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Abstract

This article describes some applications of two kinds of obser-
vation estimates for the wave equation and for the damped wave
equation in a bounded domain where the geometric control con-
dition of C. Bardos, G. Lebeau and J. Rauch may fail.

1 The wave equation and observation
We consider the wave equation in the solution u = u(z, t)

u—Au=0 InOxR,
u=0 ondxR, (1.1)
(u, Beu) (-,0) = (uo, 1)

consisting in a bounded open set € in R®, n > 1, either convex or C?,
to be connected with boundary 9. It is well known that for any initial
data (ug,u1) € H?(Q) N H} () x H} (), the above problem is well
posed and has a unique strong solution.

Linked to exact controllability and strong stabilization for the wave
equation (see [Li]), it appears the following observability problem which
consists in proving the following estimate

T
(w0, 0 igqapnrrn < [ [ 100, t)" ot
w

for some constant C' > 0 independent of the initial data. Here, T > 0 and
w is a non-empty open subset in §}. Due to finite speed of propagation,
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the time T has to be chosen to be large enough. Dealing with high
frequency waves, i.e., waves which propagate according to the law of
geometrical optics, the choice of w can not be arbitrary. In other words,
the existence of trapped rays (e.g, constructed with gaussian beams (see
[Ra]) implies the requirement of some kinds of geometric conditions on
(w,T) (see [BLR]) in order that the above observability estimate may
hold.

Now, we want to know what kind of estimate we may expect in a
geometry with trapped rays. Let us introduce the quantity

A ll (w0, w1 )l p2nm3 () x 3 ()

ICwos v )l 3@y x L2y
which can be seen as a measure of the frequency of the wave. In this
paper, we present the two following inequalities

T
1/8
w0, )l rriy < < [ [ oo mar a2
W

and

CAY
||(u0,u1)||§1,;(9)xm(9) < C/O / |0eu (z, t)|? dzdt (1.3)
W

where 8 € (0,1), v > 0. We will also give their applications to control
theory.

The strategy to get estimate (1.2) is now well known (see [Ro2],[LR])
and a sketch of the proof will be given in Appendix for completeness.
More precisely, we have the following results.

Theorem 1.1. For any w non-empty open subset in 2, for any § €
(0,1), there exist C > 0 and T > 0 such that for any solution v of (1.1)
with non-identically zero initial data (uo,u1) € H2(Q)NH} (Q) x H} (Q),
the inequality (1.2) holds.

Now, we can ask whether it is possible to get another weight function
of A other than the exponential one, a polynomial weight function with
a geometry (,w) with trapped rays in particular. Here we present the
following results.

Theorem 1.2. There exists a geometry (Q,w) with trapped rays
such that for any solution w of (1.1) with non-identically zero initial
data (ug,u1) € H3(Q) N H} (Q) x H} (Q), the inequality (1.3) holds for
some C >0 and v > 0.

The proof of Theorem 1.2 is given in [Phl]. With the help of Theorem
2.1 below, it can also be deduced from [LiR], [BuH].
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2 The damped wave equation and
our motivation

We consider the following damped wave equation in the solution w =

w(z,1)
{3?w_Aw+1w6tw=0 in € x (0, +00) , (2.1)

w=0 ondQ x(0,+00) ,

consisting in a bounded open set € in R®, n > 1, either convex or C?,
to be connected with boundary 8. Here w is a non-empty open subset
in Q with trapped rays and 1,, denotes the characteristic function on w.
Further, for any (w,8:w) (-,0) € H%(Q) N H} () x H} (), the above
problem is well posed for any ¢ > 0 and has a unique strong solution.

Denote for any g € C ([0, +00) ; H} () N C* ([0, +00); L* (R)),

B =5 [ (Wo@ol + 0@ o) ds.

Then for any 0 < to < t1, the strong solution w satisfies the following
formula

E(w,t1) — E(w,t0) + /t1 / 18w (z,)|* dzdt = 0 . (2.2)

to w

2.1 The polynomial decay rate

Our motivation for establishing estimate (1.3) comes from the following
result.

Theorem 2.1. The following two assertions are equivalent. Let
§>0.

(i) There exists C > 0 such that for any solution w of (2.1) with the
non-null initial data (w, 8w) (-,0) = (wo, w;) € H2 ()N Hy () x
H} (), we have

2 2
"(wo,wl)nng(mxm(g) < |Osw (z, t)|” dzdt .

o /OC (5es) ™ /w

(i) There exists C > 0 such that the solution w of (2.1) with the initial
data (w, 8yw) (-,0) = (wo,w:) € H2 (Q)NHS () x Hg (Q) satisfies

c 2
Ewt) <5 l(wo, willmenmy@)xmp@ VE>0-
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Remark. It is not difficult to see (e.g., [Ph2]) by a classical de-
composition method, a translation in time and (2.2), that the inequality
(1.3) with the exponent +y for the wave equation implies the inequality
of (z) in Theorem 2.1 with the exponent § = 2-/3 for the damped wave
equation. And conversely, the inequality of (¢) in Theorem 2.1 with the
exponent § for the damped wave equation implies the inequality (1.3)
with the exponent y = §/2 for the wave equation.

Proof of Theorem 2.1.
(#) = (¢). Suppose that
c 2
E(‘U),T) < 'ﬁ “(wO,wl)”Hané(Q)xHé(Q) YT >0.

Therefore from (2.2)

C T
E(w, 0) < ﬁ "('LUO,wl)"?pnyé(g)xHé(Q) +[) L Iatw (.’1:,t)|2 dzdt .

