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Abstract

We prove, under various natural hypotheses, that the random multidimensional affine
recursion X, = A,Xn,—1 + B, € R9, n > 1, is recurrent in the critical case. In
particular we cover the cases where the matrices A, are similarities, invertible, rank
1 or with non negative coefficients. These results are a consequence of a criterion
of recurrence for a large class of affine recursions on RY, based on some moment
assumptions of the so-called “reverse norm control random variable.
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1 Introduction

We fix d > 1 and endow R? with the euclidean norm | - | defined by |x| :=

for any column vector x = (X;)1<i<d-

We note M(d, R) the semigroup of d x d-matrices with real-valued coefficients.
Forany A € M(d,R) andx € R?, we note Ax the image of x by the linear action of A
and || A|| the norm of the matrix A € M(d, R) defined by [|A| = sup,cpa |x|=1 |AX].
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Letg, = (A,, By),n = 1,2, ... be independent and identically distributed random
variables defined on the probability space (€2, 7, IP) with distribution u on M(d, R) x
R?. The distribution of the matrices A,, is denoted fi.

Let (X,),>0 be the “affine recursion” on R? defined inductively by: for any n > 0

Xn+l = An—HXn + Bn+l- (D

The process (X,)n>0 is a Markov chain on R4, and we are interested in its recur-
rence properties in the “critical case,” that is, when the Lyapunov exponent y; =

. E(n[|A,--- AqlD
lim
n—o00 n

When Xo = x for some fixed x € R?, we set X, = X;;. We say that the process

(Xn)n>o0 1s (topologically) recurrent on R4 when there exits K > 0 such that, for any
x e RY,

of the product of the random matrices Ay equals 0.

P(liminf | X;| < K) = 1.
n——4o00

In this article, we propose a general criterion that ensures that (X,,), >0 is recurrent
on R?. Then, we apply it to four interesting situations, depending on whether the
matrices A, are similarities, rank 1, invertible, or nonnegative matrices, with some
restrictive hypotheses in each situation, which appear classically in the theory of
product of random matrices and are labeled, respectively , S, Rk1, I, and Nn (see
Sect. 3 for the precise lists). Our main statement is:

Theorem 1.1 Assume that

1. Hypotheses S, RKk1, 1, or Nn hold for the random matrices A,
2. E((n" |B])) < 400 for some y > 2.

Then, for any x € R, the Markov chain (X3 )n>0 is recurrent.

In the case I, by using the action of the A, on some suitable exterior product ANRY L <
r < d of R, we may relax our assumptions and avoid the so-called hypothesis I-pr
oximality. We refer to Theorem A.1 for details; the case of non-proximal invertible
matrices requires some technical adaptations. We thought it would be interesting to
deal first with the case where the proximality assumption is satisfied, proving first a
criterium based on the properties of the action of products of the matrices A, on the
projective space P(R?) and using classical results on products of random matrices.
The stochastic recurrence equation X,+1 = ay4+1Xn + by4+1 on R, where the
(an, bp)n>1 are independent and identically distributed random variables with val-
ues in R,y x R, has been extensively studied, with special attention given to the
existence of an invariant measure and its properties, especially its tails. This “ran-
dom coefficients autoregressive process” occurs in different domains, in particular
in economics, and has been studied intensively for several decades. We refer to the
book by D. Buraczewski, E. Damek, and T. Mikosch [3] for a general survey of the
topic and references therein. A rich literature covers the so-called contractive case
E[lna;] < 0O; this condition ensures that, when E[In" |b;|] < 400, there exists on
R a unique invariant probability measure for the process (X,),>0. In the critical case
E[lna;] = 0, the affine recursion is not positive recurrent [6]. Nevertheless, at the
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end of the 1990, P. Bougerol and L. Elie [4] (see also [2]) proved that in this case,
there exists on R an invariant and unbounded Radon measure m for (X,),>0; fur-
thermore, if E((Ina;)2) < +o0, the process (X,), is topologically recurrent on R.
In a recent paper [1], G.Alsmeyer and A.Iksanov investigate the sharpness of these
moment conditions.

The affine recursion (X,),>0 has also been considered in dimension d > 2. The
random variables a, and b, above are replaced respectively by d x d random matrices
A, with real entries and random vectors B, in R¢. The equation (1) yields, for any
n=>0,

n
Xn=An---AtXo+ ) An--- Aky1Br.
k=1

The behavior of the chain (X,),>0 is thus related to the linear action of the left
products A, x := A, - -+ Ak, 1 <k < n, of the matrices A;, i > 1. A huge literature is
devoted to these product of random matrices, mainly in the case where the Ay are either
invertible or non negative; we refer here to [5, 13, 16, 17], and [18] with references
therein. For x € R?, x # 0, the study of the vector A, 1x is carried out via that of
the behavior of the directions A, 1x/|An.1x|,n > 0, when A, 1x # 0 and that of the
norm |A, 1x|.

On the one hand, the control of the projective action of the matrices A, x relies
on some contraction properties of the closed semigroup 7j; generated by the support
of fi. This requires some restrictive assumptions: for instance, proximality and strong
irreducibility property" in the case of products of invertible matrices [5], or existence
of matrices with positive entries when the Ay is nonnegative [17]. On the other hand,
the study of the norm | A, ;x| relies on the cocycle decomposition of its logarithm as

(i) ()
2 n — |,
|A1x| "\ JAn-11x|

which can be done as soon as Ag 1x # O for k& > 1. The process (In|A. 1X|)n>1
is a fundamental, even iconic, example of Markov walks on R; the degree of
dependence between the increments of this sum is controlled by the Markov chain
(An1x/1An1x|)n>0, when it is well defined.

When d > 2, the contractive case for the affine recursion corresponds to the case
where the Lyapunov exponent y;; associated with the random matrices A,, is negative.
The existence and uniqueness of an invariant probability measure are obtained follow-
ing the same strategy as the one developed in dimension 1 [6, 9]. Various properties
of this measure have been obtained in this case, based on results of product of random
matrices (see [3], chap. 4, and references therein). As far as we know, the existence
and uniqueness of an invariant Radon measure in the critical case y; = 0 have been
investigated only in the case of nonnegative matrices: the existence and uniqueness
of an (infinite) invariant Radon measure are established in [7] when all the ratios
An(i, j)/A,(k, £) are supposed to be bounded from above and below, uniformly in
the alea w and i, j, k, £ in {1, ..., d}. This ensures that the ratio || A, 1[|/|Ax,1x] 1S

Sp(x) :=In|A,1x| =In|A;x| +In

! More details on these notions are given in Section 3.
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themselves P-a.s. bounded from above, uniformly in n, in x (where x is an unit vectors
with positive entries), and in the alea w. This is a quite strong hypothesis, and one of
the aims of the present paper is to relax it. The main new ingredient is the so-called
reverse norm control random variable (see (3) for a precise definition), which allows
to compare in a more flexible way the behavior of the two sequences (|| Ay, 11|)»>1 and
(1 An, 1xDnzo0.

In Subsection 1.1, we fix the notations. Section 2 is devoted to a general criterion
for recurrence of (X,),>0; this criterion is based on the properties of the action of
products of the matrices A, on the projective space P(R?). In Sect. 3, we analyze and
establish these properties in the different models we consider in this paper: The matri-
ces A, are successively similarities, rank 1 matrices, invertible strongly irreducible,
and proximal or nonnegative matrices. Section4 is devoted to the study of the fluc-
tuations of the process (In|A, 1v]),>1 in the rank 1 case. In Sect. A we explain how,
in the invertible case, one can still obtain the recurrence of the process without the
proximality assumption of the action of A, on P(R?); this requires a slight extension
of the main result of Sect. 2 (see Criterion A.2).

