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Abstract 

This article describes some applications of two kinds of obser­
vation estimates for the wave equation and for the damped wave 
equation in a bounded domain where the geometric control con­
dition of C. Bardos, G. Lebeau and J. Rauch may fail. 

1 The wave equation and observation 

We consider the wave equation in the solution u = u(x, t) 

{ 

OfU - t:J.u = 0 in n X JR , 
U = 0 on an X JR , 

(u,OtU)(·,O) = (uo,ui) , 
(1.1) 

consisting in a bounded open set n in JRn, n ~ 1, either convex or C2 , 

to be connected with boundary an. It is well known that for any initial 
data (ua, u1) E H 2 (n) n HJ (n) x HJ (n), the above problem is well 
posed and has a unique strong solution. 

Linked to exact controllability and strong stabilization for the wave 
equation (see [Li]), it appears the following observability problem which 
consists in proving the following estimate 

ii(uo, ui)II~J(n)xL2(n) ~CloT i lotu (x, t)l
2 

dxdt 

for some constant C > 0 independent of the initial data. Here, T > 0 and 
w is a non-empty open subset in n. Due to finite speed of propagation, 
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the time T has to be chosen to be large enough. Dealing with high 
frequency waves, i.e., waves which propagate according to the law of 
geometrical optics, the choice of w can not be arbitrary. In other words, 
the existence of trapped rays (e.g, constructed with gaussian beams (see 
[RaJ) implies the requirement of some kinds of geometric conditions on 
(w, T) (see [BLR]) in order that the above observability estimate may 
hold. 

Now, we want to know what kind of estimate we may expect in a 
geometry with trapped rays. Let us introduce the quantity 

A_ ll(uo,ui)IIH2nHJ(O)xHJ(O) 
- ll(uo,ui)IIHJ(O)x£2(0) ' 

which can be seen as a measure of the frequency of the wave. In this 
paper, we present the two following inequalities 

(1.2) 

and 

Cfl.lh 

ll(uo,ul)II~J(O)x£2(0) ~ C fo fw1atu(x,t)l
2

dxdt (1.3) 

where {3 E (0, 1), 'Y > 0. We will also give their applications to control 
theory. 

The strategy to get estimate {1.2) is now well known (see [Ro2],[LR]) 
and a sketch of the proof will be given in Appendix for completeness. 
More precisely, we have the following results. 

Theorem 1.1. For any w non-empty open subset in 0, for any /3 E 
(0, 1), there exist C > 0 and T > 0 such that for any solution u of {1.1} 
with non-identically zero initial data (u0 , ui) E H 2(0)nHJ (0) x HJ (0), 
the inequality (1.2} holds. 

Now, we can ask whether it is possible to get another weight function 
of A other than the exponential one, a polynomial weight function with 
a geometry (O,w) with trapped rays in particular. Here we present the 
following results. 

Theorem 1.2. There exists a geometry (O,w) with trapped rays 
such that for any solution u of {1.1} with non-identically zero initial 
data (ua, ui) E H 2(0) n HJ (0) x HJ (0), the inequality {1.3} holds for 
some C > 0 and 'Y > 0. 

The proof of Theorem 1.2 is given in [Ph1]. With the help of Theorem 
2.1 below, it can also be deduced from [LiR], [BuH]. 
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2 The damped wave equation and 
our motivation 

We consider the following damped wave equation in the solution w = 
w(x, t) 

{ 
a~w - D.w + 1watW = 0 

w=O 
in n X (0, +oo) , 
on an X (0, +oo) , (2.1) 

consisting in a bounded open set n in !Rn, n ~ 1, either convex or C2 , 

to be connected with boundary an. Here w is a non-empty open subset 
inn with trapped rays and 1w denotes the characteristic function on w. 
Further, for any (w,atw) (·,0) E H 2 (n) n HJ (n) x HJ (0), the above 
problem is well posed for any t ~ 0 and has a unique strong solution. 

Denote for any g E C ([0, +oo); HJ (0)) n C1 ([0, +oo); £2 (n)), 

E (g, t) = ~in (IVg (x, t)l2 + latg (x, t)12
) dx . 

Then for any 0 :::; to < t 1 , the strong solution w satisfies the following 
formula 

E (w, tl)- E (w, to)+ 1t1 

11atw (x, t)1 2 dxdt = 0 . (2.2) 
t 0 w 

2.1 The polynomial decay rate 

Our motivation for establishing estimate (1.3) comes from the following 
result. 

Theorem 2.1. The following two assertions are equivalent. Let 
0 > 0. 

(i) There exists C > 0 such that for any solution w of (2.1} with the 
non-null initial data (w, atw) (·, 0) = (w0 , w1) E H 2 (0) nHJ (n) x 
HJ (0), we have 

c( EJ:1•"'·)>) 1/6 

2 1 w,O 1 2 ll(wo, wl)IIHl(Q)xL2(Q) :5 C 1atw (x, t)i dxdt . 
0 0 w 

(ii) There exists C > 0 such that the solution w of {2.1} with the initial 
data (w, atw) (·, 0) = (w0 , w1) E H 2 (O)nHJ (0) x HJ (0) satisfies 

E (w, t) :5 ~ ll(wo, wl)ll~2nHJ(n)xHJ(O) 'Vt > 0 · 
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Remark. It is not difficult to see (e.g., [Ph2]) by a classical de­
composition method, a translation in time and (2.2), that the inequality 
(1.3) with the exponent 'Y for the wave equation implies the inequality 
of (i) in Theorem 2.1 with the exponent o = 2-y/3 for the damped wave 
equation. And conversely, the inequality of ( i) in Theorem 2.1 with the 
exponent 6 for the damped wave equation implies the inequality (1.3) 
with the exponent 'Y = 6/2 for the wave equation. 

Proof of Theorem 2.1. 
(ii) => (i). Suppose that 

c 2 
E(w,T) ~ T611(wo,wl)IIH2nHJ(O)xHJ(O) 'liT> 0 · 

Therefore from (2.2) 

C 2 {T1 2 
E(w,O) ~ T6 ll(wo,wl)IIH2nHJ(O)xHJ(O) + Jo w l8tw(x,t)l dxdt. 

