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ABSTRACT. This work concerns with the existence of the time optimal controls
for some linear evolution equations without the a priori assumption on the
existence of admissible controls. Both global and local existence results are
presented. Some necessary conditions, sufficient conditions, and necessary and
sufficient conditions for the existence of time optimal controls are derived by
establishing the relationship between controllability and time optimal control

problems.
1. Introduction. Let H be a reflexive Banach space with norm || - ||, U another
Banach space with norm || - ||y, —A the infinitesimal generator of a Cy-semigroup

{S(t)}+>0 in H, with domain D(A). Let B(-) € L*(R*;L(H)) and D € L(U,H)
(Here, RT = (0,00), L(H) and L(U, H) denote respectively the space of all linear
bounded operators on H and that of all linear bounded operators from U into H).
In the sequel, we shall fix a p > 0 and an € > 0.

One of the most important infinite dimensional control problems is the time
optimal driving of the solution y = y(¢; yo, u) of the following controlled system

ye + Ay + B(t)y = Du(t), t >0 (1)
from an initial point yg € H into a target set Q C H, i.e.,
y(oa Yo, U) =1%o and y(T7 Yo, U) € Q7 (2)
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by means of (strongly measurable) controls u(¢) : Rt — U with a maximum-norm
bound

lu@®)|y <p ae. inRT. (3)

We call it a time optimal control problem governed by equation (1) with initial data
Yo, target set () and control set U, where

U, ={u:R" — U measurable; |u(t)||v <p, a.e. t € R}

In this paper, we shall take the target set @ as the following:
Q=DB(y1)={y e H; [y —wnl <e}, (4)
where y; € H is arbitrary but fixed, and consider the time optimal control problem
(P1) Min{T; y(T;yo,u) € Q, u € U,}.

Note that problem (P;) depends on the controlled system (1), the initial data yo,
the target set  and the control set U,. When system (1), yo, @ and U, are given,
a function u € U, is called an admissible control for (Py) if there exists a number
T > 0 such that y(T;yo,u) € Q; while a function u* € U, is called a time optimal
control for (Py) if there exists a number 7% > 0 such that y(T™; yo,u*) € @ and

T = Min{T; y(T;y0,u) € Q, u €U,}.

We call this T* the optimal time for (P).

When system (1), Q and U, are given, we say that problem (P;) has admissible
controls (or time optimal controls) globally if for each yo € H, it has admissible
controls (or time optimal controls, respectively). We say that problem (P;) has
admissible controls (or time optimal controls) locally if there exists § > 0 such that
for each yo € H with dist(yo, Q) < J, it has admissible controls (or time optimal
controls, respectively). By the global or local existence of admissible controls or
time optimal controls for (P1), we mean that (P;) has admissible controls or time
optimal controls globally or locally.

There exist numerous results on the characterization of time optimal controls
governed by evolution systems (cf. [1], [4], [5], [9], [17]) where the existence of
admissible controls are a priori assumed, from which the existence of time optimal
control follows in many cases. We remark that the study of the existence of admis-
sible controls has independent interest. Indeed, the answer to this question would
provide the foundation for the various optimal control problems which study after
that what would be an optimal choice, in one or another sense, of such trajectory.
However, to the best of our knowledge, the problems whether (P;) has admissi-
ble controls globally or not and in which conditions (P;) has admissible controls
globally have not been investigated clearly so far, even for the “simple” target set
Q given by (4). Indeed, in this paper we observe that problem (P;) may have no
admissible control globally, as shown by our analysis in Section 2.

In this article, we shall also consider a special but important case of (P;) in
which @ = {0}. More precisely we shall study the following time optimal control
problem

(P2) Min{T; y(T;yo,u) =0,u € U,}.
We shall see that even in the case where system (1) is a controlled heat equation

with some potential, problem (P3) may have no admissible control globally. Thus,
it is quite interesting to establish some sufficient conditions, necessary condition,



ON THE EXISTENCE OF TIME OPTIMAL CONTROLS 927

and/or sufficient and necessary conditions for the global existence (or even local
existence) of admissible controls for (P3). This turns out to be the main topic
in this paper. In this work, we obtain some sufficient conditions for the global
existence of time optimal controls for problem (P2) and show that such sufficient
conditions are also necessary in some sense. Also, for some linear heat and wave
equations with potentials we establish sufficient and necessary conditions for the
global existence of time optimal controls.

