)
i0, ik
“+00
12. Zd(ﬂl’o,xo) pi < 400
=0

Then, P operates on the space L, and there exist on L, a positive bounded operator
v and a bounded operator () with spectral radius lesser than p® such that

P=v+Q
with vQ = Qv =0 and v?> = v.

In particular, one can identify v with an attractive and P-invariant probability measure

on X such that/ d(xg,z)v(dx) < 400 ; furthermore, for any Lipschitz function f € L,
X

|f(2)]
such that 5161)1? W

limsup |P" f — v(£)[Y" < p(ll £l + 11 15)

n—-4oo

< 400 for some By < 1, we have

12



Proof : Fix a < 1 ; using similar arguments to the ones in the proof of theorem 2.2,0ne

obtains Ao, Zo(..)
Xy Lin\ Ty .
F,|—————

n>0

] < +o0

and
Vi€ Ly, ¥n>0  m(P"f) <p,m(f) with lim (p,)"" = p®.

n—-+o0o

Thus, P operates on L, and, following [19], one can see that the essential spectral radius
of P on L, is lesser than p*.

Furthermore, if f\,A € C | is an eigenfunction of P on L, corresponding to the
eigenvalue A, |\| > p®, we have

m(P"f) = [\l m(f) < pn m(f),

which implies m(f) = 0 since lirf pn = 0. Thus, the only eigenfunctions of P on L,

corresponding to the eigenvalue \, |A\| > p®, are the constants ; using the definition of the
essential spectral radius of P on L,, we conclude that there exists a positive bounded
operator v on L, such that the spectral radius of () = P — v is lesser than p“.

Now, fix f € Ly such that sup M

zeX (ZL’(), I)ﬂo

Va> 06y ma(f) < mi(f) +ma(f).

< 400 ; we have

Thus, for any « € [y, 1], f lies in L, and we have
limsup [P"f —v(f)|" < limsup [[P"f —v(f)lls"

n—-4o00 n——+o0o

< plfla
< palllfll 411 lg)-

We obtain the expected result letting o — 1. O

IV General case : Proof of the theorem 1

Assume that the system (7}, p;)iev satisfies conditions H0, H1, H2 and H3 ; by theorem
2.2, we have the Doeblin-Fortet inequality :

Vi€ Lag  m(P"f) < pam(f)+ Rulf] with limlnfp}/" < p%,

for a suitable choice of @ and 8 in IR**. Unfortunately, when the p;,i € IN, are not
constant on X, we have R,, # 0 and we cannot apply the method of the preceding section
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in order to control the eigenvalues A, |A| > p®. Generaly, we are unable to describe all of
these eigenvalues ; nevertheless, when the hypothesis H4 is fullfilled, one can describe the
spectrum of P on the unit circle C'= {\ € C ,|A| = 1}. More precisely

Proposition IV.1 Assume hypotheses HO, H1, H2, H3 and H4. Then, the only bounded
ergenfunctions of P on L corresponding to eigenvalues A of modulus one are the constants.

Admitting for the moment this result which will be proved later, one can establish
theorem 1 :

Proof of theorem 1. Assume hypotheses HO, H1, H2, H3 and H4 ; by theorem 2.2, P
may be decompose as follows on L

P:Z/\U)\—l-Q (*)

AeG

where U, is the bounded projection from L to the eigenspace Ly = {f € L : Pf = \f}
and where () is a bounded operator on L with spectral radius strictly lesser than 1. In
order to prove our theorem, it is sufficient to show that U, = 0 when A # 1 and to identify
U, with a probability measure on X.

1 n—1
Fix A € G — {1} and let M, ,, = — Z A"*P*¥ n > 1. By the decomposition (*), we
" k=0
obtain
1iIJ£l ||M)\7n - U)\” =0
where || M), — Uy,|| denotes the norm of the operator My, — Uy on (L, ||.]]).