By choosing 

T = 
20

11(wo,Wt)IIH2nHJ(n)xHJ(O) 
( 

2 ) 1/6 

E(w,O) ' 

we get the desired estimate 

(i) => (ii). Conversely, suppose the existence of a constant c > 1 such 
that the solution w of (2.1) with the non-null initial data (w, 8tw) (·, 0) = 
(w0 , wt) E H 2 (0) n HJ (0) x HJ (0) satisfies 

c( E(w,OJ:/!b~'w,O)) 1/6 
2 

E(w,O) ~ c 1 ll8tw(x,t)l dxdt. 

We obtain the following inequalities by a translation on the time variable 
and by using (2.2). 'Its ~ 0 

E(w,s1 s+c( (E(w,oJ:t:~~tw.o))) 116 icltw(x,tt 
:E(w,O)+E( ,w,O)) ~ c fs ' fw E(w,O)+E( 1w,O) dxdt 

( 

E( w,s+c(E(w,O!+E(81w,0!)1/6)) < E(w,s) _ (w,o) 
- C E(w,O)+E(81w,O) E(w,O)+E(8,w,O) . 
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Denoting G (s) = E(w,o~ti(h.w,O), we deduce using the decreasing of G 
that 

which gives 

a(s+c(a:J''),; !:cG(s). 

Let ci = (l¥)I/6 -1 > 0 and denote d(s) = (ee, ~)
6

. We distinguish 

two cases. 

If CIS~ c (a~s)f16 , then G(s) ~ (~ ~)
6 

and 

G((1+ci)s) ~ d(s). 

If cis> c ( ats) f 16
, then s+c ( ats) f 16 

< (1 + cl) sand the decreasing 

of G gives G ((1 + CI) s) ~ G (s + c ( ats) / 16
) and then 

c 
G((1+cl)s)~ 

1
+cG(s). 

Consequently, we have that Vs > 0, Vn EN, n;::: 1, 

G ((1 + ci) s) ~max [d(s), I~ed (c1;ed), · · ·, 

( l~e) n d ( (1+~1 )n) ' ( l~e) n+l G ( (1+~1}*)] 
Now, remark that with our choice of ci, we get 

1 :cd c1 :cl)) = d(s) Vs > 0. 
Thus, we deduce that Vn ;::: 1 

G ( ( 1 + c1) s) ~ max ( d ( s) , ( I~e) n+l G ( (1+~1) .. )) 

~max ( d (s), ( I~e) n+l) because G ~ 1 , 

and conclude that Vs > 0 

E(w,s) =G(s)<d(-s-) = (c(1+cl))
6 

2_ 
E(w,O)+E(Otw,O) - 1+c1 c1 s6 · 

This completes the proof. 
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2.2 The approximate controllability 

The goal of this section consists in giving an application of estimate 
(1.2). 

For any w non-empty open subset inn, for any f3 E (0, 1), letT> 0 be 
given in Theorem 1.1. 

Let (v0 , v1, vod, v1d) E (H2 (!1) n HJ (n) x HJ {!1))
2 

and u be the solu­
tion of (1.1) with initial data (u,8tu)(·,O) = (vo,vl). 

For any integer N > 0, let us introduce 

N 

f N (x, t) = -1w L [ 8tw(2i+l) (x, t) + 8tw(2t) (x, T- t) J , (2.3) 
l=O 

where w(O) E C ([0, T]; H2 (!1) n HJ (!1)) is the solution of the damped 
wave equation (2.1) with initial data 

( w(O)' 8tW(O)) (·, 0) = (vod, -Vld)- (u, -8tU) (·, T) inn ' 

and for j ~ 0, w(i+l) E C ([0, T]; H 2 (!1) n HJ (!1)) is the solution of the 
damped wave equation (2.1) with initial data 

( w(i+l)' 8tW(j+l)) {-, 0) = ( -w(j)' 8tW(j}) (·, T) inn . 

Introduce 

M =sup llw(j) (·, 0), 8tw(j) (·, 0)11
2 

j~O H2(Q)xHJ(O) 

Our main result is as follows. 

Theorem 2.2 . Suppose that M < +oo. Then there exists C > 0 
such that for all N > 0, the control function IN given by {2.9} dnves 
the system 

{ 

8fV- t:J..v = 1wx(O,T}!N 
v=O 
(v,8tv) (-,0) = (vo,vl) 

inn X (O,T) ' 
on an X (O,T) ' 
inn' 

to the desired data (vod, VId) approximately at time T, i.e., 

2 c 
llv(·,T)-vod,8tv(·,T)-vldliH'(O)xL2(0} ~ 213 M, 

0 [ln (1 + 2N)] 

and satisfies 
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Remark. For any e > 0, we can choose N such that 

c (:&:M.) 1/13 
----~M:::: e2 and (2N + 1):::: e ~ 
[ln (1 + 2N}]2.B 

in order that 

and 

[(-'<:v'M)l/13] 
llfiiLoc(o,T;£2(n))::; e ~ ll(vo,VI,Vod,Vld)II(HJ(n)x£2(n))2 

In [Zu), a method was proposed to construct an approximate control. 
It consists of minimizing a functional depending on the parameter e. 
However, no estimate of the cost is given. On the other hand, estimate 
of the form {1.2) was originally established by [Ro2) to give the cost (see 
[Le]). Here, we present a new way to construct an approximate control 
by superposing different waves. Given a cost to be not overcome, we 
construct a solution which will be closed in the above sense to the desired 
state. It takes ideas from [Ru) and [BF) like an iterative time reversal 
construction. 

2.2.1 Proof 

Consider the solution 
N 

V (·, t) = L [w(2l+l} (·, t) + w(2l} (·, T- t)J 
i=O 

We deduce that for t E (0, T) 

{ 

alV (·, t)- ~v (·, t) = -1w l~O [atw(2l+l) (·, t) + atw(2l) (·, T- t)] , 

v = 0 on an X (0, T) , 
(V,atV) (·,0) = 0 inn. 