It is notable that the above problems, (P;) with any given ¢ > 0, (P1) with
e = 0 and (P5), are respectively closely related to the constrained approximate, the
constrained exact and the constrained null controllability of evolution systems, i.e.,
some constraints are added to the control function for the corresponding controlla-
bility. In the present situation, system (1) is said to be constrained approximate (or
exact) controllable under the constraint control (3) if for any y; € H problem (P;)
with any given € > 0 (or € = 0 respectively) has admissible controls globally; while
system (1) is said to be constrained null controllable under the constraint control
(3) if problem (P5) has admissible controls globally. Although great progresses have
been made in the field of controllability theory without constraint ([2, 6, 7, 11, 8, 19]
and the references cited therein), as far as we know, the study of constrained con-
trollability theory, even for the linear evolution systems, is not well-understood
(We refer to [14] for an interesting constrained controllability result for the wave
equations). Indeed, it is well known that, in the case without constraint, for most
linear systems, the approximate controllability and null controllability may hold
simultaneously. However, this is not true for the constrained case. We show in the
present work that the constrained approximate controllability is impossible even for
the evolution systems with very weak dissipation mechanism, while the constrained
null controllability is still possible for the evolution systems with linearly growing
energies with respect to time variable .

This paper is organized as follows. In Section 2, we give some necessary conditions
for the global existence of admissible controls for problem (P;). In Section 3, we
establish sufficient conditions for the global existence and local existence of time
optimal controls for problem (P5). In Section 4, we obtain necessary and sufficient
conditions for the global existence of time optimal control problems for the linear
heat and wave equations with potentials.

2. Necessary conditions for the existence of admissible controls for (P;).
In this section we shall give some necessary conditions for the global existence of
admissible controls for problem (P;) where Q = B.(y1) with y; € H and £ > 0.
We shall see that for some evolution system under framework of (1), problem (P;)
may have no admissible control globally.

Let H* be the dual space of H with norm || - ||.. We denote by F : H — H*
and F* : H* — H** = H the duality mappings respectively. Then for any ¢ € H,
©* € H* and ¢* € F(¢), p € F*(¢*), we have

19117 = 191* = (¥, %") and [lo]* = lle* ]I = (@, ¢"),

where (-, ) denotes the paring between H and H*.
Let T > 0 be arbitrary but fixed and consider the adjoint equation of equation

(1) on (0,7) '
{pt—Ap—B (t)p=0 in (0,7), (5)

p(T) = pr,
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where A* and B*(t) are the dual operators of A and B(t) respectively and p; € H*.
Let {G(t,5);0 < s <t < 0o} be the evolution system generated by —A — B(-) (cf.
[15]) and G*(t, s) be the dual of G(t, s). Then the solution p of equation (5) can be
represented by

p(t) = G* (T, t)p. (6)
We assume that

(H;) There exist a constant A > 0 and a p; € F(y;) such that

T
1G*(T, 0)p1 ]|« +/ |G™(T, s)p1ll«ds < Allpills, VT >0. (7)
0
The main result in this section is as follows:

Theorem 2.1. Let (Hy) hold for y1 € H. Suppose that there exist yo € H and a
control w € U, such that y(T';yo,u) € Be(y1) for some T > 0. Then

lyall < Alllyoll + Al Dl Lw,m)) + & (8)
Proof. From

T
y(T) = G(T,0)yqo +/O G(T, s)Du(s) ds,

where y(T') = y(T'; yo, u) and noting (7), we get

(1), p1) = (Yo, G*(T, 0)p1) +/0 (Du(s), G*(T; s)p1) ds

T

< lyollIG*(T, 0)pu |« + P||DHL(U,H)/ |G (T, s)p1 ||« ds
"o (9)

< (llyoll + PHDHL(U,H))(HG*(Ta 0)p1 |« +/0 IG*(T, s)p1ll« dS)

< Allyoll + ol Dl v, m)) P[]«

= A(llyoll + PPl w19 [I-

On the other hand, since y(T') € B:(y1) and p; € F(y1) we have

W(T),p1) = (w1, p1) + W(T) — y1,p1)
> |lyall® —ellmll,

which together with (9) implies (8). This completes the proof of Theorem 2.1. O

Remark 1. Theorem 2.1 gives a necessary condition for the global existence of
admissible controls for problem (P;) with @ = B:(y1). Note that the constants A
and || D| v,z appeared in (8) of Theorem 2.1, are independent of T', y1, yo, p and
€. By this, we see that for fixed yo, p and ¢, in order to have uw € U, and T" > 0
such that y(T; yo,u) € Be(y1), y1 can not be far from original point in H, i.e., ||y1]|
can not be large enough. Thus we could at most expect the local existence for the
admissible controls of problem (Pq).