1.1 Tools and Notations

The recurrence of (X,,),>0 is closely related to the contraction properties of elements
of the semigroup generated by the support of ji. Assume E(In™ ||A1||) < +oo and let
v be the Lyapunov exponent of the random walk (A, 1)n>1:

) 1
vip = lim —Edn]|A,---Aq]) € [-00, +00).
n——+oon
Kingman’s subadditive ergodic theorem ensures that this limit holds almost surely

1
vp = lim —In|A, --A] P—as. 2)
n

n——+00

From now on, we assume y; = 0.

Let P(R?) denote the projective space of R¢, that is, the quotient space R? \ {0}/ ~,
where x ~ y means that there exists A # 0 such that y = Ax. We denote by x € P(R%)
the class of the vector x € RY.

For any non-null vectors x and y in R, we note x A y their exterior product. The
space P(Rd ) is endowed with the distance § defined by: For any x, y € P(Rd ),

lx Ayl

8(x,y) =
) =

— | sin()|

where x and y are (any) representatives of X and y, respectively, and Xy the angle
between x and y.

The projective action of an invertible matrix A on P(R9) is defined by A - ¥ = Ax
for any X € P(RY) and any representative x # 0 of the element . Since the matrices
we consider here are not necessarily invertible, it is convenient to introduce the space
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X := P(RY) U {0} and to define the “projective” action of elements of M(d, R) on
X as follows: For any A € M(d,R), A-0 =0, and for any x € P(Rd),

— | Ax when Ax #0,
A~x_{ 0 when Ax =0,

where x # 0 is an arbitrary representative of x.

Observe that the action of M(d, R) on X is measurable but not continuous.

In order to analyze the linear action of M(d, R) on RY, we also consider the quantity
|Ax| defined by:

A
| A¥| % when x € P(Rd) (where x # 0 is an arbitrary representative of x),
= X
0 when x =0.
. . o . |Ax|
Notice that this quantity is well defined since ﬁ does not depend on the
X

representative x 7% 0 of x, when x € P(RY).

Letg, = (A,, By),n =1, 2, ... be independent and identically distributed random
variables defined on the probability space (€2, 7, IP) with distribution u on M(d, R) x
R4,

Let (Vn)nzo be the process on X defined by

Vn—H = An+l 'vn

forany n > 0. This process is a Markov chain on X" with transition probability kernel
P defined by: For any bounded Borel function ¢ : X — Rand any v € &,

Po(d) = f 0(A - D)(dA)
M(d,R)

where f1 is the projection on M (d, R) of the probability measure  on M (d, R) x R?.

Under several type of conditions, it is possible to assume that the Markov chain
(Vn)nzo admits at least one invariant measure v on X" whose support is contained in
P(R?): It holds for instance when the random matrices A, are invertible or when their
entries are all positive. We explore here also other situations. Further criteria for the
uniqueness of v do exist, and we refer to [5] and reference therein.

Throughout the paper, we fix an invariant measure v for the Markov chain V) n>0
with support included in P(R) and assume that the distribution of Vo equals v and
that V is independent of the sequence (A, By)n>1.

Forany v € P(R?%) and n > 1, it holds |An.10] < [|An1]]. In order to control more
precisely the behavior of the sequences (|A,, - - - A1v]),>1, we introduce the following
random quantity, that we call the reverse norm control (RNC) random variable, defined
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by: For any v € P(Rd) and k > 1,

o) = sup KA Al ) 3)
. n>k |An "’Akm '

with the convention 8 = 1land % = +o0 for any ¢ > 0. Notice that
|Ap -+ Arv| < [[An - - Akl < Cr (V) Ay - - Agv].

In several classical situations, this RNC random variable is IP-a.s. finite. For instance,
by [5, Proposition I11.3.2] and under quite general assumptions, this is the case when
the A, are invertible; this also property holds for nonnegative matrices A,, when v
has positive entries.

We end this paragraph with the following definition, which plays an important role
in the sequel of the present paper.

Definition 1.2 Let v be an invariant probability measure for the Markov chain (Vn),,zo
on P(RY) and assume that V has distribution v.

One says that the sequence (A,),> satisfies the
reverse norm control property of order 8 > O relatively to the measure v if

E ((n™ C1(Vo)?) < +oo.

2 A Criterion for Recurrence

The following classical result guarantees that the affine recursion (X,),>0 is recurrent
in the contractive case.

Fact2.1 Assume y; < 0 and E(n* |B|) < +oo. Then, the Markov chain (X,)n>1
is recurrent on RY.

For reader convenience, we present here a short proof.

Proof Observe that for any m € Nand x, y € R?,

lim [g,0---0g1(x) —gy0---0gm(y)l =n1}TOOIAn~-~Am(an,1 -y

n——+00

< lim Ay Apll X5, —y|=0 P—as.

T n—>+o0

Hence, the random variable L := liminf,_, {~ |X;| € [0, +-00] does not depend x;
furthermore, for all m € N, it is independent of the o-algebra F;, generated by the
variables g1, ... gn. By Kolmogorov’s 0 — 1 law, this random variable L is constant
P-a.s. To prove the recurrence of (X} ),>0, one just need to check that L is not infinite
with positive probability.

By an easy induction using the definition of the affine recursion (1), we may write:
Foranyn > 1l and x € RY,

Xﬁ = Ap1X + B 1
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n
where A, = A,---A; and B, = ZAn"'Ak+lBk (with the convention
k=1

Ap--Apy1 = D).
Since E(In* | B|) < +oo and y;; < 0, by (2), it holds

limsup |A; - Ar_1By|V* =" <1 P-as. )

k— 00

.= = Z .
Consequently, the series (X ,)n>0, With X, := Z Aq --- Ax—1 Bk (corresponding
k=1

to the action of the right products g - - - g, of the transformations gi), is P-a.s. abso-
lutely convergent to some random variable X o, with values in R?. Since the random
variables X , and XS = B,1 have the same distribution, it yields, for K > 0,

.. 0 0
Piminf | X3 < K) > P | () [J (X0 < K)
N>1n>N

= lim P 0 <
Jim 2| Ui =0
n>N

> limsup P(| XY | < K) = limsup P( X y| < K) = P(IX ool < K)
N—+o00 N—+o00

as soon as K does not belong to the denumerable set of atoms of the distribution
—
of | X «|. For such a K large enough, the last term is positive; hence, lim inf |X2 | <
n—+400

+o00 P-a.s.
[m}

Throughout this paper, we focus on the case when the Lyapunov exponent y;;
equals 0.

In the critical case, i.e., y; = 0, this argument no longer works and should be
modified accordingly.

From now on, we fix p € (0, 1) and, for any v € P(Rd), we consider the random
variable £\’ (9) defined by:

P @) ;= infln > 1] |A,--- A13] < p} € NU {+oo}.

Notice that the égp ) (v) are stopping times with respect to the natural filtration associated
with the sequence (A,)>1.
Our main criterion is the following statement.

Criterion 2.2 Let v be a fi-invariant probability measure on P(R?) and Vo a random
variable with distribution v and independent of the sequence (A, By)n>1. Assume
that there exist constants « > 0, § > 1 + é and y > max{é, 1} such that the
following hypotheses hold:
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Aj(x)- E ((EY))(VO))Q) < 400 forany p € (0, 1).
Ar(B)- E ((ln+ Cq (Vo))ﬂ) < 400. (Reverse norm control property)
B(y)- E((n™|By])Y) < 4oo0.

Then, for any x € R4, the chain (X7)n>0 is recurrent.

We will see that typically Aj(«) hold for any o < % Thus, recurrence follows
when 8 > 3 and y > 2.