In particular, for any f € L and x € X, we have

ngrfoo My, f(x) = Uyf(z).
If f is bounded, the same holds good for U, f since || My, flloo < || fll ; thus, according
to proposition 4.1, one obtains U, f = 0.
If f is not bounded, we consider the truncated function f. defined by

flx) b [f(z)] <c

VeeX @)= S@) s

@)

where ¢ > 0 is an arbitrary constant. Note that f. € L and ||f.| < ||f|l. Since f. is
bounded, we have U, f. = 0 and so

Vo e X,Vn > 1 |[Myufe(@)] = [Myafe() = Urfe(@)] < (1+d(zo,2)) [ My — Ul f]]-

14



In another hand, by the Lebesgue theorem, one obtains

Vere X,Vn>1 lir+n My fe(x) = My, f(2),
which implies
| Mo f ()] < (1+ d(zo,z)")|| My — UrlllI f]]-

Letting n — +o00, one concludes U, f = 0.

When A = 1, we show by a similar argument that for any f € L, the function U f
is constant on X ; the equality U;1 = 1 allows us to extend U; to the space of bounded
continuous functions on X and therefore to identify U; with a P-invariant probability

d(xg, Zn(x, .
measure v on X ; since sup ]E,E[M
veX 1+ d(xg,x)

n>0
This completes the proof of the theorem. O

] < 400, we have / d(zo, z)v(dx) < +00.
X

Proof of proposition 4.1.
a) Survey of bounded P-harmonic functions in L

First, we study the bounded P-harmonic functions in L, that is bounded functions
h € L such that Ph = h. We shall need the two following lemmas :

Lemma IV.2 Let x be in X and let h be a bounded P-harmonic function on X. Then,
the random process (h(Z,(x,-))n>o0 defined on (Q,F,IP,) is a bounded martingale with
respect to (Fp)n>0. This process converges IP,-almost surely and in IL*(Q2, IP,),q > 1,
and we have

Vn >0 h(z) = Euh(Zu(z, )] = E,[ lim h(Z(x,").

k—+4o00

Further, for all g > 1, i1,...,14 € IN and IP,-almost every w € (), we have

lim [(h(Zn(2,w))=h(T;, -+ Tjy Zn(2,w)))* iy (T, 00 0Ty, Zn(,w)) -+ piy (Zn(,w))] = 0

—1 :
n—-+00 q

Proof. Since (Z,(z,-))n>0 is a Markov chain with transition probability P on X and h a
bounded P-harmonic function, we have

Vn 20 IE M Zni(z,-))/Fo] = Ph(Zn(,-)) = h(Zn(z,-)).

Then, (h(Z,(x,))n>0 is a bounded martingale on € and the first statement of the lemma
is an easy consequence of the theory of martingales [27].
In order to prove the second statement, we use an idea due to A. Raugi in ([32]). Let

Un(2) = Bu[(M(Zn(, ) = M Zniq(2,)))7],
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where ¢ is a fixed integer ; we have

un(z) = B [M(Znyy(z, ))2] + B, [W(Z(x, ))2] = 2IE (M Zniq(x, ) P(Zn (2, )]
= E[(Zniq(2,)"] = Bo[W(Za(,))’]

Hence, by cancellation, for any N > 0

X_:lun(x) = Z_:llEz[h(Zn+q($w))2]—ZEx[h(Zn(l“,-))Q]

n=1

IN

24|l co-

This yields
+oo
n=0

= ZO:ZIEI[ > (h(Ti "'TilZ"(aj"))_h<Zn(x")))2piq(Tiq_1'"TnZn(%'))"'pil(Zn(ﬂi,'))]

i1-ig€N

= EUC[Z Z (h’(Tl THZTL(:C?)) _h(Zn(xv'»)Qpiq(Tiqfl T“ZH(LC,))])“(Z”CC,»]

n>01iy,...,ig€IN

IA
[\
5
=
2

is IP,-a.s finite and the second statement of the lemma follows immediately. O
Lemma IV.3 Assume that hypotheses HO, H1 and H3 are satisfied. Then, for allx € X
and IP,-almost all w € Q we have

liminf d(z¢, Z,,(z,w)) < +00.