The following is an example such that (H;) holds.
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Let 2 C R™ (n > 1) be a bounded domain with C? boundary 9, b be a real
number, w C € be an open subset and Y, be the characteristic function of w.
Consider the following heat equation

yr — Ay — by = xou in Q x RT,
y=20 on 90 x RT.
Let {X\;}i>1, A1 < A2 < A3 < ---, be the eigenvalues of —A with the Dirichlet
boundary condition and {e;};>1 be the corresponding eigenfunctions. The adjoint
equation of (10) on (0,T) is as follows
pe+Ap+bp=0 inQx (0,7),
p=0 on 90 x (0,T), (11)
p(T) =p in Q.
In the case that b < )\, one can easily check that for all p; € L?(Q2), the solution
p of equation (11) satisfies

(10)

T
1p0)ll 22y + (M — b) / 1) 2 dt < lIp1 22 (c-

Hence assumption (H;) holds for all y; € L?(2) (Note that the duality mapping
F : L?(Q) — L?(Q) is the identity mapping). In the case that b > )\, we observe
first that there is a Ay such that b < Ay since \; — oo as i — oo. Hence (Hy) holds
for all y; € span{e;,j > N}. Indeed, for p; = ijN nje; with ijN 17]2- < 00, the
solution p of equation (11) is given by
p(t) = Z e_(’\j_b)(T_t)njej,
J>N

and satisfies (7).

Remark 2. Generally, Assumption (H;) holds for any y; € H whenever there are
two constants C' > 0 and r > 0 so that

G, 0)|| Ly < Ce™™,  Vit=>0,
i.e., —A — B(-) generates an exponentially decay evolution system.

The following is a weakened version of Assumption (H;):

(H;)" There exist a Banach subspace V of H* with continuous embedding, a con-
stant A > 0 and a p; € F(y1) NV, such that

T
IG™(T, 0)pa [« +/ |G*(T, s)pall« ds < Allprllv, VT >0.
0

Similar to the proof of Theorem 2.1, one can show that

Theorem 2.2. Let (Hy)" hold for y, € H. Suppose that there exist a controlu € U,
and an element yo € H such that y(T;yo,u) € Be(y1) for some T > 0. Then

ly2l* < Allyoll + I Dl zw,m))llpsllv + ey (12)

By Theorem 2.2, one has the following consequences.

Corollary 1. Let (Hy)' hold for some y; € H \ {0}. Then problem (P1) has no
solution provided that the target Q is sufficiently away from 0, or in other words,
system (1) is not constrained approximately controllable under the control constraint

(3).
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Proof. Tt is easy to see that my; € H, m = 1,2,---, satisfy (H;)" (with the same
constant A). Therefore, if problem (P) admits a solution for any given initial data
yo and any target @, then applying (12) in Theorem 2.2 to my;, one finds

1
ol < — [Adlyoll + 21D luw,m)lipa v + el ] (13)

Taking m — oo in (13), we get y; = 0, which is a contradiction. This completes
the proof of Corollary 1. O

Corollary 2. Suppose that B =0 and —A* generates a Cy-semigroup S*(t) in H*
with a polynomial decay rate, i.e., for some positive real number r and c,
c
S* )zl < ————|25 ), Vit>0 and z5 € D(AY). 14
15" @551 < gy I3 o € D(AY) (14
Then problem (P1) has no solution provided that the target Q is sufficiently away
from 0.

Proof. In view of the semigroup property of S*(¢), for m = 1,2, -, it follows from
(14) that

m

[1S* (mt)z5 ||« < )mTHZSHD((A*)M)a Vit>0, z5 € D((A)™). (15)

c
1+t

We now fix a m so that mr > 1. Then, from (15) and using again the semigroup
property of S*(t), it is easy to check that (Hp)" hold for any zo € F*(z) with
z5 € D((A*)™). Hence, the desired conclusion follows from Corollary 1. This
completes the proof of Corollary 2. O

Remark 3. There are extensive studies on the polynomial decay rate for solutions
to linear evolution equations. We refer to [12], [16] and the references cited therein
for related results in this respect. Note however that, in order to have a polynomial
decay rate for the underlying semigroup, generally, one only needs to introduce a
weak dissipative mechanism into the system. Corollary 2 says that a weak dissi-
pative mechanism of the system may lead that problem (P;) has no solutions for
“large” target ). The following corollary shows that one has the same non-existence
result for even weaker dissipative mechanism of the system.

Corollary 3. Suppose that B = 0 and A* has a pair of eigenvalue \* and eigen-
vector * in H* such that ReA* < 0. Then problem (P1) has no solution provided
that the target Q is sufficiently away from 0.

Proof. Fix a ¢ € F*(¢*). By S*(t)¢* = e 'p*, and noting ReA* < 0, it is easy to
see that ¢ satisfies (H;). Therefore, Corollary 3 follows easily from Theorem 2.1
and the same argument as that in the proof of Corollary 1. O

Remark 4. It is well-known that A* has at least one eigenvector whenever A*
has compact resolvent. Therefore, the assumptions on A* in Corollary 3 hold if,
further, —A* generates a strongly stable Cp-semigroup in H*, i.e., for any z € H*,
S*(t)z — 0 in H* as t — oco. On the other hand, for most of systems with dissi-
pative mechanism, it is not difficult to check the strong stability of the underlying
semigroup. Note that Corollary 3 says that for this sort of systems, problem (Py)
has no solutions for “large” target (), and constrained approximate controllability
is impossible under the control constraint (3).
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Remark 5. The solvability of problem (P;) is not clear when —A — B(-) generates
an evolution system G(t,s) in H such that G*(¢,0) is unbounded at infinity, i.e.,
for some zg € H*,

T (|G (. 0) 0] . = oc.

