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Abstract .- In this paper, we establish a quantitative unique continuation property for some
time-periodic linear parabolic equations in a bounded domain 2. We prove that for time-periodic
heat equation with particular time-periodic potential, its solution u (z,?) satisfies [|u(-,0)[l;2q) <
Cllu(-,0)[[12(,) Where w C Q. Also we deduce the asymptotic controllability for the heat equation
with an even, time-periodic potential. Moreover, the controller belongs to a finite dimensional subspace
and is explicitly computed.
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1 Introduction and main results

Throughout this paper,  is a connected bounded domain in R%, d > 1, with a boundary 99 of class
C?, w is a non-empty open subset of 2. Let ¢; > 0 be the first eigenvalue of the operator —A with
the Dirichlet boundary condition (i.e. the smallest strictly positive eigenvalue of —A in Hg (Q)). Let
T > 0 be a real number, we denote .||, the usual norm in L* (Q x (0,7)).

In this paper, we study an infinite dimensional system generated by the following parabolic equation

Oy—Ay+ay=f inQx(0,+00) , (1.1)
y=0 on 90 x (0,+00) , '
with an even, T-periodic, bounded potential a = a (z,t) € L (Q x R) satisfying
6 <|la||l, and a(z,t+7T)=a(z,t)=a(r,—t) inQAxR. (1.2)



We assume that y(-,0) = y° € L?>(Q) and f = f(z,t) € L}, (0,+00;L*(Q)), so that (1.1) ad-
mits a unique solution y = y (z,t) € C ([0, +00);L? (). Let {G (¢, 8)}o<s<t<too Pe the T-periodic
evolutionary process on L? (), such that

t
v =Gty (.9 + [ Gt s, (13)
for all 0 < s < ¢, where the T-periodicity of G (¢,s) means G (t+T,s+T) = G (¢, s).

Notice that any bounded function in L (€2 x (0,7/2)) can be extended to be an even, T-periodic
potential a € L (€2 x R). Here, we are only interested in the case where (||a| ., —¢1) > 0 and a not
positive, because if (||a||, —¢1) < 0 or a > 0, then the system (1.1) is clearly stable when f = 0.

The Poincaré map is usually defined by G (T + t,t). We restrict your attention on the operator G (T, 0)

G(T,0): L*(Q) — L*(Q) (1.4)

It is well-known that G (T,0) is compact by the smoothing action of the diffusion. Since a is even
and T-periodic, we see that G (T,0) is self-adjoint. Consequently, there is a complete orthonormal
set in L2 (Q) formed of eigenfunctions (zjo-)j21 of G (T,0) corresponding to eigenvalues (A;),, where
Aj =A; (T') depends on T', A\j € R, A\; — 0 as j — +oo. Thus, we may arrange the eigenfunctions so
that the sequence (|A;|);-, is non-increasing, - - - < [Ay1| < [A| < -+ < [Aq]. Clearly, A; # 0 from
the backward uniqueness property for the linear parabolic equation. Furthermore, we will see that for
all T' > 0 and for all even, T-periodic, bounded potential a, any eigenvalue A; (T') of G (T, 0) satisfies

In |\; (T
b PRy (15)
The first result of the paper is as follows.
Theorem 1 .- There exist two constants ¢, € (0,1) and C > 0, both only depending on

w and Q, such that if we choose the time-periodicity T € (0,¢,] and an even, T-periodic potential
a € L (Q x R) such that

b<lolosa ()"

then any eigenfunction z9 of G (T,0) in L? (), corresponding to the eigenvalue \; (T) with |X; (T)] >
1, satisfies

[16@0 @) dr < L [ 160,005 @) da
Q w
for all t > 0.

The knowledge of the eigencouple of the Poincaré map plays a key role in the study of periodic
parabolic systems (see [14], [15]). Theorem 1 implies clearly that the eigenfunctions z¢ of the Poincaré
map corresponding to the eigenvalues \; with |A;| > 1 has unique continuation property.

It is classical in control theory for linear PDE that the unique continuation property is linked with the
approximate controllability and more precisely, a quantitative uniqueness result yields an estimate of
the cost of the approximate control (see e.g. [12]). Here, our second theorem establishes an asymptotic
controllability (or open loop stabilizability) for the heat equation with time-periodic potential.

Theorem 2 .- There exist two constants ¢, € (0,1) and C > 0, both only depending on
Q and w, such that if we choose the time-periodicity T € (0,¢,] and an even, T-periodic potential
a € L (Q x R) such that

b<lal, <0 (%)



and if there exists m > 0 such that
S P (D <1< A (D) =+ = X2 (D) = M (T)]

then for each initial data y° € L* (), the control function f. € C ([0,T];L? (2)) satisfying

(Z) fc (.’)37T—t) :jzgmo—j (t)G(t7O)Z§ (l‘) )

01 (t) 1 fQ yo (CL’)G(T7O) Z(f (x) dx
(i) | = Le w0 @a w0 @), ] 5

om (1) fQ y° (x) G (T,0) 22, (z) dw

T all¥? (llall . — o
(i) fo e Co9)l oy ds < el elleloa=E)T o)

implies that the solution y =y (z,t) € C ([O7 +o0); L2 (Q)) of the following heat equation with potential
a and control function f.,

Oy — Ay +ay = fe Luxomr in Q2 x(0,+00) ,
y=0 on 90 x (0,+0) ,
y(_,o):yo in €,

satisfies for all t > T,
ly (0 2y < Cm e 1%l 120

where

—ln|)\m+1 (T)| 2€C(Ha”g3+HQHOOT)

y= 2t N S 0 and Cy =
T A1 (T)[?

The notion of asymptotic controllability is usual in the nonlinear control theory of finite dimensional
systems (see e.g. [7]). Here, (i) says that our control has a finite dimensional structure (see also [4],
[5]). (i%) implies that the operator associating the initial data with the control function is linear which
gives a kind of robustness property of our control. (7i7) gives us an explicit expression of the cost of
the control, from which we see easily that we can act a control on the equation in a very short time
T, but as a payment, eveness and T-periodicity for the potential a are required.

From the following property of the Poincaré map,

G (nT,0) 28 = (\)" 29 (1.6)
for all n € N, it is clear that if all eigenvalues \; satisfy |A;| < 1, then the system (1.1) is stable without
control. On the other hand, if the modulus of some eigenvalues of G (T',0) are bigger than one, then
the equation (1.1) with f = 0 is unstable. We call such eigenvalues as unstable eigenvalues. Theorem 2
amonts to saying that if all unstable eigenvalues have same absolute value then the equation (1.1) with
J = fe Ljwx(o,r) can be stabilized by a control f. in a finite dimension subspace of L? (Q) spanned
by(27),_;.....,, Which are the eigenfunctions of G (T,0) corresponding to the unstable eigenvalues. So

it is important to study the unique continuation of the eigenfunctions of G (7', 0) corresponding to the
unstable eigenvalues. This is why we restrict our attention in Theorem 1 to the case where |A;| > 1.

The unique continuation property or more precisely the number of zeros of a one-dimensional
parabolic equation is well described in [1] which leads to the study of the asymptotic behaviour of
periodic 1d quasilinear parabolic equation [3], or to the consideration of the structural stability of
periodic 1d semilinear heat equation [6].

In order to get Theorem 1 and Theorem 2, we need a more general unique continuation result in
bounded domain Q C R?, d > 1, described as follows.



Theorem 3 .- There exist two constants ¢, € (0,1) and C > 0, both only depending on  and
w, such that for all T € (0,¢,], 8> 0 and g € L™= (2 x (0,T)) satisfying

co\ 1/4
H+B8< gl <4 (f) ;

we have

/ lu (2, 0)? dar < eClall L’ / Ju (2,0 dz ,
Q w

where u € C ([O,T] L2 (Q)) solves the following T-periodic linear heat equation

Ou—Au+pPu+qu=0 inQx(0,7T),
u=0 ondQx(0,T),
uw(-,0)=u(-,T) inQ.

Strong unique continuation for heat equation with potential in bounded domains Q C R%, d > 1, has
been widely studied, (see for instance [10], [11] and references therein). In [17], one obtains that any
solution v of the linear heat equation with time-independent Lipschitz continuous potential such that
v(-,t,) = 0 in w for some t, € (0,T), satisfies v = 0 in © x (0,7). The idea of the proof in [17] is
to transform the solution v to a solution of an elliptic equation where unique continuation property
for elliptic operator can be used (see also [8]). Here we are interested in the unique continuation and
its quantification of the linear time-periodic heat equation with time-dependent potential. The basic
technique used here is to combine some properties of time-periodic solutions of heat equation with a
kind of global Carleman estimate for an elliptic operator.

This paper is organized as follows. In section 2, we give an introduction of the Poincaré map and some
related preliminary results, then we prove Theorem 1. In section 3 and section 4, we give the proofs of
Theorem 2 and Theorem 3 respectively. In section 5, we point out some related results for a particular
case where the potential depends only on time. Finally, in the Appendix, we give the proof of the
Global Carleman inequality we need.

