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Abstract

The main aim of this paper is to provide a new feedback law for the heat equations in a bounded domain
2 with Dirichlet boundary condition. Two constraints will be compulsory: First, the controls are active in a
subdomain of €2 and at discrete time points; Second, the observations are made in another subdomain and at
different discrete time points. Our strategy consists in linking an observation estimate at one time, minimal
norm impulse control, approximate inverse source problem and rapid output stabilization.
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1. Introduction

Let @ Cc R, d > 1, be a bounded domain, with a C? boundary 9€2. Let V be a function in
L (2) with its norm ||| .. Define

A:=A—V,with D(A) = H*(Q)NH} (Q) .

Write {e'4,1 >0} for the semigroup generated by A on L? (). It is well-known that when
V =0, the semigroup {e’ At> O} has the exponential decay with the rate o1, which is the first
eigenvalue of —A with the homogeneous Dirichlet boundary condition. The aim of this study is
to build up, for each y > 0, an output feedback law F, so that any solution to the closed-loop
controlled heat equation, associated with A and F,, has an exponential decay with the rate y.
Further, two constraints are imposed: We only have accesses to the system at time %T +NT
on an open subdomain w; C §; We only can control at time 7 + N7 on another open subset
wy C Q. Here, T is an arbitrarily fixed positive number and N := N U {0}, with N the set of
all positive natural numbers. Therefore, the closed-loop controlled equation under consideration
reads:

y(t)—Ay()=0, 1 € (0,00)\NT ,
y0)eL*(Q), (1.1)
ymT)=ynT_)+ 1y, F) (121y(<n—%> T)) , YneN.

Here, y (nT_) denotes the left limit of the function: 7 > y (¢) (from [0, 00) to L? (2)) at time
nT; 1,, denotes the zero-extension operator from L% () to L? () (i.e., for each f € L? (w»),
Ly, (f) is defined to be the zero-extension of f over 2); 17 stands for the adjoint operator of
1o, ; Fy is a linear and bounded operator from L? (w1) to L? (w2). The operator F, is what we
will build up. The evolution distributed system (1.1) is well-posed and can be understood as the
coupling of a sequence of heat equations:

0 .
Y@, iftel0,T)
YO=n @) . ifremT. (+1)T)

for any n € N, where

a0 —AY+Vy0=0, inQx(07T),
y=0, ondQ2 x (0, 7) ,
Y (O0)=y(©0) eL*(Q),

and

oY —AY'+Vy'=0, inQxnl,m+DT),
y'=0, ondQx mT,m+1)T),

VU (T) = Y= (0T) + 1, Fy (1;‘;1 gl <<n - %) T)) cL2(Q) .

Throughout this paper, we denote by ||-|| and (-, -) the norm and the inner product of L% ()
respectively. The notation |-[|,, and (-, -),, will mean the norm and the inner product of L2 ()
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respectively. We write £ (Hj, H>) for the space consisting of all bounded linear operators from
one Hilbert space H; to another Hilbert space H;. Lastly, we introduce the set {)»j }joz , for the
family of all eigenvalues of —A so that

MSA<-=<Ay<0<Apg1=<---and lim A; =00, (1.2)
J—)OO

and let {5 | }jozl be the family of the corresponding orthogonal normalized eigenfunctions.

The main theorem of this paper will be precisely presented in section 5. It can be simply
stated as follows: For each y > 0, there is F,, € £ (L2 (w1), L? (a)z)) and a positive constant C,,
(depending on y but independent of ¢) so that each solution y to the equation (1.1) satisfies the
inequality:

ly @l <Cye™ lly (] foranys>0. (1.3)

We now give two comments on this result. First, the aforementioned JF,, has the form:

KV
Fy(p)==2)_¢""%(gj, plu fj (x) forany pe L’ (@) . (14)
j=1

Here, K, € N is the number of all eigenvalues A; which are less that y + %; gj and f; are
vectors in L2 (w1) and L? (wy) respectively. These vectors are minimal norm controls for a kind
of minimal norm problems which can be given by constructive methods. Second, the operator
norm of F, is bounded by C 1627 with C; > 0 and C > 0 independent of y.

We next explain our strategy and key points to prove the above-mentioned results. First, we
realize that if a solution y to the equation (1.1) satisfies the inequality:

Gz o ((or)| sanner

then (1.3) holds. Next, by the time translation invariance of the equation, we can focus our study
on the interval [(% + n) T, (% +n T). And the problem of stabilization is transferred into
the following approximate controllability problem (of the system (1.1) over the above interval):

Find a control in a feedback form driving the system from each initial datum y ((% + n) T)
to y ((‘5—L + n) T) with the above estimate. When building up the feedback law, we propose a
new method to reconstruct approximatively the initial data y ((% + n) T) from the knowledge

of 17, y ((% + n) T). All along such process, we need to take care of the cost of F,,. Naturally,

we may expect that smaller is e 77, larger is the cost. It is worth mentioning, that by projecting

the initial data y ((4—1L + n) T) into subspaces span {51, e §KV} and span {ny+la ny+2, .- }
respectively, we have

[Pr,y @+ DD <e o3 |y (1 4n) 7))
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where Pk, denotes the orthogonal projection of L? () onto the second subspace. Therefore,

there is no interest to control the initial data P,y ((% + n) T) when Ak, 41 > y. This suggests

the form of our feedback law.

In our analysis, a precise estimate is established and we will build the output stabilization

law via some minimal norm impulse control problems. It requires to link the approximate im-
pulse control and a quantitative unique continuation estimate called observation at one time. Our
program follows the orientation described in [27] where stabilization, optimal control and exact
controllability for hyperbolic systems are closely linked. Here, exact controllability for the wave
equation is replaced by approximate impulse control for the heat equations.

Several notes are given in order.

1. Impulse control belongs to a class of important control and has wide applications (see, for
instance, [4,7,36,40]). In many cases impulse control is an interesting alternative to deal
with systems that cannot be acted on by means of continuous control inputs, for instance,
relevant control for acting on a population of bacteria may be impulsive, so that the density
of the bactericide may change instantaneously; indeed continuous control would be enhance
drug resistance of bacteria (see [40] and [37]). In the book [40], the author systematically
introduces both theory and applications for impulse controlled ODEs, and also presents ways
about how to realize impulse controls.

There are many studies on optimal control and controllability for impulse controlled equa-
tions (see, for instance, [6,35,7,28,42], [25, Chapter 8], [3,16,29,31,5] and references
therein). However, we have not found any published paper on stabilization for impulse con-
trolled equations. From this perspective, the problem studied in the current paper is new.