3. Sufficient conditions for the existence of time optimal control for (P;).

3.1. Global existence result. In this subsection we shall give some sufficient
conditions for the global existence of time optimal controls for problem (Ps).
We need the following assumptions:

(H2) There exists a time duration Ty > 0 such that for each natural number j,
there is a positive constant C; = C;(To, || B} (-)|| > (0,70;(r+))) such that

17 (0)]I+ < CiID* P |12 000y, ¥ 1 € HY, (16)
where B} () = B*((j — 1)To + -), p is the solution to the following adjoint
equation

: (17)
P (To) = pr-

(H3) For M; = ||G*(5T0,0)||L(a=y, 5 = 1,2,---, and Ty and C; appeared in As-
sumption (Hz), it holds that

oo

{ —p} + AW+ Bi(t)p) =0 in (0,Tp),

1 —
— M;C;

00. (18)

J

Remark 6. Assumption (Hs) is a kind of observability inequality associated with
system (1). On the one hand, we observe that the right hand side of (16) is L'-
norm in time while the usual observability inequality in the literature is for L?-norm
in time. We refer [6, 7, 8, 13, 19] and the rich references cited therein for recent
progress on the observability estimates (of L?-norm in time) for PDEs. However,
for time-reversible system, inequality (16) can be implied by the exact observability
estimate
[p1ll« < CID* P | L20,10;0%), Vo1 € H”.

Indeed, by the later inequality and the time reversibility of system (17) or more

precisely

oo lpalls < 1 O]l < C"Ipalls, ¥ p1 € H,
J

we get

1Pl < ¢ (_sup D (1) o dt)’

To )
- / 1D (8)]
t€[0,To] 0

, Ty | 4
<c" (o). [ 1D Ol )

which yields (16) (with a observability constant (C;””)?) where | - [y~ denotes the
norm in U*. We are not clear whether for all time-irreversible systems, inequality
(16) can be implied by the observability estimate

127 ()1« < G ID* P L2o,mo0+), Vo1 € H,

(we refer to [6] for a positive result for the heat equation with potential).
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On the other hand, in some typical cases, the constants Cj, j = 1,2,---, in
(16) are bounded by a uniform constant C' = C (Ty, | B*|| Lo (r+;1.(#+))) 5 i-6., Cj <
C, Vj.

Remark 7. Suppose that C; < C (Vj), where C; are the positive constants in

Assumption (Hz). Then Assumption (Hjz) holds whenever {G*(t,s); 0 < s <t <
oo} is uniformly bounded in L(H*), i.e., there exists a constant M > 0 such that

IG*(t,s) | L=y <M, forall 0<s<t<o0.

This is the case if —A generates a contractive Cy-semigroup in H and B = 0. More
generally, Assumption (H3) holds if C; < C (Vj) and {G*(t,s); 0 < s <t < oo}
grows at most linearly in L(H™*), i.e., there exists a constant M > 0 such that

NG*(t, )|l L=y < M(1+t—s), forall0<s<t< oo
We have the following global existence of admissible controls for problem (P3).

Theorem 3.1. Suppose that U is reflexive, (Hy) and (Hs) hold. Then problem
(P2) has admissible controls globally, or in other words, system (1) is constrained
null controllable under the control constraint (3).

Proof. The proof is divided into three steps.
Step 1. We claim that (Hg) and (Hj3) imply a refined observability estimate for
solutions p to

{ —py+ A*p+ B*(t)p=0 in (0, NTp), (19)
p(NTy) = pu1,
with a observability constant of order —x———, where M, and C; are given by

j=1 1; C;
(Hs) and (Hs) respectively, N is a positive integer to be determined later.
To show this, we rewrite the solution of (19) as p (t) = G* (NTp,t) p1. First, for
all j=1,---,N and all s € [0,Tp], we put

¢’ (s) = p((j — V)To + s). (20)
Then, _ ' _
{ ~q) + A + B*((j — DTy + )¢/ =0 in (0,T), (21)
¢’ (To) = p(jTo)-
Applying Assumption (Hs) to (21), we deduce that
147 (0)]]« < C; / | D*¢’( (22)

where C; = C; (To, || B} (')||LOO(O7TO;L(H*))). Now, by (20), changing variable in (22)
and noting p((j — 1)Tp + s) = G* (NTy, (j — 1)To + s) p1, we arrive at