2 The Poincaré map

Let a be an even, T-periodic, bounded function in L (2 x R); more precisely a (z,t +T) = a (z,t) =
a(xz,—t) in Q@ x R. We consider the following heat equation with the potential a = a (z,t),

Oy —Ay+ay=f inQx(s,+0), (2.1)
y=0 on dQx (s,+0) , '

where s > 0 and f € Lj,. (0,400; L* (). Let y € C ([s,+00); L? (€2)) be the mild solution of (2.1)

and G (t,s) be the T-periodic evolutionary process generated by —A + al in L? (). More precisely,
{G (t,8) }o<s<ictoo 15 @ family of bounded linear operators from L? (Q) to itself, such that

(¢) G(t,t)=1 forallt>0,

(43 G(t,r)G(r,s)=G(t,s) forall0<s<r<t,

(4i1) The map (t,s) — G (t, s) g is continuous for every fixed g € L? () , (2.2)
(1v) Gt+T,s+T)=G(t,s) forall0<s<t,

(v) |G (t,8)| < elllallc=0)(t=2) g6 a11 0 <s<t.

Thus the mild solution y of equation (2.1) can be written in the following form

y (1) = G (t5)y (- 5) + / G (t,7) f (o) dr (2.3)



forall 0 < s <t.

Now, we are going to focus our attention on the Poincaré map G (T,0) and obtain some properties in
our case. Since a is even and T-periodic, we get that G (T),0) is self-adjoint. Indeed, let p” € L? (Q)
and p € C ([0,7]; L? (€2)) be the solution of

—Op—Ap+ap=0 inQx(0,T),
p=0 ondQx(0,T), (2.4)
p(7T):pT il’lQ,

then for all y° € L? (),
[y @p@0d= [ (60 @) @, (2.5)
Q Q
that is
G* (T,0)p” (z) = p(,0) . (2.6)
On the other hand, because a (x,T —t) = a(x,t), the solution w (z,t) = p (x, T — t) solves

Ow—Aw+aeaw=0 inQx(0,T),
w=0 ondQx(0,T),

w(-,0)=p" inQ, (2.7)
w(,T)=p(,0) inQ.
Finally, for all p” € L? (Q),
G*(T,0)p" (z) = G (T,0)p" () . (2.8)

As G (T,0) is a compact selfadjoint operator on L? (), we deduce that there is a complete orthonormal

set in L? () formed by the eigenfunctions (z;))j> L of G (T,0) with corresponding eigenvalues \; =

Aj (T) € R, which converge to 0 as j — +o0o. Thus, we can arrange the eigenfunctions so that the
sequence (|A;]);-, is non-increasing.

Now we are able to give some properties of the eigencouple (z;’, Aj (T)) associated to the compact
selfadjoint operator G (T,0).

Lemma 2-1 .- For all s € 10,T) and ¢ € L?(Q),

/(ﬁ(a:)G(T—s,O)z‘?(x)da::/G(T,s)¢(w)z}’(m)dm.
Q Q

It follows immediately from Lemma 2-1 that for all s € [0,7],

G(T —5,0) 2% (z
/G(S,O)zf(m) ( )\') i )dmzéij. (2.8)
Q J
Lemma 2-2 .- As soon as the time-periodicity T > 0 and an even, T-periodic potential

a € L™ (2 x R) are chosen, then any eigenvalue \; (T') of G (T,0) satisfies

In |A; (T)]

b+ T

<llally -

Note that in particular, under the hypothesis of Theorem 1, the eigenvalue A; (T') have to satisfy

In |, ()] o\ /4
—— < < — . .
o+ N < a0 (52) (2.9



2.1 Proof of Lemma 2-1

Let g = g (z,t) € C ([s,T]; L* (22)) be the solution of

g=0 ondQx(sT), (2.10)
g('vs):¢ in 2,

and z; = z; (z,t) € C([0,T]; L* (Q)) be the solution of

{ 0g—Ag+ag=0 inQx(sT),

zj=0 ondQx(0,T), (2.11)

Orzj — Azj+az; =0 inQx(0,T) ,
zj (0) =27 inQ.

Now, from the relation a (-,T —t) = a (-, t), we obtain that the function t — [, g (x,t) z; (z, T —t) da
is constant. Indeed,

% Jog (@ t)z; (x,T —t)dx = [0 (x,t)z; (2, T —t)dx + [, g (x,t) (= (Dz;) (x,T —t)) da
:f97(7A+a(xat))g(xat)zj (vaft)d‘T
+ [q9(z,t) (A +a(x,t)) z (¢, T —t)de =0 .
(2.12)
Consequently, for all ¢ € [s, T7,

/Qg(ac,s)zj(x,T—s)dx:/Qg(x,t)zj(x,T—t)dm:/Qg(x,T)zjo-(x)dx. (2.13)

That completes the proof of Lemma 2-1.

2.2 Proof of Lemma 2-2

Let
5l (@)

T
and u = u (z,t) € C ([0,2T]; L? (Q)) be the solution of

u=0 on o2 x(0,2T) , (2.15)

u(-,0) =29 inQ.

{atu—Au—&—Eu—&—au:O in Q x (0,2T) ,
By an energy method, we have the following equality
1d 2 2 > 2 2,
—— | Ju(z, ) dz+ | |[Vu(z,t)|"de+8 [ |u(z,t)|"de+ | a(z,t)|u(z,t)]"de=0. (2.16)
2dt Jo Q Q Q

Also, notice that u (z,t) = e—Eth (x,t) = e PG (t,0) 2% (x) # 0 and

u(,2T)=u(,0) inQ. (2.17)
From (2.16) and (2.17), we get
_ 27
(45 Jall..) / / (2, )P dz < 0 . (2.18)
o Jo
Consequently
~ In |\; (T
2 +ﬁ=€1+w <llall - (2.19)

This is the desired inequality.



2.3 Proof of Theorem 1

For |\; (T)| > 1, we have that
In |\
B = A @] >0 (2.20)
T
and u (z,t) = e Pz (z,t) € C ([0,2T]; L* (Q)) satisfies
Ou—Au+ pfu+au=0 inQx(0,2T) ,

u=0 ond2x(0,2T) , (2.21)
u(,2T)=u(,0) inQ.

Now, we apply Theorem 3 for the 2T -periodic solution w of (2.21) with ¢ = a € L (2 x (0,2T))
satisfying

In|\; (T  \1/4
b PN oy < (S2) (222)
to obtain
/ |u (z,0)] dz < eCHaHi{&/ lu (z,0)* da . (2.23)
Q w

It follows by translation in time and by the 2T-periodicity of w that for all ¢ € [0, 277,

/\u(x,t)|2dxgecuaui.53/ ()2 d (2.24)
Q w

Consequently, we obtain that for all ¢ € [0, 277,

/ |G (t,0) 22 (x)|2 dz < oCllall2f? / |G (t,0) 27 (:E)|2 dz . (2.25)
Q w

Hence, if we choose ¢, in Theorem 1 to be % in Theorem 3 and same C, we complete the proof of
Theorem 1.

3 The asymptotic controllability problem

In this Section, we prove Theorem 2. Recall that if (||al|,, —¢1) < 0, then the system (1.1) is already
stable with f = 0. We consider the solution of the following heat equation with a potential a =
a(x,t) € L= (2 x R) satisfying a (z,t +T) = a(x,t) = a(x, —t) in @ x R and (||al|, — ¢1) >0,
Oy — Ay +ay = fe- liuxomr in2x(0,+00),
y=0 on 9N x (0,+00) , (3.1)
y(»0)=y° inQ,

where y° € L? (Q) and f, € C ([0,T]; L* (). It is clear that for all integers n > 1, we have

nT
y(,nT) =G (nT,0)y° +/O G (nT,s) (fc (,s)- 1|w><(0,T)> ds . (3.2)

Let (zjo, A (T)) be the eigencouple of the compact selfadjoint operator G (T,0), then

=3 ( /Q ¥ (2) 22 (2) dx) 22 (3.3)

Jjz1



It follows from Lemma 2-1 that for any s € [0,T],

G(T,s) (fe(z,9)  Lwxo,1)) = >t (Jo G (T, s) (fe(x,8) Liwx(or)) 25 (x) dz) 28 (x)
= 2j21 (fQ (fr (QU,S) : 1\w><(0,T)) G( — S,O) Zjo (x) dx) Z; (l’) .