The random variables C;(v) are really relevant in dimension d > 2. Indeed, in
dimension d = 1, the variable C1(v) equals 1.

Proof of criterion 2.2 We follow the strategy developed by L. Eliein [11]. Fix p € (0, 1)
such that lnp < —E (ln Cl(Vo)), and this is possible since § > 1 and hypothesis

Az (B) yields E(In* C1(Vy)) < +oc.

Throughout the present proof, let (V(k) )k>0 be a sequence of independent and iden-
tically distributed random variables with distribution v and assume that this sequence
is independent of (A,, B,)s>1. We set £o = 0 and, for any k > 1,

. —(k—1
Go=inf{n > G +1: Ay Ag_ VO

| < p}.

Without loss of generality, we may assume v = Vo; let us emphasize that the

random variables Vi = Ay --- Ay - Vo, k > 1, have also distribution v but that the

sequence V) k>0 is not i.i.d. The interest of the sequence (V(k)) k>0 1s to decompose

the product Ay, - -- A; as a product of 1.i.d. random variables as explained below.
Observe that the sub-process (X 2‘” )n>0 1s a stochastic dynamical system defined

recursively by affine transformations. More precisely,

~

X =Foofi()

with

Lk
2 =(AL B =gy o ogy 1= Ay ... Ay_iy1. Y Ay A B).
i=flr_1+1

The random variables g,k > 1, are independent and identically distributed, with
distribution /i = dist(g;) on M(d, R) x R<.

Let us now check that the sub-process (X, ),>0 satisfies the hypotheses of Fact
2.1. This will prove that (Xy,)»>0, hence (X,),>0, is recurrent.

We set oy := ||Ag, - - - Ag,_,+1|. By construction, the random variables o, k > 1,
are independent and identically distributed. We claim that they are log-integrable and
have negative log-mean. In fact, by the definition of C1(V), it holds

A, - A1l < C1(Vo)|Ag, --- A1Vl < p C1 (Vo)

so that . .
E(lna)) <lnp+E(InCi(Vg)) =lnp+E (ln CI(VO)) < 0.
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Hence, the Lyapunov exponent of i satisfies

Inoy+---+1ng,
n

<Ilnp+E(InC(Vy)) < 0.

1
~= lim —In|A < lim
Vi n—-+oon I bnr1 Ih= n—+00

In order to check that 1§] = By, 1 is log-integrable, we observe that

£ £
1Beyal <) NAe -+ AialllBil <) Cipi(Vi)|Bi| P-as.
i=1

i=1

Indeed, on the one hand, the inequalities Ay, - - - Ai1Vol < pand [A;--- A1Vo| >
p>0forl <i < ¢ yield

A, - Aipill < Cipt (V)| Ag, -+ Aia Vil
|Ag, -+ A1V

=Cin(V; —
z+1( l) |Ai--~A1V0|

< Ci+1(vi)§ =Cip1 (Vi)
for 1 <i < £;. On the other hand,
A, -+ Agyall = ] =1 < Cipa (V).
Thus,

In* |Be, .1l < In* ¢y + max In* Ciy1(V;) + max Int|B;| P-as. 5)
1<i< 1<i<{

Under hypothesis A1 (o), the random variable In* ¢; is integrable. The fact that

E( max In"|B;|) < 400
l<i<f)

whenever B(y) is satisfied for some y > max{é, 1} is a rather classical result that
has been used by several author (see, for instance, [10, Proposition 4]). However, this
argument uses deeply the fact that the B; are independent; it cannot be applied to
the sequence (Cjyq (V,-)),-Zo, which is stationary but not independent. To deal with
the second term in the right-hand side of (5), we need to use Lemma 2.3, proved
hereafter, which is more general but requires stronger moment. In particular, applying
this Lemma with ¥; = In™ C;, 1(V:) and T = ¢;, we can conclude that hypotheses
A1(x) and Ay (B) with 8 > 141/« ensure that there exists a positive constant C (&, 8)
S.t.
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/B _

E( max In" c,»H(V,-)) < C(a, B) E(e‘f)ﬁﬁ%l E (In* C1(Vo)P) +00.

1<i<t,
O

Lemma 2.3 Let (Y;)i>1 be a sequence of nonnegative random variables and v a N-
valued random variable, defined on a probability space (2, F,P). Then, for o > 0

and B > 1%1 there exists a constant C = C(«, B) s.t.

g1 1/
E (m_ax Yi> <CE®@% # supE (Yf) . 6)

1<i<rt i>1

Y; .8 Y; §
Proof. For any 6 > 0, max Y; | < max Sl )=sup|Z] "
i

I<i<t

B\ \ #
Y 1
Hence, by Holder inequality, E <<1max Y,-)) <E (sup (8—’/3)) E(z%9)7 where
<i<t

q satisfies — + — = 1. Hence,
B q

=

B B B
Y/ / EY?) 5 1
E<p<_ﬂ>>E 2| =L T =R | L

i>1 i>1 i>1

Take 6 = o/q = a(B—1)/B.Then, 8 = a(B—1) > 1if B > (1 + ) /a. Inequality
(6) follows with C(a, B) = Y| =gy < +00.
]

3 Application to Significant Matrix Semigroups

We present here various situations where the matrices A,, belong to different and impor-
tant classes of matrix semigroups: similarities, rank 1, invertible, and nonnegative
matrices. In Subsect. 3.1, we present a list of hypotheses in each situations. In Sub-
sections 3.2 and 3.3, we explain how these different conditions imply the recurrence
of the process (X;)n>0-

In all these cases, there exists a ji-invariant probability v on P(R?) and the affine
recursion is controlled by the 1-dimensional random walk (S;),>0, with Markovian
increments, defined by:

n
So=0 and S, =S,(Vo):=In|A,--- A\Vo| =D In|AVial. (]
k=1

The proof of our main theorem relies, in particular, on results concerning the fluc-
tuations of this process (S,)n>0 and on the contraction properties on P(R?) of the
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random matrices A, 1, n > 1. These results and properties require different moment
and non-degeneracy assumptions according to the explored situation; the formulation
of these hypotheses varies from case to case, but all of them ensure in particular that:

e The increments of (S,),>0 have at least moment of order 2, “from above” and
“from below.” The control “from above” can be seen in the fact that In* |A1| has
at least moment of order 2. The one “from below” is reflected in the conditions
called “reverse moments,” which ensure that the random variable

n(A1, Vo) := | A1ll/IA1 Vol € [1, +o0]

is sufficiently integrable; it implies in particular that the quantity | A1 V| is not too
close to zero.
e The Markov walk (Sp),>0 is non-degenerate, i.e., its variance o2 =
lim,_, o Var(Sy)/n is nonzero. In particular, the process (S,),>0 is unbounded.
e The projective action of the matrices A, | has nice “contraction” properties (except
in case S, which in some sense a 1-dimensional situation); more precisely, there
exists p <€ [0, 1) and ¢ > 0 such that

Vi, 5 e PRY). Vn =1 E(S(An it Ap1 - 1) < c p". ®)

3.1 Hypotheses
3.1.1 Case S: The A, are Similarities

We assume here that A, = a, R, witha, € R*T and R, € O(d, R).
In this case, the uniform distribution on P(Rd) is f-invariant and S, :=

n
In|A,---A1Vy| = Zln ay, for any initial direction V. This is the simplest of

k=1
our example since it is controlled by the classical 1-dimensional random walk on R

with i.i.d increments In a,,.
We consider the following hypotheses.
Hypotheses S
S-Moments : E((In a,)?) < +o00.
S-Non-degeneracy : V(Inap) > 0.
S-Centering: E(Ina,) =0

3.1.2 Case RKk1: The A, are Rank 1 Matrices

We assume here that there exists a sequence (W, Wy, @y )n>1 of i.1.d. random variables
with values in S¢~! x S9=1 x R**t such that Im(A,) = Rw,, Ker(4,) = u”)nL and
|An| = a,. In other words,

voeRY, Av= an{Wy,, v)wy,
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where (-, -) denotes the standard scalar product in RY. In particular,
An,lvZan"'fll(wn’wn—l)"'(wly V)wy,. ©)

Suppose that P({w;,+1, w,) = 0) = 0. Then, the distribution v of the random variables
w,, 1s a fi-invariant probability measure on P(R?). Indeed, let wp be a S~ 1-valued
random variable with distribution v and independent of (w,, wy, a)»>1; then, Vo =
Wo, Vp = Ap1-wo =wy, forn > 1and 'V, has also distribution v. Since the former
equality holds for any starting direction wy, such that P((i01, wy) = 0) = 0, it also
readily implies that v is the unique ji-invariant probability measure on P(R9).