n—-4o0o

Proof. It follows immediately from the lemma 2.3 O
Therefore, we may establish the following result

Assume hypotheses HO, H1, H2, H3 and H4 ; then the bounded P-harmonic functions
of P in L are constant on X

Let h € L be a bounded P-harmonic function. According to lemmas 4.2 and 4.3 for
any x € X there exists Q, C Q, IP,(£,) = 1, such that for all w € Q,

i) the sequence (h(Z,(z,w)))n>0 converges

i1) liminf d(xq, Z,(z,w)) < 400

n—-+o0o
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i) Vg > 1,Viy, ... ig€ IN

ngrfoo(h(Zn(x,w)) — (T, 00Ty Zy(z,w)))”
piq(Tiqfl o 'TilZn(x7w)) pn(Z (I w)) =0

Fix z € X and w € Q, ; by i), there exists a sequence of integers (¢(n,w)),>o such that
(Zp(nw) (T, w))n>0 converges to a point x,,.

Since the functions h, T}, and p;,7 > 0, are continuous on X, one obtains from i)
Vg > 1,Viy, ... ig€ N

(h(:(]w) - h(Tiq ©--+0 Ele))Q piq<ﬂq71 o 'Ti1xW) o Piy (ZEW> = 0.
In the same way, fixing another point y € X and o’ € Q,,, we have
vq > 17vj17"'7jq SyAY
(h(yW’) - h(qu ©:--0 jlyw’))2 qu(qu—l e 'leyw’) Dy (yw’) = 0,

where y,, is a cluster point of the sequence (Z,(y,w’))n>o0-
Now, under the hypothesis H4 one can choose two sequences (i,),>0 and (j,),>0 such that

lim d(T;, o Ty xy, Tj, 00 Tjyw) (1 +d(zg,Tj, 0 0Tjyw)) = 0

g—-+o0
with p; (T3, , 0o T xy) -+ piy (20)pj, (Tj, .y 0 0 Ty yur) -+ pjy (Yur) > 0 Vg > 1.

Then, for every ¢ > 1, we have

(@) = hyer)| = [T, - Tiw) = M(T, - - Ty )|
< RId(T;, - Tyao, Ty -+ Tyr)* (1 + d(0, T, - Tiyyr)”)
< C pyllhlld(ze, yor)* (1 + d(wo, z0r)").

Letting ¢ — 400, we obtain h(z,) = h(y.).
We conclude using the following equalities

Ve e X h(z) = IE,[ lim h(Z,(z,w))]

n—+00
and
Vw e Q, h(z,) = liIP W Z,(x,w)).
O

b) Survey of the eigenvalues A of P on L, |\ =1, A #1
In order to describe the bounded eigenfunctions of P corresponding to eigenvalues \, |A| =
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1,A # 1, we use a standard method ( [34]) which bring us round to consider the “space-
time” Markov chain on X x IN with transition operator P defined by

V(z,n) € X x N PF(x,n) = Jio:oF(Tix,n + D)pi(x).

=0

The key argument which allows us to prove proposition 4.1 is contained in the next
lemma, which may be established by an easy modification of the proof of Lemma 4.2 :

Lemma IV.4 Let (z,k) be in X x IN and let g € L be a bounded P-harmonic function
on X x IN. Then, the random process (¢(Z,(x,-), k + n))n>o defined on (0, F, IP,) is a
bounded martingale with respect to (F,)n>0. This process converges IP,-almost surely and
in ILY(Q, IP,),q > 1, and we have

V20 glak) = Blg(Zu(e, )on+ W] = B[ lim_g(Zu(x,).n+ k)]
Further, for all g > 1, i1,...,1, € IN and IP,-almost every w € ), we have

nETm(g(Zn(x,W),n—i-k) - g(T'iq"'E1Zn(x>w)>n+k+q))2
X piq<ﬂq71 o 'Ti1Zn<x’w)) o 'pil( n<x>w)) =0