By choosing

1/6
7 - (20 ll (wo, wl)llizznyg (Q)xHL(Q)
E (w,0) '

we get the desired estimate

2
H2nH(Q)x HE(Q)

1/6
[EESE R |
E (w,0) < 2/ / |Brw (z,t)|” dzdt .
0 w

I (wo,wy Ml

(2) = (#%). Conversely, suppose the existence of a constant ¢ > 1 such
that the solution w of (2.1) with the non-null initial data (w, 8;w) (-,0) =
(wo,w1) € H? ()N H} () x H} (Q) satisfies

1/6
/c(ss""°§+‘f§6“"’°2) /

0

E(w,0)<c / 16w (z, 8)|? ddt .

We obtain the following inequalities by a translation on the time variable
and by using (2.2). Vs >0

1/6
E(w.a sto( (B 1E@w.O) Bew(at)?
Ew 01 E(Gw0) = cl, ( e ) L TL)A_E w,0 +Ef%gw,05 dzdt
1/6
E(w.s+c E(w,0)4 E(9yw,0) )
<ec E(w,s) ( w8 ) )

= E(w,0)+ E(8:w,0) E(w,0)+E(8:w,0)
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Denoting G (s) = m’—f&%‘fﬁ, we deduce using the decreasing of G
that

(el 2o fooe(oe(5)”)

which gives p
1 \!
G(s+c<G()) >_ﬁ_— (s) -

s
Let ¢; = (1—11)1/‘s — 1> 0 and denote d(s) = (-c%%) . We distinguish
two cases.

Ifc;s<c (—@%s—))l then G (s) < (cc %)6 and
G((14+c)s)<d(s) .
Ifas>ec (5%35)1/6, then s+c (6%35)1/6 < (14 ¢1) s and the decreasing
of Ggives G((1+¢1)s) <G (s +c (3‘1135)1/6) and then
G((1+c)s) < —+—G(s)
Consequently, we have that Vs > 0,Vne N, n > 1,
G((1+a1)s) < max [d(s), 54 (s v
(s52)" 4 () ()™ ()]
Now, remark that with our choice of c;, we get

() a0 oo,

Thus, we deduce that Vn > 1

G ((1+ar)s) <max(d(s), (1) € (m))

n+l
< max | d(s), (l—ic) ) because G <1,

and conclude that Vs > 0

E (w,s) _ s _fcl+a) |
E(w,0)+E(6tw,0)_G(S)Sd(l+c1)_( e ) &

This completes the proof.
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2.2 The approximate controllability

The goal of this section consists in giving an application of estimate
(1.2).

For any w non-empty open subset in , for any 8 € (0,1), let T > 0 be
given in Theorem 1.1.

Let (vg,v1,v04,v14) € (H*(R) N H} () x H} (Q))2 and u be the solu-
tion of (1.1) with initial data (u,d:u) (-,0) = (vo,v1).

For any integer N > 0, let us introduce

N
vt =-1.3 [a,w@‘“) (z,t) + 8w (z,T - t)] . (23)
=0

where w® € C ([0, T]; H*(Q) N H} (Q)) is the solution of the damped
wave equation (2.1) with initial data

(w(o),atw(o)) (+,0) = (vod, —v14) — (4, —8eu) (-,T) in 2,

and for j > 0, w0+ € C ([0, T); H2(Q) N H} (2)) is the solution of the
damped wave equation (2.1) with initial data

(w(f“),a,w(f“)) (-,0) = (—w(f),a,w(f)) (,T) in .

Introduce

. 3 2
M = sup "w(’) (,0), 8w (-,0)
i20

H2(Q)xH}(Q)
Our main result is as follows.

Theorem 2.2 . Suppose that M < +00. Then there exists C > 0
such that for all N > 0, the control function fn given by (2.8) drwes
the system

v=0 on 80 x (0,T) ,

0,21) - Av = 1w><(0,T)fN in Q X (O,T) R
('U, 031)) (’0) = (UO’UI) in Q »

to the desired data (voq,v14) approzimately at time T, i.e.,

C

2
"'U (', T) — Vo4, Ogv ("T) - Uld"H‘}(Q)xlﬂ(Q) < WM ’

and satisfies

15N Lo o, iz2¢y < € (V + 1) [I(v0, v1, Yo v1a)ll (113 ) x L2())? -
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Remark. For any € > 0, we can choose N such that
__<¢
ln (1 + 2N)]**

in order that

o1z Rl
M ~¢€? and (2N+1)'ze( ‘M) )

llv (s T) — vod, 8w (-, T) = viall gy ey x 220 S € »

and
gV 1/8
”f”Loc(O’T;L2(Q)) < e[( c ) ] "(voavl’vod,vld)ll(Hé(Q)xL2(Q))2

In [Zu], a method was proposed to construct an approximate control.
It consists of minimizing a functional depending on the parameter €.
However, no estimate of the cost is given. On the other hand, estimate
of the form (1.2) was originally established by [Ro2] to give the cost (see
[Le]). Here, we present a new way to construct an approximate control
by superposing different waves. Given a cost to be not overcome, we
construct a solution which will be closed in the above sense to the desired
state. It takes ideas from [Ru| and [BF] like an iterative time reversal
construction.

2.2.1 Proof

Consider the solution
N

V=Y [w(”“) (,t) + w@) (T — t)] :

£=0
We deduce that for ¢ € (0,T)

N

at2V (’t) -AvV (at) = -1, Z [atw(2£+1) (at) + atw(2£) (aT - t)] )
£=0

V=0 ond2x(0,T),

(V,0V)(,0)=0 inQ.