Now, from the definition of w<0>, the property of (wCi+l), atw(i+ll) (·, O) 
and a change of variable, we obtain that 

(V, at V) (·, T) = (w<0>, -atw<0>) (-, 0} + (w<2N+l), atw<2N+l)) (·, T) 
= (vod, VId)- (u, atu) (·, T) + (w<2N+l), atw<2N+ 1>) (·, T) 

Finally, the solution v = V + u satisfies 

{ 

atv- ~v = 1wx(o,T}!N inn X (0, T) , 
v = 0 on an X (0, T) , 
(v,atv) (·,0} = (vo,vl) inn, 
(v,atv) (·,T) = (vod,Vld) + (w<2N+l),atw(2N+l}) (·,T) inn. 
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Clearly, 

IJv (·, T) - Vod, OtV (·, T)- V1dll~6 (n) x£2(!1) = 2E ( w<2
N+

1
), T) 

It remains to estimate E (w<2N+1), T). We claim that 

3C>O VN 2: 1 E (w<2N+1) T) < C M . 
' - (In (1 + 2N)]2.8 

Indeed, from Theorem 1.1, we can easily see by a classical decom­
position method that there exist C > 0 and T > 0 such that for any 
j 2: 0, 

II (j+l) ( o) a (i+1) ( o) 112 
W ·, ' tW ·, H6(0)x£2(!1) 

( 
II {i+1)( 0) 8 (i+1)( OJ II ) 1/,8 < W ·, ' tW ' H2(1l)xH1(n) 

- Cexp C llw(i+1l(·,O),a.w<i+ll(- O)IJ 1 2 
' H 0 (ll) XL (ll) 

J:{ L l8tw(i+1) (x, t)l
2 

dxdt. 

Since 
E ( w<i+1

), 0) = E ( wW, T) 

we deduce from (2.2) that for any j 2: 0 

Vj 2: 0, 

E w<i+1) 0 < C ex C M 
( ) 

1/(2,8) 

( ' ) - p llw(i+l)(·,0),8tw(i+l)(·,O)IJ 2 
1 2 H 0 (1l)XL (ll) 

[E (wUl, T)- E (wCi+l), T)] . 

Let 
d; = E ( w<i+1l, r) . 

By using the decreasing property of the sequenced;, that is d; ~ d;_ 1 , 

we obtain that for any integer 0 ~ j ~ 2N 

(c )1/(213> 

d; ~ Ce ~ [d;-1 - d;] 

By summing over (0, 2N], we deduce that 

(c -~!:;) 1/(213) 

(2N + 1)d2N ~ Ce 2N (d-1- d2N] 

Finally, using the fact that d-1 ~ M, it follows that 

d < C M 2
N - [In (1 + 2N)] 2.8 . 
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This completes the proof of our claim. 

On the other hand, the computation of the bound off N is immediate. 
Therefore, we check that for some C > 0 and T > 0, 

2 c 
llv(·,T)-vod,8tv(·,T)-vldiiHJ(n)xL2(!l) ::5 (ln{

1
+

2
N)]2fiM' 

for any f3 E {0, 1) and any integer N > 0. This completes the proof of 
our Theorem. 

2.2.2 Numerical experiments 

Here, we perform numerical experiments to investigate the practical ap­
plicability of the approach proposed to construct an approximate con­
trol. For simplicity, we consider a square domain n = {0, 1) x {0, 1), 
w = {0, 1/5) x {0, 1). The time of controllability is given by T = 4. 

For convenience we recall some well-known formulas. Denote by { ei} .>1 J_ 
the Hilbert basis in £ 2 (S1) formed by the eigenfunctions of the operator 
-a with eigenvalues {Aj}i;:::l' such that lleill£2(!1) = 1 and 0 < At < 
A2 ::5 .Aa ::5 · · · , i.e., 

{ 
Aj = 1r

2 (kJ + t]), ki,ti EN*, 
ei (x1,x2) = 2sin(7rkjxl)sin(7r£jx2) 

The solution of 

{ 

8{v- av = f 
v=O 

(v,8tv)(·,O) = (vo,vl) 

inn X (0, T) ' 
on an X (O,T) ' 
inn' 

where f is in the form 

f(xt,X2) = -1w 'L,J; (t)ej (x1,x2) , 
j~l 

is given by the formula 

v(x1,x2,t) = lim E {a~cos(ty'Xj) +a}+sin(ty'Xj) 
G-++oo j=l V >.; 

+ Jx; J~ sin ((t- s) y'Xj) Rj (s) ds} ei (x1,x2) , 
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where 

Here, G will be the number of Galer kin mode. The numerical results are 
shown below. The approximate solution of the damped wave equation 
is established via a system of ODE solved by MATLAB. 

Example 1 : low frequency The initial condition and desired target 
are specifically as follows: (vo, v1) = (0, 0) and (vod, VId) = (e1 + e2, e1). 
We take the number of Galerkin mode G = 100 and the number of 
iterations in the time reversal construction N = 30. 

Below, we plot the graph of the desired initial data vod and the 
controlled solution v (·, t = T = 4). 

..., .. ..., .. 
Below, we plot the graph of the energy of the controlled solution and 

the cost of the control function. 
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120 , ... 
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Example 2 : high frequency The initial condition and desired target 
are specifically as follows: ( Vod, Vld) = (0, 0) and with (k0 , a 0 , b0 ,) = 
(200, 1/2, 10000), for (x1 , x2 ) E (0, 1) x (0, 1), 

Notice that we have chosen as initial data the G-first projections on the 
basis {e;};;:::1 of a gaussian beam g(x1,x2,t) such that g(·,t = 0) = g0, 
8tg (·, t = 0) = 91, which propagate in the direction (0, 1). 

We take the number of Galerkin mode G = 1000 and the number of 
iterations in the time reversal construction N = 100. 

Below, we plot the graph of the energy of the controlled solution and 
the cost of the control function. 