In the system (1.1), we do not need to follow the rule: Make observation at each time and then
add simultaneously control with a feedback form. (When systems have continuous feedback
control inputs, one usually follows such a rule.) Instead of this, we only need to observe 17, y

at time points (n — %) T (for all n € N) and then add the controls at time points nT. In this
way, we can not only save observation and control time, but also allow the control time nT
having a delay with respect to the observation time (n — %) T. Sometime, such time delay
could be important in practical application.

. Stabilization is one of the most important subject in control theory. In most studies of this
subject, the aim of stabilization is to ask for a feedback law so that the closed loop equation
decays exponentially. The current work aims to find, for each decay rate y, a feedback law
so that the closed loop equation has an exponential decay with the rate y. Such kind of
stabilization is called the rapid stabilization. About this subject, we would like to mention
the works [21,38,10,39,9,14,13].

. When observation region is not the whole €2, the corresponding stabilization is a kind of
output stabilization. Such stabilization is very useful in applications. Unfortunately, there is
no systematic study on this subject, even for the simplest case when the controlled system
is time-invariant linear ODE (see [8]). Most of publications on this subject focus on how to
construct an output feedback law for some special equations (see, for instance, [19,15,41,
12,30] and references therein). Our study also only provides an output feedback law for a
special equation.
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4. In this paper, we present a new way to build up the feedback law. In particular, the structure
of our feedback law is not based on LQ theory or Lyapunov functions (see, for instance, [2]
and [11]).

5. In the current study, one of the keys to build up our feedback law is the use of the unique
continuation estimate at one time, established in [34] (see also [32] and [33]). Some new
observations are made on it in this paper (see Theorem 2.1, Remark 2.2 and Remark 2.3).

6. The following extensions of the current work should be interesting: The first case is that V
depends on both x and ¢ variables; The second case is that the equation is a semi-linear heat
equation; The third case is that the equation is other types of PDEs.

The rest of this paper is organized as follows. Section 2 provides several inequalities which
are equivalent to the unique continuation estimate at one time. Such observation estimates are
used in Section 3 in which we deal with the impulse control problem. In Section 4, we link the
impulse control problem with an approximate inverse source problem. Finally, Section 5 presents
the main result, as well as its proof.

2. Observation at one time

In this section, we present several equivalent inequalities. One of them is the unique continu-
ation estimate at one time built up in [34] (see also [32] and [33]).

Theorem 2.1. Let w be an open and nonempty subset of Q2. Then the following propositions are
equivalent and are true:

(i) There are two constants C1 > 0 and B € (0, 1), which depend only on Q and w, so that for
allt >0 and ® € L? (),

2/3 1-8
4+ LV oIV )
etAcDHE i IV llso IV IZ 1;&%”
w

1o)” |

(i) There is a positive constant C», depending only on Q2 and w, so that for each ) > 0 and
each sequence of real numbers {a j} CR,

2

Z |a,| 1+\|vnoo +f)/ Z“is/ dx .

Aj<A o |Mi<A

(iii) There is a positive constant C3, depending only on Q2 and w, so that for all 6 € (0, 1), t >0
and ® € L2 (),

2/3

c(1+l+t VoIV ) 1-6
HetACDHSe (1A IV I HIVIE) | 10 1:)etA¢H
w

(iv) There is a positive constant C3, depending only on Q and w, so that for all ¢, 8 >0, t > 0
and ® € L (),

148 2/3
Hemq,”f_ Ca 4B (1 1V oo+ 1V )‘

1;;e'A<I>H el .
w
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(v) There is a positive constant ¢, depending only on 2 and w, so that for all ¢ > 0, t > 0 and
®el?(Q),

2/3
Hemq)H < IV IHIVIZ )exp( /;1n+1> ‘
&

Here ln+é = max{lné, 0}. Moreover, constants Cs in (iii) and (iv) can be chosen as the same
number, and ¢ = 4C3 in (v).

o] +elol .
w

Remark 2.2. We would like to give several notes on Theorem 2.1.

1. The inequality in (i) of Theorem 2.1 implies a quantitative version of the unique continuation
property of heat equations built up in [26] (see also [17]). Indeed, if |1%e’A®|| =0 for
some ® € L*(R), then H A H = 0, which, together with the backward uniqueness for heat
equations, implies that & = 0. Moreover, such inequality is equivalent to a kind of impulse
control, with a bound on its cost, which will be explained in the next section. Further, such
controllability is the base for our study on the stabilization.

2. In the following studies of this paper, we will essentially use the inequality in (iif) of The-
orem 2.1. However, other inequalities seem to be interesting independently. For instance,
when V = 0, the inequality in (ii) of Theorem 2.1 is exactly the Lebeau—Robbiano spectral
inequality (see [22], [20] or [23]). Here, we get, in the case that V ## 0, the same inequality,
and find how the constant (on the right hand side of the inequality) depends on ||V || 5.

3. It deserves to mention that all constant terms on the right hand side of inequalities in Theo-
rem 2.1 have explicit expressions in terms of the norm of V and time, but not 2 and w.

4. It was realized that when V = 0, the inequality in (i) of Theorem 2.1 can imply the inequality
(i) of Theorem 2.1 (see Remark 1 in [1]).

5. The key ingredient why the inequality in (i) and the one in (ii) of Theorem 2.1 are equivalent
is that the evolution e’4 is time-invariant. We would like to mention that the inequality in (i)
of Theorem 2.1 was proved in [34] (see also [32] and [33]) for the case when V = V (x,t)
(i.e., for the evolutions with time-varying coefficients). However, for the time-varying evo-
lutions, we do not know whether (iii), (iv) and (v) in Theorem 2.1 are still valid and what
should be the right alternative of the spectral inequality in (if) of Theorem 2.1. These should
be interesting open problems.

Remark 2.3. When V = 0, the function exp <,/ln+%> is optimal in the inequality in (v) of
Theorem 2.1 in the following sense: For any function & — f (&), & > 0, with lim L& =0,

e—0t /InT1

the following inequality is not true:

led@] < fe)e! @ |1he' @, +ell@] forall®eL*(Q)ande>0.

We now explain why the optimality in Remark 2.3 is true. According to Proposition 5.5 in
[24], there exist C > 0 and ng > 0 so that for each n > ng, there is {an,j }jozl c ¢ \{0} satisfying
that
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Z an,jéj = Cecﬁ 1:; Z an,jéj

Aj=<n Aj<n w

Define, for each n € N,

1
b, = Z e’\f’an,jéj and §, := Ee"” )

A.jin

Therefore, we find that for each n > ny,

e = 3 anss| = (1-80) | Y an sy +00e | 3 an st

Aj<n Aj=<n Aj<n
> 1 £ S At ..
= E an,]g] + on e an,j%.]
)Ljfn )njfl’l

1
zECeCﬁ 15> an il +6al@nl

ri<n
/= w

Meanwhile, it follows from the definition of §, that for each n € N,

[ 1
ln8—=«/ln2+nt§1+\/ﬁ«/?.
n

Gathering all the previous estimates, we see that

[e20, | = %Ce—%e% 15 S |+ 10l

Ai<n
7= ®

which leads to the following property: There exists ¢ > 0, {®,} C L? (2)\{0} and {6,,} C (0, 1),
with lim 6, =0, so that
n—>0oo

e, | = eV

The rest of this section is devoted to the proof of Theorem 2.1.