(3.4)
v (3.3), (3.4) and by the periodicity of G (¢, s), we infer
G (nT,0)y° PO (J,v° (a ( )dg;) G (nT,0) 23 (3.5)
:ZZ /\”(ny (a:)dx)z;’ '
and
G(TLT ) (fc (:I,’ 8) 1\w><(0,T)) :G(TLT T T,S) (fc( 1|w><(0 T))
= 5o (Jo U 9) T G (=5 o )5(0) o) G o, 1) % (5 .
=>. (1|(0T ., fe(x,8) G (T — 5,0) 25 z)dz) G ( n—l)TO) ° () :
Z

>1
§>1

2 A (o - f,, fe(@,9) G(T =5 0) 29 (z) dz) 29 () .
We conclude from (3.5) and (3.6) that y (z,nT) = Zj>1 MY (T) 28 (x) for all integers n > 1, where

T
Y; (T) = /Qyo (z) 2§ (z) dz + ;jA / fe(z,5) G (T — 5,0) 2§ (z) dzds . (3.7)

Recall that we have arranged the eigenfunctions so that the sequence (|, |) -, is non- decreasing. Let
m > 0 be such that |[A\;| < [Ayq1] <1forall j >m+1and 1 < |A\,| <A | for all j =1,---,m. Now
we decompose y (z,nT) as follows

Yy (.73, nT) - yl,m (Jf, nT) + y2,'m (l‘, ’I’LT) 9 (38)
where
yim (z,nT) = Y MY (T) 29 (x) (3.9)
j=1,---;m
and
Yo (z,nT) = > XY (T) 2 (x) . (3.10)
j>m—+1

Note that y; ,,, is the projection of y in the subspace of L? (Q) spanned by eigenfunctions (z;?)jzl e
of G (T,0) corresponding to the unstable eigenvalues ()\j)j:LM’m while ys ., is the projection of y in
the subspace of L? () spanned by eigenfunctions (z;?)j>m+ L of G (T,0) corresponding to the stable

eigenvalues (\;) Next, we estimate respectively [, [y2,m (2, nT)|* dz and Jo lyim (z, nT)|* dz.

j>m+1°

It follows first from (3.10) that

Jolyzan (@ nT) P de = 3 NI Y5 (D)
j=>m+1 (3 11)
2n z m) .
= Z fQ =5, dx
j2m+1

Indeed, because of the eveness and T-periodicity of a, we have

o) ST

G(T—5,0)25(x
— fOT fQ (Ory (z,8) — Ay (z,s8) +a(z, T — s)y(x,s)) %dzds (3.12)
= [oy(z,T) Z’)\(jx) dr — [oy° () 29 (z) dz .

As [N <|Am41] < 1forall j > m+ 1, we deduce from (3.11) that

n— 2
oy ly2,m @ 0D de < AV Moy (@ 1)z (@) do]
j>m (313)

< Pt P77 J ly ( x,T>| dz .



On the other hand, we have
/ Yim (@, nT) P de = > [N Y5 (T))
Q ,
j=1,---ym

by (3.9) where
T
5 (T) = /0 {1 /Q Y’ (z) 25 (z) dz + ;J / fe(z,5) G (T — 5,0) 2§ (z) dz| ds . (3.14)

Now we are on the position to construct a control function f, = f. (z,s) € C ([0,T];L? (2)) such that
for all z € Q, for all s € [0,T],

fe(z, T —s)= Z 0; (8) G (s,0) 2! (z) , (3.15)

1=1,---;m

where 0; = 0; (s) € C([0,T]) and

% [y @35 (@) da+ ;]/wf (2.5) G (T — 5,0) 2 () dz = 0 (3.16)

for all j =1, --,m, which implies [, [y1,m (z,nT)|>dz = 0.

By (3.15) and (3.16), it suffices to obtain {0; (s)},_; ..., by solving the following linear system

W R
i:;)m a; () /w zi (z,8) zj (x,s) de = 7 /Q y° (z) 2 (v) dz (3.17)
that is
Joz(x,s)z (z,s)de - [z (2,8) 21 (¢, 5) do o1 (s) . Jo v () 21 (2, T) dx
: : I =7 5
[,z (@,8) zm (z,s)dx -+ [z (@, 5) 2 (2, 5) dz om (5) Jo v (@) 2m (2, T) da
(3.18)

where z; = z; (z,t) € C ([0,400); L? (Q)) is the solution of

Opzj — Azj+az; =0 in Q x (0,+00) ,
zj =0 on 00 x (0,+c0) , (3.19)
zj (,0) =27 inQ.
The existence of such o; (s) € C([0,7]) can be proved if and only if for all s € [0,T], the matrix
([, G (5,0) 2 (x) G (5,0) 29 () dz), _, i< 18 invertible .

3.1 Invertibility of ([ G (s,0)2¢ (z) G (s,0) 29 (z) dx)

1<i,j<m

By contradiction, we assume that the matrix M (s) = [[ 2 (z,s) z; (z, ) dmh<“<m is not invert-
ible for some s € [0,7T] fixed. Then the lines of M (s) are linearly dependent which implies that
{zi(z,8)}iy ..., are linearly dependent in L? (w). Hence there exists (p1 (s),- -, ftm—_1(8)) a non-

zero vector in R™~! such that

pr(s)z1 (ys) -+ pm—1(8) 2m-1(-,8) —2m () =0 nw. (3.20)
However, by the assumption that [Ap41] <1 < |Ap| =+ = |A2] = [A1], it follows that the function
s (T, t) = pa (8) 21 (2, 8) + -+ -+ fm—1 (8) Zm—1 (2, t) — 2m (z,1) (3.21)



satisfies
Oprts — Asg +axs =0 in Q x (0,27) ,
#s=0 on0dQ x (0,27 , (3.22)
25 (,2T) = [ M| 55 (,0) in Q.

In|X\q|
-

Let u (x,t) = b3, (w,t), then u € C ([0,277]; L* (Q)) solves

atu—Au—l—ln"\l‘u—i—au—O in Q x (0,27) ,
u=0 ondx(0,2T) , (3.23)
w(,2T)=u(,0) inQ.

By Theorem 3, there exists a constant ¢; > 0 such that if we choose a € L (© x R) such that

1/4
b <llall, <4 (2T) (3.24)

and noting that

ln|)\1| In [\
T

which follows from Lemma 2-2 and the fact that |A\;| > 1, then the solution v = wu (z,t) of (3.23)

satisfies

b+ ——

<llall, and >0, (3.25)

u(,0)=0inw=u(,00=0in Q. (3.26)
It follows by translation in time and by the 27-periodicity of u that

u(,8)=0inw=u(-,s)=0in Q. (3.27)
So s, (-,s) =01in Q and
()2 + -+ pme1(8) 201 — 22, =0 inQ. (3.28)
This contradiction shows that the matrix [ [ z; (z,s) z; (z, s) dz] \<ij<m 18 invertible for all s € [0,T]
and
o1 (s) oz (x,s)z(z,s)de - [z (2,8) 21 (¢, 5) do !
: =—7 : :
om (5) [,z (z,8)2n (z,s)de - [ zm (2,5) 2 (2,5) d

Jo v () 21 (2, T) da

Jo v (@) z2m (2, T) da

(3.29)
Consequently, if we take the control function f. € C ([0, T); L? (Q)) in equation (3.1) as
fe(z,t) = Z o (T —1t)z (2, T —1t) , (3.30)
i=1,---,m
then the corresponding solution y € C ([0, 400); L? (Q2)) satisfies
ly (0T oy = lm (@ 0T gy < |Am+1\<"—” Iy Dl
< Pl ™7 (1 gy 0= 0T 4 e ()l o eIl =) =)
(3.31)

for all integers n > 1, where A4 is the first eigenvalue such that [Ay,41] < 1.
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3.2 Estimate of ||f. (-, 5)|| 12,

It follows from (3.31) that we would like to compute fOT 1fe (o8l 2w ellalloa=6)(T=9) g5 We have

01 (S)

( o1(s) - om(s) ) {(f zi (z,8) z; (, s)dm)lgmgm}

Jo v’ (x) 21 xT)dx
:_%(01(3) Um(s))‘

Jov° (@) zm (2,T) d

or equivalently

which implies

2
X oi(s)z () <l | X oi(s)zi(T)

i=1,-m L2 (w) e=1,m L2(Q)
<Ll | S 0 )G T8z (hs)

i=1,---;m L2(Q)
< Lyl |G () X i ()i (9)

i=1,m L2(Q)

< L ly° oy =0T |52 gy (s) 2 (-, 5)

i=1,---,m L2(Q)

Now we claim that there exists a constant ¢ > 0 such that

Y a@ate)|  <ell 3 o)z

i=1,---,m L2(Q) i=1,---,m L2(w)

Indeed, since |Apmt1]| <1 < |Am| ="+ =|A2] = |A1], then the function

s (wvt) = Z ;i (8) 2 (xat)

i=1,---,m
satisfies
Oprts — Asg+axs =0 in Q x (0,27) ,
25 =0 on o2 x(0,2T) ,

5 (2T) = M |? 52 (-,0)  in Q.

Let u(z,t) = e, (z,t), then u € C ([0,277]; L* (2)) satisfies

Btu—Au—l—ln‘)‘l‘u—i—au—O in Q x (0,27) ,
u=0 ondQx(0,2T) ,
u(-,2T)=u(-,0) inQ.