3To
IG*(NTo, (7 — 1)To)psll, < C ID*G* (NTo, s) pally- ds. — (23)
(1-1)To
On the other hand, Assumption (Hjs) implies that
IG*(NTo,0)pi [, < M; |G*(NTo, (j — D)To)pa ., - (24)

Combining (23) and (24), we conclude that for all p; € H* and integer N > 0, it
holds

1
|G* (NTo,0)pul, < ds.  (25)

NTy
S [ IDE (VT pil
2=t Mjlc,- 0
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Clearly, (25) can be viewed as a refined observability estimate where the observ-
ability constant =t — 0as N — +o0.
i=1 M;C;
Step 2. We now deduce a controllability result for system (1) with an explicit
estimate on the cost. The proof presented here was inspired by [1].
We claim that estimate (25) and the reflexivity of U imply the desired control-

lability result with a cost of order NHyi”Hl
i=1 M, C;
Indeed, by (25), for all p; € H* and integer N > 0, we have
- <G (NT()v 0) y07p1> = - <y07 G* (NT()v 0)P1>

1%oll o (26)

< |D°G* (NTh. ) pill- ds.

=N
Yimimc o
On the other hand, by the reflexivity of U, one deduces that (cf. [3])
(L' (0,NTy; U*))" = L™ (0, NTy; U).

Therefore
[lyoll * Yk
m |D*G (NT07'>p1||L1(O,NTg;U*) (27
NT, * Y%
= sup {fo *(u(s), D*G*(NTo, s)p1) ds; |ull oo o, N7y < Z?’% Nllc}

By (26) and (27), it follows that for all py € H* and integer N > 0,
— (G (NTp,0) yo, p1)
o %ol (28)
<sup {/ (G (NTo,s) Du(s),p1)ds; HUHLOO(O,NTO;U) < =y 1 (-

0 Y1 7,5,

Let us introduce a subset Cn of H as follows

NTo [yl
Ky — {/ G (NTy, 5) Du(s) ds; [[ull o o i) < <2 ¢ -
0 2 i=1 W,

It is easy to check that Ky is convex and closed in H. We claim that
—G(NT(), O)yo ekn . (29)

To show this, we use contradiction argument. Suppose that —G(NTp,0)yo ¢ Kn,
then by Hahn-Banach theorem, there exists ¢* € H* such that

<7G (NT()vO) y03<p*> = 17 and <Ca§0*> = Oa v C € ’CN

By applying (28) with p; = ¢*, we arrive at a contradiction.
Now, (29) implies that for each natural number N > 0, there exists a function
uy € L (0, NTy; U) such that

ol
luw | e o sy < (30)
Zj:l MjCj

and

NTo
G(NTp, 0)yo + / G(NTy, s)Dun(s)ds = 0. (31)
0
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Step 3. Note that, by (Hgs), Z]v”yio”l — 0 as N — +oo. It follows from

j=1 M;C;
(30) and (31) that for any given yq GJBJT, there exist a N > 0 and a control
uy € L (0, NTy; U) such that

HUNHLoo(o,NTO;U) <p
and
y(NTo;y0,un) =0 .
This completes the proof of Theorem 3.1. O

As a consequence of Theorem 3.1, we may obtain sufficient conditions for the
global existence of admissible controls for (P;) where Q = {y1} with y; € H
arbitrary but fixed.

We say that system (1) is time-reversible and well-posed if for any 7" > 0 and
y1 € H, the system

{ yt + Ay + B(t)y =0, in (0,7),
y(T) =wn

has a unique solution y(-,y1,7) € C([0,T); H), moreover, for each T > 0, there
exists a positive constant Cp such that

ly(t; 91, T)|| < Crllya|| forall y € H and t € 0,77

Corollary 4. Suppose that U is reflexive, (Hs) and (Hs) hold. If system (1) is
time-reversible and well-posed, then for any y1 € H, problem (P1) with Q@ = {y1}
has admissible controls globally, or in other words, system (1) is constrained exact
controllable under the control constraint (3).

Proof. By Theorem 3.1, we deduce that for any yo € H and y» € H there are a
T > 0 and a control u € U, such that y(T; yo — y2,u) = 0. By time reversibility, for
any y1 € H there is y3 € H such y(T;y3,0) = y1. Adding the two above solutions
with yo = y3, the desired result yields. This completes the proof of Corollary 4. O

Next we shall concern with the existence of time optimal controls for problem
(P3). The following lemma amounts to saying that the global (or local) existence of
admissible controls for problem (P7) implies the global (or local) existence of time
optimal controls for problem (Py).

Lemma 3.2. If problem (P1) has admissible controls globally (or locally), then it
has time optimal controls globally (or locally, respectively).