The 1-dimensional random walk (S,), >0, which controls the behavior of the affine
recursion (9) can be written as:

n
$2(Vo) =In|An 1 Vol = Y Inag| (g, w—1)]- (10)
k=1

This is a Markov random walk with stationary increments Y;  :=
In ap|(wy, wg—1)|, k& > 1. Observe that Y; and Yiy| are not independent, but Yj
and Y, are independent as soon as |k — £| > 2. The ergodic theorem ensures that
(S, (Vo) /n), converges P-a.s. to E(Y7), and this yields

vi = E(Y1) = E(n|a; (W, wo) ).

Notice atlast that n(Aq, Vo) := [|A1ll/|A1 Vol = 1/]{t1, wo)|.
We introduce the following assumptions:

Hypotheses Rk1
Rk1-Moments: There exists € > O such that & (| Ina; |2+€) < +o00.

RK1-Reverse moments: There exists € > 0 such that E (lln (w1, wo)| |3+£) < 400.

RK1-Non-degeneracy: o? = V(Y2) + 2cov(Yy,Yr) > 0, with Yo = Inap +
In [{(wy, w1)| and Yy :=Ina; + In [{w, wo)|.
RKk1-Centering: E(Ina;) + E(In |{w{, wo)|) = 0.

At the first glance, this rank 1 situation may seem a little artificial, but it is not
the case. Indeed, when the A, are either invertible or nonnegative (see the cases I
and Nn below), the closure in M(d, R) of the semigroup generated by the support of
i contains a rank 1 matrix. More precisely, if the Lyapunov exponent y;; equals 0,
the sequence (A, 1)n>0 is recurrent in M(d, R) and, under standard hypothesis, its
cluster points either equal 0 or have rank 1. Furthermore, the rank 1 situation explored
here is a handy toy model to understand how to extend results obtained for products
of invertible matrices to other semigroups of matrices.

3.1.3 Case I: the A, are Invertible

We assume here that the random variables A,,n > 1, are Gl(d, R)-valued, where
Gl(d, R) equals the set of d x d invertible matrices with real coefficients. We assume
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d > 2, the case d = 1 corresponds to a scalar affine recursion (which can be viewed
as a particular case of S) and is treated under the additional non-degeneracy condition.
Product of random matrices in Gl(d, R) have been widely studied. We refer in
particular to the works of Guivarch [16] and Le Page [18] and to the books of Bougerol
and Lacroix [5] or Benoist and Quint [8].
Following [5], we now introduce the following hypotheses:

Hypotheses 1
I-(Exponential) Moments: There exists € > 0 such that E(||A1]®) < +o0.

I-(Exponential) Reverse moments: There exists ¢ > O such that E (||A171 1€ ) < +o00.

I-Proximality: The semigroup Ty generated by the support of o contains a proximal
element, that is a matrix A, which admits an eigenvalue ) € R, which has multiplicity
one and whose all other eigenvalues have modulus < |A|.

If A e Ty is proximal, then the sequence (A?" /|| A*"|)p>1 converges to a rank 1
matrix.

I-Strong irreducibility: There exists no proper finite union of subspaces of R, which
is invariant with respect to all elements of T.

I-Centering: yz = 0.

Before presenting the last example considered in this article, let us make a few
comments on the assumptions 1.

First, as announced in the introduction, notice that by [8, Lemma 4.13] assumption,
I-proximality is always satisfied when considering the action of the A, on some suitable
exterior product AR 1 < r < d. Therefore, this hypothesis with r = 1 is not
required to get the recurrence of (X,),>0. As a first step, we add it here to explain
how case I can be treated as the other cases by using criterion 2.2. We refer the reader
to sect. A for an extension of this criterion.

Secondly, hypotheses I-(exponential) moments and I-(exponential) reverse
moments imply that the random variable n(A1, Vo) := [ A1]|/|A1 Vol < |A1IIAT]
has an exponential moment of order ¢/2.

Forty years ago, E. le Page [18] proved that, under hypotheses I-(exponential)
moments and reverse moments, I-proximality and I-strong irreducibility, for any v €
P(]Rd ), the process (S, (v) = In|A, 1v]), satisfies a central limit theorem (CLT). He
established in particular that the “asymptotic” variance

g EOnlAnix] = nyp)?

n—400 n
is nonzero (see also [5, Chapter V-8, Theorem 5.1]). This corresponds to the non-
degeneracy condition in cases S and Rk1. His proof relies on the following “mean

contraction property”: For € € (0, 1) small enough, there exist p. € (0, 1) and cc > 0
such that, for any i, v € P(R?),

B (A1 - it, An,1 - 0)) < ce pg 8 (i, ). (11)
(see [5, Chapter V-2, Proposition 2.3] ). In particular, this implies (8).
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More recent works have significantly relaxed moment hypotheses to prove similar
results. In particular, Y.Benoist and J-F. Quint [8] proved the CLT under the optimal
second moment condition E((In || A1 ]|)2+(In(]| Afl N?) < 400 and a work in progress
of A. Péneau [19] should guarantee the projective contraction property (8) without any
moment assumption.

In the present paper, we still need exponential moments since we rely on results
of [15] for fluctuation properties of S,. However, it is reasonable to think that future
developments of this theory will ensure that the second-order moments are sufficient
to obtain recurrence of affine recursion.

3.1.4 Case Nn: The A, are Nonnegative

Another interesting case that has been widely studied in the last year is the product
of matrices with nonnegative coefficient. In this case, the measure u is no longer
supported by a group but lives in the semigroup S of matrices with nonnegative entries
such that each column contains at least one positive entry. Notice that the action of 7},
on the full projective space is no longer continuous. However, the semigroup S acts
continuously on the simplex X of nonnegative vectors of norm 1; this action possesses
nice contraction properties, which yield results similar to the one obtains in the case
of invertible matrices. From a historical point of view, this case was studied first; we
refer to the works by Furstenberg and Kesten [13] and Hennion [17].

The set X = S~ N (R*)4 can be identified with the subset of the projective space
P(R?) whose elements correspond to half lines in the cone (R*)“. Observe for any
A e Sandv € X, the element A - v := Av/|Av] belongs to X.