11

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)



By Theorem 3, there exists a constant ¢; > 0, which is the same as that in (3.24) such that if we
choose a € L™ (Q x R) satisfying (3.24) and note (3.25) then the following estimate holds

/|u(m,0)|2dm§ec\|allié3/ lu (,0)|? dz | (3.39)
Q w

where C' > 0 is a constant which depends only on w and Q. It follows by translation in time and by
the 2T -periodicity of u solution of (3.38) that for all s € [0, T,

/ u(z,5)* do < oCllall3s? / lu(z, )| dz (3.40)
Q w

which implies
/ |5, (2, 8)|° do < eCllallel? / |52 (2, 5)|? da (3.41)
Q w

or equivalently

Z 0; (8) 2 (-, 9) < Cllallel’? Z 0;(8)zi (+,8) , (3.42)
i=1,---,m L2(Q) i=1,---,m L2(w)
as desired. By (3.42) and (3.34) we get
1, ., e ) (T— all4/3
Y ai@ns)|| S gl e =TTl (3.43)
i=1,---;m L2(w)

Now we conclude that if we take ¢, = G where ¢; is given in (3.39) then for all a € L*> (2 x R)
satisfying
Co

1/4
a6 (%) (3.44)

we may take the control function f. € C ([0,77]; L*(Q)) as form (3.15) with estimates

T a3 1 o T (la|l..— —s
S Ee o)y ds < APl Jlyo]| g [ olllallo—=6)(T=5) gg

< ¢Cllall2? o (llall o =41) (3.45)

T o
l9°ll 20

and -
all . — —s al|2/3 all .. — o
A ch (.’S)”L2(w) e(” [l oo fl)(T )ds S €CH 15 62(” loo 51)T Hy HLZ(Q) 7 (346)

so that the corresponding solution y € C ([0, +00); L? (2)) of (3.1) satisfies (3.31).

3.3 Exponential decay of the solution

Now we turn to obtaining the exponential decay of the solution. Let Cr, = 1+ Cllall? (llall o —01)T

By (3.31) and (3.46), it follows that
ly (Tl 0y < Dm0 Ogellale =T ey, o (3.47)
for all integers n > 1.

For any ¢t > T, we may write t = nT+o0 wheren > 1and 0 < o < T. Since y (-, t) = G (¢t,nT) y (-,nT),
it follows from (3.47) that

(3.48)

1y (O p20) = y(.,nT)HLQS)) ellalc=t)(t=nT) < ly (.0 2 e elllall—t2)T

all,—¢ o
< e (= (0= Dl (555 )) e Cree =0T Il age
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which implies

/ 1 O oe2(lall—2)T
Yy ()72 <exp(—1n< )) :
H ( )”L () T ‘/\m-&-l (T)| ‘)\m+1 (T)|2

for all ¢ > T, and completes the proof of Theorem 2.

||yo||L2(Q) (3.49)

4 The quantitative unique continuation for time-periodic heat
equation with potential

In this section, we shall show Theorem 3 by dividing the proof into three steps. In the first step, we
study the solutions u locally in w x {¢ = 0} then, in the second step, we apply a global Carleman
inequality for elliptic operators where time ¢ € (0,7 is seen as a parameter. In the last step, we
conclude the proof of Theorem 3 by choosing an adequat time T.

4.1 Step 1: Local property of v near ¢t =0

The goal of this subsection is to prove the following result:

Lemma 4-1 .- There exist a non-empty open subset W of w and a constant C,, > 1 depending
only on w and Q such that for all T > 0 and integers M > 2, we have

M
Sy lu (@O de < et (Cy (M +2)" 50 1) [ fu(,0)]° da

4 (1-(C,(M+2)2t) 2
et (M + 2% (W) I u(x,0)) do

for all t € (0,T), where the solution u solves the following linear heat equation with potential

ou—Au+pPut+qu=0 1in Qx(0,T) ,
u=0 on dNx(0,T),
u(-,0) € L2 (Q) .

Proof of Lemma 4-1 .- Let 2° € R? and r, > 0; we denote

B(z°r) ={zx e R\|z —2°| <7, } ,

D(az°r)={z e R!\|z; —af| <71, ,foralli=1,---,d} . (4.1)

Without loss of generality, we suppose that there exists r > 0 such that D (0,2r) C w. Then B (z°,7) C
w for all z° € [—r, r]d. Let N > 4 be an arbitrary but fixed integer; we have
B(z°,r/N)C B(z°,2r/N)C---C B(2%r) Cw. (4.2)
Let us define a sequence of smooth function ®,, € C§° (B (z°,nr/N)) for n = 2,---, N such that
0<®,<1,
®, =1in B(2°,(n—1)r/N) , (4.3)
[V®,| <2N/r.

The construction of such sequence ®,, is standard.
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Let ® € C5° (B (2°,1,)); multiplying the equation in Lemma 4-1 by ®?u, we get the usual energy
equality
14 [ |Pu(z ) dm+fQ |<I>Vu(x ) dz+ B [ |Pu(x )| da

4.4
*—quzt|<I>u(:ct)| de —2 [ ® (x) Vu (z,t) - VO () u(x,t) do (44)
from which, after some calculation involving Cauchy—Schwarz inequality, we infer
1d
5 [ euetPdo <l [ @u@dPde s ey [ utPds,
2dt B(z°,ro) B(z°,ro ' B(z°,r,)
(4.5)

Multiplying (4.5) by e~2ll9ll=t we obtain

d
[ e ) <2 VO ([ o de el )
dt B(z°,ro) ne B(z°,r,)

(4.6)
Taking ® = ®,, and 7, = nr/N in (4.6), using (4.3), it follows that
d
7 () <8 (N/7)* gns1 (2) (4.7)
forallm=2,---,N — 1, where
gn (8) :/ Dy (2, 8)[2 d e~ 2Mlct | (4.8)
B(z°,nr/N)
Integrating (4.7) over (0,t), we obtain that for all n =2,--- N — 1,
t
0 ® <81 [ g (7)dr 4, (0) (19
0
By induction, we deduce that for n =0,---, N — 3,
9 n+1 t
o= (307) e [Cgaorar+ X (s ) 620 . (420)
By (4.8), (4.3) and (4.10), after some computation, we have
Jo(ae.syovvay) I OF do €210 < iy b ) dar =2l
= fB(z°,2r/N) |I\§I)2u (‘T t)‘ dr e2llallt <9 (t) '
- j
< (8v/r)?) " N flgn (r)dr + T (8(V/r)*t)" gjs2(0)
=0, N =
N-2
< (BOVMP)T T [yggo gy [0 (@, 1) dwe2lel<Tdr
+7‘:o ZN 3( (N/r)? ) JB(ae.(j12yr/n) | Ri+2u (2, 0) )|? da
: N o - 7. 8(N/r)2t) V2
< (8(v/m)?) TN L () dae Ml dr + <(18<N/) I, (2, 0) dz .
(4.11)
On the other hand, it is easy to check that for all 7 € (0,7),
/ lu (z,7)]> do e 2Nl < / lu (z,0)|* dz , (4.12)
Q Q
which together with (4.11) implies
fD(z",T/ N\/E)) |u (Z’, t)‘z dx
N-—-2 _ 8(N/'r‘)2 (413)
< e2lallt T(s (N/r?) N2 o fu (o, ) e+ (W) Il (,0) 2 da:] .
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Now, we break the rectangle [O, ] C R? into N? small rectangles Dj,j=1,--, N, having same

Vd
shape, by dividing each interval [ , —} into N small pieces (i.e. {O, L} = [k: S(k+1
Vi (i Vi) = o Yy Feva BT 57
2
and [O, L} = [k ,(k+1 } [ , (k+ } , ...etc. It is
v <’“=07'L~J7N—1 wva | ) Wi k=0,-,N—1 v B D 57

clear that meas (D;, N D;,) = 0 for j; # j» and also

/[OT} (@ )P de= 3 / (@) da . (4.14)

"V j=1,-,Nd

One can check that for each D;, j =1,---, N9,

)
D;cD(a%k——) | 415
J (m Jwa) (4.15)

if 2% = (29,---,29) € [, r]d with ¢, j =1,---,d, equals k <r/N\/E) for some k = 0,---, N — 1, which
implies by (4.14) that

ARl

N-2 1—(8(N/r)2t) N 2 (4.16)
< N2l {(8 (N/r2) o b, 0) 2 de + (S_sm/))t I (2, 02 de| .
Let M = N — 2 > 2; we have
2l | (3 24 \M 2
S e ()P dz - < €2l (7 (M + 2)>*1r t) Jo It (2, 0)? dac
-
4.17)
d 8 M+2 2 (
L e2llallt {(M+2) i (1("f( M+;)2 >f lu (,0)] dm] :
Lemma 4-1 follows.
4.2 Step 2: Observability estimate for periodic-parabolic solutions
The goal of this section is to prove the following observability inequality:
Theorem 4-1 .- Let @ be a non-empty open subset of w. There exists a constant ¢ > 0 such

that for all T >0, >0 and g € L (2 x (0,T)), we have

2l T T
/ |u(x,0)|2dx < ¢ T exp (c (1 + 623 + ||Q\|ié3)) / / |u (:v,t)|2 dzdt ,
Q 0o Jo

where u € C ([O, T); L? (Q)) solves the following T-periodic in time linear heat equation with potential

ou—Au+Put+qu=0 1in Qx(0,T) ,
u=0 ondQx(0,T),
u(0)=u(-,T) nQ.

As we know, for initial condition problems of parabolic equation, the constant of observability grows
in an exponentially fast way of order e'/7 (see [12]). However, Theorem 4-1 shows that the constant
of observability exploses for small time only in a polynomially fast way of order 1/v/T for parabolic
equations with time-periodic condition.
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In order to prove Theorem 4-1, we need the following propositions.