152D, | + 8, Iull  foralln.

Proof. We organize the proof of Theorem 2.1 by several steps.
Step 1: On the proposition (i).
The conclusion (i) has been proved in [34] (see also [32] and [33]).
Step 2: To prove that (i) = (ii).
Let C; > 0 and B € (0, 1) be given by (7). Arbitrarily fix A > 0 and {a;} C R. By applying
the inequality in (), with & = 3=, _; a;e*i';, we get that
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B N
S0 (T HIV I HIVIES) |2 el g
Z |“J| Z |“Je | Z aj&j| dx ’
Aj<h Aj<h o |nj<a
which implies that
2
2 2/3 28
LV oo+l V 285

Z |aj|2§€1_ﬁ ( IWlect Vil )el—/"t Zajéj dx foreacht>0. (2.1)
Aj<h o |rji<x

Meanwhile, since || V| o5 2 <1+ ||V||2/3 and B € (0, 1), we see that

|
inf [01 (1 F Ve + ||V||2/3) +ﬁkt]

= inf [Cla +IVIED) + 71 +(C11V oo +ﬁ/\)t}

= (1+1VIEL) +2VCT @V + B0

<c 1+||V||2/%~|—2||V||1/2)+2«/_4/_A<max{3C1,2«/_}(1+||V||2/%+\/X).

6C, 4./Ci ]

This, along with (2.1), leads to the conclusion (i), with C, = max { =F> 1-8

Step 3: To show that (ii) = (iii).
Arbitrarily fix 2 > 0,7 >0and ® =3, a;§; with {a;} C €. Write

o= Z aje Mg + Z aje Mt .

A.j<A. )sz)n

Then by (ii), we find that

[t < | D aje ;| + | D aje g
Aj<i Aj=A
12
—xjt|? -
<\ > |aje ] +e M| P
Aj<A
12
< C2(1+||V|§é3+ﬁ>/ Zaje—kjtgj dx 4o M D] .
w |ri<A

This, along with the triangle inequality for the norm |-|,,, yields that
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) 12
2/3
1 \%4 s
fera] < | HOMERE) 15 g | 0,
o |Jz1

1/2
2/3
+ eCz(HHVH“’ JM/X)/ Z ajei'g;| dx +e M| .
o |[Mizh
Hence, it follows that
C 2/3
[ < (VI +VE) [Zeo] + P (VI +VE) i 1]+ e D]

<2 T OIS (o], e o)

Combining the above estimate with the following inequality:

C 1 /C
2\/— E)L +ﬁ<72> forany p >0,

we have that for all p € (0,2) and A >0,

23\ 1 (Q)
tA<DH<2 F(IvIEY) 25 (F) (egm

2—
eto| +em 3 0))
w

Since A was arbitrarily taken from [0, c0), we choose
1 eVl |||
A=-In| ————
ro\1gerte],

,ACDH 2 G (vIE) (%) (me

to get

1* lA(D” |q>||2>

which is the inequality in (iii) with 6 = p/2.
Step 4: To show that (iii) = (iv).
We write the inequality in (iii) in the following way:

1-6

2/3
I+ L+ VitV
e’AQDH§||q>||9< 125 (14 g+ IV oo VI, )’

1Z€IACDH )
w

Notice that for any real numbers E, B, D > 0 and 6 € (0, 1)

E< B9D1—9

1
& E<eB+(1-0)077—D Ve>0.

eT=0
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Then by taking 8 = 13;9 in the last inequality, we are led to the inequality in (iv) with the same

constant C3 as that in (iii). (The above equivalence can be easily verified by using the Young
D )1—9 )

inequality and by choosing ¢ = 6 ( v

Step 5: To show that (iv) = (v).
We write the inequality in (iv) in the following way:

HetACDH <exp <A+T+,3 (mé +A> + %T) ’

1;;e“‘q>H fel®| ,
w

with A = C3 (1 + % + 1| V] + |l V||C2>é3> and Y = % Next, we optimize the above inequality

with respect to 8 > 0 by choosing g = | ﬁ to get

ey fﬁpcy+v+z TON&+JQ>”%JA®M+wH¢H
<exp (A +T+2J/TA +2,/T1n+g> [15e 4| +el@l

<exp (41\ +21/Tln+%) [1ze 4| +el@l -

This implies the inequality in (v), with ¢ =4C3.
Step 6: to show that (v) = (i).

Since
1 1
1/EIn+— < i—|—o¢1r1(e—i——) Ya >0,
t e T at e

the inequality in (v) becomes

2/3

” (1+L 41V HIVIEY) Y
He CDHSe ! 0 e e+ — ‘
&

1;e'Aq>Hw+g||q>|| .

Next, we choose

_ 1]eo]
T2 e

and we use the fact that ”e’ACD H < e'lVle ||®|| to deduce the inequality in (i).
This ends the proof.

3. Impulse control
In this section, we first state our key result on impulse approximate controllability.

Theorem 3.1. Let 0 < T} < Ty < T3. Let ¢ > 0 and 7 € L? (R2). Then the following conclusions
are true:
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(i) There exists f € L* (w) such that the unique solution y to the equation:

Yy (@) —Ay () =0, te (T, 3)\{T},
y(T) =z,
y()=y(ho)+1uf,

satisfies
Iy (M)l =elzll .
Moreover, it holds that
1fll, <Ce (T3 — T2, T — Th) |Izll

where Cg : RT x Rt — R* is given by

(1L V oIV I c, .1
cg(t,s):e‘””V"ooe‘( LtV floot ||oo)eXp ;1n+_ ’
&

and ¢ > 0 is the same constant than in (v) of Theorem 2.1.
(ii) There is a unique f solving the following problem:

inf[llhllw;h € L? (w) such that ||y (T3)| < ¢ |lz|| with f replaced by A in (i)} .