Let A be a complex number of modulus one and let us consider the subspace H.(\)
of L, made of by bounded eigenfunctions of P corresponding to the eigenvalue A. If
h € H.()\), the function ¢ defined on X x IN by g(z, k) = A"*h(z) is P-harmonic. Using
lemma 2.4 and an easy modification of the proof in part a), we may establish, for any point
x € X, the existence of , C €, IP,(€2,) = 1 such that Vw € Q,,Vq > 1,Viy,...,i, € IN

(h(:):w) - )‘_qh(Tiq ©---0 Ti1xw))2 Di, (,I;qq o 'T%rru)) cDiy (mw) = 0.

Thus, using a similar argument to the one in the above proof, one can prove that the
function A is constant on X that is

He(\) ={0} if A#1 and H.(1) = R.

V  Application : Asymptotic behavior of the Markov
chain (Z,(x,.)),>0 on X

We now apply the theorem 1 in order to study the asymptotic behavior of the Markov
chain (Z,(z,.))n>0 on X ; in particular, we will establish a strong law of large numbers
(SLLN) and a central limit theorem (CLT) for this chain.
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Theorem V.1 Suppose that hypotheses HO, H1, H2, H3 and H4 hold and let us not v
the unique P-invariant probability measure on X.

For any x € X and any bounded and Lipschitz function f on X, the sequence ( Z f(Zi(z
converges almost surely to the constant v(f) (SLLN) ; in particular, the Markov cham
(Zn(2,.))n>0 is recurrent on each open set O C X such that v(O) > 0.

Furthermore, the distribution of the normalized sums — Z f(Zy(x,.)), n>1, tends

to the normal law N (v(f),o*(f)) with

) = Jim Bl () = nol))

the limit law N (v(f),o%(f)) is not degenerated (that is o*(f) # 0) whenever there does
not exist a function h such that

Vie N f=h — hoT;, v—a.s

Proof : Fix a bounded and Lipschitz function f on X. Let us first note that it is
possible to choose the reals  and 3 such that conditions F'1, F2 and F'3 of proposition
2.1 hold on the spaces Ly, y, Lyy,2 2 and Ly, 4 pa. Thus P operates on theses spaces and
the spectral radius (on theses different spaces) of the operator ) = P — v is strictly less
then 1. One can easily see that f lies in these different spaces, and so

f=v(f)+g9—Pg

with g = iop’“(f —v(f)) = +Zj:oQ’“(f) € Loy

k=0 -

Observe that ¢ € L,y 242 , which implies Vk > 0 g¢(X;) € L*(Q, P,) ; then, for
n—1

any z € X, the sequence (D Xj(z, DNnzo With Xi(z,.) = 9(Zi(z,.)) — Pg(Zr-1(z,.))
k=0

is a zero-mean martingale on (2, F, IP,) whose increments Xy(z,.),k > 0, have finite
variance. Thus, using the strong law of large numbers for martingales ([18]), we have

1n 1
ngrmeZXk )=0 P, —a.s.
On the other side, we have
X Py(Z,(x =1
E,[> g<n( <X — P g% (z) < o0,

n=1
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Py(Zn(x,.))

so that lir}rl ——— = = 0 P, — a.s. Finally, we obtain
n—-+o0o n
N N 9(Zo(x,.)) — Pg(Zna(z,.))
3 o) = Pl ) = i S X, )+ S - S
= 0 P,—as

1 n—1
that is lim — > f(Z(z,.)) =v(f) P,— a.s.
n—-+oo n, =0

Thus, we have the strong law of large numbers for the Markov chain (Z,(x,.))n,>0 ; in
particular, if O is an open set in X such that v(O) > 0, choosing an increasing sequence
of functions f,, € L,n > 0, which converges to the indicator function 1o of O, one can
prove that the chain (Z,(z,.))n>0 is recurrent on O.