Recent papers on random product of nonnegative matrices have proved that is useful
in this setting to endow R? with the L!-norm | - |; and to provide X with a special
distance 0 that is strongly contracted by the action of the elements of S (the reader
can find in [17, Section 10] and [7, Section 2.2] a precise description of the properties
of the distance ?). In the present paper, in order to remain consistent with the other
cases, we prefer to use the euclidean norm | - | on (R and the distance § on X. We
can translate known results in the present setting, using the facts that

o |x| < x| < \/3|x| for any x € R4,

e The metrics 6 and 0 satisfies § (i, v) < |u — v| < 20(u, v) for any u, v € X and
induce the same topologies on X. Nevertheless, 0 is not equivalent with neither
other metrics | - | and § on X.

d

Forany A = (A(i, /))1<i j=d € S.setv(A) := 131}361(2 AG, j)). This quantity
T =1

“yg lx| < |Ax| < [|A] x| for any x € RY, with v(A) > 0; in

particular, n(A, v) < Ji\l‘f)\ll

Following [20], we now introduce the following hypotheses:
Hypotheses Nn
Nn-Exponential moments: There exists ¢ > 0 such that E (||A1]|®) < +o0.

is of interest since

6+¢
Nn-Reverse moments: There exists € such that E ((m IIJI(A_A11H)> > < +o00.
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Nn-Contraction property : There exists ng > 1 such that *"(S) > 0.
Nn-Irreducibility: There exists no affine subspaces A of R such that A N C is non-
empty and bounded and invariant under the action of all elements of the support of
WU
Nn-Centering: y; = 0.

The affine recursion generated by nonnegative matrices has been investigated in
[7] under the restrictive condition that the A,, are Ss-valued for some § > 0, where S;
denotes the set of matrices A in S such that A(i, j) > §A(k,[) forany 1 <i, j, k,I <
d. Here, we break free from this strong assumption.

Let us now give a few comments on the above hypotheses.
By [17], under hypotheses Nn-exponential moments, reverse moments, contraction
property, and irreducibility, the “asymptotic” variance

02— gy EO0IAR x| — nyp)?

n——+00 n

is nonzero (which corresponds to condition non-degeneracy in the cases S and Rk1)
and the sequence (\/L;L(ln |Ap1x| — ny,;)) ,x # 0, converges in distribution to

n>1
the normal distribution N (0, o-2).
At last, under hypothesis Nn-contraction property, there exist p € (0, 1) and ¢ > 0
such that, for any u, v € X,

E@(An,1-u, An1-v)) <cp" 0(u,v). (12)
This property is of crucial interest below (see Lemma 3.3).

3.2 On the Moments of the Ladder Time lﬂp) (v)

We will now demonstrate that in the above four situations, there exist positive reals
aand B, with 8 > 1 + é such that conditions A («) and Ay (8) of criterion 2.2 are
satisfied.

We prove here the following statement concerning fluctuations of random walks.

Proposition 3.1 Under hypotheses S, Rk1, 1, or Nn, the condition Ai(«) holds for
any o € (0,1/2).

Proof In the case S, the above statement is a consequence of classical results on
fluctuations of random walks on R for which it is well known that, for any p > 0 and
v € P(R?), there exists a constant ¢y > 0s.t. P(Egp)(ﬁ) >n) ~cp//nasn — 400
[12].

Similar results do exist in the case I and Nn by [15] and [20], respectively (with
v € X in the case Nn).
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The case RK1 is a consequence of a general result of fluctuations of Markov walks
on R proved in [14]; we explain in Sect.4 how this general result can be applied to
the RK1 situation.

O

3.3 On the Reverse Norm Control Property

By the above subsection, the hypothesis A («) holds for any @ € (0, 1/2). We now
check that, for some 8 > 1+ é > 3, the reverse norm control (RNC) property A (8)
holds under hypotheses S, Rk1, I, or Nn.

Let us fix a basis e = (¢;)i=1,.4 of R4 There exits a constant ¢, such that A <
Ce Z?:l |Ae;| for any A € M(d, R); hence, for any v € P(RY),

[ L Al d
C1(v) :=sup Il ¢ Zsup n 1% :ceZCl(Ei,ﬁ)
i=1

-, — Le -
n>1 |An,lv| o=l |An,]v|
- d - |An,1’/_‘| . + -
where, for any u, v € P(R?), we set C1(u, v) := sup ﬁ Then, since In™ is
n>1 n,1vV

non-decreasing and In* (ab) < InT(a) + In* (b),

d
Int C1(0) <InTce + Z Int (e, D).

i=1

Hence, the RNC property A, (8) holds as soon as E((In™ C (u, Vo))#) < o0 for
any u in a set of generators of e of RY.

1]

1A Ak
Now, the quantity l”—_ may be decomposed as: H M with g =
|An10] iy [AkUk=1]

u,vo =vand uy = Ay - Ug—1, vy = Ay - Vx—1 for any k > 1. Hence,

+o00 |A i |
it Ci(@ ) <y In* <$) . (13)
k=1

|Agvg—1]

We will see in the following proposition that this sum converges in the appropriate
L? spaces in the different situations presented above.

Let us point out why the reasons of such convergence are different in each of the
A

situations explored here. In the case of similarities S, it holds % = 1 for all
nV

i, v € P(R?); thus, all the terms of the series in the right-hand side of (13) vanish. In

the cases Rk1, I, and Nn, the convergence is due to the fact that the distance between

ity and V goes to zero at exponential speed.
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Proposition 3.2 Let v be a  invariant measure supported by S=! and Vo ~ v
then, under hypotheses S, RK1, I, or Nn, the RNC property A>(B) holds (i.e.,
E((In™ C1(Vo))?) < +o0) for p > 3.

Proof e Case S. The case S is straightforward since C1(v) = 1 for any v € P(RY)
in this case. The other cases rely on the contraction property satisfied by the process
(Vi)k=0. Let us first propose a general criterion and then apply it in these 3 remaining
situations.

e Case Rk1. In this case, it = Vj = wy for any k > 1 so that

In* C1(@, 7) < In* <M> <Int (W’l_””)) <int <;) .
|A1v] [(1, v)] (1, v)]|

Thus, A>(B) is a direct consequence of hypothesis Rk1-Reverse moments with 3 <
B <3+e.
To deal with cases I and Nn, we use the following lemma.

Lemma 3.3 We assume that there exists an invariant mesure v for the chain (Vk)kzo
with support included in P(R?), constants g > 2,C > 0, p € (0, 1)

Al \? —
(i) E <<1n+ %) )for some b > 28 where V has distribution v;
1vo

(ii) E (8(Ax,1 - it, A1 - Vo)) < Cp* for some fixed it € P(R?).
Then, E((In" Cy(i1, Vo))?) < +o0.

Proof. First, for any g > 1, inequality (13) yields

s A\
E ((n* €, G, Vo)#)' "’ < ZE((W L) )

=1 | A Vi1l

Note that, for any A € M(d,R) and any two directions u,v € P(R?) with
representative vectors u, v € S9!,

Ail A
Int % <In* H =In" n(A, 7)
v v

with n(A, v) := ||A||/|Av| € [1, +o0]. Furthermore,

Al A Alu —
ot A8 AV TA@ =D A e — o))
|Av]| |Av]|
and Ai A A
i+ A AL AW O A )+ o)
|Av] |AD|
so that
L lAal . e
InT — <In"(1 +n(A, v) min(jlu — v|, |u + v])) < «/En(A, v) §(u,v). (14)

|[Av| —
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In particular, for any k > 1, setting a; = ,o_k/ 28

e A A Ve T
Y oav. ) TN Ty ) maVien>ad
[Ar Vi1l |Ar Vi1l
. B
+ [Aritg—1] B
+(ln =) a7 <l

| Ak Vi—1]
EENY
= (0" (A Vi) Yo 7 sl
_ o B
+ (V20046 Vie) 8Gik-1, Vi) Va7
B (IIIJr n(Ag, Vk—l))ﬁ
(Int ap)?
+ 2812 af 8(iik—1, Vi—1)?
286 \/ (In™ n(Ax, V1))
—(In p) kP’
+ 282 p k28 (it g, Vi—1)

< (In" n(Ag, Vi-1)

B+8
<

since 8(iig—1, Vi—1) < 1 and B > 1. Consequently, there exist positive constants
C(B, B, p) and C’ such that

) 1/8
E (1n+ | Apit—1] )ﬁ
[Ar Vi1l

L 1/p
+ p+p
/ E (1n n(Ar, Vo) ) e
<C@B.8.p) o + o E@ (U1, Vi-1))
o 1/p
E (ln+ n(A;, Vo)fth )
<C@B,B.p) +C p*?

kP

- /B
ince ' = b TSI - .
Since B’ = b—pB > B,thesequence | E | ( In ALV | is summable;
kVk—1

hence, In* C1 (V) has a moment of order B.
]

Let us now apply this lemma.

e Case I. Under hypotheses I, the assumptions of Lemma 3.3 are satisfied for
any i € P(R?). Indeed, by [5], proximality, strong irreductibility, and exponential
moments hypotheses imply condition (ii) of Lemma 3.3 (i.e., uniform exponential
contraction in mean) for every u# and v € P(RY).