Proposition 4-1 .- Let w, be a non-empty open subset of 2. There exist a smooth function
v = p(x) > 1 and a constant ¢ > 0, such that for all T > 0, § > 0, ¢ € L>®(Q x (0,T)) and

0>c (1 + B3 + ||q||ié3), we have

% (l o €29 [T, 0) i+ 55 [y 9 1) iz — 0 [ 29) [V s (1) i
(f e209@) |V (2,1)|* da + 02 [, €209 [u (z, 1) dz)
<c (9 L, e20°(®) |7y (2, 1) do + 63 L, e209(@) |y (2, 1) dx)

for almost every t € (0,T), where u = u (x,t) solves the following linear heat equation with potential

Ou—Au+pPu+qu=0 inQx(0,T),
u=0 on dQx(0,T),
u(-,0) € H2(Q)N H (Q) .

Proposition 4-2 (Global Carleman inequality for the operator A — j3).- Let w, be a
non-empty open subset of Q. There exist a smooth function ¢ = ¢ () > 1 and a constant ¢ > 0, such

that for all >0, g€ L™ (Q), 0 > ¢ (1 + B%/3 + ||q||4L/£ Q)) and w € H? () N H(Q), we have

126V - V (e?w) —(?wHQL2 (Gfﬂ 200(2) |V (z)|* dz + 63 Jo €299 |w (:1:)|2dx)
< ||e?? (A - B) w||L2 —l—c(&f e209(@) |V () de +6° [, e20¢(x) |w(x)|2d:c> .

The proof of Proposition 4-2 is given in the Appendix.

Proof of Proposition 4-1 .- We apply Proposition 4-2 to the solution u of the linear heat equation
with potential, then we deduce that there exist a smooth function ¢ = ¢ (z) > 1 and a constant ¢ > 0,

such that for all 8> 0, g€ L* (2 x (0,T)), and § > ¢ (1 + B%/3 + Hqu(/)S), we have

120V - V (e%%u(-,1)) — q (- 1) eful, ||L2(Q)
+1 (gf o200 (@) |VU (z, )" dz + 62 [, 2% |u (z,t)]? das)
< e (A By Dy + (0L, 210 (90 da 400 [, 259 2,0 )
(4.18)
for almost every t € (0,T).

On the other hand, we multiply equation —d;u + (A — B)u — qu = 0 by €2%¢ (A — §) u and integrate
it over €1 to get

2dt fQ 20000 |V (z, t)| dr + ZBdt Joe 2000 Ju (z, t)| dx + Hew (A=p)u ’t)H2L2(Q)

= Joa (@ t)u(e,t) (A = B)u(z,t) @ de — [, Oyu(x,t) 20V () - Vu(z,t) @) da

= Joa(x,t)u(z,t) (A~ B)u(z,t) e dy (4.19)
— [ Owu(z,t)e 00@)20V p () - V (e?¢@u (,1)) dx
+ Jo Owu (z,t) € 0020V () - (0Vp (z) e99)) u (z,t) da

which implies

14 [ 2000 |7y (x,t)f de + 384 [, e20¢@ |y (z,t) P dz — 02 L [ |V (2)]? €29 |u (2,1)|° da
+ ||66<p (A - /6) U ('7 t)HLz(Q) - fQ q (l’, t) U (I) (A - B) U (l’, t) QOW(I)dI
= — [, 0 (z,t) e29@20V 0 (z) - V (9@ (2,t)) dz .
(4.20)
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Replacing dyu by (A — 8) u — qu in the right hand side of (4.20), we deduce that

14 [ 2% |Vu (x t)\ da + 3BL [ 2% u(z,t)|* dz — 02 % [, [Ve|* 2% |uf* do
[ (A =By u (-, 8)|| 2 q) (4.21)
+ [ €@ (A - B) u(z,t) 20V (z) - V (@ u (z,t)) — q(z,t) @y (z,t)] do
= [qa(z, t)u(z,t)e?? @20V (z) - V (e?°@u (2,t)) do
By Cauchy-Schwarz inequality, it follows that
Jo (@, t)u(z,t) e @20V (z) - V (7@ (2,t)) da
=20 [, q(z,t)u(z,t) e?*@Vp (2) - (0Vp (z) @ u (2,t) + 9@ Vu (2,t)) dz (4.22)
2 2
<20 |lqll oo IVl () HeW“HLZ(Q) +20[lall o IVl oo (g []€” “HLz(Q) e? V“HLz(Q) :

Then, we conclude by (4.21) and (4.22) that

%% [fﬂ e20¢() |Vu (z, t)|2 dz+ 8 [, e209(@) |y (, t)|2 da —260% [, |V (:v)|2 e209(@) |y (2, t)|2 dx]
+ Hew (A=Bu Hi ©
2(Q)
+ [ ete@ (A - 5) (z,1) [nggp( )V (9@ (1)) — g (2, 1) ??@u (2, 1)) da
< 202 lqll IVI17 < 0 [[€?2 |2

20 1gll oo IVl oo () | € “||L2(Q ||60“0V“||L2(Q)
(4.23)
Consequently, there exists a constant ¢ > 0 such for all 5> 0 and ¢ € L*(Q x (0,T)), we have

L [Jo e [Vu @, D) do + 8 f, 2@ [u (2, 0) da = 267 [ [Vip (@) €2 Ju (2, ) da
+3 [|e” (A = B)u
+5 [ (A = B)u HL2(Q)
+ Jo o) (A - 6) (o D POV (). (¢4u,0) ~ 0,0z, 0] de
<@gl (Jo 2 [V @, O do + 62 [, 29 Ju (2,) )

vt ||Lz(g

(4.24)
for almost every ¢t € (0,7).

By (4.18) and (4.24), we get

51120V -V (%0u (1) —a (1) ePu -, 1)][7 g
3 (0 J 22 [Vu o, ) do + 68 |, 0ot |u(m,t)|2 dz)
_c (gf e20¢(x) |V’LL (a:,t)|2 dz + 63 fwo e20¢(z) u ($7t)‘2 dx)
H " (A= B)u (o0 e )
5 [fg o \Vu(x O e+ 8 fo 2 fu (2, da — 262 [ [Vep (@)* €22 |u (a,1)* de|
—3 [le”? (A= B)u HL2(Q)
4 Jp o) (A - ﬁ) (2:0) 20V &) - ¥ (7u (@,0) —a (@)W (w,0)] da
2l (Jo €220 [V (, ) das + 62 [, 29 Ju (2, 1) d)

I /\

IN

(4.25)
from which it follows that

& (3 Jo e 1V (0, d + 38 fo e [u (2,0) do - 02 [, |V €20% Juf® da

+% H [eew (A-=PB)u (-,t)] + [26’V<p -V (eewu (-,t)) —q(-,t)eu(- ] HLQ(Q)

+20 (fQ 0% |V (z,1)* da + 62 [, €20 |u (z,t) | da:) (4.26)
< Cllalle (Joo 22 IVu (@, D) dw + 02 [, €% Ju (w,0) do)

+£ (9 I, €% |Vu (z, )| da + 63 L, €% |u(z, ) dm) :

17



By taking 6 > ¢ (1 + 823 ¢ ||q||ié3> +4cc||q|| o, in (4.26), we deduce that the inequality

4 (3 Jo 9@ [Vu (@,6) do+ 38 [, 2@ Ju (2,6) do = 62 [, |V (2)]” €29 fu (2, )] de)
e (o 2990 (90 (2,0 da + 62 f, 5 u (a,0) do)
< (9 [, €220 [V (2, 6)* du + 6% [, 209 [u (z,t)[? dx)
(4.27)
holds for all 8 > ¢ (1 + B%/3 4 ||q||§é3> where ¢; > 0 is large enough. This completes the proof of
Proposition 1.

Proof of Theorem 4-1 .- Through the proof of Theorem 4-1, ¢ denotes several positive constants
only depending on the geometry. By integrating the estimate in Proposition 4-1 over (0,T), we get

S [, €202@) [V (2, 6)* dadt + 602 [ [r, €290 [u (2, t)|? dwdt

4.28
<c (9 fOT L, e20(@) |V (z,1)|? dadt + 63 fOT L, e209() |y (z, 1) dxdt) , (4.28)

thanks to the T-periodicity of u. With an adequat choice of § > ¢ (1 + 8%/ + ||q||i£3) in (4.28), it
follows that

/OT/Q|u(m,t)|2dasdt§eXp (c (1487 1 10 L%)) (/OT/W |u(x,t)|2dx+/oT/wo|Vu(:c,t)2d:c> .

By the usual energy method (i.e. equality like (4.4)), we also have

T T
/ IV (o, ) dedt < (c+ ||q||oo)/ / lu (,0)|? da (4.30)
0 Wo 0 w
for some w, C w C w, using the T-periodicity of .

Consequently, for all T > 0, 8 > 0 and ¢ € L*> (2 x (0,T)),

/OT/Q|u(m,t)|2dxdt§exp (c (1+,62/3+||q||§é3>)/OT/a|u(x,t)|2dx. (4.31)

where u solves the following T-periodic in time linear heat equation with potential

Ou—Au+pfu+qu=0 inQx (0,7) ,
u=0 ondQx(0,T),
w(,0)=u(-,T) inQ,
u(-,0) € H2(Q) N HL(Q) .