Now, from the definition of w(®), the property of (w9, 8,wb+V) (,0)
and a change of variable, we obtain that

V,8V) (-, T) = (@, -8,w ) (-,0) + (w@V+), gw@N+D) (., T)
= (voa, v1d) — (4, Q) (-, T) + (w(2N+1) 0 w(2N+1)) - T)
Finally, the solution » = V + u satisfies
v — Av=1l,xonfn inQx(0,T),
v=0 ondQx(0,T),
(v,8¢v) (+,0) = (vo,v1) inQ,
(v,80) (-, T) = (vod, v1a) + (w<2N+1>,atw<2N+1)) (-T) inQ.
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Clearly,
lv (-, T} — voa, Bev (-, T) — Uld”i{é(ﬂ)xlﬁ(ﬂ) =2E (w(zNH),T) .
It remains to estimate E (w2N+1) T). We claim that

ic >0 VN >1 E (w(2N+1),T) < WM .
+

Indeed, from Theorem 1.1, we can easily see by a classical decom-
position method that there exist C > 0 and T > 0 such that for any
j20,

. ¥ 2
llw(]+1) (-, 0) , atw(J+1) (') 0)””& (Q)xLz(Q)
B
w9+ ¢0).0:09 Y GO 2 e sty
"w(J‘+l)(-,0),8ew(j+l)('=0)"H6(n)xL2(ﬂ)

ST 18w+ (2, 8)|? dadt .

<Cexp|C

Since
E (w<i+1>,o) =E (wU),T) Vi>0,

we deduce from (2.2) that for any j > 0

1/(28)
E (wbtD) 0) < Cexp | C— M
( ) - *P “"’(’H)("0)’8“"(’“)("0)“:5(9)xL2(n)
[E (w®,T) - E (w+),7))] .

Let
d; = E (w9*),T) .

By using the decreasing property of the sequence d;, that is d; < d;j_1,
we obtain that for any integer 0 < j < 2N

1/(28)
d; <cel®B) " 4l —qy) .

By summing over [0,2N], we deduce that

1/(28)
@N+ 1) day < Ce(CB) " [d_, —dan] .
Finally, using the fact that d_; < M, it follows that

C

dyvs —2 M.
=@ +2n)%



394 Phung

This completes the proof of our claim.

On the other hand, the computation of the bound of fx is immediate.
Therefore, we check that for some C > 0 and T > 0,

N1l oo o,L2(0)) < C (N +1) ||(”0”’1”""”vl")"(Infé(ﬂ)><lf’(9))2 ’

c

2
lv (-, T) = voa, O (-, T) — vidll gy yxL2) < WM ,

for any 8 € (0,1) and any integer N > 0. This completes the proof of
our Theorem.

2.2.2 Numerical experiments

Here, we perform numerical experiments to investigate the practical ap-
plicability of the approach proposed to construct an approximate con-
trol. For simplicity, we consider a square domain Q = (0,1) x (0,1),
w = (0,1/5) x (0,1). The time of controllability is given by T = 4.

For convenience we recall some well-known formulas. Denote by {e;};5,

the Hilbert basis in L? (Q) formed by the eigenfunctions of the operator
—A with eigenvalues {)\j}j>1, such that "31'”1,2(9) =land 0 < A; <
A2<A3<-e e, -

Aj=m2 (k3 +82), ki, ¢; € N*,
e; (z1,22) = 2sin (wkjz,) sin (wé;z,) .

The solution of

v—Av=f nQx(0,T),
v=0 ondQx(0,T),
(v,0) (,0) = (vo,v1) inQ,

where f is in the form

fz1,22) = =10 ) f5 () ¢ (21,22)

jz1

is given by the formula

4= Jisin (6~ 9) V5) B (o) ds} e (31,22) ,

e
v (z1,22,t) = Ghm 21 {a? cos (t1/2;) + a}ﬁ sin (t4/A;
)
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where

( G
. 2
vo (21,Z2) = G-l—lg-loo Elagej (z1,22), ; Aj |ag| < 400,
i= i2

G
¢ 2
vy (Z1,%2) = Ggrfw El aje; (z1,%2), §:1 la}]” < +o0 ,
J= 32

By ()= - _lim_ 3 ([, ewesdordna) i) -

\ G—+ooiz]

Here, G will be the number of Galerkin mode. The numerical results are
shown below. The approximate solution of the damped wave equation
is established via a system of ODE solved by MATLAB.

Example 1 : low frequency The initial condition and desired target
are specifically as follows: (vg,v1) = (0,0) and (vod,v14) = (€1 + €2,€1).
We take the number of Galerkin mode G = 100 and the number of
iterations in the time reversal construction N = 30.

Below, we plot the graph of the desired initial data voq and the
controlled solution v (-,t = T = 4).

Owsired data v, (x,.0) Strmdation v(x, x,4) Ga100 N3G

Below, we plot the graph of the energy of the controlled solution and
the cost of the control function.

Ga100 Nu30 Ga100 Na30
100 1200/
1000
0
80
fe }
000
“
«o)
2 200
% o5 1 1s 2 25 3 a5 4 o 05 1 15 2z 25 3 35 4
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Example 2 : high frequency The initial condition and desired target
are specifically as follows: (voq,v14) = (0,0) and with (koy@o,b0,) =
(200, 1/2,10000), for (z1,z2) € (0,1) x (0,1),

. G
vo (21,%2) = 21 (fol fo1 go (x1,%2) €5 (xl’xZ)dxlde) ej (x1,22) ,
Jj=

G
vy (21, %2) = 21 (fol fol 91 (z1,%2) € (21, Z2) dﬂ?ldxz) ej (z1,22) ,
J=
{ go (1, 22) = e 52 (m1=201)" o= 292 (22-20)" c0s (K, ( — To2) /2) ,
1 (21, 2) = e~ " F2(B1-201) g~ 292 (22-200)°

[kobo (z2 — Zo2) cOs (ko (T2 — Zo2) /2)
+ (ko/2 + ao) sin (ko (Z2 — z02) /2)

l ~koa? (z, — :,r;,,l)2 sin (ko (T2 — Zo02) /2)] .