As a matter of fact, the existence of exponential moments allows a more direct
proof, since it yields to the following inequality: There exist constants C > 0 and
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p €[0,1)s.t.

+00
E((In* €1, Vo)) = CEm(A, Vo)) Yo" < +os.

n=1

As mentioned in Sect. 3.1.3, some work in progress [19] seems able to relax this strong
moment assumption, ensuring that condition (ii) of Lemma 3.3 holds without moment
condition. If this is confirmed, Lemma 3.3 can be applied only under polynomial
moments.

e Case Nn In this case, under hypotheses Nn, the support of v is included in X. By
(12), we have that for all u, v € X,

E (8(Ak1 - it, A1 -0)) < 2E(0(Ax1 - u, Ak1-v)) <2¢ pf o, v) <2¢p*

Hence, the assumptions of Lemma 3.3 are satisfied for any # € X, taking » > 6 in
order to get 8 > 3.
O

Proof of Theorem 1.1 Theorem 1.1 is a direct consequence of criterion 2.2. Indeed, in
the four cases explored here:

e Assumption A («) is satisfied for o € (0, 1/2), by Proposition 3.1;

o In the case S, assumption B() is satisfied for any 8 > 0 since the RNC random
variable vanishes in this case.
In the case RKk1, this assumption holds for some 8 > 0 by hypothesis Rkl-reverse
moments.
In the two remaining cases, this is a consequence of Proposition 3.2.

e The last assumption B(y) does not depend on the nature of the matrices Ax. O

We end this section by discussing the irreducibility assumptions of the linear part.

Remark 3.4 : optimality of the irreducibility assumptions

Here, we give two examples of transient affine recursions on R? in the critical case
where the irreducibility assumptions on the linear part 1 fail.
Example 1(reducible linear part)

It is clear that Theorem 1.1 fails if we only assume that supp(t) is reducible as
one can see by taking A = I, almost surely. Here is another less trivial example.
Let 1 be a probability measure on Aff(R?) such that 7z is supported on the set of
a(A) 0

0 o '(A)
model as each of the coordinate axis is invariant under the support of 1. Assume that
[loga(A)dm(A) = 0, k({A : a(A) = 1}) < 1 and u(fg : gA = A} < 1 for
every proper non-empty affine subspace .A of R?. Assume also that x has a moment
of order 2 + § for some § > 0. Then, the process (X,),eN is transient. Indeed,
setting XB = (X, yn), we notice that the diagonal structure of A, --- A; implies
that both x,, and y, are critical one-dimensional affine recursions with respective lin-
ear part «(A, ---Ap) and a"Y(A, -+ A}). Bach of these affine recursions satisfies

2 x 2-diagonal matrices A = [ } of determinant one. This is a reducible
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assumptions (H) of Babillot—Bougerol-Elie’s local contraction’s theorem [2, Theo-

rem 3.1]. The aforementioned theorem yields that for any K > 0, almost surely,

a(Ay - Ay, <k — Oand Ol_l(An - ApDly, <k — 0. It follows that,
- n— 400 - n—-+00

almost surely, | X 2| —J>r +00; hence, the process (X, ),eN is topologically transient.
n—+oo
Example 2 (Irreducible but not strongly irreducible linear part)

Consider a probability measure 1 on Aff(R?) whose projection 7z on GL;(R)
satisfies Supp(ix) = {[Xol g] , |:(1) (1)]} with A > 1. It is immediate that the support
of wisirreducible but not strongly (as it permutes the two coordinate axis). Assume also
that there is no proper affine subspace of R? fixed by all elements of the support of .
The process (X2n)nen is the affine recursion of R? induced by the probability measure
w*? on Aff(R2). Observe that 0*2 is supported on {1, diag(x, A~ 1), diag(A~!, 1)} and
gives equal mass to the two diagonal non identity matrices. It follows that for every

A0
neN, Ay ---A = 0 A5
Hence, from the strong law of large numbers, y; = 0. It is easy to check that there is
no proper affine subspace of R? fixed by all elements of 14*2.

By Example 1. above, we deduce that the process (X2, )en is transient. Since Xo,+1 =

A2y4+1Xon + Bopy forevery n € N, and since the support of p is compact, we deduce

that | X, | _j_ 400 P-almost surely. Hence, the process (X,),en is topologically
n—+00

], where (S,,), is a centered random walk on Z.

transient.

4 On the Fluctuations of (In |A, 1v|)n>1 in the rank 1 case

The process (In|A, 1v])n>1 fits into the general context of Markov walks, that is ran-
dom walks whose increments are governed by an underlying Markov chain (Z,),>0.
The fluctuations of Markov walks have been studied in [14], Theorem 2.2, under some
general hypotheses on the chain (Z,),>¢. There are several ways to apply this result;
we present here one suitably adapted to the situation.

We denote here by Ri the quotient space R?/ ~ where z ~ 7/ means z = 7’ or
z = —7/, for any z, 7 in R4, the class of z equals £z := {z, —z}. The one-to-one
correspondence

RxPRY) — RL\{0)

A, v) +etv

(withv e S971 a representative of v) allows to identify R x P(RY) with Ri \ {0}. In

order to simplify the notation, the element £z € Ri is also denoted z and is identified
with (In |z], Z) when z # 0.
Let (Z,)>0 be the Markov chain on Ri defined recursively by

Zy = £ AnZy_1/1Zn-1|if Zp_1 # 0 and Z, = 0if Z,_; =0
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and whose transition kernel P is defined by: For any Borel function ¢ : Ri — R
and any 7 € R4,

z
+A— ) n(dA) if 0,
Po(z) := /M(d,R)¢< |Z|> AadA) I z 7
0(0) if z = 0.

Lets us emphasize that Z,, = V,, for any n > 0, where (V,),,>0 is the Markov chain
on the projective space defined in the previous sections. When Z,, # 0,

Zy = (n|Zyl, Zy) = 0 |ApZu-1l, Zy).

For any probability measure v on P(R?), let us denote i * v the probability measure
on RY defined by: For any Borel function ¢ : R. — R,

s v() = / o (LAV U AV(dD),

When v is p-invariant, the measure i * v is a stationary probability measure for
(Zn)n>0 with support in Ri \ 0.

Forz € R‘i\{O}, set f(z) :=In|z|. When Zy # 0, the quantity In |A, 1 Zo|,n > O,
may be decomposed as:

n n
$u(Zo) =In|An1Z0l = ) In|AcZia| =) f(Zo).
k=1 k=1

The process S, (Z) is a Markov walk on R driven by the Markov chain (Z,),, on Ri.
Under hy@theses RK1, the distribution of wy is the unique invariant measure v for
the process (Z,),>0 on P(]Rd ). We assume that Zg has distribution & * v.