(4.32)

By density of H? ()N H} () in L? (), this last estimate is also true for solutions u with initial data
in L? ().

On the other hand, we recall that
e2”ql\ocf/ lu (z,T))? do < ezl\ql\xT/ u (z,t)|* dz (4.33)
Q Q

and

T
r< 1 (eQHQHwT - 1) :/ e2alltgy (4.34)

Finally, it follows from (4.33), (4.34) and (4.31) that

e2lalec T T

2lal Tfo Jo lu (z, )] dadt :

% exp (c <1+62/3+Hq‘|i43))f0 fa |u(1:,t)\2d1:dt_
(4.35)

Jo lu ($,0)|2dx = Jolu (:C,T)|2 dx

VANVAN

This completes the proof of Theorem 4-1.
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4.3 Step 3: Choice of T’

Now we are able to conclude the proof of Theorem 3 as follows. By integrating over (0,T) the estimate
in Lemma 4-1, we have

M
2o Jolu(@ O de < T (Cy (M 4203 7)) [ Ju(@,0) do .
a (1-(C,(M+2)*T)™ .
+62H’1HmT (M+2) M (Wz) fw ‘u ($,0)|2 dr .

Combining the later with Theorem 4-1, we deduce that there exists a constant ¢ > 1 such that for all
T>0,qge L>*(2x(0,T)) and integers M > 2, we have

Jo lu (ac,O)|2 dx

< exp (e (14 820 4 gl 2L2)) et (o (1 4+ 22 ) Jo (a0 s

! 1—(Co(M+2)2T)™
exp (o (14872 + gl 1) ) el T (a1 + 20 (“(M)))) Jo b, 0)?

(4.37)
From this we infer that there exists a constant ¢ > 1 such that for all T > 0, 8 > 0 and ¢ €
L>(Q x (0,T)) satisfying ¢1 + 8 < ||¢|| ., the inequality

M
Jolu (@0 do < e DL (0, (O + 27 7Y [ Jue,0) do

4.38)
c 4/3 a/m [ 1-(Co(M+2)2T)™ (
+e DI (o 4 2y (SEGERRY | a0 do
holds for all integers M > 2.
First we choose an integer M > 2 so that
1+d
M <2||q|/? ( j + 2(;) <M+1, (4.39)
or®
which can be done because ||q||, > ¢1. By (4.39), it follows that
l+d<M,
1) 4.4
{onal <o A
By (4.40) and (4.38), we infer
2 M= 1e(T-1) gl 47 s\ 2
Jolu(z,0)?de <e Y (Cw (2M) T) Jio It (2, 0)[? daz )

. 4/3 1-(Cu(2Mm)*T)™ 2
+ecHDal (201) (W) J, lu(2,0)[" da .

Next, we choose T' > 0, so that T' < 1 <

3
eCy, (4“4“%3 <%+2c>)
1

because of (4.39). Then by (4.41), we get

< 1, which can be done

1
eC,, (2M)3

/|u(m,0)|2d:cge*1/ lu (z,0)[% da + e2elalZ’ (2M)2/ |u (z,0)|” dz (4.42)
Q Q w

which gives

2
_ cligl|d/3 14+d
(1—e™1) /Q lu(z,0)) do < e2llalle l4||q||ié3 ( A7 +2c>
1

/ lu (x,0)* d . (4.43)
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Now let ¢, = L 7—, then by (4.43), we conclude that if ¢; + 8 < [|¢||,, and |[|¢||, <
eC., (4(%&(:)) o

/1 (%)1/4, then there exists a constant C > 0 such that

/ lu (z,0)[2 da < ecuquif/ lu (z,0)|? dz |, (4.44)
Q w

where the solution u € C ([0, T]; L? (Q)) satisfies the following T-periodic in time linear heat equation
with potential
ou—Au+fu+qu=0 inQx (0,7) ,
u=0 ondQx(0,T), (4.45)
u(,0)=u(-,T) inQ.

The proof of Theorem 3 is now completed.

5 The autonomous case

Let us denote by ¢;, with 0 < ¢ < f5 < {3 < ---, and by e; for ¢ > 1, the eigenvalues and eigenfunctions
of —A in H} (). Recall here that (e;) ;> forms an orthonormal basis of the Hilbert space L?(Q).

Let a = a(t) € L™ (R) be an even, T-periodic potential. From a Galerkin method, G (¢, s) can be
explicitly expressed by G (t,s) = e~ J{a(m)dtAlt=s) and one can check easily that the eigencouple
(z;’, )\j) of the compact selfadjoint operator G (T, 0) satisfies

{ )\j _ e—ZjT—foT a(r)dr ’

0 — o.
zj—ej.

Furthermore, we obtain the following asymptotic controllability result.

Theorem 5-1 .- Suppose that a = a (t) € L™ (R) is a space-independent potential satisfying

{(2) a(t+T)=a(t)=a(-t) mR,
(i) <k [Ta)dt<ts;

then for all initial data y° € L? (), the control function f € L' (0,T;L?*(Q)) given by

£ (@yt) = — Lot H ot (fﬂ fiif)(;é?j””) er (@)

implies that the solution y =y (z,t) € C ([O7 +00); L2 (Q)) of the following heat equation with potential
a=al(t),
aty_Ay—’—ay:f'l\wX(O,T) ZnQX(07+OO) )
y=0 on 90 x (0,+0) ,
y(,O) =y° n,

satisfies for all t > T,

o 1 [T
ly (8)]| 2y < C Ul +all . T) gy <_ <€2 + —/ a(r) d7> t> 19Nl L2 (e
T 0

and .
all®/? a — o
/0 1 (2 ds < N Qlaloamt)T ooy o
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where C > 0 is a constant which only depends on the geometry and o > 0. More precisely, o = %

for general non-empty subdomain w C  and o« = 0 under the Geometrical control condition of the
work of Bardos-Lebeau-Rauch (i.e. Q C R, d > 1, is of class C™, there is no infinite order of contact
between the boundary OQ and the bicharacteristics of 07 — A, and all generalized bicharacteristic ray
of 02 — A meets w x (0,T,) for some 0 < T, < +00).

Remark that no hypotheses on T' > 0 are required with a space-independent potential which satisfies
(llall o — #1) > 0 thanks to (i7). We omit details of the proof here. For general non-empty subdomain
w C Q, we apply Theorem A (see Appendix) to get a quantification of the unique continuation property
for the eigenfunction of —A in H} (Q) and deduce a = % When the Geometrical control condition
of the work of Bardos-Lebeau-Rauch [2] is satisfied, then we apply the observability estimate for the

wave equation for a fixed frequency and deduce o = 0.

If the even, T-periodic bounded potential a = a (t) depends only on time ¢, then G (T, 0) is a positive
operator and the first eigenvalue is of multiplicity one (see Krein-Rutman theorem in e.g. [15]). We do
not know if such result is still true for a potential @ = a (x,t) depending on space and time. Observe
that here no positivity hypotheses on the potential or on the initial data are imposed as in [15] or as
in [9)].

6 Appendix: Global Carleman inequality for the operator (A —

Carleman estimates are widely used in applied problems (see [16] for inverse problems or e.g. [13],
[12], [18] for controllability problems). In what follows, we present the proof of the Global Carleman
inequality for the operator (A — () that we have used (see Proposition 4-2 or Theorem A below). In
our inequality in Theorem A, the presence of the first term in the left hand side plays a key role.

Theorem A .- Let Q be a bounded connected domain in R, d > 1, with a boundary 0Q of class
C?, and w, be a non-empty open subset of 2. Then there exist a smooth function ¢ = ¢ (x) > 1 and

~ 12/3
a constant C > 0, such that for all 8 € R, for all g € L (), for all 6 > C <1 + ‘ﬁ‘ + ||31v||i/£(9)>,
for all w € H?(Q) N H(Q), we have

||29V(p -V (eeww) — Efw”iz(ﬂ) + % (9 fQ e20¢(z) |Vw (m)|2 dx + 63 fQ e200(x) ‘,w (x)|2 dl’)

~ |2
< |le?? (A - ﬂ) w' +C <c9 fwo e20°(@) | Gw ()| do 4 63 fwo e202() |y ()| daz) .

L2(Q)

6.1 An equality with weight

1/2
We denote ||.| = (f ()2 dz) the usual norm in L? (Q) associated to the scalar product (-,-) =

J (-,+) dz. From now, we shall omit all zs in the functions of .

Let § > 0, ¢ = ¢ (z) € C*(R?) be arbitrary but given. We shall prove first that function v (z) =
2@y (z) where w € H? (Q) N H(Q) satisfies the following

HAU — 0Apv 4 0% (V)’ v — fo — q~vH2 + 1120V Vo + o]

+2 (boundary terms)

40 [ X2, 02 (90)” + 26 [ VoV ((V9)*) (v)°

+40 [ 37,3741 01 p0ivd;u (A1)
= Hee“" (A - B) wH2 + 26 [ div (ApV) (v)?