In order to establish the last assertion of this theorem, it is sufficient to show that the
n—1

zero-mean martingale (Y Xy (z, ))nso satisfies the following conditions
k=0
. 1 & 2 P
i) = Y B [X}/Fra] — 1
n k=1
1 & n—+o0
ZZ) Ve >0 — Z Ex[X]z 1[X§2€0,2J] —+> 0

n k=1
n

where o> = > IE,[X}] and 2, means convergence in probability on (€, IP,) ([18]).
1
We have

- Z B.[(9(Zu(2, )~ Pyg(Zior (2, )/ Foca] = iz P (Zis(x,.))~(Pg)(Zus ().

Since g* € Ly 444, the variables g(Zy(z,.)),k > 0, lie in € IL*(Q, IP,) and one can apply
the preceding strong law of large numbers

lim 1 zn: E[(9(Zi(x,.)) — Pg(Zy_1(x,)))* ) Fia] =v(g?) —v((Pg)?) PP, —a.s.

n—-+oo n, —1

By Lebesgue’s theorem, we also obtain

L,

Jim —oy = v(g®) —v((Pg)?).

Thus, condition 4) is satisfied whenever v(g?) — v((Pg)?) > 0.
On the other side, we have

jﬁem[xm, )
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so that . .
3 B [X 0] < — > B[ X{(x, ).

1
n= nze

[SJIe]

> E.[X(x, )y 18 bounded, condition #i) follows immediately.

1
Since the sequence (—
"=

At last, we have o?(f) = 0 if and only if

Fr) = (Pox) v(d)—as
< Pg(xr) = g(y) v(dx)—a.s, P(z,dy) — a.s
< Pyg(r) = ¢g(Tx)Vie IN,v(dx) — a.s.

Thus, we have
c*(f)=0<=VYicIN,f = g — goT; v—a.s

O

Remark : It is also possible to obtain such results using the Fourier transform method,
which relies on the spectral study of some ”Fourier operator” associated to P ([25], [14]).
This method is much more complicated but also powerfull than the one in this paper ;
the above theorem is just an illustration of the spectral decomposition of P.

V1 Examples

1. Under hypotheses H1, H2, H3 and H4, the Markov chain (Z,(z,.)),>0 is recurrent on
each open set O C X such that v(O) > 0.

Observe that this result is wrong when O is a general Borel set in X ; let us consider the
following simple example on X = IR :

1
Ve e IR Tl(x):g, Tz(x):$;

1

and  pi(z) = pa(z) = 9

When z € Q , the sequences (Z,(z,.))n>0,w € 2 live in @ and, when x € IR — Q , the
sequences (Z,(x,.))n>0,w € Q livein IR — Q .

Note that this iterated function system on [0, 1] has been studied by many people ; in
particular, one can cite J.P. Conze and A. Raugi [5] and L. Hervé [17] with beautiful
applications to wavelets.

2. Let us consider the particular case where the T}’s are affine maps on IR? with linear
part A;, that is :
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with B;,i € IN, fixed vectors in IR?. Theses product of affine maps were studied by
many people ; see in particular Grincevicius [13], Le Page [25], Berger and Soner [4]. Let
us choose a particular norm |.|| on IR ; it is not difficult to see that the hypotheses
HO,H1, H2 and H3 may be simplified as follows :

“+oo
H0. sup > [|Ai]l pi(z) < +oo

z€R? ;=0
—+o0
H'1. sup > | Bl pi(z) =< +oo
z€R? i=0
—+o0 —+oco
H’2. Z | Ail| m(p;) < 400 and Z | Bi|| m(p;) < +o0
i=0 =0

