EXPONENTIAL DECAY TOWARD EQUILIBRIUM
VIA LOG CONVEXITY FOR A DEGENERATE
REACTION-DIFFUSION SYSTEM

LAURENT DESVILLETTES AND KIM DANG PHUNG

ABSTRACT. We consider a system of two reaction-diffusion equations coming out of
reversible chemistry. When the reaction happens on the totality of the domain, it
is known that exponential convergence to equilibrium holds (with explicit rate). We
show in this paper that this exponential convergence also holds when the reaction
happens only on a given open set of a ball, thanks to an observation estimate deduced
by logarithmic convexity.

1. INTRODUCTION AND MAIN RESULT

Considering as in [CDF] a general reversible chemical reaction between species Aq,..,
A,, diffusing in a chemical reactor:

(1) 051A1+"'+amAm‘:\61A1+"'+BmAm7 aiaﬁi €N7

and modeling the above reaction according to the mass action law with the stoichio-
metric coefficients «;, 5; € N, and with the reaction rates [y, Iy > 0, we end up with the
following system for the concentrations a; of the species A;:

(2) Ora; — di Aga; = (B — i) <l1 Ha?j — o Hafj> ) i=1,..,m,
j=1

j=1
where d; is the diffusion rate of species A;. We refer to [BDS] for a formal derivation
of this system (when m = 2) starting from kinetic theory. We also refer to [DFT] and
the references therein for more complex systems, corresponding to networks of chemical
reactions.

In [DF, DF3], exponential convergence to an homogeneous equilibrium is proven with
an explicit rate thanks to entropy methods, when d; > 0 (i = 1,..,m) and [y, 1l > 0 are

constant, for simple systems of 2, 3, or 4 equations (and for homogeneous Neumann
1
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boundary conditions). Those results are extended to a much larger class of systems
in [DFT]. The case when one diffusion rate is zero, for simple systems, has also been
studied in [DF2] (see also [BDS], Rmk. 3.7).

In this paper, we investigate an issue which has not been considered yet, namely the
case when the reaction rates are proportional to the concentration of a catalyst which
may be equal to 0 on a large part of the domain. More precisely, we suppose that
Iy =y :=k(x,t)/2 > 0, where k is strictly positive on a (possibly small) ball included
in the domain.

We present for that a new method, based on an observation inequality, on a typi-
cal example of nonlinear reaction-diffusion systems coming out of reversible chemistry,
namely

2A = 2B,

where A and B are chemical species of respective concentrations a := a(z,t) > 0,
b := b(z,t) > 0. This corresponds (with slightly different notations) to (1) when

m=2,0a,=0=2 a,=[0=0.

We suppose that the species A has a diffusion rate d; > 0 and that the species B has
a diffusion rate d, > 0. We also assume that those species are confined in a chemical
reactor represented by the ball 2 := B (0, R) := {z € R"; |z| < R}, where ne {1, 2,3},
and Q| =1 (that is R = 1 if n=1, R = 772 if n= 2, and R = (2)"? if n= 3),
so that homogeneous Neumann boundary conditions are imposed. Finally and most
importantly, the terms arising from the reaction process are given by the mass action
law as described earlier, and l; = ly := k(z,t)/2 > 0. Recording (2), the corresponding
system writes

da — diAa = k(z,t) (b* —a?) in Q x (0,400) ,

(3) Oib — do Ab = —k(w,t) (b*—a?) , in Qx (0, —|—oo) :
Opa =0,b=0, on 092 x (0,400) ,
CL(', )—ao, ( )—bo, inQ,

where 0, := n(z) -V, and n(x) is the unit outward normal vector at point z € Jf.

We consider initial data ag, by € C? (ﬁ) (compatible with the Neumann boundary
condition) which satisfy the bound:

(4) VeeQ, 0<By<ag(zr) and 0< By<b(z),
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for some constant By > 0, and we suppose that

(5) /Q lag (z) + by (z)]dx =2 .

At this point, we remark that at the formal level, the following a priori estimates

hold:

(6) [(a+8)=0,

dt

1d
1) 5l @D+ [ Vel da [ VB4 [ blat) (a4 9) =0 =0,

Because of the terms d; [, |[Va|* and dy [, |Vb[*, we expect that lima(t,z) = a,

t—o0
tlimb(t,:c) = by, for some constants a., > 0 and b,, > 0. Moreover, as soon as
—00
k is Strlctly posmve on some fixed open set of 2, a,, = by because of the term
fo % (a+b)|a—b|*. Finally, estimate (6) ensures that [;,(aee + boo) = [, (ao + ) = 2.
Remembering that |2| = 1, we finally expect that the equilibrium is (a0, boo) = (1,1).

Our main result shows that even if the catalyst has a concentration k := k(z,t) which
is strictly positive only on a small ball, then exponential convergence to equilibrium
with an explicit rate still holds (we recall that this is indeed known when £ is a strictly
positive constant, cf. for example [DFT]).