0.004 

0002 

~~~u~~~u~~.~~u~~~u--~ -
3 Conclusion 

0.1 

u • 
Od<4 

In this paper, we have considered the wave equation in a bounded domain 
(eventually convex). Two kinds of inequalities are described when there 
occur trapped rays. Applications to control theory are given. First, we 
link such kind of estimate with the damped wave equation and its decay 
rate. Next, we describe the design of an approximate control function 
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by an iterative time reversal method. We also provide a numerical sim­
ulation in a square domain. I'm grateful to Prof. Jean-Pierre Puel, the 
"French-Chinese Summer Institute on Applied Mathematics" and Fudan 
University for the kind invitation and the support to my visit. 

4 Appendix 

In this appendix, we recall most of the materials from the works by I. 
Kukavica [Ku2] and L. Escauriaza [E] for the elliptic equation and from 
the works by G. Lebeau and L. Robbiano [LR] for the wave equation. 

In the original paper dealing with doubling property and frequency func­
tion, N. Garofalo and F.H. Lin [GaL] studied the monotonicity property 
of the following quantity 

f88 lv (y)l2 da (y) · 
O,r 

However, it seems more natural in our context to consider the mono­
tonicity properties of the frequency function (see [Ze]) defined by 

JBo,r jV'v (y)J2 (r2 -JyJ2) dy 

JBo,r Jv (y)J
2 

dy 

4.1 Monotonicity formula 

Following the ideas of I. Kukavica ([Ku2], [Ku], [KN], see also [E], [AE]), 
one obtains the following three lemmas. Detailed proofs are given in 
[Ph3]. 

Lemma A. Let D c JRN+l, N ~ 1, be a connected bounded open 
set such that Byo,Ro C D with Yo E D and Ro > 0. If v = V (y) E 
H2 (D) is a solution of ll.yv = 0 in D, then 

is non-decreasing on 0 < r < R 0 , and 

d [ 2 1 
drln }

1 
iv(y)i dy= ;:(N+1+4}(r)) 

B1J0 ,r 

Lemma B. Let D C JRN+l, N 2:: 1, be a connected bounded open 
set such that By

0
,R

0 
CD with Yo ED and Ro > 0. Let r1, r2, r3 be three 
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real numbers such that 0 < r1 < r2 < r3 < R 0 • If v = v (y) E H 2 (D) is 
a solution of tl.yv = 0 in D, then 

where a= r;;h (r;;h + ~) -l E (0, 1). 
nrl nrl nr2 

The above two results are still available when we are closed to a part r of 
the boundary 80 under the homogeneous Dirichlet boundary condition 
on r, as follows. 

Lemma C. Let D c JRN+l, N ;::: 1, be a connected bounded open 
set with boundary 8D. Let r be a non-empty Lipschitz open subset of 
8D. Let r0 , r1, r2, r3, Ro be five real numbers such that 0 < r1 < 
ro < r2 < r3 < Ro. Suppose that Yo E D satisfies the following three 
conditions: 

i}. Byo,r n D is star-shaped with respect to Yo Vr E (0, Ro) I 

ii}. By0 ,r CD Vr E {0, T0 ) 1 

iii). By0 ,r n 8D c r Vr E [r0 , Ro) . 
If v = v (y) E H 2 (D) is a solution of tl.yv = 0 in D and v = 0 on r, 
then 

where a= lnh (~ + lnh) -l E (0, 1). 
rl rl r2 

4.1.1 Proof of Lemma B 

Let 

By applying Lemma A, we know that 

d 1 
-d lnH (r) =- (N + 1 + <P (r)) 

r r 

Next, from the monotonicity property of <P, one deduces the following 
two inequalities 
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Consequently, 

and therefore the desired estimate holds 

4.1.2 Proof of Lemma A 

We introduce the following two functions H and D for 0 < r < Ro : 

First, the derivative of H(r) = J; fsN lv(ps+yo)l2 pNdpdn(s) is given 
by H' (r) = f88 lv (y)l2 dn (y). Next, recall the Green formula 

1/o,r 

faB
11
o.r lvl2 

OvGdn (y) - faB
11
o.r Ov (1vl2) Gdn (y) 

= JBllo.r lvl2 f:l.Gdy- JBllo.r f:l. (1v12) Gdy . 

We apply it with G (y) = r2-ly- Yol2 where GI8B
110

,r = 0, 8vGI8B
110

,r = 
-2r, and l:l.G = -2 (N + 1). It gives 

H' (r) = ~ JBlloor (N + 1) lvl2 dy + 2~ JBIIo.r f:l. (1v12) (r2 - IY- Yol2) dy 

= N:l H (r) + ~ j
8110

,r div (vV'v) (r2 -ly- Yol 2) dy 

= N:l H (r) + ~ JBIIoor (1Vvl2 + vl:l.v) (r2 - IY- Yol 2) dy . 

Consequently, when tl.yv = 0, 

N+1 1 
H' (r) = --H (r) + -D (r) , 

r r 
(A.1) 
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that is IJ;(;? = N;l + ~ ~~;~ the second equality in Lemma A. 

Now, we compute the derivative of D (r). 

D'(r) = fr (r2 J; fsN I('V'v)lps+yo 12 pNdpda(s)) 

-fsNr21('vv)lrs+yol2 rNda(s) {A.2) 

= 2r J; fsN I('V'v)lps+Yo 12 pNdpda(s) 
= 2r f8 IV'vl

2 
dy . 