Proof. We shall only prove the global existence of time optimal controls. The local
existence follows from the exact same way. Let yo € H be arbitrary but fixed.
It follows from the global (or local) existence of admissible controls for problem
(P) that there exist a non-increasing sequence {7}, },>1 C R' and a sequence of
controls {um }m>1 C U, such that T,,, — T*, u,, — u* weakly-star in L>°(R",U)
and Ypm (Tm) = y(Tom; Yo, Um) € Q, where T = inf{T; y(T;yo,u) € Q,u € U,}.

We claim that y,(Tn) — y*(T*) weakly in H, where y*(t) = y(t;yo,u*). To
this end, we prove first that

ym(T*) — y*(T*) weakly in H. (32)
Indeed, for each ¢* € H*, we have

-
(Ym(T7) =y (T7), ¢") :/0 (D(um(s) = u”(s)), G*(T, 5)p") ds.
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Since D(uy, —u*) — 0 weakly star in L>°(0,7*; H) it follows that
n(T*) =y (T),97) = 0 a5 m — oo,
Next we shall prove that
Ym(Tm) — Ym (T*) — 0 weakly in H. (33)

Indeed, we have

T
Y (Ton) — g (T*) = (G(Tm, 0) — G(T*, 0))y0 n / G (T, 8) Dt () ds

*

+ /OT* (G(Tm, s) — G(T™, s))Dum(s) ds.

Since B(-) € L>®(R™, H), it follows by Gronwall’s inequality that
IG(t,s)llLmy < C(T) forall0<s<t<T, (35)

where T' > T* is an arbitrary but fixed number and C(T) is a positive constant
depending on T'. From this, we obtain
T,

G(Tpm, 8) Dty (5) ds — 0, (36)
T*

because |[um || o @w+;0) < p-
By the continuity of G(¢,s), we get

(G(T5,0) = G(T7,0) )0 — 0,

from which and by (34) and (36) we see that in order to show (33) it suffices to
prove that

T
/ (G(Tm7 s) — G(T™, s))Dum(s) ds — 0 weakly in H.
0
To this end, we let p* € H* and observe that for almost all s € (0,7*),
(G (T, ) = G*(T*,5))¢", D (5))

— 0,

because ||t ||p~@m+;vy < p and G*(Tr,, 5)* — G*(T™, s)p* as m — oo for each
s € (0,T*). By (35) we see that

(G" (Tons5) = G*(T",9))¢", Dum(5))| < Cllll.,

where C' > 0 is independent of m and s € (0,7*). Then by Lebesgue dominated
theorem, we obtain

/OT*‘<(G*(Tm, S) — G*(T*’ S))SO*, Dum(s»‘ ds — 0

as desired.

Now it follows from (32) and (33) that ¥, (T)n) — y*(T*) weakly in H. Since
Ym(Tm) € Q and @Q is a closed and convex subset in H, by Hahn-Banach theorem
we get that y*(T*) € Q. This completes the proof of Lemma 3.2. O

By Theorem 3.1 and Lemma 3.2 we have the following global existence of time
optimal controls for problem (P3).

Theorem 3.3. Suppose that U is reflexive, (Hz) and (Hg) hold. Then problem
(P2) has time optimal controls globally.
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As a consequence of Corollary 4 and Lemma 3.2 we have the following global
existence of time optimal control for problem (P).

Theorem 3.4. Suppose that U is reflexive, (Hz) and (Hs) hold. If system (1) is
time-reversible and well-posed, then for any y; € H, problem (Py) with Q = {y1}
has time optimal controls globally.

3.2. Local existence result. The following result concerns with the sufficient
conditions for the local existence of time optimal controls for problem (P5).

Theorem 3.5. Suppose that U is reflexive and (Hy) holds. Then problem (P3) has
time optimal controls locally.

Proof. By Lemma 3.2, it suffices to show that problem (P3) has admissible controls
locally. Fix yo € H arbitrarily, it suffices to show that the cost to transfer the state
of system (1) from yo to 0 is of order C||yp||. For this, following the same argument
in the Step 2 in the proof of Theorem 3.1 (but using (16) directly rather than (25)),
we deduce that there is a control u € L*(0,Ty; U) such that y(To;yo,u) = 0 and

[ull Lo 0.10:0) < Cllyoll-
Consequently, for all yo € H with [|yo|| < &, the above u is an admissible control
of problem (P3). This completes the proof of Theorem 3.5. O

Remark 8. The local existence of time optimal controls governed by phase-field sys-
tems has been studied in [17] using another strategy to treat the L>°(0, oo; L%(Q))-
norm for the control constraint.

3.3. A counterexample. In this subsection we shall show by an example that
assumption (Hsy) is not enough to guarantee the global existence of admissible
controls for problem (P3). Therefore assumption (Hs) is also necessary in some
sense.

We give first the following assumption.

(Hy)  B(‘) =0 and there is an eigenvalue A* of A* such that ReA* < 0.