The proof of Theorem 3.1 will be given in Subsections 3.1-3.2. We now apply Theorem 3.1
to the eigenfunctions {S | }jil More precisely, by choosing z =&; in Theorem 3.1, we have the

following corollary:

Corollary 3.2. For any 0 < Ty < T» < T3 and any ¢ > 0, j € N, there is a pair (y;, f;) such
that

Y (1) = Ayj (1) =0, te (T, H)\(T2},
yi (T)=§;,
yi()=y;j(Tr-)+1uf;,

and

|y (T <.
I fill, <Co(Ts =T T —T)

where C; is given in Theorem 3.1. Further, the control function f; can be taken as the unique
solution of the problem

. |hll,: h € L? (w) and the property (i) of Theorem 3.1
holds with (z. f) replaced by (. h)
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Further we will apply Theorem 3.1 to a finite combination of eigenfunctions. More precisely,
we have the following consequence:

Theorem 3.3. Let w) be a non-empty open subset of Q@ and K € N. Let 0 < Ty < T, < T3 and
& > 0. Then for any b = (bj)j=1.~ - there is a pair (y, f) such that

¥ (1) — Ay (1) =0, te (T, T\ (T2},
(= Y b,
j=1,-K

F(T2) =5 (To-) + 1oy f,

and

)| <evK bl
Z bjfj,

j=1,

where f; is given by Corollary 3.2 with v = w> and satisfies

1£ill,, <Cc (T3 =0, T2 —T1) .

In the study of our stabilization, we will use Corollary 3.2 and Theorem 3.3. The rest of this
section is devoted to the proof of Theorem 3.1, and the studies on some minimal norm control
problem.

3.1. Existence of impulse control functions and its cost

The aim of this subsection is to prove the conclusion (i) of Theorem 3.1. It deserves mention-
ing what follows: The existence of controls with (i) of Theorem 3.1 is indeed the existence of
impulse controls (with a cost) driving the solution of the equation in (i) of Theorem 3.1 from the
initial state z to the closed ball in L2(£2), centered at the origin and of radius ¢ | z||, at the ending
time 73.

To prove the conclusion (i) of Theorem 3.1, we let ¢ > 0 and z € LZ(Q). Denote /i = &% and
k=(Ce (T3 —Tp, T) — Tl))2. Consider the strictly convex C ! functional F defined on L2 ()
given by

k 2 A
F @)= |15e P80 4 20l 4z e BT Aa)
w

Notice that f is coercive and therefore / has a unique minimizer w € L% (), ie. I (w) =

min F (®). Since F/'(w)® =0 for any @ € L? (), we have
deL2(Q)

k(l:;e(TrTﬁAw,1j;e<T3*TZ>A<1>> +h<w,d>>—<z,e<T3*Tl>Aq>>=o Vo eL2(Q) . (.11

w
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But by multiplying by e(T37)4® the system solved by y, one gets
(3 (T5), @) = (2, e B4} 4 (1, £, e A0} Vo e L2(@) .

By choosing f = —k1%eT3~T2)4y the above two equalities yield that
y(I3) =hw.

Further, one can deduce that

1 1 _ 2
I+ (@)1 =k [ e P40 | n )

Next, notice that by taking ® = w in (3.1.1) and by Cauchy—Schwarz inequality, we have

2 1 1 2
|1 e )| +h||w||2=<z,e(T3_T1)Aw)§§||z||2+§He(T3_T1)AwH .
w

Now, we claim that

2 2
BTy | < e[ 15w | )
w

When it is proved, we can gather the previous three estimates to yield

1 2, 1 2 2
_ — T < .
X £+ 3 Iy ()1 = llzll
As a consequence of our choice of (%, k), we conclude that
ly (T3)l < Vallzll =e |zl
and
I flly <Ce (T3 — T2, To — Th) |Iz]l -

From these, we see that the above f satisfies two properties in (i) of Theorem 3.1.
It remains to prove the above claim. To this end, we write the inequality in Theorem 2.1 (iii)

as follows.
o\ 10
lz)e’ACDH )
w

2/3

2 0 ﬁ(1+l+zv +Iv )
etA(DH §<”(D”2) <e]_9 LAV +IVIZ ‘

Since |efA®| < e LIVl |4 || for L > ¢, it holds that

203 2/3
—0

1-6
2 Of( 2 p_ = (1L v vIZ 2
ctra] = (jorr)’ (erstvin B [ ng )
w
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Following the same technique as that used in the proof of Theorem 2.1 (step 5), using the Young
inequality, we have that for any & > 0 and any ® € L? (Q),

2
1;e’Aq>H felo?,
w

A2 1 1
e <I>H <exp|2Ap +2Y + B (In—-+2A, —I—EZT ‘
&

that is equivalent to

Lag|? 1 1
”e <1>” <exp|2(AL+Y+B|In-+ AL +ET ‘
&
with A= (L= 1) [Vlloo +C3 (14 1 +1Vlloo + [ VIZ) and T = S Next, we choose =

/ln+é+ALt0getthat

LA 2 +1

e <I>” <exp|8Ar+4,/YTIn" - ‘
&

forany e >0, L >t > 0and ® € L?(Q). Setting ¢ = 4C3 (here ¢ > 0 is the same constant than
in (v) of Theorem 2.1) and applying the above, with the choices L =13 — Ty, t = T3 — T, and
® = w, give the desired claim.

This completes the proof of the conclusion (i) in Theorem 3.1.

2
1j;e’Ac1>H + 02,
w

2
1;&%” +2 02,
w

3.2. Uniqueness of minimal norm impulse control and its construction

The aim of this subsection is to study a minimal norm problem, which is indeed given in (ii)
of Theorem 3.1. We will present some properties on this problem (see Theorem 3.4), and give
the proof of (ii) of Theorem 3.1 (see (a) of Remark 3.5).

Arbitrarily fix z € L?(2)\{0} and & > 0. Recall the following impulse controlled equation
over [T1, T3]:

V() —Ay () =0, te (T, )\ {17} ,
y(T) =z, (3.2.1)
yM)=y(h-)+1uf .

In this subsection, we discuss the following minimal norm impulse control problem (P):
N i=inf{I£ll,: £ € L2 @) and Iy (Tl <ellz] - (3:22)

This problem is to ask for a control which has the minimal norm among all controls (in L? (w))
driving solutions of equation (3.2.1) from the initial state z to the closed ball in L(£2), centered
at the origin and of radius ¢ ||z||, at the ending time 73. In this problem, N, is called the minimal
norm, while f* € L? () is called a minimal norm control, if the solution y of (3.2.1) with
f = f* satisfies

ly ()l <ellzll and [ £*], =N .
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The main result of this subsection is as:
Theorem 3.4. The following conclusions are true:

(i) The problem (P) has a unique minimal norm control.
(if) The minimal norm control f* to (P) satisfies that

¥ =0if and only if the solution yO of (3.2.1) with f =0 satisfies

] B E
(iii) The minimal norm control f* to (P) is given by
fr= 1*¥e(B—12)y,
w

where w is the unique minimizer to J : L*> (Q) — R defined by

1 2
J (@)= |16 B[ 4 [z e BTN 1oz @

Remark 3.5. (a) The conclusion (i) of Theorem 3.4 clearly gives the uniqueness in (i) of Theo-
rem 3.1. This, along with (i) of Theorem 3.1, shows the conclusion (ii) in Theorem 3.1. (b) The
construction of the control in (iii) of Theorem 3.4 is inspired by a standard duality strategy used
in [18] for the distributed controlled heat equations with a control in L2 (w x (T1, T3)).