Proposition 4.1 Under hypotheses RK1, we have E(£, (Z0)*) < +oo fora < 1/2.

Proof Let ¢ > 0 given by hypothesis Rk1-Moments and fix § > 1 and p > 2 such
that §p < 2 + ¢. Forall z € RL \ {0}, set

1 1
N(z) := sup (P”Ifl‘sl’(z)) P _ supOIEZ (|ln|Z,,||‘S”) P e [0, o<].
n>

n>0

Observe that, under hypothesis Rk1, for any nonnegative Borel function ¢ : Ri —
R, the sequence (P"¢(z)),>0 converges “very quickly” toward i * v(¢). Indeed,
Z, = w, for any n > 0; thus, Z, is independent from the starting point in Xy :=
{z e R{| P(JAiz| = 0) = 0}. This yields, for any z € Xp and n > 2,

P'o(2) = B (0(£AnZy—1/1Zn11)) = E(p(£A1Z0/1Z0])) =t v(p).  (15)
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We claim that this ensures that for alln € N and z € R4,
P"N(z) <3N(z) and (P"NP(2))'/? <3N(2). (16)

Indeed, N (z) = 400 when z ¢ A and the inequalities are trivially satisfied; when z €
Xo, the identity (15) implies that N (z) < | £1*(2)+(P|£1°7(2))"/7 +(sv (| £19P)) /7.
Then, by Jensen inequality, since 1/p < 1,

PN @) < P"fIP(2) + P" (PIF1?)"7 (@) + G+ v (| f1PP)) /P

< (P1717@) """ + (PP @) G £ < 3N G,

Similarly, by the L ,-triangle inequality,

1/p
(P"N?(2)"7 < (P"1£1°7)"" (2) + (P" (PLFIPP)?” (z)) + @ v (| f1PP)VP

PP @)+ (PP @) e Py

= (
< 3N(2).

Consequently, it is of interest to consider the subset X of Ri defined by
Xy = {z eRL NG < +oo}.
Under hypothesis RK1, the set Xy has full /& * v measure since

Ejwo (N (Z0)) < 3E(|log A1 Vo|[*")/? < +oo

in this case. Thus, we can restrict the Markov operator P to spaces of functions
restricted to Xy. Let us consider the space 53 of Borel functions C defined by:

B = (p:XN—>(C|supM a7

ZEXN 1 + N(Z)
—
=l¢lB

The space (B, | - |g) is a Banach space over C.

We now restate hypotheses M1-MS5 introduced in [ 14] and check that under hypothe-
ses Rk1, they are satisfied on the Banach space B by the kernel P and the function
f: Ri \ {0} > R, z +— f(z) := In|z|. This allows us to apply Theorem 2.2 in [14]
and conclude the proof of Proposition 3.1.

Hypothesis M1
M1.1. The constant function 1 belongs to B.
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This is a trivial consequence of the factthat 1 < 1 4+ N.
M1.2. For any z € XN, the Dirac mass 8, at z belongs to the topological dual space

)
B’ of B, endowed with the norm |®| = sup m
peB |(p|8
#0
Indeed, by definition of the norm on B, for any z € Xy,

lp(2)]

18:15 = sup
peB @B

p#0

<1+ N(z) < +o0.

M1.3. The Banach space B is included in L' (P(z, -)), for any z € Xy.
For any ¢ € Band z € Xy,

/pr(m)lP((z,dm) < |<P|B/(1 + N(A1z/1z])n(d Ar)
= lplp(1 + PN(z)) < |¢|p(1 +3N(z2)) < F00.

M1.4. There exists €9 > 0 such that, for any ¢ € B, the function €'/ ¢ belongs to
B for every t €] — €, €o.

This is a direct consequence of the equality |¢///¢| = || valid for any t € R.
Property M1.4. thus holds for any €9 > 0.
Hypothesis M2

M2.1. The map ¢ — Pg is a bounded operator on B.
Indeed, for any ¢ € B and z € X,

[Po2)| < E:(l9(ZD)]) =< 19|8E:(1 + N(Z1)) < 3l¢|s(l + N(2))

, which implies Pp € B and |P|5 < 3.

M?2.2. There exist constants Cp > 0 and x € [0, 1) such that P = 1+ Q, where T1
is a one-dimensional projector and Q a bounded operator on B with spectral radius
< 1 and satisfying T1IQ = QI1 = 0.

Forany ¢ € B, set I1(p) := w*v(p). The equality [TP = PIT = IT holds since i * v
is P-invariant.

Thus, with Q := P —1I1,itholds ITQ = QIT = 0 and P" = I1+ Q”". Furthermore,
equality (15) may be rewritten as P" = IT; thus, Q" =0, forn > 2.

Hypothesis M3

Foranyt €] — €g, €9, any ¢ € B and z € Xy, let Pip(2) := Ez(e”f(zl)go(Zl)).

Then, the map ¢ — P;¢@ is a bounded operator on B such that

sup || P/'llg—p < +oo.
n>1
|7]<€o

This hypothesis is satisfied in a obvious way here since |¢!"/ ¢|5 = |¢|5. Hence,
P8 =IIP"lp>p <3foranyn > 0andt € R.
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Hypothesis M4 (Local integrability). There exist bounded nonnegative functions
No, N1, Na, ...in B and constants c, B,y > 0 and po > 2 such that, for any z € Xy
and k > 1,

1. max { F@IT. 13- sup (B2 ”°<No<zn>1’°>)} < o1+ No(2):

2. No(D) iy (2)=ky < Nk (2);

3 II(Ng)| < [AET

Recall that § > 1 and p > 2 are fixed and satisfy §p < 2 + & where ¢ is given
by hypothesis Rk1-moments. We set Ng := N, Ny := N(2) N>k}, kK > 1, and
po=p,c=3,8=p—2,y =5 — 1. With these functions and constants, hypothesis
M4 is satisfied since:

M4D) | f @I = (POIFIP)/P < N(z) < e(1 + N(2)), 185 < 14+ N(z) by
MI1.2and EYP(N(Z,)P) = (P"NP(2))'/? < 3N(z) for any n > 1, by (16);

M4.2) This condition is satisfied since Ny := N (2)1in)=k), k = 1;

MH4.3) For any k > 1,

IT(Np) = Epw (N (Z0) (v (zg)=k))
N(Zo)P™!
< Euwn <N(Zo)kp—1

- E, 50 (N (Zp)?) E (1101 Z]%7)

< = < D with E,0 (| In]Zo]*?) < 4o00.

1
Hypothesis M5. We suppose that y; = liIE -E.(f(Z,)) =0and
—_— n—-+roon

1 n
2. im -
o= nllrfw . V. <kg_l f(Zk)> > 0.

Equality (10) and hypothesis Rk1-centering yield vz = E(Inay)+E(n [(w;, wi)|) =
0.

Let us now compute the asymptotic variance of S,. Since f(Z;) and f(Z;) are
independent when £ > k + 2, it holds

1 n 1 n 2 n—1
V. (Z f(Zk)) = =2 Ve(f(Z0) + = Y eova(F(Zi), f (Zier1))
k=1 k=1 k=1

n——+o0o
—

V(f(Z2)) +2cov(f(Z2), f(Z3)).

Notice that the asymptotic variance does not depend on z since the random vari-
ables (f(Zk), f(Zk4+1) are independent of Zg = z and have the same distribution
as (f(Z2), f(Z3) when k > 2; furthermore, it is nonzero by Rkl-non-degeneracy
assumption.