Notice that we have chosen as initial data the G-first projections on the
basis {e,-}jZl of a gaussian beam g (z, Z2,t) such that g(-,z = 0) = go,
89 (-,t = 0) = g1, which propagate in the direction (0,1).

We take the number of Galerkin mode G = 1000 and the number of
iterations in the time reversal construction N = 100.

Below, we plot the graph of the energy of the controlled solution and
the cost of the control function.

G=1000 N=100 036 G=1000 N=100
001 o3
025
0.008
02
Eoooe 3
0.18)
0.004|
o1
0002 0.08
4
Py o o R )
(] 05 1 185 2 28 3 as 4 0 05 1 18 2 25 k) as 4
Odol Octed

3 Conclusion

In this paper, we have considered the wave equation in a bounded domain
(eventually convex). Two kinds of inequalities are described when there
occur trapped rays. Applications to control theory are given. First, we
link such kind of estimate with the damped wave equation and its decay
rate. Next, we describe the design of an approximate control function
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by an iterative time reversal method. We also provide a numerical sim-
ulation in a square domain. I'm grateful to Prof. Jean-Pierre Puel, the
“French-Chinese Summer Institute on Applied Mathematics” and Fudan
University for the kind invitation and the support to my visit.

4 Appendix

In this appendix, we recall most of the materials from the works by I.
Kukavica [Ku2] and L. Escauriaza [E] for the elliptic equation and from
the works by G. Lebeau and L. Robbiano [LR] for the wave equation.

In the original paper dealing with doubling property and frequency func-
tion, N. Garofalo and F.H. Lin [GaL] studied the monotonicity property
of the following quantity

™[5, Vv )" dy
faBo_r v (y)|2 do (y) .

However, it seems more natural in our context to consider the mono-
tonicity properties of the frequency function (see [Ze]) defined by

J3o, VO @) (72 - 1ol7) dy
fBo‘, v (y)|2 dy .

4.1 Monotonicity formula

Following the ideas of I. Kukavica ([Ku2], [Ku], [KN], see also [E}, [AE]),

one obtains the following three lemmas. Detailed proofs are given in
[Ph3].

Lemma A. Let D C RN*! N > 1, be a connected bounded open
set such that By, g, C D with y, € D and R, > 0. If v =v(y) €
H? (D) is a solution of Ayv =0 in D, then
Js,, Vo @) (2 = Iy - wol*) dy

Jo. WP dy

is non-decreasing on 0 <r < R, , and

®(r)=

dirln/ o) dy =1 (N +1+8(r)) .

Vo.T

Lemma B. Let D c RNt N > 1, be a connected bounded open
set such that By, r, C D with y, € D and R, > 0. Let r1, o, 73 be three
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real numbers such that 0 <11 <12 <r3 < R,. If v=v(y) € H*(D) is
a solution of Ayv =0 in D, then
l-a

2 2 2
.A wdeys<A wdeﬂ (Awmwwnao ,

-1
- _1 1 1
where o = E;lf (H;lf + E’;‘?) € (0,1).

The above two results are still available when we are closed to a part I" of
the boundary 99 under the homogeneous Dirichlet boundary condition
on I, as follows.

Lemma C. Let D c RN*!, N > 1, be a connected bounded open
set with boundary 6D. Let T be a non-empty Lipschitz open subset of
8D. Let r,, 1, T2, T3, Ry be five real numbers such that 0 < r; <
To < T3 <13 < R,. Suppose that y, € D satisfies the following three
conditions:

i). By, N D is star-shaped with respect to y, Vr € (0,R,) ,
i). By,r C D Vre(0,r,),
). By, ,NODCT Vre€r,R,) .
If v=v(y) € H? (D) is a solution of Ayv =0 in D and v =0 on T,

then
l-a
v ()| dy)

/B i lv () dy < ( /B v (y)? dy)a ( /B

-1
—_ 1 1 1
where a = E;zl— (H;lf + H’;;I) € (0,1).

VoiT2 Vo.T1

Vo .TanD

4.1.1 Proof of Lemma B
Let

Hm=/ v (9)[2 dy .

By applying Lemma, A, we know that

d 1
| B
drnH(r) T(N+1+<I)(r)).
Next, from the monotonicity property of &, one deduces the following
two inequalities

(H r2 ) frz N+1+<I>gr2dr

H(r1)
< (N+1+&(r))In22
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ln(Hrs)zmeQd

H(rz 2

>(N+1+&(r2))ln2 .

Consequently,
in (#73) in (#73)
(r1) H(rz
e S(N+1)+®(rp) < &

and therefore the desired estimate holds

H (r2) < (H (n))* (H (r3))' ™,

-1
- 1 1 1
Whel‘ea—l—n—g(l—;g-f-@;) .

4.1.2 Proof of Lemma A

We introduce the following two functions H and D for0 < r < R, :
Hr)= [ W@)dy,
D(r) =[5, 1Vo @) (* —ly—vol’) dy

First, the derivative of H (r) = [ fon |v (ps + o) PN dpdo (s) is given
by H' (r) = fan v (y)|2 do (y). Next, recall the Green formula

S35, 10 0,640 (5) = [y, 8. (10") Gdo )
= Is,... lvl* AGdy — Js,,. A (|’U|2) Gdy .

We apply it with G (y) = r2— |y — yo|® where Ges,,, =0,0.GsB,,, =
—2r, and AG = -2 (N +1). It gives

H (@) =1fp, (V+Dlldy+3 o, A7) (- lv-wl®) dy
=M H (1) + %vaw div (vVv) (1‘2 — |y — ol?) dy
2
= BH @) +1 [y, (199 +va0) (@~ jy— vl dy
Consequently, when A, v =0,

H (r) = MH( )+ -D(r) (A1)
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that is %}r—? = NH 4 %%% the second equality in Lemma A.
Now, we compute the derivative of D (r).
2
D (r)= i ( 2 for fs" I(Vv)|p8+y° oNdpdo (s))

_fsN’r l(Vv)ery ’ T da(s) (A.2)

=2r [5 fon I(V'U)|ps+y,, pNdpdo (s)
=2r fB Vol*dy .