Proof of Theorem 3.4.
Proof of (i): Write

Faa={f e L2 @;ly@l=elzl} .

By the previous subsection, we see that F,4 # J. Meanwhile, one can easily check that F,; is
weakly closed in L? (w). From these, it follows that (7) has a minimal norm control.
Suppose that f] and f, are two minimal norm controls to (P). Then we have that

0=llfillo=llfollo=N: <00,

where N, is given by (3.2.2). Meanwhile, one can easily check that (f| + f2)/2 is also a minimal
norm control to (P). This, along with the Parallelogram Law, yields that

1
N =1+ 27208 = 5 (LA +1212) = 1 = /215

From the two above identities on N, we find that f; = f,. Thus, the minimal norm control to
(P) is unique. This ends the proof.

Proof of (ii): The second conclusion in Theorem 3.4 follows from the definition of Problem (P)
(see (3.2.2)) at once.

Proof of (iii): To prove the last conclusion in Theorem 3.4, we need the next Lemma 3.6 whose
proof will be given at the end of the proof of Theorem 3.4.
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Lemma 3.6. The functional J in Theorem 3.4 has the following properties:

(a) It satisfies that

J(®
lim inf EAG)) >elz| . (3.2.3)
g—00||d||=q || D]

(b) It has a unique minimizer over LZ(Q).
(c) Write w for its minimizer. Then

w = 0 if and only if the solution yo of (3.2.1) with f =0 satisfies Hyo (T3) H <elzl .

‘We now show the third conclusion of Theorem 3.4. Notice that when || v (T3) || < ¢||z|| where
y¥ is the solution of (3.2.1) with f = 0, it follows respectively from the second conclusion of
Theorem 3.4 and the conclusion (¢) of Lemma 3.6 that f* =0 and w = 0. Hence, the third
conclusion of Theorem 3.4 is true in this particular case.

We now consider the case where

[0 1] = ez (24)

where Y is the solution of (3.2.1) with f = 0. Let w € L*(£2) be the minimizer of the functional
J (see (b) of Lemma 3.6). Write

F=15eMmAy, (3.2.5)

We first claim that
FeFu={fel?@:lymli=elzl} . (3.26)

In fact, by (3.2.4) and (c¢) of Lemma 3.6, we find that w 7 0. Then the Euler—Lagrange equation
associated to w reads:

w
eDBIAy o T=T)Ay, 4 oB=TDA, 4 o2 _||w|| =0. 3.2.7)

Meanwhile, since 1,17 = x,,, it follows from (3.2.5) that the solution y of (3.2.1) with f = f
satisfies

—~

Y (T3) = e TVA; 4 oTs=TIAL T ((B=T)Ay ((Ts=T)Ay, o ((Ts=TDA,

This, together with (3.2.7), indicates that

w
y(T3) =—¢llzll —
llwll

from which, (3.2.6) follows at once.
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We next claim that

|71, <1 fll, forall fe Fuq. (3.2.8)

To this end, we arbitrarily fix an f € F,4. Then we have that the solution y of (3.2.1) satisfies

Iy (T3l <elzll (3.2.9)

Since f = 12314y,

2 _ 2
171, = 15eB4w|
= | 15Ty |2 4 ¢ iz lwll — s Izl w]

=_—¢|z w +<€(T3_T2)A e(T3—T2)Aw+g z i,w>
[E Xo 12l (3.2.10)

=—¢ |zl w]l — (¢T3, w)

< <y (T3), w> — (e(TS*TI)AZ’ w) — <e(T3*T2)A 1wf’ w>
=(lof, xoe B 24w = (1o f, 1o f) < S 1FI2+ 1 ||ﬂ|i .

Notice that we used 1,1}, = X, Xwlw = 1o and Cauchy—Schwarz inequality in the last line in
(3.2.10); the equality (3.2.7) is applied in the fourth equality of (3.2.10); the inequality (3.2.9)
and Cauchy—Schwarz, as well as the formula y (73) = ¢T3~ T4z 4 o(I3=T)A] £ are used in
the fifth line of (3.2.10). Now, (3.2.10) clearly leads to (3.2.8).

From (3.2.6) and (3.2.8), we find that fis a minimal norm control to (7). Since the minimal
norm control of (P) is unique, we have that f: f*. So the third conclusion of Theorem 3.4 is
true.

Finally, we are ready to prove Lemma 3.6.

Proof of Lemma 3.6. We will prove conclusions (a), (b), (c) one by one.
Proof of (a): By contradiction, suppose that (3.2.3) was not true. Then there would be an o €
(0, ¢) and a sequence {CIDn}";o pin LZ(Q) so that

lim | ®,| = o0 (3.2.11)
n—o0
and

J(®
ﬁf(e—o) Izl forallneN. (3.2.12)
n

From (3.2.11), we can assume, without loss of generality, that ®,, # O for all n. Thus we can set

On forallm e N. (3.2.13)

1@l

From (3.2.13), we see that {e(T3_T1)A<p,, }zozl is bounded in L2(2). Then, from the definition of
J in Theorem 3.4, (3.2.13), (3.2.11) and (3.2.12), we find that
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1y, 2
= - (T3—-T)A
nh»n;oz lwe ¥ ®
a1 [J(®n) (=T A
_n]Ln;O||¢n|| [m —<Z,e (0n>_8||Z|| (3.2.14)
(T3—T)A
- — — —(Z,€"""
< T 2ol g e )
n—>oo [|[®@,| = n—oo 1Py |l

Meanwhile, by (3.2.13), there is a subsequence of {¢,}, denoted in the same manner, so that
©n — ¢ weakly in L*(Q) ,
for some ¢ € L? (). Since the semigroup {e’ A } =0 is compact, the above convergence leads to

e(B—T)A (T3-T2)A

On —> € ¢ strongly in L? (RQ) (3.2.15)
and

15eBAg, s %7140 strongly in L? () . (3.2.16)
From (3.2.14) and the convergence in (3.2.16), we find that

1ze(T3*T2)A(p =0,

which, along with the unique continuation property of heat equations (see (1) of Remark 2.2)
yields that ¢ = 0. Then from the definition of J in Theorem 3.4 and the convergence in (3.2.15),
we see that

(@) lim [{z,e®~T040,) + & |12]

iam =
n—oo || Pnll n—00

=(z, e A9) 1 g izl =¢llzll .

This, along with (3.2.12), leads to a contradiction. Therefore, (3.2.3) is true.
Proof of (b): From (3.2.3), we see that the functional J is coercive on L2(S2). Further J is
continuous and convex on LZ(Q). Thus, it has a minimizer on L2(Q).