H’3. 7Uniform average contractivity before ko steps”
There exists kg > 1 such that

sup > [ Ai, - Anllpiy, (Thgy oy 0 0 Trw) -+ piy (2) < 1

zeR? [ARRIRTN

A
with ||A;|| =  sup | IH
zelR—{0} ||l

3.Expanding map and associated adjoint operator

Let X C IR and T : X — X be piecewise differentiable with infex|T'(z)] > 1 ; let
{T},i € IN} be continuous branches of the inverse of 7" and make 7; constant outside its
natural definition domain in such a way that 7; : X — X is continuous. Let us note
p(dx) = ¢(x)dx the probability measure on X with density ¢ with respect to Lebesgue
measure on IR ; we have the following result [2]

Let p be invariant for T (that is p(B) = u(T~*(B)) for all Borel set B C X ) and
@ > 0. Then p is invariant for the iterated function system (T, p;)i>o with place dependant

probabilities p; defined by
p(Ti(x))|T; (z)|
pi\r) =
@) p(x)

The operator P associated to the iterated function system (77, p;);>o0 is the adjoint of T’
with respect to the measure p, that is

Vg e LX) [ Pfayg@ulde) = [ f@)go T(@)u(da)
In some sense, it plays the role of "7~ and defines, as we saw, a Markov operator on X

; it is very usefull in many domains, in particular in symbolic dynamic where it allows to
establish mixing property, ergodicity - - - of certain dynamic systems ([14], [15]).
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By example, one can consider the continuous fraction transformation
va €l0,1] T() =~ —[-]

x x)=——|—
Y T T Y

with the usual T-invariant probability measure

1 dx
dr) = :
pldr) Log21+x
A short calculation gives
1+
Vi>1 Ti(x)= d pi(x) =— _ .
' (z) itax pile) (i+z)(i+1+2)

Let us in troduce the space of Lipschitz functions on [0, 1] :
L=A{feClo1]: [lf]l = m(f) +[[fllc < +o00}

with m(f) = sup M

. From routine calculation [14], we get the following in-
equality
)
Vi€l m(Pf) < 2f+ 20l
( it follows from the inequalities :

i) = ()] < Jo =) + 55 = )

3 Ipilx) — pily)| < 20z — 4]

pi(T 1 3 1 5
m@+ Y P <X @) s =S+ 2 <2 )
= 1 4 4 4~ 8
Thus, one can easily see that the hypotheses HO, H1, H2 and H4 are fullfilled, and so,

conclusions of theorem 1 hold.

One can also consider the following simple extension of the continuous fraction trans-
formation [15]

Va,y €]0,1]x]0,1] T(z,y) = (

1 dxd
where the T-invariant probability measure p is p(dzdy) = o3 l‘+y1 2
092 (zy
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VII Remark

The ergodic theorem for iterated function systems was first proved by J.Elton in [9].
The key argument of his proof was that, under suitable conditions, for all z,y € X,
the probability measure IP, is absolutely continuous with respect to [P, ; this result is
interesting in itself and we have the following proposition which sharpens the Elton’s
result :

Proposition VII.1 Assume hypotheses H1, H2, H3 and H4. Suppose also that
supm(log(p;)) < +oo.

ieN

Then, for any x,y € X, the probability measures IP, and IP, are equivalent on €.

We will need the two following lemmas

Lemma VIL.2 Assume that H1 holds ; then, for all v €|p; 1], all x and y in X and
s(IP, + IPy)-almost all w € Q, we have

d(Tx, ) © 0 Tx )T Txp(w) © - 0 Txy (w)Y)

lim = 0.
n— oo rn
Proof. Assume H1 ; we have
AT .o.oT T ..o T
Yo,y e X IE, ( Xn © olxZ, L1x, © © le) < (B)n
rrd(z,y) r

and so

p, |y Moo lon Do oo ol oy

n>0 Tnd($ay)

Thus

d(Tx, 0 oTxx,Tx, 0 o Txy)

Tn

D

n>0

< +oo P, —p.s.