Finally, under hypotheses Rk1, the chain (Z,),>¢ and the function f satisfy con-
ditions M1-MS5 of [14]; hence, Theorem 2.4.2 in [14] is valid in our context, which
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readily implies that there exists a constant ¢, > 0 such that, for any z € Xy with
modulus 1,

P\” @) > n) < C—‘;(l FNQ@).

In particular, if Zg has distribution i * v, modulus 1 and 70 = Vo has distribution v,
we obtain ” ¢
IP’(KPV >n)<—'0_>x<v1+N.
(Vo) = n) < —epav(d+ )

This imply that condition A («) holds for any o < %

A Appendix: Generalization to Non-Proximal Invertible Matrices

When the matrices A, are invertible, it is possible to generalize the previous results
in the case where hypothesis I-proximality fails. We only exclude the degenerate case
where T}; is a sub-semigroup of similarities, corresponding to a scalar cocycle already
covered by case S. By [8, Theorem 4.11], the remaining cases satisfy a non-degenerate
central limit theorem.

Theorem A.1 Assume that the matrices A,,n > 1, are invertible and satisfy
hypotheses
I-(exponential) moments and reverse moments, I-strong irreducibility , and I-centering.
Assume moreover that Ty is not conjugate to a sub-semigroup of R* O4(R). Then,
if there exists y > 2 such that E ((anr | By |)V) < +o00, the Markov chain (X;;)n>0 is
recurrent.

Proof Let T), be the sub-semigroup of GI(d, R) generated by the support of . Let
r = r(T,) > 1 be the proximal dimension of T, in R, that is the least rank of a
nonzero element M of the closure

RT, :={M € M(d,R) | M = lim A,M, with 1, € R, M, € T,}.
n—+00

Let us now consider the action of Gl(d, R) on the r-exterior product A'R? and
denote by || A" A|| the related operator norm of A € Gl(d, R). By [8, Lemma 4.13],
there exists a T, -invariant subspace W, of AR such that the action of T, on W; is
proximal (i.e., T, contains a proximal element) and strongly irreducible. Moreover,
there exists C > 1 such that, for any A € T},, one has

CTHIAI < A" Allyy, < AN (18)

(where || A" All,,, denotes the norm of the restriction of A" A to W).
We claim that the action of the random matrices A, on W, by the standard
representation Gl(d, R) — GI(d, A"R) satisfies hypotheses 1. Indeed, by (18),
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(i) Assumptions I-(exponential) moments and reverse moments on R4, with
exponent ¢ > 0, imply:

E(I A" A ) SE(IA™") < +ooand B (I A7 AT IS ) < B (IATHI™" ) < +oc.
In other words, the same hypotheses hold for the standard representation on W,., with
exponent €/r.

(i7) The Lyapunov exponent yl-rv " of A”A, on W, equals ryj, since by (18)

E(n A1) InC  Edn[| A" Anally,) Edn [|Ay, 1)
y—_— < <r .

n n n n

In particular, the centering hypothesis holds for the action of the A, on R¢ if and only
if it holds for the action of A" A, on W, .

Consequently, assumptions I hold on W, and there exits a unique stationary prob-
ability measure V), on P(W,). Let Wy be a random variable with distribution

UWr .

. . . (), Wr
As in sect. 2, we consider the ladder times £ lp ,0 < p < 1 and the reverse norm

. W, . . .
coefficients C, ~ associated with the standard representation on W, as follows: For
any w € Py(W,),

e(ﬂ),Wr( ) . f{ | I IA A I } d CWr( )
W) := inf{n > - Alw < p} an w) = sup —
1 n Wr k N>k |An.A.Akw|Wr

| A" Ay Ak”Wr

These ladder times are almost surely finite since, by Theorem 4.11 of [8] together
with (18), the log-norm cocycle on W, is centered with positive variance. In order to

. Wr .
control the norms [|A, ... Ag|l from the random variables C; ~ (w), we introduce a
“generalized reverse norm control coefficient” defined as follows:

BLWr Ay -+ Agll
Cy (w) := sup "—_l/r
nzk |Ap - - Agwly,

Observe that, by (18),

1/r

4o, A AA 1/r ’ 1/r
C,]f W) = sup [ :ic" <V sup [ ik” —clr (CZ" (w)) .
nzk |Ap ;Wly5, n=k |Ap Wy,

Proposition 3.1 and 3.2 enable to control the moments of the random variables
(o), Wr

£, (W) and C:W (W) and ensure that, for & < 1/2 and 8 > 3,

E ((ef”w’ (Wo))a) < +ooF ((1n+ c” (Wo)?) < +oc and E <<1n+ ol (Wo))ﬂ>

< +00.
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We conclude the proof using the following criterion, which slightly generalizes
criterion 2.2. O

Criterion A.2 Let WV, | - |,,) be a R-vector space and consider a representation 7t of
Gl(d, R) on GI(W). For simplicity, we write Aw = m(A)w for any w € W.

Let v,,, be a pi-invariant probability measure on the protective space P(W), of W
and let W be a random variable with distribution v,,,.

Forw e POV),0 < p < landr > 0, let

¢ @) = inf(n = 1| |Ag--- Ayl < p}and Co (@) == sup L‘A/ﬂ'/r
nzk |Ay - Agwly,
(19)
Assume that there exist constants o > 0, B > 1 + é andy > max{é, 1} such that
the following hypotheses hold:

AV (@) E ((z(f)’w(Wo))a) < +o00 forany p € (0, 1).
A;V B)- E ((ln+ C]IRd’W(Wo))ﬂ) < +o0 for some r > 0.

B(y)- E((n™|By])Y) < 4oo0.
Then, for any x € R4, the chain (X} )n>0 is recurrent.

Proof of criterion A.2 The proof follows the same strategy as the one of criterion 2.2.
We present the main steps.

Let (W(k))kzo be a sequence of independent and identically distributed random

variables with values in P(WW) and distribution v,,,. Assume that this sequence is
independent of (A, B;),>1. As in the proof of criterion 2.2, we can suppose w? =
— dyy —

W without loss of generality. Fix0 < p < 1suchthatlnp < —rE <ln C]f "W(W0)> .

We set o = 0 and, for any k > 1,

k=D

L :=inf{n > L1 +1:|Ay---Ag_ 11 W < p}.

lw

Then, the sub-process (X 2‘" )n>0 is a multidimensional affine recursion corresponding
to the i.i.d. affine random transformations g with the same law as g given by:

£
2= (A1, B) == (Ag, ... AL, Y Agy -+ A1 Bi).
i=1

Let us now check that the sub-process (Xy, ),>0 satisfies the hypotheses of Fact 2.1;
this will prove that (Xy,)»>0, hence (X, ),>0, is recurrent.
On the one hand, the Lyapunov exponent of the distribution /i of g; is negative:

RIW — —
v < E(og||Ag - A1) < E (10g(C1 (Wo)lAg, "'A1W0|11/Cr)>

I v —
< M+]E<1nc]f W(W0)> <o

r
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On the other hand, in order to check that E] = By, 1 is log-integrable, we observe
that

a1 £
RIW —
1Beoal <D Ag - A1 1Bl < Y Cryy (W))lBi| P-as,

i=1 i=1

where W; := A;q - W. Indeed,

R W — _
1A -+ Aiall < iy (WilAg, -+ A Wilh[!
rdw — |Ag, "'A1W0|l/r rROW — ,Ol/r rROW —
=Ci+1 i — 11?; =i (W’)l_/r =C,’+1 (Wi).
[Aj - At Wolw p

Consequently,
REW —
In™ |Bg, 1| <InT 41+ max InT C;,; (W;)+ max In"|B;| P-as.
1<i<ty 1<i<ty

and we can conclude as in criterion 2.2 by using Lemma 2.3. O
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