Jlo,r 

On the other hand, we have by integrations by parts that 

2r JBI/o.r IV'vl2 dy = Ntl D (r) + ~ Js!Jo,r I{Y- Yo) . V'vl2 dy 

-~ fs
11
o.r V'v · (y- Yo) .6.v (r2 -ly- Yol

2
) dy. 

(A.3) 
Therefore, 

(N + 1) fs
110

,r IV'vl
2 

(r2 -ly- Yol
2
) dy 

= 2r2 fsl/o.r IV'vl2 dy- 4 fsllo r I(Y- Yo). V'vl2 dy 

+2 JB
110

,r (y- Yo)· V'v.6.v (r2 -ly- Yol
2
) dy , 

and this is the desired estimate (A.3). 

Consequently, from {A.2) and (A.3), we obtain, when .6.yv = 0, the 
following formula 

N+l 41 2 D' (r) = --D (r) +- i(Y- Yo)· V'vl dy. 
r r Bllo,r 

The computation of the derivative of q> (r) = ~~;~ gives 

1 
q>' (r) = H 2 (r) [D' (r) H (r)- D (r) H' (r)J , 

which implies using (A.l) and (A.4) that 

{A.4) 

H2 (r) 'I>' (r) ~ ~ ( 4 L .... l(y- Yo)· Vvl
2 

dyH (r)- D2 (r)) 2: 0 , 

indeed, thanks to an integration by parts and using Cauchy-Schwarz 
inequality, we have 
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Therefore, we have proved the desired monotonicity for ~ and this com­
pletes the proof of Lemma A. 

4.1.3 Proof of Lemma C 

Under the assumption Byo,r n aD c r for any T E [ro, Ro), we extend v 
by zero in Byo.Ro \D and denote by v its extension. Since v = 0 on r, 
we have 

Now, we denote Or= By
0
,r n D, when 0 < r < R0 • Particularly, Or= 

By
0
,r, when 0 < r < r 0 • We introduce the following three functions: 

H (r) = Jnr iv (y)i2 dy , 

D (r) = fnr i"Vv (y)i2 (r2 - iY- Yoi 2
) dy , 

and 

D(r) 
~ (r) = H (r) ~ 0 . 

Our goal is to show that ~ is a non-decreasing function. Indeed, we will 
prove that the following equality holds 

d d 1 
-d lnH (r) = (N + 1) -d lnr + -~ (r) 

r r r 
(C.l) 

Therefore, from the monotonicity of~. we will deduce (in a similar way 
to that in the proof of Lemma A) that 

and this will imply the desired estimate 
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First, we compute the derivative of H (r) = f8 iv(y)i2 
dy. 

11o•r 

H' (r) = fsN lv(rs + Yo)l2 
rN do" (s) 

= : fsN lv(rs + Yo)l 2 
rs · srN du (s) 

= : f
811

o.r div (iv (y)l
2 
(y- Yo)) dy (C.2) 

= : JB
110

,r ( (N + 1) lv (y)l2 + V lv (y)l
2 

• (y- Yo)) dy 

= Ntl H (r) + ~ fnr v (y) Vv (y) · (y- Yo) dy · 

Next, when !:l.yv = 0 in D and v1r = 0, we remark that 

D (r) = 2 { v (y) Vv (y) · (y- Yo)dy, (C.3) 
Jnr 

indeed, 

fnr 1Vvl2 (r2 -ly- Yol
2

) dy 

= fnr div [vvv (r2 -ly- Yol2)] dy- fnr vdiv [vv (r2 -ly- Yol
2
)] dy 

= - fnr v!:l.v (r2
- IY- Yol 2

) dy- fnr vVv · V (r2
- IY- Yol

2
) dy 

because on 8By0 ,r, r = IY- Yol and v1r = 0 
= 2 fnr vVv · (y -Yo) dy because !:l.yv = 0 in D . 

Consequently, from {C.2) and (C.3), we obtain 

H' (r) = N + 1 
H (r) + ~D (r) , 

T T 

and this is {C.1). 

On the other hand, the derivative of D ( r) is 

D' (r) = 2r J; fsN I(Vv)IPs+Yo 1

2 

pN dpdu (s) 
= 2r fnr IVv (y)l2 

dy . 

Here, when !:l.yv = 0 in D and v1r = 0, we will remark that 

{C.4) 

(C.5) 

2r fn IVv (y)l2 
dy = Ntl D (r) + ~ f8 i(Y- Yo)· Vv (y)l 2 dy 

r +: frnBI/o,r l8vvl
2 (;2r -ly- Yol 2

) (y- Yo)· vdu (y) 

(C.6) 
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(N + 1) fnr IV'vl2 (r2 -ly- Yol2 ) dy 

= fnr div (1Vvl2 (r2
- IY- Yol 2

) (y- Yo)) dy 

- fo.r V' (1Vvl2 (r2
- IY- Yol 2

)) · (y- Yo) dy 

= frnB
110

,r IV'vl2 (r2 
- IY- Yol 2

) (y- Yo) · vdu (y) 

- fo.r 8y, (1Vvl2 (r2
- IY- Yol 2

)) (Yi- Yat) dy 

= frnB
110

,r 1Vvl2 (r2 
- IY- Yol2 ) (y- Yo)· vdu (y) 

- fo.r 2V'v8y, V'v (r2 
- IY- Yol 2

) (Yi - Yoi) dy 

+2 fo.r IV'vi2 1Y- Yol 2 
dy , 

and - fo.r 871;va;,71; v (r2 -ly- Yol 2
) (Yi- Yoi) dy 

=- fo.r 871; ( (Yi- Yat) 871;v871,v (r2 -ly- Yol 2
)) dy 

+ fnr 8y; (Yi- Yoi) 871;v871,v (r2 -ly- Yol 2
) dy 

+ fo.r (Yi- Yoi) a;; v871,v (r2 -ly- Yol 2
) dy 
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+ fo.r (Yi- Yoi)8y;V8y,V8y; (r2 -ly- Yol 2
) dy 

=- frns
11
o.r V; ((Yi- Yoi) 8y;V8y,v (r2 -ly- Yol 2

)) du (y) 

+ fo.r IV'vl2 (r2 
- IY- Yol 2

) dy 
+0 because a71v = 0 in D 
- fnr 2l(y- Yo) · V'vl 2 

dy · 

Therefore, when a 71v = 0 in D, we have 

(N + 1) fnr IV'vl2 (r2 
- IY- Yol 2

) dy 

= frnB
110

,r IV'vl2 (r2 
- IY- Yol2 ) (y- Yo)· vdu (y) 

-2 frnB
110

,r 8y;VV; ((yi- Yoi) 8y,v) (r2 -ly- Yol 2) du (y) 

+2r2 fo.r IV'ul2 dy- 4 fo.r I(Y- Yo)· V'vl 2 dy . 

By the fact that vw = 0, we get V'v = (V'v · v) von rand deduce that 