Remark 9. As we shall see in the next section, (Hs) and (H4) may hold simultane-
ously in many situations. Note that, in these cases, (H4) does break (H3) (but not
(Hz)). Indeed, if (Hs) was also true, then, by Theorem 3.1, problem (P3) would
admit admissible controls globally, which contradicts the conclusion in Theorem 3.6
below.

Let o* € H*, with ||¢*|l« = 1, be an eigenvector of A* corresponding to \*, i.e.,
Arp* = Np*. Let ¢ € F*(¢7), then (p,¢") = [l¢]* = [¢*|Z = 1. We have the
following negative result.

Theorem 3.6. Suppose that (Hy) holds, and yo = pp with

D
0> Pl D (v,
—ReA*
Then for any T > 0, there is no u € U, such that the corresponding solution
y(+;y0,u) of system (1) with initial data yo satisfies y(T; yo,u) = 0.

Proof. By contradiction, we assume that there were 7' > 0 and u € U, such that
y(T; yo,u) = 0. Recalling that we have assumed B(-) = 0 in this case, one has

T
0=y(T)=S(T)(up) + /0 S(T — s)Du(s) ds. (37)
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Let p(t) = e to*, then p(t) solves

—A*p=0 1in (0,7),

b p* ln( )\)*T * (38)

p(0) =", p(T)=e* "o~
By (37) and (38) we get

T
0= (y(T),p(T)) = (e, S*(T)p(T)>+/O (Du(s), S*(T — s)p(T)) ds
T
= u(p, ©*) —|—/ (Du(s),p(s))ds.
0
Since [|¢*||2 = (p, p*) = 1, u € U, and ReA* < 0, the latter implies
T
sRex~ PHDHL(U,H)
< p||D d _—
w < pll ||L(U,H)/0 e s < "Rt

which contradicts our assumption. This completes the proof of Theorem 3.6. O

4. Necessary and sufficient conditions for the existence of time optimal
controls of some typical systems. In this section we shall study problems (P;)
and (P2) for some typical controlled systems like the controlled heat equations and
controlled wave equations with a real number potential. We shall give necessary and
sufficient conditions for the global existence of time optimal controls. Let & C R"
(n > 1) be a bounded domain with C? boundary 92, w C Q be an open subset and
Xw be the characteristic function of w. Let b be a real number. Throughout this
section, we denote by {\;};>1, 0 < A1 < Ay < A3 < ---, the eigenvalues of —A
with Dirichlet boundary conditions and by {e;};>1 the corresponding normalized
eigenfunctions, i.e., |le;z2() = 1.

4.1. The heat equation with potential. We begin with the following time op-
timal control problem associated with the controlled heat equation

yr — Ay — by = x,u in Q x (0, +00),
y=0 on 08 x (0, +00), (39)
y(-,0) = yo in Q,
where u = u(z,t) is the control and yo € L?(Q) is the initial data.
(P3) Min{T; y(T;y0,u) = 0, |[ull L~ ®+;r20)) < P}
where y(+; 9o, u) is the solution of (39).
We recall first some result about null controllability for the parabolic equation
(39). It follows from [6, Proposition 3.2] that for each b € R there exists a constant
C =C(Q,w,b) > 0 such that

p(-, 0220 < C(T+7) (/0 /wp(x,t)|d$dt) , (40)

for any p; € L?(Q) and T > 0, where p = p(z,t) is solution to the adjoint equation
of (39) in 2 x (0,7
pe+Ap+bp=0 in Qx(0,7),
p=0 on 90 x (0,7T),
p(-,T)=p in Q.
Now we give a necessary and sufficient condition for the global existence of time
optimal controls for (P3).
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Theorem 4.1. Problem (P3) has time optimal controls globally if and only if b <
A1

Proof. Let H=U = L?(Q), B=0, A= —A —bl, where I is the identity operator
on L?(Q), with D(A) = H2(Q) N H}(Q) and D : L?*(Q) — L*(Q) be defined by
Dv = x,v for each v € L?(Q). Then problem (Pj3) can be studied in the framework
of (Pg)

We observe first that due to estimate (40), assumption (Hs) holds for all b € R.

If b > Ay, it follows from Theorem 3.6 that problem (P3) has no time optimal
control.

If b < A\q, then one can easily check that (Hs) holds. Thus the global existence
of time optimal controls for (P3) is a consequence of Theorem 3.3. This completes
the proof of Theorem 4.1. O

Remark 10. The global existence of time optimal controls governed by some semi-
linear parabolic equations where the nonlinear term is monotone was obtained in
[18] via the combination of feedback stabilization and local null controllability.

4.2. The wave equation with potential. We now consider the controlled wave
equation
wy — Aw — bw = xof in Q x (0,400),
w=0 on 99 x (0, 4+00), (41)
(w(+,0),we(+,0)) = (wo, wy) in Q,

where f = f(z,t) is the control and (wg,w1) € H}(Q) x L?(Q) is the initial data.