On the other hand, we have by integrations by parts that
2r fp, IVoPdy=EED() + 4 [ |(y—yo)- Vo|*dy
—2Js,, . Vv (y—10) Av (T2 —ly-— yolz) dy .
(A.3)
Therefore,
(N+1) [y, Vo (v = ly = wol*) dy
=2 g, VolPdy—4[p  l(y—10) Vol dy
+2 [, W —y0) Voo (r® -y~ yolz) dy ,
and this is the desired estimate (A.3).

Consequently, from (A.2) and (A.3), we obtain, when Ayv = 0, the
following formula

o)=Y pe+t 2w velay . (aa

Vo.T

The computation of the derivative of ® (r) = %% gives

& (r) = (YH(ry—D(r)H'(1)] ,

1 /
w2 P
which implies using (A.1) and (A.4) that

2,', /r=l
wovo-1(sf

indeed, thanks to an integration by parts and using Cauchy-Schwarz
inequality, we have

Vo7

(y — %) - Vo> dyH (r) — D? <T>> >0

2
D2(r)=4(fp, ,vVv-(y—yo)dy
<4(Js,,. (0 ~0) - Vol*dy) ([, _Iol?dy)
<4(Js,  |(—yo) Vo|*dy) H(r) .
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Therefore, we have proved the desired monotonicity for ® and this com-
pletes the proof of Lemma A.

4.1.3 Proof of Lemma C

Under the assumption By, N 3D CT for any r € [r,, R,), we extend v

by zero in By, g, \D and denote by ¥ its extension. Since v =0 on T,
we have

v=vlp in By, R, ,
=0 on By, r,NAD ,
V% =Vulpin By, R, -

Now, we denote (1. = B,, - N D, when 0 < r < R,. Particularly, Q, =
By,r, when 0 <7 < r,. We introduce the following three functions:

)= fo, @) dy,
1) = fo, Vo @) (©* ~ ly - wl*) dy ,

and

®(r)= >0.

Our goal is to show that @ is a non-decreasing function. Indeed, we will
prove that the following equality holds

dirlnH (rN=(N+1) ;—Tlnr + %(P () . (C.1)

Therefore, from the monotonicity of ®, we will deduce (in a similar way
to that in the proof of Lemma A) that

H(r
l—n—(l:—:_;:—)S(N+1)+<I> (1?)

and this will imply the desired estimate

/le(y)lzdyS(/B |v(y)|2dy)a(/nr

l—a
o (v)I? dy) ;

T2 Vo.T} 3
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-1
_ 1 1
wherea-mv;-lz(l?;-lz+l;;§) .

First, we compute the derivative of H (r) = [ By,.r 7] (y)l2 dy.

H'(r)= fs~ [T (rs +yo) [ Nda(s)
=1fn[T(rs+ vo)2rs - srNdo (s)

} Js,,.. div (lv(y)l (v - yo)) dy (C.2)
=1 fp, (N DB+ VWP (v -vo) dy
= MO () + 2 Jao, v (@) Vo (y) - (¥ — o) dy -

Next, when Ayv =0 in D and vjr = 0, we remark that

D(r) =2 /Q v(¥) Vo v) - (v - %) dy » (03)
indeed,

o, V9] (T2 —ly - yolz) dy
- fg,. div [‘UV‘U (1.2 —ly- yo|2)] dy — er vdiv |Vv (1‘2 —ly—- yo|2)] dy
- fg,. vAY (1.2 —ly- yo|2) dy — er wWo-V(r2-|y- yo|2) dy

because on 9By, T = |y — yo| and vjr =0
=2 fo, vVv- (y—yo)dy because Ajy=0inD .

Consequently, from (C.2) and (C.3), we obtain

H () =22+ 1D() (C.9)

and this is (C.1).

On the other hand, the derivative of D (r) is

D' (r)=2r [ fon |(vU),ps+% pN dpdo (s)

=2r [y Vo (y)* dy .

Here, when Ayv =0 in D and yr =0, we will remark that

(C.5)

2r Jo, Vo @) dy = ZED (r) + 2 [ |(y— o) - Vo (y)[*dy

2 fonp,, 18002 (7 =1y = 1ol?) (4 = o) - o 0)
(C6)
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indeed,
(N +1) fo, [Vof* (v = Iy - wol’) dy
= fq, div (IVvl (r — |y — yol )(y yo)) dy
—fn,V(IVvl (- ly-w)) - (v - vo)dy
= Jrns,, . 1V (2 ly — ¥ol )(y Yo) - vdo (y)
— Ja. 0w (IVvI (7 - Iy - wol®) ) (v — vou) dy
= Jrns,, . VoI ( =1y — vl )( — Yo) - vdo (y)
= Jo, 2V08,, Vv (T — 1y — %l ) — Yoi) dy
+2 fo IVol? ly — wol® dy
and = Jo 00,982,,0 (7 = 1y — wol?) (¢ = i) dy

= = Jo, 84, (¥~ v) 84,0050 (r* — ly — wol”) ) dy
+ Ja, Ou; (¥ — Yoi) By;08,,v (Tz —ly- yolz) dy
+ o, ¥ — 9oi) 02,00,,0 (r* |y — wol*) dy
+ Jo, @ — Yor) 84,9898, (r* = ly - ol dy
=~ Jropyo.. ¥ (@ = %) 33,00, (72 = ly = wol?) ) dor (1)

+ fo, Vo[ (Tz -ly- yo|2) dy
+0 because Ayy=0in D
— Jo. 21(y —v0) - Vo[*dy .