—46 [ VequVv —2 [ [Av —0Apv + 62 (V) v — Bo — Ejv} qu

+208 [ Ap (0)” +260 [ Ap (Vo)* = 26% [ Ap (Vio)* (v)”
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265 [ Mg ()7 +20 [ Ag (Vo) - 26 [ Ap (V) ()
= =20 [ Apv [Av —0Apv + 62 (V) v — Bo — (}'v} (A2)
—20% [ (Ap)* (v)* — 20 [ ApG (v)* + 6 [ A%p (v)°
and

boundary terms = —0 (8,0)% Onep . (A3)
a0

Proof of (A1) .- We shall start from computation of all derivatives of v = ¢’#w and then write

term e?¥ (A - E) w as the sum of Pyv and Pyv where P; is an differential operator of order 1 and Ps

is an differential operator of order 2 given below; after that we calculate [, (Pav + Plv)2 dx where the
term [, (Pov, P1v) dz plays a key role.

One can check easily that

Av = Ae??w + 2Ve??Vw + 9 Aw

= 0Apv — 02 (V) v+ 20V Vo + 2 Aw (A4)
and .
Pyv + Pv = €% (A - B) w, (Ab)
where _
Piv = -20VpVov+ qu (A6)

Pow = Av—0Apv+6%(Ve)’ v —fo—gu .

Then we have

~ 2 - 2
He("“" (A - 6) wH = HAU —0Apv + 62 (Vo) v — Bo — (TUH +[|-20V Vo + qu||* + 2 (Pyv, Pro) .
(A7)
However, a direct calculation leads us to

(Pov, Prv)

= (AU — 0Apv + 62 (V(p)2 v — Bu — Gu, =20V Vo + (71))

= =20 [ VoVolAv 4 20% [ ApVpuVu — 203 [ Ve (V) vV + 208 [ VoV
+20 [ VoquVv + (Pyv, qu)

=20 [ 3, 01p0;v07v — 20 [ 32, 0ip0iv 37 4 Ov
+6% [ ApVpV (v)?
—0° [V (Ve)* V (v)?
+05 [ VoV (v)° (A8)
+20f VpquVov + (P, qu)

= =0 [ 32, 0ip0i (9y0)°
—26 f Zz Zj;éi 8j (8¢<p8iv(9jv) + 26 f Zz Zj;ﬁi 8ij908w8jv +0 f Zz Zj;éi &cp& (8jv)2
+6% [ div ( (ApVep) (v)2> — 0% [ div (ApVy) (v)?

63 [ div (w (W)Q) (v)2> + 03 [ div (w (w)?) (v)?

—0B [ Ap (v)°
+20 [ VoquVv + (Pyv, qu) .
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From this we get by integrations by parts

(Av — 0Apv + 62 (V(p)2 v — Bv —qu, —20VpVu + q~v)
= (boundary terms)
+0 [32, 07 (82»1))2
+20 f > Zj;éi dijp0iv0;v — 0 f > Zj;éi 9 (83‘“)2 (A9)
—62 [ div (ApV) (v)°
+0° [ div (w (w)?) (v)?
—0B [ Ap (v)°
+20 [ VoquVv + (P, qu) .

Then by (A7) and (A9), we infer

He"‘f’ (A — B) wH2 - (HAU —0Apu + 62 (V) v — Bu — ¢7UH2 + [|-20VeVo + ifv”|2>

=2 (Av — 0Apv + 62 (V<,0)2 v — Bu — Gu, =20V oV + c?v)
= 2 (boundary terms)

+20 [ 32, 02 (0i0)”

40 [ 3,30 0ip0i000 — 20 [ 32,30, 020 (950)°

—202 [ div (ApVe) (v)?

+2603 [ div (V(p (V@)Q) (v)?

~208 [ Ap (v)°

+40 [ VquVu + 2 (Pav, qu)

(A10)

or equivalently

| Poo]]* 4 120V eV — qu||* + 2 (boundary terms)

+20 [ X2, 02 (9,0)° +26° [ div (Vo (V)*) (v)°

+40 [ 37,572 0550070050 (A11)
= Heeg" (A - E) wH2 + 202 [ div (ApVe) (v)* — 40 [ VpquVo — 2 (P, §u)

+20 [ 30,32, 020 (950)? + 208 [ Ap (v)?

By adding 20 [ 3", 82 (9;v)” on the both side of (A11) and noting that div (V(p (ch)Q) = VeV ((Vg@)2> +
A (Vp)?, we get

| Pyol|® + |20V Vo — qu||> + 2 (boundary terms)
+40 [ 52,02 (00)* +26° [ VoV ((V)?) (v)°
+40 [ 32,3741 01000050
= e (- 5) |
+20 [ div (ApV) (v)? — 40 [ VpquVv — 2 (P, qv) (A12)
+20 [0, 37,2 020 (950) + 208 [ Ap (v)°
+20 [ 32,020 (9v)° — 20° [ Ap (Vp)? (v)°
e (3R
+20 [ div (ApV) (v)* — 40 [ VoguVu — 2 (P, qv)
+208 [ Ap (v)* 420 [ Ap (Vo) = 260° [ Ap (Vi)* (v)”

as desired.
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Proof of (A2) .- By integrations by parts and the fact that v € H? (Q) N H} (), it follows that

20 [ ApVuVu
= =20 [ ApvAv — 26 [ vV APV
= —295[ Ap (v)° — 20 [ Apv (A - B) v—20 [vVApVY (A13)

= 208 [ Ap (v)> =260 [ Apv [P2v+0A<pv—92 (Vy)? v+qv] — 20 [ VApiV (v?)
or equivalently

208 [ Ap (v)* +20 [ Ap (Vv)* = 26° [ Ap (Vp)? (v)° (A1)
= =20 [ Apv [Pyv] — 26 [ (Agp)2 (v)2 - 29fA<p§(v)2 +0 [ A%p (v)2 ,
as desired.

Proof of (A3) .- By (A8) and (A9) we can check that

boundary terms = —0 [ >, 0; (aigp (aiv)2)
20 [ 2,45 05 (Dup0000) + 0 [ 32,5505 (9 (ajv)Q)
+92fdw ( ApV ) (v )2) — 63 [ div ((w(w)2 (U)Q) (A15)
—0 faQ Z Oip (6 U) n;

20[892 Zﬁéz 7908 vdjun +0f8QZ Zﬁézz ditp (9; U) n;
+602 [0, (ApV@) ()2 -0 — 63 [, Voo (V)* (v)? -

Since v € H? () N H} (Q), we deduce from (A15) that

boundary terms = —0 [, >, 0;p (0; 0)? n;
—20f892 Dt 14,03 00N + 0 [0, 37 352 9ip (0 ) n;
=20 [, > 9o ( dv)’n; — 20 [0, 22 0ip0v0;un; (A16)
+0 faQ Z Z];ﬁl Oip (8 ’U) n; + GIBQ Z ditp (0; v) nz
= =20 [0 2°: >_; Oipdivdjun, —I—Gfagz >, 0ip (95 v)* ng
= =20 [,, VoVud,v +6 [, (Vo) )2 Ohe .

Since vjgq =0, Vv = (Vv -n)n and then we have

boundary terms = —20 faﬂ (On v 2000+ 0 [o0, (V) Onp

Al7
=0 [0, (0 6ﬂ‘p (A17)

This completes the proof of (A3).

6.2 Choice of the weight function

We shall prove that with a particular choice of ¢ = ¢ () > 1 there exists a constant C' > 0 such that

- ~12/3
for all B € R, for all g € L*> (), and § > C (1 + ‘ﬁ‘ + ||q~ig(ﬂ)>, the estimate

|26V oV (e?Pw) — Q69“"w|| + = (93 Jo (ee‘pw)2 +6 [, (V (eoww)f)
< Heg‘p (A — B) wH +C (03 fwn (ee¢w)2 + wan (V (eeww))Q)

holds for all w € H? () N HE ().

(A18)
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Proof of (A18) .- We study the particular case that ¢ (z) = e?¥(*) where p > 0 and 1 is a smooth

non-negative function. One can check that

A = p* (V§)* ¢ + pAipg
and )
ipdfe = p(dip) 00+ giwpafjwso
0ipd; 0050 = p® (050)” (i)™ 0 + pdipdjpdhe .
Next we compute VoV ((Vg@)2) = 3. 9;00; (V)? . Since

0ip0i (Vp)* = 20,0V Vi = 2020 (9,0)" + 200 31, ;000
=2 (p? (0:9)" o + pdp | (Dip)”

+2:8i<ﬂ 2 i 050 [P2ai¢:@8j¢ + pdZve)
=2|p? (01)° ¢ + p0Pp| (Dip)’?
20103 54 (pOj00) (pDithp) pBjb + 200 Y, 00030
=2|p? (0:)° ¢ + poPp| (Dip)?

