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Statement

Base Case n=m=1

Mixed Case m=1

Weierstrass Theorem

Conclusion



One Layer Perceptron:
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|Formula Previous Case]

6
1<k<8 h= U(Z Wi kX + by k)
j=1

8
1<i <4, yi= Z wWo i khi + b
k=1

(1)

(2)



'Formula General Case]

n inputs, d hidden neurons, m outputs

1<i<m, ZWzlkO wik - X+ byk). (3)

N (o, R",R™) space of such functions



Statement

Cybenko 1989, Hornik-Stinchcombe-White 1989.
» Vnm>1
> VX >0
» Vo € C*(R,R)

N(o,R", R™) dense in (C°([—X, X]",R™), || - [|s)
<= 0o not polynomial (4)



Base Case n=m=1



|Base Case |

» Equivalent to show

R(0) := Vect(x — o(wx + b) : (w, b) € R?) (5)
= R(0) =C°([-X, X];R). (6)

» Fix w, b then

s o((w+ t)x + 1;) — o(wx + b) cR(6) (7)

» Lettingt - 07 —
{x s xo'(wx + b) : (w,b) € R*} C R(c). (8)



|Base Case |l

» Recurrence —
{x = x"oM(wx+b) : (n,w,b) € NxR?} C R(0).
(9)

» o non polynomial —
Yn>0, 3zeR, o"(z)#0.  (10)

» Therefore
R[X] C R(0) (11)

» Conclusion by Weierstrass theorem.



Mixed Case m=1



| Mixed Case |

» Equivalent to show

Rn(0):=Vect(x — o(w - x+ b) : (w,b) € R"xR)
— R,(0) =C%[-X, X]";R).

» Fix w, b then

R o((w + tej)x +tb) — o(wx + b) € Ry(0)

» Letting t - 07 —
{x— xio'(wx + b) : (w,b) € R"XR} C R,(0)




' Mixed Case Il

» Recurrence —

{x — (N7 xT)gldt=td)(y . x 4 b)
2 (dh,...,dp,w,b) €N" X R" x R} C Ry(0).

» o non polynomial —
Yn>0, 3zeR, o"(z)#0 (12

» Therefore
R[X1, ..., Xy] C Ru(0) (13)

» Conclusion by Weierstrass theorem.



| General Case]

» Edge weight =0 <= No edge!
» To fuse two neural networks

1. Juxtapose hidden neurons
2. Cancel the weight of the artificial edges!

» Blackboard: Fuse two 1/2/1 networks



Weierstrass Theorem



|Weierstrass Theorem ||

u € C°(R"; R) polynomial growth at co
e>0

uo=x | ulx—y)e T WFeqy, o dy, /e
RI‘I

u. entire function!
e >0 = u. — u locally uniformly
u more regular = Stronger CV!
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|Weierstrass Theorem 1|

u. entire = truncate power series

K compact = R(Xy,...,X,) =C%K,R)
In fact for Frechet topologies A

u defined in K compact —

) " u(x) if x e K
0:=xeR" —< . d(xy)
ylgf{ u(y) + qoky — 1 else

i = u, U continuous, linear growth



Conclusion



Questions/Remarks

Initiated by Kolmogorov (1957), see KAN
13th Hilbert Problem!

Other Proofs? Other activation function?
RelLU, Heaviside, exp, sin!

Approximation speed? Sparsity?
Architecture impact? Number of layers?
Barron's Theorem!

More General Approximation Theorem?
Probability Distribution, Neural Operators!
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