Therefore, when Ayv = 0 in D, we have

(N +1) o, IV0f* (2 ~ Iy — ol”) dy

= me,,o,, |Vo)? (7‘2 - ly- yolz) (y — ¥o) - vdo (y)
=2 frna,, , S5 (4~ ¥o0) 00) (= Iy - wal*) do ()
+2r2 fo [Vul®dy — 4 f; |ty —yo) - Vol dy .

By the fact that vr =0, we get Vo = (Vv -v)v on T and deduce that
(N +1) fo, IVol* (7 = |y - %ol dy

== me,,o,, |8,v[? (7‘2 —-ly- yolz) (¥ — ¥o) - vdo (y)
+2r2 fo Vol dy —4 Jo (v — %) - Vol *dy
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and this is (C.6).
Consequently, from (C.5) and (C.6), when Ayv = 0in D and vr =0,
we have

D' (r) =MD (r) + £ fo (v — o) - Vo u)P dy

C7
43 g B (7 = 1y - 0l?) - 10) - vo ) - T

The computation of the derivative of & (r) = g < gives
1 /
o (r) = 0] [D'(r)H (r) - D(r)H' ()] ,

which implies from (C.4) and (C.7) that

H2 () (r) = 1 (4 fp, 1w - %) Vo ) dy H (r) - D*(r))
+20 [ 5, 180l (T2 ~ly— yolz) (y — %) - vdo (y)

Thanks to (C.3) and Cauchy-Schwarz inequality, we obtain that
0<4 [ v=ve) Vo) dy H) = D)

The inequality 0 < (y — o) - ¥ on I holds when B, N D is star-shaped
with respect to y, for any r € (0,R,). Therefore, we get the desired
monotonicity for ® which completes the proof of Lemma C.

4.2 Quantitative unique continuation property for
the Laplacian

Let D c RN+l N > 1, be a connected bounded open set with boundary
8D. Let T be a non-empty Lipschitz open part of 8D. We consider the
Laplacian in D, with a homogeneous Dirichlet boundary condition on

I'co:
Aypv=0 inD,
v=0 onl, (D.1)
v=v(y) € H*(D) .

The goal of this section is to describe interpolation inequalities associated
with solutions v of (D.1).

Theorem D. Let w be a non-empty open subset of D. Then, for
any Dy ¢ D,0D1NOD €T and D;\(I'NAD,) c D, there exist C >0
and p € (0,1) such that for any v solution of (D.1), we have

[owerasc([pwra) ([ (y)|2dy>1_“ |
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Or in an equivalent way and by a minimization technique, there occur
the following results:

Theorem D’. Let w be a non-empty open subset of D. Then, for
any D, C D,8D;N8D €T and D; \(TN8D,) C D, there exist C >0
and p € (0,1) such that for any v solution of (D.1), we have

/D, lv(y)lzdysc(é)l_:&A|v(y)|2dy+€L|v(y)|2dy Ve 0.

Proof of Theorem D. We divide the proof into two steps.

Step 1. We apply Lemma B, and use a standard argument (see e.g.,
[Ro]) which consists of constructing a sequence of balls chained along a
curve. More precisely, we claim that for any non-empty compact sets in
D, K, and K, meas (Ki) > 0, there exists u € (0,1) such that for any
v =v(y) € H*(D), solution of A,v =0 in D, we have

vala< ([ pwla) ([ volra) . ©2
K2 K, D

Step 2. We apply Lemma C, and choose y, in a neighborhood of
the part T such that the conditions ¢, #, i hold. Next, by an adequate
partition of D, we deduce from (D.2) that for any D; C D,8D,NdD €T
and D; \(T NAD;) C D, there exist C > 0 and u € (0,1) such that for
any v=v(y) € H*(D), Ayy=00n D and v =0 on T, we have

[ wwraso([pwra) ([ pora) "

This completes the proof.

4.3 Quantitative unique continuation property for
the elliptic operator 62 + A

In this section, we present the following result.

Theorem E. Let Q be a bounded open set in R™, n > 1, either
convez or C? connected. We choose To > Ty and § € (0,(T2 — T1) /2).
Let f € L?(Q x (T1,Ty)). We consider the elliptic operator of the second
order in § x (T, T2) with a homogeneous Dirichlet boundary condition
on 982 x (T1,Tz),

Fw+Aw=f in Q¥ x (T1,T2) ,
w=0 on I x (T, T?) , (E.1)
w=w(zt)€ H(Q x (T1,T2)) .
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Then, for any ¢ € C§° (Q x (T1,T2)), ¢ # 0, there exist C > 0 and
p € (0,1) such that for any w solution of (E.1), we have

-5
f77‘;2+6 Q |w (z, t)|2 dxdt

l-p
< C( 77,;’ Jo lw (@, b)) dxdt)

( TTf Jalpw (ar,-,t)|2ala:dt+fTTl2 Jolf (@, t) dxdt)“

Proof. First, by a difference quotient technique and a standard
extension at Q x {T1,7T>}, we check the existence of a solution u €
H?(Q x (T1,T3)) solving

Fu+Au=f inQx(N,T),
u=20 on 6QX(T1,T2)UQX {Tl,Tz} ,

such that

lell ez i may) < €M llzaaxen,may)

for some ¢ > 0 only depending on (€, T}, T2). Next, we apply Theorem D
with D = Qx (T}, T3), Q% (T1 + 6, T2 — ) C D1,y = (x,t), A, = 8} +A4,
and v=w — u.

4.4 Application to the wave equation

From the idea of L. Robbiano [Ro2] which consists of using an inter-
polation inequality of Holder type for the elliptic operator 82 + A and
the Fourier-Bros-lagolnitzer transform introduced by G. Lebeau and L.
Robbiano [LR], we obtain the following estimate of logarithmic type.