(N + 1} Jnr IV'vl2 (r2 
- IY- Yol 2

) dy 

= - frnB
110

,r l8.,vl2 (r2 -ly- Yol 2
) (y- Yo)· vdu (y) 

+2r2 fnr IV'vl2 
dy- 4 fo.r I(Y- Yo)· V'vl2 

dy , 
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and this is (C.6). 

Consequently, from (C.5) and (C.6), when !::J.yv = 0 in D and Vjr = 0, 
we have 

D' (r) = Ntl D (r) + ~ fnr i(Y- Yo)· 'Vv (y)i
2 

dy (C.
7

) 

+~ frnB
11
o.r iovvi

2 
(r2 - iY- Yoi

2
) (y- Yo)· vdn (y) . 

The computation of the derivative of <I> (r) = ~~~~ gives 

<I>' (r) = H2\r) [D' (r) H (r) - D (r) H' (r)] , 

which implies from (C.4) and (C.7) that 

H 2 (r) <I>' (r) = ~ ( 4 fnr i(Y- Yo)· 'Vv (y)i 2 dy H (r) - D2 (r)) 

+ H~r) frnB
11
o.r iovvi2 (r2 - iY- Yol

2
) (y- Yo)· vdn (y) 

Thanks to (C.3) and Cauchy-Schwarz inequality, we obtain that 

0::;; 4 { i(Y- Yo)· 'Vv (y)i2 dy H (r)- D2 (r) . 
Jnr 

The inequality 0 ::;; (y- Yo)· v on r holds when By
0

,r n D is star-shaped 
with respect to Yo for any r E (0, R0 ). Therefore, we get the desired 
monotonicity for <I> which completes the proof of Lemma C. 

4.2 Quantitative unique continuation property for 
the Laplacian 

Let D C JRN+l, N ~ 1, be a connected bounded open set with boundary 
aD. Let r be a non-empty Lipschitz open part of aD. We consider the 
Laplacian in D, with a homogeneous Dirichlet boundary condition on 
rcan: 

{ 

!::J.yv = 0 in D, 
v = 0 on r' 

v = v (y) E H 2 (D) . 
(D.1) 

The goal of this section is to describe interpolation inequalities associated 
with solutions v of (D.1). 

Theorem D. Let w be a non-empty open subset of D. Then, for 
any D1 c D, oD1 noD <S rand D1 \(r noDi) c D, there exist C > 0 
and J.L E (0, 1) such that for any v solution of (D.l), we have 

L
1 

iv (y)i
2 

dy::;; C (fwiv (y)l2 dy) ~-' (L lv (y)l2 dy y-JS 
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Or in an equivalent way and by a minimization technique, there occur 
the following results: 

Theorem D'. Let w be a non-empty open subset of D. Then, for 
any D1 c D, 8D1 n8D <S rand D1 \(f n 8Dl) c D, there exist C > 0 
and J..t E (0, 1) such that for any v solution of (D.1), we have 

Proof of Theorem D. We divide the proof into two steps. 

Step 1. We apply Lemma B, and use a standard argument (see e.g., 
[Ro]) which consists of constructing a sequence of balls chained along a 
curve. More precisely, we claim that for any non-empty compact sets in 
D, K 1 and K2, meas (Kl) > 0, there exists J..t E (0, 1) such that for any 
v = v (y) E H 2 (D), solution of l:iyv = 0 in D, we have 

Step 2. We apply Lemma C, and choose Yo in a neighborhood of 
the part r such that the conditions i, ii, iii hold. Next, by an adequate 
partition of D, we deduce from (D.2) that for any D1 c D, 8D1n8D <S r 
and D1 \(f n 8Dl) c D, there exist C > 0 and J..t E (0, 1) such that foJ 
any v = v (y) E H 2 (D), l:iyv = 0 on D and v = 0 on r, we have 

This completes the proof. 

4.3 Quantitative unique continuation property for 
the elliptic operator 8l + ~ 

In this section, we present the following result. 

Theorem E. Let n be a bounded open set in !Rn, n ~ 1, either 
convex or C2 connected. We choose T2 > T1 and o E (0, (T2 - Tl) /2). 
Let f E L2 (0 x (T1, T2)). We consider the elliptic operator of the second 
order in n X (Tl, T2) with a homogeneous Dirichlet boundary condition 
on an X (Tl, T2), 

{ 

a;w + l:iw = f in n X (Tl, T2) , 
w=O on80x(T1,T2), 
w = w(x,t) E H 2 (n x (T1,T2)) . 

(E.1) 
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Then, for any cp E Cif' ( 0 x ( T1 , T2)), cp f 0, there exist C > 0 and 
p. E (0, 1) such that for any w solution of (E.1}, we have 

IJ:;: In iw (x, t)1
2 

dxdt 

~ c (!~2 In iw (x, t)12 
dxdt r-~< 

(!~2 In icpw (x, t)l 2 
dxdt + I~2 In If (x, t)l

2 
dxdt r 

Proof. First, by a difference quotient technique and a standard 
extension at 0 x {T1. T2}, we check the existence of a solution u E 

H2 {0 x (T1,T2)) solving 

{ 
8tu + D.u = f 
u=O 

in 0 x (T1.T2) , 
on 80 x (T1, T2) U 0 x {T1, T2} , 

such that 
lluiiH2(nx(T!,T2)) ~ C llfll£2(nx(T1,T2)) ' 

for some c > 0 only depending on (0, T1, T2). Next, we apply Theorem D 
with D =Ox (Tb T2), Ox {T1 + 6, T2- 6) c D1, y = (x, t), D.y = 8f+D., 
and v= w-u. 

4.4 Application to the wave equation 

From the idea of L. Robbiano [Ro2] which consists of using an inter­