20200 Y, (050)° @0ip + 20,03 . D50p0 ¢
=20 Y, (05)° ¢ (9ip)?

+2p [@%sﬂ (Dip)” + 050 3 24 f)jw?jwcp] ;

it follows that
VeV ((Ve)) =20 (V9) 0 (V)?
+2p3°, [@7:21# 0i0)> + 010 Y44 5j¢3?jw] @ .
On the other hand, by (A1) and (A2), we infer
| Povl|® + |20V oV + qu||* 4 2 (boundary terms)
+40 [ X2, 02 (0,0)° +20° [ VoV ((V9)*) (v)°
+40 [ 37,572 055000050
= He‘gﬁ" (A - B) wH2 + 202 [ div (ApVe) (v)* — 460 [ VpquVo — 2 (P, Gu)
—20 [ Apv [Pav] — 20 [ (Ap)? (v)° — 20 [ A (v)* + 0 [ A2p (v)?
which together with (A22) gives
| Pov]|? 4 120V oV — Gu||* + 2 (boundary terms)
+40p* [0 3, ((5i¢)2 (O)* + Dot 3i¢5j¢3waﬂ)
+40p [, (afw (aiv)2 + Zj;éi, aqupaivajv)
+46°0 [ (V9)°* (V) o (v)°
163 [ ;026 (0i9)” + 0i0 X215 030030 0 (v)°
= Hee"” (A - 5) wH2 + 202 [ div (ApVe) (v)* — 40 [ VpquVo — 2 (P, o)
—20 [ Apu [Pav] — 2602 [ (Ap)? (v)% — 20 [ Apg (v)* + 0 [ A2 (v)?
or equivalently
| Pov]| 4 120V Vv — Gu||* + 2 (boundary terms)
+40p” [ o (3, 0ipdiv)?
+46°0° [ (V)" (V) ¢ (v)°
= Heeﬂ" (A - B) sz + 202 [ div (ApVe) (v)* — 40 [ VpquVo — 2 (P, Gu)
—20 [ Apv [Pov] — 202 [ (Ap)* (v)% — 20 [ Apg (v)° + 0 [ A2p (v)°
—40p [0 (afzp (0:0)” + 322, 05000,
—46% [ 50, [02 (01)? + Oip X2, 030030 | 0 (0)
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Next we compute the term 20p? [ (V1h)? ¢ (Vv)*. To this end, we observe by (A2) that

20 [ [0* (V)% o+ piip ] (V)? =26 [ A (V0)’
= 205 [ Ap (v)” +26° [ Ap (Vp)? (v)?

—20 [ Apu [Pyv] — 202 [ (Ap)? (v)° — 20 [ Apq (v)* + 0 [ A2p (v)?

= —208 [ Ap (v)° +20° [ [0 (V)* o + pAibg| (V)* ()

—20 [ Apv [Pyv] — 202 f(Aga)z (v)2 - 29fA<pq~(v)2 +6 [ A% (v)2

which implies

2007 [ (V))? ¢ (Vv)?

= fQHpIAwgo (Vv)2
+20%02 [ (V)? (V)2 o (v)?
+20%p [ Ay (V) ¢ (v)°

~20 [ Apv [Poo] - 26% [ (Ap)* (0) = 20 [ A (G+ B) (0) + 0 ] A% (0)° .

Finally, it follows from (A25) and (A27) that

| Pyo]? + |20V Vo — qul|* + 2 (boundary terms) + 402 /&, ipOw)°
+40°0° [ (V)" (V) o (v)°
+20p? [ (V) ¢ (Vo)?

= Heew (A - B) wH2 + 2602 [ div (ApV) (v)? — 40 [ VpquVu — 2 (Pav, qu)

+2 (=20 ] Agv[Po] - 26% [ (Ap) (0) =20 [ Mg (7+ ) (0)° + 0] A% (0))

—46p 3, (331/)@ (0:)° + 3 3%W3iv5jv)
—463p 1> [8221/’ (ai‘P)Q + Oip Z]‘;ﬁi 5j905¢2j¢} 14 (U)Q
—20p [ App (Vo)® +20%p2 [ (V)2 (V) 0 (v)? +20%p [ A (V) o (v)?

or equivalently
| Pyo]|? + |20V eV — qu||* + 2 (boundary terms) + 402 /&, pd)* o
+20°p% [ (V)* (QV%O)Q o ()" +20p% [ (V)" o (Vo)?
= Heeg’ (A - E) wH + 202 [ div (ApVe) (v)? — 40 [ VoquVo — 2 (P, qv)

+2 (=20 [ Apv[Pyo] = 26° [ (Ap)? (0)° 20 [ A (T+5) (0)° + 0 ] A% (v)%)

~40p [ X2, (0200 (90) + X2, 020000070
—10%p | 52, [0 (000" + Bip X2, 050080 o (0)?
—20p [ Ao (V)® + 263 [ A (V) (v)? .
Now, we choose ¢ such that 1 € C? (Q), ¢ (z) > 0in Q, ¢ (z) = 0 on 9Q and

[V ()] >0 VaeQ\w, ,

(A26)

(A27)

(A28)

(A29)

(A30)

where w, C w is an arbitrary fixed subdomain of € such that @, C w. The existence of such function
1 was proved in [13]. Then the boundary terms (A3) are non-negative. More precisely, for all p > 0,

0> 0,

boundary terms = —0 (8nv)2 (pOn) >0 .
a0

(A31)

By (A30), (A31) and (A29), there exists a constant C' > 0, such that for all p > 0 there is a constant
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C, > 0 such that for all > 0, we have

1Pov]|* + 1120V o Vo — go|*
12 (020 o, (V0 0 (0 + 602 [, @ (V0)°)
< || Pool® + |20V eV — qu|* + [2 (boundary terms) + 40p* [ (>, d;0d;v)* gp}
+2050 [ (V)* (Vi) ¢ (v)* + 2002 [ (V) 0 (V0)?
= Hew (A - B) wH2 + 202 [ div (ApVe) (v)? — 40 [ VpquVo — 2 (P, o) (A32)

+2 (—29ngm) [Pov] — 262 [ (Ap)” (v)* — 26 [ Ap (Ej—i— g) (W) +6 [ A% (v)z)

40 50, (0200 (00)” + 32,5 0%y 0i00;0)

—46% [ 5, (026 (0:9)” + 0i0 X215 03000 | 0 (v)°

—20p [ Ao (Vo) +20°p [ Adbp (Vi) (v)” .

Using Cauchy-Schwarz inequality in (A32), we get

| Pyv])* + [[26VpVo — ]|
+é’ (03/72 fﬂ\w VSD)2 ( ) +0p fQ\w V’U) )

<[l (a—3)w|
+02C, [ ()7 + 62 ]~ Cp [ ()" + [ (V0)* + 2] [ (v)? (A33)
+1 Pl + o (Jdl.~ +|3]) Cpf (v)* +6C, [ (v)°
+COp [ ¢ (Vv)’
+C0%p [ (V) ¢ (v)?

+COp [ ¢ (Vv)* +COp [ (Vip)* (v)* .
Finally, we obtain that, (recall that ¢ > 1) for all p > 1, for all § > 1,
L IPwl* + [|120VVo — avHQ
1502 (6 for, (V) 0 (0)7 0 [, 9 (V0)?)
<l (=B
6 (1+ |B| + 1dll o + 13 ) C | ()7

+Cp (] (V) ¢ 0 +0 [ ¢ (Vo)) (A34)
< [l (- 2)ul

+26? (1+\6\+qule)0 J @

+Cp (0 [, (Vo) o +9fwo © Vv)2>

+Cp (6 oo, (W)Q e W) 40 fo,,, @ (T0)°)

where C' > 0 is a constant independent of p and 6. Now we may choose and fix p > 1 large enough in
(A34) to get

120V Vo — gu|® + L (93 Jonw, (V920 (0) +0 [, ¢ (T0) )

= H " (A ﬁ) wH (A35)
+02 (1+ 3] + ||qHLm) C (Jor, @+ [, @)
+C (63 L, (VO e ) +0 [, 0 (V0)*) |

where C' > 0 is a constant independent of §. Then by (A35), using properties of ¢, we may choose
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large enough so that 6%/2 > C (1 + ‘B’ + H§]|2LOO(Q)) to get

20V Vo —NQ~UH22‘|‘ ren (93 Jov. (v)* +6 Jovw, (VU)Q) (A36)
< He‘gﬂ" (A — B) wH + Cy (93 L. (Vo) ¢ (v)° + 0/, ¢ (Vv)2> ,

where C; and Cy are two constants independent of 6.

Finally, we have proved that there exists a constant C' > 0 such that for all E eR, ge L*(Q) and

_12/3
6>C (1 + ’B‘ + ||67||i/£(9)>, the following estimate holds

120 6V0 — qol)” + & (62 fp (0) +6 [ (V0)?)

~ 2 (A37)
< e (a=B)u +c (¢ [, @ +64, (vo)*) .
Thus, coming back to the function w, we obtain that for all § > C (1 + ‘5‘2/3 + ||q~||i/o§(9)>7
120V W (e?0w) — gereuw||* + & (6% fy (%2w)” +0 [, (V (#°w))?) e
~ A38
< Heg“’ (A — ﬁ) sz +C (93 fwn (e‘%w)2 + wan (Vv (ee*ow))2) ,
which completes the proof of (A18).
Finally, we deduce from (A38),
20V oV (e9w) — ge?ew|” + L (0% [, (?9w)” + 0 [, (2 Vuw)?
057 (50) a4 (P fy o) oy )

- 2
< Hee‘/’ (A — 5) wH +C (93 fwo (ee‘Pw)2 + wao (eeWVw)Q) )
which implies Theorem A.
This closes the Appendix on the Global Carleman inequality for the operator A — B where B eR.
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