Theorem F. Let ) be a bounded open set in R™, n > 1, either
convex or C? connected. Let w be a non-empty open subset in Q. Then,
for any B € (0,1) and k € N*, there ezxist C > 0 and T > 0 such that
for any solution u of

BZu-Au=0 inQx(0,T),
u=0 ondQx(0,T),
(u, 8u) (-,0) = (uo, u1)
with non-identically zero initial data (ug,u,) € D ( Ak—1)’ we have
(C I(uo,u1)l p( ok -1) )umk)
"(uo’ul)"D(Ak—l) < Ce Mo w20y x #—1(q)

il 2 wx 0,9y -

Proof. First, recall that with a standard energy method, we have
that

VtieR ||(u0,u1)||izg(n)xm(n) = /{; (|3tu (z,0) + |Vu (:c,t)|2) dz ,
(F.1)



Waves, Damped Wave and Observation 407

and there exists a constant ¢ > 0 such that forall T > 1,

T

Tlwo s e [ [@nlde.  (F2)
Next, let 8 € (0,1), k € N*, and choose N € N* such that 0 < 8+ 5}y < 1
and 2N > k. Put y = 1 — ). For any A > 1, the function Fj(z) =

. - \2N
% s e*7e= () dris holomorphic in C, and there exists four positive
constants C,, ¢o, ¢; and ¢z (independent of A) such that

VzeC |Fi(2)| < Co/\'7e°°’\|1mz|‘/“’ ,
[Imz| < ¢z |Rez| = |Fa(2)| < Co,\ve—clnnezpn ,

(see [LR]).

(F.3)

Now, let s,£, € R, we introduce the following Fourier-Bros-Iagolnitzer
transformation in [LR]:

W, a(z,8) = /R Fa(to +is — 0)®(O)u(z, £)de , (F.4)

where & € C§°(R). As u is solution of the wave equation, W, » satisfies:
OtWe, A(z,8) + AW, A(z, 5)
= [x—Fa(l, +is — €) [®"(O)u(z,£) + 28 (0)Fyu(x, £)] dE ,
We, A(z,8) =0 forxz €99,
We, A(x,0) = (F) x du(z,-))(£,) forzeQ.

On the other hand, we also have for any T > 0,

(F.5)

| ®u (x")“Lz((§—1,§+1)) < || Pulz, -) — F x u(z, ‘)||L2((§—1,§+1))
+ || Fx * u(z, ')”Lz((%l—l,%lﬂ))
< |@u(z, ) — Fa x u(z, )|l 2g)

1/2
+ (fte(‘g'—l,%:+1) [Wea(z, 0)|2 dt)
(F.6)
Denoting F (f) the Fourier transform of f, by using Parseval equality

and F (Fy) (1) = e‘(ﬁ’)m, one obtains
||®u(z, ) — Fy * du(z, ‘)||L2(R)
= 71;”- “.7'- ((I>u(:r:, ) — Fyx Qu(m) ))"L’(R)

= 2= (fn l (1 - e_(f"’)m) F (®u(z, ")) (T)rdT) v
<c(k

< Cxpe (fg |7 (0f (Bu(z,"))) (7')|2 dT)l/2 because 8 < v
< C b (0% (@@ )| pagey -

1/2 (F.7)
(,\T_v)k F (du(z, ")) (7')|2 dT) because k < 2N
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Therefore, from (F.6) and (F.7), one gets

|®u (z, ')||L2((§—1,f§+1))

1/2
2
< Cyr ||6f (Qu(z, '))”m(n) + (fte(%—l,{-ﬂ) |We,A(,0) dt)
(F.8)
Now, recall that from the Cauchy’s theorem we have:

Proposition 1. Let f be a holomorphic function in a domain D C
C. Let a,b> 0, z € C. We suppose that

D, = {(x,y)eRzz(C\ |z — Rez| < a, |y—Imz| <b}cD,
then

f(z)= mb_//z_m| :ustm s f(z +iy)dzdy .

Choosing z =t € (£ - 1,7 +1) C R and z + iy = £, + is, we deduce
that
[Wea(2,0)| < 755 feo_t|<a f|,|<b |We, +is,x(x, 0)| dlods
Lt>f|ec,-t|<a f|s|<b|Wlm (z,5)| dsdt, s (F.9)
_2

(fllo—t|<a f|3|<b|We0yA(x 3)| dee ) ’

<
<

I/\

and with a = 2b =1,

fte(§ 1LT+1) |W, a(, 0)[ dt
< fte(%l L,E+1) (f|eo-t|<1fls|<1/2|Weo,,\(x s)|? dsd¢ )dt

- fte(f LE+1) f£o€(7—2,7+2) f|s|<1/2|W£o,z\($ 3)| dsdl,dt
< zfloe( ~2,7+2) f|s|<1/2|Wlo, (=, 3)| dsdl,

(F.10)

Consequently, from (F.8), (F.10) and integrating over {2, we get the
existence of C' > 0 such that
Jo fte(-,— 1,3+1) |@(t)u(z, t)|* dtdz
< Csoox fo Jr |0F (2 () u(z, t)))|? dtdz (F.11)
4 Jre(5-2.5+2) (o Sugsa Wee (@, o) dsd) dts
Now recall the following quantification result for unique continuation of

elliptic equation with Dirichlet boundary condition (Theorem E applied
toh1=-1,T,=1,0=1/2, p € C§° (w x (—1,1))):

Proposition 2. Let Q be a bounded open set in R, n > 1, either
convez or C? connected. Let w be a non-empty open subset in . Let
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f=f(z,8) € L2 (2 x (=1,1)). Then there emsts ¢ > 0 such that for all
w=w(z,s) € H* (2 x (—1,1)) solution of

Bw+Aw=f nQx(-1,1),
w=0 on 0 x (-1,1) ,

for all € > 0, we have :

f|s|51/2 Jolw (z, 3)|2 dzds
< Geble ( Sz f 1w (2, )2 dzds + [, <, Jo1f (= s)|2d:cds)
+e4co/e S Ja lw (z,5)|* dzds .
Applying to Wy, , from (F.5) we deduce that for all € > 0,
f|8|S1/2 Jo Weo (=, s)|? dzds
< em4c0/e flslsl Jo Weon(z, 3)|? dzds
+2e7% [t Jo Weon (@, s)|? dzds
+zetle f|s|51 Ja Ifn —F(bo+is—¢)
2
[8"(8)u(z, £) + 2® (£)Byu(z, £)] de)? d:cdsl dzds .