polation inequality of Holder type for the elliptic operator 8t + D. and 
the Fourier-Bros-Iagolnitzer transform introduced by G. Lebeau and L. 
Robbiano [LR], we obtain the following estimate of logarithmic type. 

Theorem F. Let 0 be a bounded open set in IR.n, n ~ 1, either 
convex or C2 connected. Let w be a non-empty open subset in 0. Then, 
for any {3 E (0, 1) and k E N*, there exist C > 0 and T > 0 such that 
for any solution u of 

{ 

8tu - D.u = 0 in 0 x (0, T) , 
u = 0 on 80 x (0, T) , 

(u,8tu)(·,O) = (uo,ul) , 

with non-identically zero initial data ( u0 , ul) E D (A k-l), we have 

( 

ll(uo,u1)11D(Ak-1) ) 1f(,6k) 

II( )II < c 0 11<uo.u1liiL2(fl)xH-1(f1) II II 
uo,ul D(Ak-1)- e u L2(wx(O,T)) 

Proof. First, recall that with a standard energy method, we have 
that 

WEIR ll(ua,ul)II~J(n)x£2{n) = L (18tu(x,t)i
2 + IV'u(x,t)i

2
) dx, 

{F.1) 
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and there exists a constant c > 0 such that for all T ~ 1, 

T ll(uo, ul)ll~2(f!)xH-l(f!) ~ c 1T foiu (x, t)1 2 
dx . (F.2) 

Next, let {3 E (0, 1), k EN*, and choose N E N* such that 0 < {3+ 2}v < 1 
and 2N > k. Put 'Y = 1- 2}v. For any>.~ 1, the function F>.(z) = 

• ( T )2N 
2~ JR eoz-r e- n dr is holomorphic in C, and there exists four positive 
constants 0 0 , eo, c1 and c2 (independent of>.) such that 

{
'Vz E C IF>.(z)l ~ CoXYeco>.IImzllh , 
llmzl ~ c2IRezl::::} IF>.(z)l ~ CoXYe-c1 >.1Rezl 1

t-r , (F.a) 

(see (LR]). 

Now, let s, f.0 E R, we introduce the following Fourier-Bros-Iagolnitzer 
transformation in (LR]: 

Wt 0 ,>.(x,s) = L F>.(fo+is-f.)~(f.)u(x,f.)d.e, (F.4) 

where~ E CQ'(R). As u is solution of the wave equation, Wto,>. satisfies: 

{ 

a;wlo,>.(X, s) + AWto,>.(X, s) 
= JR-F>.(f.0 +is -f.) [~" (f.)u(x, f.)+ 2~' (f.)8tu(x, f.)] d.e , (F.5) 

Wto.>.(X, s) = 0 for X E an , 
Wto,>.(X, 0) = (F>. * ~u(x, ·))(.eo) for X E n . 

On the other hand, we also have for any T > 0, 

ll~u (x, ·)lb((f-1,f+1)) ~ ll~u(x, ·)- F>. * ~u(x, ·)IIL2((f-1,f+l)) 

+ IIF>. * ~u(x, ·)IIL2((f-1,f+1)) 

~ ll~u(x, ·)- F>. * ~u(x, ·)IIL2(R) 

( 
2 ) 1/2 + ftE(~- 1.~+1) IWt,>.(x,O)I dt . 

(F.6) 
Denoting F (f) the Fourier transform of f, by using Parseval equality 

( 
T )2N 

and F(F>.) (r) = e- n , one obtains 

ll~u(x, ·)- F>. * ~u(x, ·)IIP(R) 
= J; IIF (~u(x, ·)- F>. * ~u(x, ·))IIP(R) 

= * (IRI(1-e-h'r)2N)F(~u(x,·))(r)l 2 
drr

12 

~ C (JR IU"~")k F(~u(x,·))(r)l 2 dr) 
112 

because k < 2N (F.
7

) 

~ Cxk (JR IF (8t (~u(x, ·))) (r)l
2 dr) 112 

because {3 < 'Y 

~ Cxk ll8t (q,u(x, ·))II£2(R) · 
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Therefore, from (F.6) and (F.7), one gets 

ll4>u (x, ·)IIL2((f-1,f+1)) 

S Cxfn; iio: (4>u(x, ·))IIL2CR> + (Ite(f-1,f+1) IWt,.>.(x,O)I2 dt) 1/2 
(F.8) 

Now, recall that from the Cauchy's theorem we have: 

Proposition 1. Let f be a holomorphic function in a domain D C 
C. Let a, b > 0, z E C. We suppose that 

Do= { (x, y) E JR? ~ C \ lx- Rezl Sa, IY- Imzl S b} C D , 

then 
f(z) = -

1 J f f(x+iy)dxdy. 
1rab }I :r:-:u 12 +lv-~m~ 12~1 

Choosing z = t E (~- 1, ~ + 1) C IR and x + iy = io +is, we deduce 
that 

IWt,.>.(X, O)l S 1r~b ~lo-tl~a ~sl~b IWto+is,.>.(X, 0)1 diodS 

S ?r~b flto-tl~a ~si91Wto,.>.(X, s)l dsdio 1/2 (F.9) 

s .,.Ta;; (~lo-tl~a ~sl~b IWto,.>.(X, s)l
2 

dsdio) 

and with a= 2b = 1, 

fte(f-1,f+1) IWt,.>.(X, 0)12 dt 

S fte(f-1,f+l) (~lo-tl$1 ~si9/2 1Wt0 ,.>.(X, s)l2 
dsdio) dt 

S fte(f-1,f+l) ftoe(f-2,f+2) ~si$1/2 1Wt0 ,.>.(X, s)l2 
dsdiodt 

S 2 feoe(f-2,f+2) ~si$1/2 1Wt0 ,.>.(X, s)l2 
dsdio . 

(F.10) 

Consequently, from (F.8), (F.10) and integrating over n, we get the 
existence of C > 0 such that 

fo. fte(f-1,f+l) l4>(t)u(x, t)1
2 

dtdx 

S C~ fo. JR io: (4"> (t) u(x, t)))l
2 

dtdx (F.ll) 

+4 ftoe(f-2,f+2) (In ~si$1/21Wto,.>.(X, s)l2 
dsdx) dio . 

Now recall the following quantification result for unique continuation of 
elliptic equation with Dirichlet boundary condition (Theorem E applied 
to T1 = -1, T2 = 1, 8 = 1/2, <p E err (w X (-1, 1))): 

Proposition 2. Let 0 be a bounded open set in IRn, n ~ 1, either 
convex or C 2 connected. Let w be a non-empty open subset in n. Let 
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f = f (x, s) E L2 (n x ( -1, 1)). Then there extSts c > 0 such that for all 
w = w (x, s) E H 2 en X ( -1, 1)) solution of 