Next, we show the uniqueness of the minimizer. It suffices to prove that the functional J is
strictly convex. For this purpose, we arbitrarily fix ®;, ®, € L? (Q) \{0}, with & # ®,. There
are only three possibilities: (a) @1 # u®; for any pu € R; (b)) &1 = —pod; for some pp > 0;
(c) @1 = uod; for some po > 0. In the cases (a) and (), one can easily check that

(AP + (1 =)D < A|P1]| + (1 —1)||D2|| foralld e (0,1). (3.2.17)
In the case (¢), we let

HON=J(Od), A>0.
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Since @, # 0 in L?(L), it follows by the unique continuation property of heat equations (see (1)
of Remark 2.2) that || 1%¢T3~ )4, || '+ 0. Thus, H is a quadratic function with a positive lead-
ing coefficient. Hence, H is strictly convex. This, along with (3.2.17), yields the strict convexity
of J.
Proof of (c): Let y° be the solution of (3.2.1) with f = 0. We first show that

HyO(T3)H <ellzl = w=0. (3.2.18)
In fact, by multiplying by e(T37)4® the system solved by y°, we see that

<z, e<T3—T1>A<1>> - <y0 (T3, c1>> forallz, ® € L2(Q) .

This, along with the definition of J in Theorem 3.4 and the inequality on the left hand side of
(3.2.18), yields that for all ® € L?(2)

@)= (3" (T3), ®) + ezl [P = 0= (©) .

This implies the equality on the right hand side of (3.2.18). Hence, (3.2.18) is true.
We next show that

w=0= ”yO(T3)H <elzll . (3.2.19)
By contradiction, suppose that (3.2.19) were not true. Then we would have that
Hyo (T3)H >¢llzl and w=0. (3.2.20)
Set ¥ := —yY (T3), which clearly belongs to L?(2) \{0}. Then we have that
(2. e Ay ) = (013 9) == |0 )| 1wl -
This, along with the first inequality in (3.2.20), yields that
(2, em=0AY ) ezl 1yl < 0.

Thus, there is an o > 0 so that

1 2
Ty =02 [15e By | o ({2 e ™Ay ) ezl v ]) <0,
2 )

This, along with the second equation in (3.2.20), indicates that

0=J0)= min J(P) <0,
Ddel2(Q)
which leads to a contradiction. So we have proved (3.2.19). Finally, the conclusion (c¢) of

Lemma 3.6 follows from (3.2.18) and (3.2.19) at once.
This ends the proof of Lemma 3.6 and completes the proof of Theorem 3.4.
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3.3. Best connection between Theorem 3.4 and Theorem 2.1

What we study in this subsection will not have influence on the study of our stabilization.
However, it is independently interesting. Consider the following problem (NP) (with arbitrar-
ily fixed ¢ > 0. Recall that y is the solution of (3.2.1) associated with the initial datum z and
control f):

N = sup N = sup inf{I1£]l,; f € L2 (@) and Iy (T <e ]} - (3.3.1)

llzll<1 lzll<1

The quantity N is called the value of the problem (NP). Next, let C > 0 and introduce the
following property (Qc¢): For any z € L? (£2), there is a control f € L? (w) so that

1 1
maX{E Il = IIy(T3)|I} =zl . (3.3.2)
&

We would like to mention that the property (Q¢) may not hold for some C > 0 and ¢ > 0.
However, we have seen in Theorem 3.1 that given € > 0, there is C =C, (T3 — T2, T, — T1) > 0
so that the property (Qc) is true.

The main result of this subsection is as follows: The value A is the optimal coefficient C so
that

-] <c|

1;;e<T3—T2>Aq>Hw te|®| forany d e L2(Q) . (3.3.3)
Precisely, we have the following result:
Theorem 3.7. Let ¢ > 0. It holds that

inf {C > 0; C satisfies (3.3.3)} =N .

Further the connections among the problem (NP), the property (Q¢) and the observation
inequalities in Theorem 2.1 are presented in the next Theorem 3.8, which will be used in the
proof of the above Theorem 3.7.

Theorem 3.8. Let ¢ > 0 and C > 0. The following statements are equivalent:
(i) Let N be given by (3.3.1). Then N < C.

(it) The property (Q¢) defined by (3.3.2) is true.
(iit) Forany @ € L? (R2), the following estimate holds:

R

e 0| e o).
w

Proof of Theorem 3.8. We organize the proof by three steps as follows:
Step 1. To show that (i) < (ii).

We first prove that (i) = (ii). Assume that (i) is true. When z =0 in L?(R2), we find that
(3.3.2) holds for f = 0. Thus, it suffices to show (ii) with an arbitrarily fixed z € L% () \{0}.
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For this purpose, we write 7 = z/ ||z||. Let fbe the solution to (P) associated to Z. Then the
solution y of (3.2.1) associated with initial dataZ and control f satisfies that

V(M) <elzll =«
Setting f = ||z|| f, the solution y of (3.2.1) have the following property:

Iy (@) =lIzIHY (T3l < ezl -

Thus, to show that the above f satisfies (3.3.2), we only need to prove that || f|l, < C izl|.
This will be done in what follows: Since f is the solution to (P) associated to Z, we have that
|| f”w = MN5. This, along with (3.3.1) and (i) of Theorem 3.8, yields that

£l = Izl | £], = Izl Nz < lzINV < C 2]l

Hence, (ii) is true.

We next show that (ii) = (7). Assume that (if) is true. By contradiction, suppose that (i) were
false. Then there would be z # 0 with ||z|| <1 so that A, > C. LetZ7 = z/||z|| . Then we have
that

No= L= N.scC.

llzIl

Therefore, we see that thereisno f € L2(2) so that the solution y of (3.2.1), associated with the
initial datum Z and the control f, has the property:

ly (T3 <elzll and || fll, <C=CIZIl .
This contradicts (ii). Hence, (i) stands.
Step 2. To show that (ii) = (iii).

Suppose that (i) holds. Then, given z € L2(Q), there is f € L*(2) so that (3.3.2) holds.
Meanwhile, by multiplying by e(73~)4® the system solved by y, one gets

(y(T3), ®) — <z, e<T3‘Tl>Aq>> - (lwf, e(T3_T2)A<I>> Vo e L2(Q) .

This, along with the inequality (3.3.2), yields that for each ® € L?(2),

|eB=T0AD| = sup (eT-TAS, 7)
lzll<1

= sup [(y(T3), @) —(lo f, e 0)]
llzll<1

= s [y @I+ 1l [ 154 ]
zl=

< sup [(el @]+ C|15eB"D4d| )izll]
lzll<1

=C | 1he 4| +el@| ,

which leads to the desired observation estimate. Hence, (iii) is true.
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Step 3. To show that (iii) = (ii).