(F.12)
Consequently, from (F.11) and (F.12), there exists a constant C > 0,
such that for all € > 0,

fﬂ fte(-}—l,-§+1) |®(t)u(z, t)|2 dtdz
< Cxhe Jo J |0F (@ (8) u(z, 1)))|* dtdz
tae=l [, or o 2o (faigr Jo Weo (@, )P dads) d,
+4CeC/® fgoe(g.—z.%-n) (f|s|51 L, Weoa(z, 8)? dxds) dé,
+4Ce/= feoe(%—2,%+2) (f|s|51 JolJg —Fa(lo +is - £)
(8" (O)u(z, £) + 2@’ (£)B,u(z, £)] de|> dxds) e, .

(F.13)

Let us define @ € C§°(R) more precisely now: we choose ® € C§°((0, T)),
0<®<1,®=1o0n (%, 3L). Furthermore, let K = [0,T] U [, T]
such that supp(®’) = K and supp(®”) C K.

Let Ko = [3T,3T]. Particularly, dist (K,K,) = L. Let us define
T > 0 more precisely now: we choose T > 16 max (1,1/¢) in order that
(£ -2,Z+2) C Ko and dist(K, K,) > 2.

Now, we will choose £y € (T —2,Z +2) Cc Ko and s € [-1,1]. Conse-

quently, for any £ € K, |y — £| > 62—2 > 01—2 |s| and it will imply from the
second line of (F.3) that

VeeK |Fallo+is—0) <AxeX (B (F1g)
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Till the end of the proof, C and Cr will denote a generic positive constant
independent of € and A but dependent on Q and respectively (2,T),
whose value may change all along the line.

The first term on the right hand side of (F.13) becomes, using (F.1),

s [ [ 10 @ @ (e, )] o < Cr sz uo w) sy -
(F.15)
The second term on the right hand side of (F.13) becomes, using the
first line of (F.3),

e—4/e feoe(£—2.§+2) (f|s|51 Jo Weo a(z, 9)|2 da:ds) dt,

2 2
< (Coxvereo)? g=teo/e feoe(§—2,§+2) [flsISI Jo |f0T |u(z, £)|d2| d:::ds]
< CrA?rereogico/e ||(Uo,u1)||§13(n)xm(n) :
(F.16)

The third term on the right hand side of (F.13) becomes, using the first
line of (F.3),

el [y e(F-2542) ( fier fo Weo (3, s)|2dxds) dfo

2
< (Coxveree)? eCle Jeoe(3-2.542) [fls|§1 L |foT |u(z, €)| df| d:z:ds] dé,

< CX¥velrelle [ fOT lu(z, t)|* dtdz .
(F.17)

The fourth term on the right hand side of (F.13) becomes, using (F.14)
and the choice of &,

e/e feoe(§—2,§+2) (f|a|51 fn |fR —Fy(bo+is—£)
[8"(0)u(z, £) + 28/ (€)d,u(z, £)) de|® d:::ds) df,
<C ( A ,\»fe—cnk(-’é)”’)2 &/ fo|fic (u(z, 0)] + |Beu(z, €)]) ¢ dz

—2c A €
< Cae~2aM(8) 7 gete (0, w1) g3 oy x 22052y -

(F.18)
We finally obtain from (F.15), (F.16), (F.17), (F.18) and (F.13) that

fn fte(%-],{-.;.]) |®(t)u(z, t)|2 didz

< Cr s [1(wo, 1) D ar—y
+CrA?7g?Ae0g=dco/e || (ug, w)I3 H}(Q)xL2() (F.19)
+CA27eCreC/e [ f lu(z, t)|? dtdz

+C)\27e—2°"\(-§) gé/e "(uO’ul)”Hol(mez(m ]
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Ne begin to choose A = % in order that

fn fte(Z;‘ 1,%+1) |®(t)u(z, t)| dtdz

< e22%Cr || (uo, w1 )i ax- y
+e~2e0/¢ L Cr || (uo, ul)"n! () x L2(Q) (F.20)
+eC/<C [ [T [u(z, t)|? dtdz

+CE!7€XP<O( —2¢ (§ )M +C) )||(u0,u1)|lno(n)x1,2(n)

We finally need to choose T' > 16 max (1,1/cz) large enough such that

(—2c ( ) v +E) < —1 that is 8 (%g) < T, to deduce the existence
of C > 0 such that for any € € (0,1),

=2

Jo Jie(3-1.5+1) (@, ) dtde < o fie(z o, £4)] |®(t)u(z, t)|” dtdz
< CgPk "(anul)"D(A" )
+CeC/e fo lu(z, t)[? dtdz .
(F.21)
Now we conclude from (F.2) that there exist a constant ¢ > 0 and a time
T > 0 large enough such that for all € > 0 we have

"(uoaul)"Lz(Q)xH 1)

F.22
<els [, fo luz,t) dtdz + €22 ||(ug, w1) | an-) - (722

Finally, we choose

1/(Bk)
B (||(uo,u1)||1,2(n)xn-!(n))

Nl (o, ul)"D(A"-‘)

Theorem 1.1 is deduced by applying Theorem F to 8;u.
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