Theorem 1.1. We define 2 := B(0,R) := {z € R";|z| < R}, where n € {1,2,3},
the centered ball of R™ of measure 1. We also assume that di,ds > 0 and k €
C*(QAxRy;Ry). We consider initial data ag, by € C* (Q) (compatible with the Neumann
boundary condition) which satisfy (4) and (5).

We finally assume that there ezists xo € Q and r > 0 such that B (x¢,7) C £ and
k(x,t) > ko >0 for any (x,t) € B (xg,7) X (0,400).

Then there exists a unique smooth (C?(2 x [0,+00))) solution to system (3), such
that

(8) inf a(x,t) > By, inf b(x,t) > By,

t>0,2€Q t>0,2€Q
and for any t > 0,

) lla () = Wy + 101 = U2aey < 7e (llan = 122 + I = 12y
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where v > 0 and > 0 can be explicitly estimated (from above for v and from below for
8) in terms of |ol, 7, |[(ao,bo)ll zgys Bos Kos [[klli=(ess)s i da.

A first part of the proof is based on the entropy method (cf. [DFT]). We choose for
the entropy the simplest possible functional, that is the square of the L? norm of a — 1
added to the square of the L? norm of b — 1. However, because of the degeneracy of k,
it is not possible to directly relate the entropy dissipation to the entropy itself.

Our idea is therefore to introduce a new observation estimate (Prop. 2.1) for the
system, which enables to perform a Gronwall lemma, and get the expected exponential
decay. The proof of this observation estimate is based on another observation estimate,
for two heat equations whose right-hand sides satisfy some specific inequality. More
precisely, we show the

Proposition 1.2. Let Q := B(0,R) := {z € R";|z| < R}, when n € {1,2,3}, be
the centered ball of R* of measure 1, and let di,dy > 0. We also consider xq € €2
and r > 0, such that B (zo,7) C Q. Let (uy,uy,v1,v2) be smooth (C*Q x [0,+0c0)))
functions satisfying the system of two heat equations with unknowns (uy,us), together
with homogeneous Neumann boundary conditions, and an outside force (vy,vq):

Opuy — diAuy = vy in Q x (0,400) ,
(10) E)tuQ — dgAUg =7, m ) X (07 +OO) s
Optty = Opug = 0, on 992 x (0,+00) .
We also assume that uy,us, v1,vs satisfy the following bounds, for some Ky > 0,
(11)
V(o) e Qx Ry, |(n,v) (@0 < Ko (I, w) (2.0 + |, w) (2, )]*) |
(12> Vi € {172} ’ vt € R+ ’ ||U’Z (7t)||i3(9) < KO ’
and
(13)  VO0<t <t (s w2) ()l {2y < (s us) )2y -

Then there exist ¢ > 1 and M > 1 (both depending on Ky, |xo|, v, and dy, d3) such
that for any T > 0,

(059 )

1+M o141 2
S e (1+T) ||(U1,u2> ('7T)||(L2(B($0:7')))2

9 M
% (I m,2) (- 0) 20
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This Proposition is based on the logarithmic convexity method introduced by [BT]
and developed by [BP], [PW], [P] for linear parabolic problems with Dirichlet bound-
ary conditions, and by [BuP] for linear parabolic problems with Neumann boundary
conditions.

The main novelty here is the treatment of a nonlinear (because of assumption (11))
parabolic system with Neumann boundary conditions. Up to now, only scalar equations
had been treated (cf. [BuP]). We also choose weights which are more explicit with
respect to this last reference, this leads to a more explicit dependence of the rate of
convergence towards equilibrium.

Our feeling is that our method can be generalized to much more general systems of
the type (2), or even to systems appearing when networks of reactions are considered
(cf. [DFT]), provided that the solutions to those systems are bounded uniformly in
time (this is far from being always known, even when the reaction rates are constant).
It could probably also be generalized to domains which are more general than a ball,
though for general domains the explicit character of the rates of convergence could be
lost.

We wish to point out that the case of a system of two reaction-diffusion equations in
which one diffusion rate is zero and the reaction rate is also zero on a non-negligible set,
is quite different, since the appearance of an homogeneous equilibrium is not expected
in such a situation.

Since the proofs that we propose are long and technical, we present here an overview
of these proofs, where we try to explain the ideas underlying them.