The lemma follows immediately. O

Lemma VIL.3 Let (2, F,IP) be a probability space and (F,)n>o0 @ filtration such that
the o-algebra generated by U,F, is F. Let Q be a probability measure on ) such that
Vn>0 VAeF, Q (A) = [, X,(w)P(dw) where X,,,n > 0 is a positive random variable
on §, measurable with respect to F,,. Let (1,,),>0 be a sequence of stopping times relatively
to the filtration (F,)n>0 such that

i) lJirg.}Tp(w) =400 Q (dw)-p.s
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i) for all p > 0, the sequence (Xuat,)n>0 converges IP-a.s and in IL'(IP) to the r.v. X7,.

Then, the sequence (X,)n>0 converges IP-a.s and in IL'(IP) to a random variable X, and

we have Q = X IP,that is
VAeF Q (A / X
Proof. Using a standart method ([27]), one can show that (X, ),>¢ is a positive martingale

with respect to (F,)n>0 ; therefore, this martingale converges IP-a.s to a positive random
variable X, and we have, using Fatou’s lemma Fp[X,] < 1.

Furthermore
EpXr] = Y Ep[Xilg—yl + Ep[Xeolm-io]
k>0
= Y Q[T, =k + Ep[Xocl,—to]
k>0

= Q [T, < 4o0] + Ep[Xoolir,= o)
Using the hypotheses i) and i), we have

]EP[XT] = kErJPooEP[XT /\k] =1 and EIJPOOQ [Tp < —|—OO] =0

and so
1= lim EP[X 1[Tp—+oo}] <]EP[X ]

p—+00

In another hand, by Fatou’s lemma, we obtain

n—-+00

Vn > 0,YA € F, /X WdP(w) <liminf [ X,(@)dPw) = Q (A),

Finally, @ and X, [P are two probability measures on () such that for any n > 0 and
any A€ F,Q (A) > /A Xoo(W)dIP(w) ; thus @ = X IP. O

Proof of proposition 7.1. Let us observe that the restriction IP,,, of IP, on the
space of functions from €2 into IR which depends only on the n first coordinates is defined
by

/f :z:n dw Z f(wl"'wn)pwn<Twn_1o"'oTw1x>"'pw1(x)'

(w1, wn)EN™

Thus
P, (dw) = hyyn(w) Py, (dw)
with .

hagnleo) = T el 0000 Tnt)
Y, k:1 pwk (TUJk71 Q+«++0 Tw1y>
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The sequence (hy 4., (+))n>0 is & positive matingale on (€2, F, IP,) and so it converges IP,-a.s
to ar.v. hy,(-). Since supm(lnp;) < 400, there exists ¢ > 0 such that

i€IN
Vie INVe,y € X pil) < exp(c d(z,y)) ;
pi(y)
SO, we have Vn > 0 hx,ym(CU) < eXp(C(ZZ:1 d(ka—l O Tw1$7 ka_1 O Twly)))

Let us introduce the stopping time T, relatively to the filtration (Fj),>o defined by

T,=inf{n >p:d(Tx,,, 0 0oTx,z,Tx,,, 0 oTxy) >r"t}

n+1 n+1

with inf ) = +oo ; following lemma 6.2 we have lim 7,(w) = 400 IP,(dw)-p.s.

p—too
For any n > p and IP,-almost all w € €2, we have

» nATp(w)
haymnty@) (@) < exp(e Y d(Tx w0 Ty Txew) © - Tvy) +¢ S %)
k=1 k=ptl
p Pt
< exple ) d(Txyw) 0 Txy )@ Ty © - Ty )y) + A= r> ;
k=1

thus, using Lebesgue’s theorem, one can show that the sequence (hgynat,)n>0 converges
IP,as and in L' (/P,) to the random variable Ay, 7, .

Applying lemma 6.3, one can therefore prove that the sequence (hyy . )n>0 converges
IP,-a.s and in El(Py) to the random variable h, , and IP, = h,,IP,, where h,, is defined
by

00 (T e 0Ty
Vo €0 hyylw) = [ LoD 0 0 o),
et PXn@) (Tx, i@y © - 0 Txyw)Y)
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