Suppose that (i) is true. Arbitrarily fix z € L?(€2). Denote by Y the solution of (3.2.1) with
f =0.In the case that || y° (T3) | < & l|zll, (3.3.2) holds for f = 0. Thus, we only need to consider
the case that

[0 @) > ezl (3.34)

In this case, we let f := l:‘)e(n_TZ)Aw, where w is the unique minimizer of the functional J,
which is given in Theorem 3.4. Then according to (iii) of Theorem 3.4, f is the minimal norm
control to (P). By Lemma 3.6 and (3.3.4), we see that w # 0. Then using the Euler—Lagrange
equation (3.2.7) and noticing that y,, = 1,1}, we find that

(2, 6T TDAY) = ((T=TnAz y)
- <e(T3—T2)AXwe(T3—Tz)Aw +ellzll 72 w>
— 2
= — |15 Aw|2 — ezl wll -
Since f = 1:)6(T3_T2)Aw, the above equality, along with the definition of J in Theorem 3.4,
shows that

1

- 2 _ 1
)y =3 [15e® | 4 D) be il wl == 1713 . (335)

Meanwhile, it follows from the above and the observation estimate in (iii) in Theorem 3.8 that

_ 2 _
Tw) =3[ 15eBD4| 0 + ezl lwl — || B~ Aw | |1z
_ 2 _
= 5[ 1pe™ 2w ezl wl = (C | 15e B w] , +efwl) Izl 3-3.6)
=3 IS5 = Cllflly 2l -
From (3.3.5) and (3.3.6), it follows that
I fll, =Clizll . (3.3.7)
On the other hand, since f is the minimal norm control to (P), it holds that ||y (73)]| < ¢||z]l.
From this and (3.3.7), we find that (3.3.2) is true. Hence, (ii) stands.
In summary, we complete the proof of Theorem 3.8.
The rest of this subsection is devoted to the proof of Theorem 3.7.
Proof of Theorem 3.7. Define
C*:=inf{C > 0; C satisfies (3.3.2)} .
Proof of N < C*: It directly follows from Theorem 3.8.

Proof of C* < N: 1t suffices to prove that the property (Qr) holds. Indeed, by making use of
the proof of “(ii) = (iii)” of Theorem 3.8, we find that
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C*<N.

Therefore, the remainder is that for each z € L2 (€2), there is a control f € L? (w) satisfying that

1 1
max {N e Z IIy(Ts)II} = lzll . (3.3.8)

When z = 0, we can easily get (3.3.8) by taking f = 0. So it suffices to prove (3.3.8) for an
arbitrarily fixed z € L?(£2)\{0}. To this end, we let Z=z/ ||z||. Denote y the solution of (3.2.1)
associated with the initial datum Z. It follows from (3.3.1) that

inf {1f1,5 / € L2 @) and Iy ()] = 2} <A

Because the infimum on the left hand side of the above inequality can be reached, there is fe
L? (w) so that

IF (Tl <8121 with | f]|, <N,

where y the solution of (3.2.1) associated with the initial datum 7 and control f From these, we
see that (3.3.8) holds for f = ||z|| f. This ends the proof.

4. Inverse source problem

This section concerns an inverse source problem: Suppose that we have a solution ¢ of
¢’ — Ap = 0 with a priori bound on the initial data in L?(£2). The question is how to recover
approximatively the initial data from the knowledge of the solution ¢ in the future. This can be

done as follows thanks to the impulse control.

Theorem 4.1. Let w| be a non-empty open subset of 2 and K € N. Let 0 < Ty < T» < T3 and let
@ be a solution of

{w’(t)—Aso(t)=0, te(Ty,Ts) ,
@(T)) eL*(Q) .

Then for any € > 0, there exists {gj} g€ L? (w1) such that forany j =1, -, K,

Jj=1,
(0 (T1), &) + BTk (g, 1% o (T) + T3 — To))oyy | < B TVig o (1)
and
I8, <Ce(Ts—To, 15— T)

where Cg is given in Theorem 3.1. Further g; is the control function given in Corollary 3.2 with
w=wij.
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Proof.
Step 1: We apply Corollary 3.2 with @ = w; and get the existence of (y i & j) such that

Yi () — Ay (1)=0, te (T, 3)\{T2} ,
yi (T)=§&;,
Vi) =y; (Th-)+1u,8; »

and H yj (13) ” < & where g; has the desired bound.
Step 2: Write o (T1) = > ai&; with a; = (¢ (T1) , &). Then we have that

i=l,-,+00

()= Y ae” B g

i=1,-,+00
Hence, (y;j(T1), ¢ (T3)) = (§j, ¢ (T3)) = aje” DB=T04,

Step 3: Multiply the equation solved by y; by the solution ¢ (17 + T3 —t), with t € [T}, T3], to
get

(i (T3), 9 (T1)) = (y; (T1), ¢ (T3)) + (g, 15y, 0 (T1 + T3 — T2)) s, -
Therefore by step 2, it holds that
aj+eB (e, 1% o (T + T3 = T2))wy | = e P04 [(y(T3), 0 (T1)] .

This, along with the Cauchy—Schwarz inequality and step 1, leads to the desired result.
5. Main result

This section presents the main result of this paper, as well as its proof. We first recall that w;
and w», are two arbitrarily fixed open and non-empty subsets of €. We next recall that {A j}j?": "
is the family of all eigenvalues of —A so that (1.2) holds and that {& j}?‘;l is the family of the

corresponding normalized eigenfunctions. For each y > 0, we define a natural number K in the
following manner:

In2
K::card{jeN, )»j<y+n?}. (5.1
Next, we define
£:= _ e VT e Wl g=4kT/2 (5.2)
6(1+K)

x € L? (w;) the minimal norm control functions obtained by applying
j=1,K elL? (w1)

the minimal norm control functions obtained by applying Corollary 3.2 with T1 = %, T, = %,

Denote by {f;},_, .
Corollary 3.2 with T} = %, =T, 1T = % and w = w». Denote by {gj}
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T3 = 3TT and w = w1. Now for each y > 0, we define a linear bounded operator F from L? (w1)
into L? (@) in the following manner:

Fpyi=— Y 72(g;. p)u fj(x) foreach pe L*wr). (5.3)
j=1,-.K

The closed-loop equation under consideration reads:

y () —Ay () =0, in (0, +00) \NT ,
y(0) e L*(Q), (5.4)
y((n+1)T)=y((n+1)T,)+1w2f(1j;ly((n+%) T)) , forneN.