{
a;w+t:.w=f in!lx(-1,1)' 
w=O on80x (-1,1), 

for all e > 0, we have : 

~sl:51/2 In lw (x, s)l
2 

dxds 

~ ce-c;e (!1819 L lw (x, s)l
2 dxds + ~819 In If (x, s)l

2 dxds) 

+e-4co/e ~si9 In lw (x, s)l2 dxds . 

Applying to Wt0 ,>., from (F.5) we deduce that for all e > 0, 

Ilsl~l/2 In IWto,>.(X, s)l2 dxds 
~ e-4co/e ~sl9 In IWto,>.(x, s)l2 dxds 

+eecfe ~sl<l fw 1Wt0 ,>.(X, s)l
2 

dxds 
+eecfe ~sl~l In IIR -F>.(to +is- t) 

- [<I>"(t)u(x,t) + 2<I>'(t)8tu(x,t)] d£12 dxdsl
2 

dxds. 

(F.12) 
Consequently, from (F.ll) and (F.12), there exists a constant C > 0, 
such that for all e > 0, 

In Ite(f-l,f+l) I<I>(t)u(x, t)l
2 

dtdx 

~ Cxfm; In IR iat (<I> (t) u(x, t)))l
2 

dtdx 

+4e-4co/e ItoE(f-2,f+2) (~sl9 In IWto,>.(X, s)l2 dxds) dto 

+4CeCfe ItoE(f-2,f+2) (~sl:51 fw IWto,>.(X, s)l2 dxds) dto 

+4Cecfe ItoE(f-2,f+2) (Jisl9 In IIR -F>.(to +is- t) 

[<I>"(t)u(x, t) + 2<I>'(t)8tu(x, t)] d£1 2 dxds) d£0 • 

(F.13) 

Let us define <I> E C8"(1R) more precisely now: we choose <I> E C8"((0, T)), 
0 ~<I>~ 1, <I>= 1 on Cf, 3J). Furthermore, let K = [0, t] U [3J, T] 
such that supp(<I>') = K and supp(<I>") C K. 

Let Ko = (3i', 5i). Particularly, dist (K, Ko) = t· Let us define 
T > 0 more precisely now: we choose T > 16 max (1, 1/ c2) in order that 
Cf - 2, ~ + 2) C Ko and dist(K, K 0 ) ;::: ! . 
Now, we will choose toE (~- 2, ~ + 2) C Ko and s E [-1, 1]. Conse­

quently, for any t E K, Ito - tl ;::: !; ;::: !; lsi and it will imply from the 
second line of (F.3) that 

Tit E K IF>.(to +is- t)l ~ A.A'Ye-c1 >.(f)
1

h . (F.14) 
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Till the end of the proof, C and Cr will denote a generic positive constant 
independent of c and A but dependent on S1 and respectively (S1, T), 
whose value may change all along the line. 

The first term on the right hand side of (F.13) becomes, using (F.l), 

A2~k In li8f ((> (t) u(x, t)))i
2 

dtdx ~ Cr A;/Jk ll(uo, ul)II~(Ak-i) . 

(F.15) 
The second term on the right hand side of (F.13) becomes, using the 
first line of (F.3), 

e-4/F: ItoE(f-2,{+2) (~si-:;I In 1Wt0 ,.x(x, s)l
2 

dxds) dlo 

~ (CoXYe-Xeo)2 e-4co/F: ItoE({-2,{+2) [~sl-:;1 In IJoT lu(x,f)l d.£12 dxds] 

~ CrA2"~e2.Xeoe-4co/F: ll(uo,ul)II~J(n)xL2(n) · 
(F.16) 

The third term on the right hand side of (F.l3) becomes, using the first 
line of (F.3), 

eCfF: ItoE({-2,{+2) (~sl9 fw IWto,.x(x, s)l2 dxds) dlo 

~ (CoA'Ye.Xeo)2 eC/F: ItoE({-2,f+2) [~sl-:;1 L IIoT lu(x,£)1 d.£12 dxds] dlo 

~ CA2"~e0.xeC/F: L J: lu(x, t)l 2 dtdx . 
(F.l7) 

The fourth term on the right hand side of (F.l3) becomes, using (F.14) 
and the choice of (>, 

ecfF: ItoE(f-2,f+2) (~sl-:;1 In IIR -F.x(fo +is- f) 

[(>"(f)u(x,f) + 2(>'(f)8tu(x,f)] d.£1 2 dxds) dlo 

:5 C ( AA"~e-c1 .x(f) 1h) 
2 

ecfF: In IJK (lu(x,f)l + l8tu(x, f)l) d.£1 2 dx 

< C\2"f -2cl.>.(f)lh c/F: II( )112 _ "' e e Uo, U1 HJ(n)x£2(n) · 
(F.18) 

We finally obtain from (F.l5), (F.16), (F.l7), (F.l8) and (F.l3) that 

fn Ite(f-1,{+1) l(>(t)u(x, t)1
2 

dtdx 

~ Cr~ ll(uo,ul)II~(Ak-1) 
+0 \2'Ye2.Xco -4co/F: II( )112 TA e Uo,Ul HJ(n)x£2(n) 
+CA2"~e0-XeC/F: f. J

0
T lu(x, t)1 2 dtdx 

+CA2'Y -2cl.X(f)'f;.., cfF: II( )112 e e uo,ul HJ(n)x£2(n) 

(F.19) 
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lt/e begin to choose >. = : in order that 

In ItEa-l,f+l) l~(t)u(x, t)12 dtdx 

~ c213kCr ll(uo, ul)II~(Ak-1) 
+e-2eo/e~Cr ll(uo,ul)II~J(n)xL2(n) 
+ecfec fw I;{ iu(x, t)1 2 dtdx 

+C~ exp ( ( -2c1 (~) 1h +c):) ll(uo,ul)II~J<n)xL2(n) 
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(F.20) 

We finally need to choose T > 16max(1,1/c2) large enough such that 

( -2Cl (~)lh +c) ~ -1 that is 8 (¥cff ~ T, to deduce the existence 

of C > 0 such that for any c E (0, 1), 

In ItE(f-l,f+l) iu(x, t)l
2 

dtdx ~In ItE(f-l,f+l) l~(t)u(x, t)l2 
dtdx 

~ Cc213
k ll(uo, ul)II~(Ak-1) 

+CeCfe fw IoT iu(x, t)12 dtdx . 
(F.21) 

Now we conclude from (F.2) that there exist a constant c > 0 and a time 
T > 0 large enough such that for all c > 0 we have 

ll(uo, ut)lli2(n)xH-1(n) 
~ ecfe fw I;{ iu(x, t)l2 dtdx + c213k ll(uo, ul)II~(Ak-1) 

(F.22) 

Finally, we choose 

c = ll(uo,ut)ll£2(n)xH-1(n) 
( ) 

1/(/3k) 

ll(uo, ut)llv(Ak-1) 

Theorem 1.1 is deduced by applying Theorem F to OtU. 
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