The time optimal control problem for system (41) is formulated as follows. Let
(w2, w3) € Hy(Q) x L*(9),

(Ps)  min {75 (w(, T),we(,T)) = (wa,w3), 1] e e izzen) < P

where w = w(z, t) is the solution of (41).

First, recall that the approximate and exact controllability properties for the
hyperbolic equation (41) are only true for time 7' > 0 large enough because of the
finite speed of propagation of the waves. Further, we need to introduce some kind
of geometric condition on w because of the trapped ray. To this end, we introduce
some definitions and notations [11]. Fix z, € R", we define

I, ={z €9 (x—z,) - v(z) >0},

where v(z) is the unit outward normal vector of Q at x € 9Q € C?. For any
n > 0, the n-neighborhood of T, in R™ is denoted by O,(I,). On another hand,
following [2], we say that w satisfies the geometric control condition when 9% is C*°,
0f) has no contacts of infinite order with its tangents and further any generalized
bicharacteristic ray of 9y — A meets w x (0,T) for some T > 0.

Now, it is well-known (see [11], [2]) that if w = O, (T',) N for some n > 0 or that
w satisfies the geometric control condition, then for all b € R the system (41) is
exactly controllable and we have the following exact observability estimate. There
exist T > 0 and C' > 0 such that for any (¢o, ¢1) € L*(Q x H~1(Q),

T
||(¢07¢1)||2L?(Q)><H—1(Q) < C/o / lp(x,1)|? dadt (42)



ON THE EXISTENCE OF TIME OPTIMAL CONTROLS 939

where ¢ = ¢(z,t) is solution to
G — A —bp =0 in Qx (0,7),
$p=0 on 90 x (0,T) , (43)
(¢(-,0),0:(-,0)) = (¢o, 1)  in€2.

The main result in this subsection is as follows.

Theorem 4.2. Suppose that w = O, (I',) NQ for some n > 0 or that w satisfies the
geometric control condition. Then problem (Py4) has time optimal controls globally
if and only if b < \q.

Proof. First notice that the system (41) can be written in our abstract framework

(1) when yo = (wo,w1), H = H}(Q)xL2(Q, U = (L2(Q))2, A= ( _AO_ b _OI ),
B=0and D = 8 XOI ) . Then problem (P4) can be studied in the framework
w

of (Pl) with @ = {yl = (wg,wg)}.
Note that the adjoint system of (41) is similar to (43) by the time-reversibility
of the wave equation. Clearly, (Hz) follows from Remark 6 and (42). Recall that
B = 0. Therefore, in order to apply Theorem 3.5 to show that problem (P,4) has
time optimal controls, it suffices to prove that (Hs) holds if b < Aq.
To end of this, consider the wave equation (43) where ¢ = > o

j=1a;€; and
¢1 = >~ dje;j such that

<.

o 1 jo%s)
lé1lrsioy = D 5-df <00 amd [dollFe) =D a} < oo
J=1 j=1
One can then check that

;[aj cos( t\/i \/78111 t\/i ]

Here, in the critical case b = A1, we agree that w =t.

If b < A1, then we conclude that there is a constant C' > 0 such that for all
(¢0, 1) € L?(Q) x H=1(Q) and all ¢ > 0, it holds that

lp( 1720y + el )||2 o
—Zj 1(% cos(ty/A; sm (t\/Aj )

+3000 )\—j<faj\/)\j — bsin( t\/)\j —b) +d; cos(t\/N\; — b)>2
<CU+ 232, a2+ 2] = CO+0? [I60l13s) + 1911310

from which, and noting Remark 7, we see that (H3) holds when b < A;.

Conversely, suppose that (P,) has time optimal controls, then we want to show
that b < A;. By contradiction, we assume that b > A;. The existence of time optimal
controls implies that for all wy € H~1(£), there exists a control f € L= (R*; L*(Q))
with the constraint

||f('at)||L2(Q) <p, a.e. in R+,

and there is a time T' > 0 such that the solution (w,w;) of (41) satisfies w(-,0) =
w(,T) =w(-,T)=0.
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Let ¢(-,t) = e*tﬂel, then ¢ solves

b1 — Ap —bp =0 in Q x (0,+00),
¢=0 on 99 x (0,+00) ,
o(,0)=e1, ¢(,0)=—=Vb—Aiex  inQ,

Multiplying ¢ by (41) and integrating it in Q x (0,7, we get
T
—/ wrerdr = / / e VMg (2) f(x, t)dxdt.
Q 0 w

Hence, for all wy; € H~1(Q), there exists a time T > 0, such that

T
—/9111161@3 S/O etV lexllpzgoy 1F (5 )l L2 (o di
P ( B V= )
< ——— e 1—1).
T Vb= X\
We have a contradiction by choosing w; = — \/bfTel. This completes the proof
of Theorem 4.2. O
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