The main result of this paper is the following theorem:
Theorem 5.1. For each y > 0, let F be given by (5.3). Then the following conclusions are true:
(i) Each solution y to the equation (5.4) satisfies that
Iy Ol < ™V (L4 1 F N £ 120 120000 €77 YO forall 120,
(i) The operator F satisfies the estimate:
IF 2200, 2@ < €7

where C is a positive constant independent of y, depending on Q, w1, w2, d, T and ||V | -
Moreover, the manner how it depends on T, d, ||V ||« is explicitly given.

Proof.
Step 1:

Set L, =nT + %. In order to have the conclusion (i) in the theorem, it suffices to prove that
the solution y of (5.4) satisfies

Iy @) < e lly (L)l
for any n > 0. Indeed, thanks to the above inequality, we find that when r € [L,, (n + 1) T],

Iyl <e=EdWVleo |y (L,)|| < et LIVl e=nvT ||y(0) ||

< TV loo g=nyT Iy ()] < T +Vllo) g—vt lyO] ,
and when t € [(n +DT, Ln+1],

ly )l <e=@FDDWVlee |y ((n+ 1) T)||
< =DVl ||y (4 1) T)_ | + e¢~@+DDIV I H; (1231y ((n + %) T))
< et=HDTHEIT/HIWVloo ||y (L) || + IF 122 (). 22(wn)) = +DTHT/DVlloo ||y (L) ||
< TVl (14 I F N £r20000), 12000y) €7 1Y O]

w2



K.D. Phung et al. / J. Differential Equations 263 (2017) 5012-5041 5037

From these and the time translation invariance of the equation (5.4), we see that the conclusion
(7) in Theorem 5.1 is true for any r > %. But the case t < % is trivial.
Step 2:
Denote y (L,) = Z ajéjanda = (aj)j:L”’Jroo. Then one deduces that (y (L,),&;) =
Jj=1,-,+00
aj and [lallp2 = [y (Ln)ll.
For the rest of the proof, recall that K and ¢ are given by (5.1) and (5.2) respectively.
Step 3:
Notice that the solution y of (5.4) evolves freely without a control function between in

[L,,,nT + %] Thus, we can apply Theorem 4.1 with the choice Ty = L,, T» = nT + %,

T3 =nT + 3TT and ¢ = y to get {gj} K € L? (»1) such that forany j =1, -, K,

Jj=L-
jaj +i72(g; 15,y (14 3) T)hon| = 7Py (L)
< T ey (L)

and

I8, =Ce(T/4,T/4)

where C; is given in Theorem 3.1. Further such g; is given in Corollary 3.2 with @ = w;. By the
time translation invariance of the equation (5.4), { gj }j=1 .k € L? (wy) is the control function
obtained by applying Corollary 3.2 with T = %, = g, T; = %T and v = w.
Step 4:
. ; 1 .
Denote b; := —e*iT/2(g;, 15y ((n + 5) T))a)l forj=1,-,K,and b= (bj)j

by step 3 and step 2, we have

1K Then

16l =

(aj +eka/2(gj, 1;"01y ((n + %) T))wl) _

j=1,-.K
< (VR T2e 1) Iy (L)l

+ llall,2
02

Step 5:
We apply Theorem 3.3 with Ty = L,, T, = (n+ 1) T, T3 = L+ and the above choice of b.
Then there is a solution (7, f) such that

V(1) — AV (1) =0, t €Ly, Lyp)\{(n+ DT},
YLy= ) bjEj,
j=1,-.K

F(+DT)=F((n+DT-) + 10, f
and

15 Loy )|l < ev/K |Ibll2
f= > bifi== Y g 15 y(+ DT, £ -
j=1L-K

j=1K
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where f; is given by Corollary 3.2 with @ = w and satisfies

1 £il,,, <Ce(T/4,3T/4)

with C; given in Theorem 3.1. By the time translation invariance of the equation (5.4),
{fi }j=1,~-, « € L? (@) is the control function obtained by applying Corollary 3.2 with T1 = I,
=TT = % and v = ws.
Step 6:

One can check that f: ]-"(lj,ly ((n + %) T)) and y = y+7y+7y where y'is given in step 5,
y solves

7 (1) — AT (1) =0, t € (Lu. Las)\{(n+ DT},
YL= Y (a—bj)&,
j=1,-K

Y((+DD)=y((+DHT),

and y satisfies

¥ (1) — Ay (1) =0, t€(Lp, Lyx)\{(n+ DT},
Y(La)=)_ ajtj,
j>K

Y+ DT)=y((n+DT) .

Step 7: We estimate ||y (Lo+)| = IF (Lut1) + 3 (Lut1) + 7 Ly |l as follows.
First, by step 5 and step 4,

I3 (LoDl < eV bl = ev/K (VEHT2e 1) Iy (L)l
Second, by step 3

15 (L)l < eWleT 5 (L) < V=T VK T2 ||y (L)

Third,
1/2
2
15 Lol = | D [aje i (Enni=Eo) <e*enT |y Ly .
j>K

Gathering all the previous estimates, one concludes that

Iy (La+)l < (e‘kKHT +3elVIeeT Ak T/2 (1 4 Ky 8) ly (L)l
with ¢ € (0, 1). Finally, the choice of K (see (5.1)) gives e *k+1T < %e_VT, and the choice
of £ € (0, 1) (see (5.2)) gives 3ellVleT ek T/2 (1 + K)e = Le™77, which implies the desired
estimate for ||y (Ly41)l, thatis |y (Lys-D)ll < e 7T |ly (L)
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Step 8: We treat the boundedness of F as follows:

2

IF w3, =/ > Mg w)e, fj ()] dx

o |i=1lK

< Z ‘)‘T/z )wl‘z Z /|fj(X)|2dx

=1 K

snwuz)lew > el X 15l
j=1,-K j=1,-.K
< llwli?, T K2[Ce (T /4, T/4)Ce (T/4.3T/4)]
which implies

1IN 22 (@), L2y < €K/ KCe (T/4,T/4)Ce (T /4,3T/4) .

Step 9: We estimate 1/¢ and Cy: _
By the Weyl’s asymptotic law for the Dirichlet eigenvalues «, there is a constant C > 0
(depending only on €2 and d) such that for any p > 0,

card{j €N, a; < u} 55(1 —i—ud/z) .
By the min—max formula, one has
—NMVlloot+aj <Aj<a;j+ |Vl -

One deduces that there is a constant C > 0 (depending only on 2 and @) such that for any y > 0

In2 2\ %2
K::card{jeN,Aj<y+n7}_ (l+|lV||d/2 <%) VAN

Further, for some constant C > 0 (depending only on  and d), we have

1 — dj 1
- — 6’ T oV llcT phk T2 (1+K)< C< a2 4 v / Td/2> elVilsT 2vT

We finish the proof by gathering the previous estimates with the definition of C., that is

2/3
Co (1. 5) = eIV (1HFHIV I HIV I )exp< /§1n+§>.

Hence, we complete the proof of Theorem 5.1.
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