We start the proof of Theorem 1.1, described in Section 2, by an attempt to use the
entropy method (cf. [DFT]). In the context of this method, we introduce a simple
entropy (Lyapunov functional), that is H(t) := [la(,t) — 1[[72q) + [[0(-,1) — 1[|72(q)-
Because of the degeneracy of £, it is not possible to directly relate the entropy dissipation
to the entropy H, but only to its localized version Hj,.(t) := ||a(-,t) — 1H2L2(B(xo’r)) +
l|b(-,t) — 1||%2(B(x07r)). We use therefore an observation inequality for the system (3),

stated in Proposition 2.1, which relates H'*M (¢) and H,,. (t) H™ (0), for some M > 1.
Proposition 2.1 is a direct consequence of Proposition 1.2 stated above, which is itself
an observation inequality, but for a different system, made of two heat equations with
source terms, obtained by freezing the right-hand sides in system (3) (what remains of
the original nonlinear system is the assumed estimate (11), linking (v1, v9) and (uq, us)).
A slight modification of the entropy method enables then to conclude to the exponential
convergence towards equilibrium stated in Theorem 1.1.
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We are then left to prove Proposition 1.2, that is, to obtain an observation estimate
for a system of two heat equations (with unknowns denoted by (uy, u2)) with Neumann
boundary conditions, and a source term (v, v). The proof of this observation estimate
is based on a variant of the logarithmic convexity method for linear and nonlinear
parabolic systems introduced by [BT].

A first step (step 1 in Section 3) consists in a change of unknowns in the system of
two heat equations. In order to focus on the time 7" and the ball B(xg,r) appearing
in the observation estimate, we introduce (fi, fo) = (u1 €®/2,uy €®/?) with @4(z,t) :=
%, for s, h well chosen positive parameters, and where ¢, is a carefully selected non
positive function which has a unique critical point at xy. In order to treat the Neumann
boundary condition, we also introduce (fs, f1) := (ul e®3/2 y, 6‘1)3/2), with ®3 chosen in
such a way that &, = ®3 and 0, P, + 0,,P3 at the boundary, so that the boundary terms
in the integrations by parts disappear in the computations performed later. This change
of variables can be described as a deformation of the system via a weight function, and
is typical of Carleman techniques (see e.g. [Le BJ], [HZ]). Step 1 is concluded by a
statement of the basic properties of the system satisfied by f := (fi)i=1, 4, written as
of+Sf=Af + F, where S, A are the symmetric and antisymmetric parts of the
system, and F' is the source term.

In step 2, we write down the energy estimate related to the system satisfied by f, using
two quantities: the energy E := ||f (-, t)||? = (f, f) and the frequency function

(r2e)*
N = % The computation of %N involves a quantity related to the Carleman

commutator, defined as ([S, —0; + A] f, f).

Then, step 3 is devoted to the establishment of a suitable bound for ([S, —0; + A] f, f),
and consequently for %N. Here the choice of the parameter s will play a key role.

Using a lemma proven in [BuP] (which can be viewed as a variant of estimates
appearing in the logarithmic convexity method, in which one computes (In E)”) for
solutions of the two differential inequalities obtained in the previous step, one obtains
at the end of step 4 an Hoélder stability estimate for £ (estimate (45)), typical of what
is provided by the logarithmic convexity method.

In step 5, we use this Holder stability estimate in order to make the L? norm of
(u1,uz) on the ball B(z,r) appear in the computations, which enables to conclude the
proof of Proposition 1.2 by an optimization with respect to the parameter h.

2. PROOF OF THEOREM 1.1

We start here the
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Proof of Theorem 1.1: Note first that under the assumptions of Theorem 1.1, the
existence, uniqueness and smoothness of a solution to (3) is a consequence of standard
theorems for parabolic equations (cf. for example [D] or [LSU]). The minimum principle
estimate (8) can easily be seen at the formal level by considering, for a given time ¢,
the point # €  where min(a, b) reaches its minimum. For a rigorous proof, we refer to
[D], p.100-101 (where the proof is detailed for a slightly different system).

Note then that for this solution, the following estimate holds:

1 d
> (a3+b3)——2d1/a\Va\2—2d2/b\Vb\z—/k(b2—a2)2§0.
Q Q Q Q
AS a consequence
(14) V>0, /[a3(-,t)+b3(-,t)} g/ [ (2) + B ()] de .
Q

Q

Then we write down the energy identity (7) for the quantities Uy := a—1, Uy := b—1:
1d
2dt
and the identity

(15) ||(U1,U2)||?L2(Q))z+d1/ﬂ|VU1|2+d2/Q|VU2|2+/QI<:(a+b)|U2—U1|2:O,

(16) V>0 /[Ul(-,t)JrUg(-,t)] o,

which is a direct consequence of (5), (6).

The proof of Theorem 1.1 is then an application of the following observation estimate
at one point in time:

Proposition 2.1. Under the assumptions of Theorem 1.1, there exist ¢ > 1 and M > 1
(both depending on [xo], 7, II(a0, bo)ll ey |lli(ecey, di, da) such that for any t >
tl Z 0;

1+M ef14 2
(la=10= 1) CORm@e) =5 fa= 1,5 1) s
M
2
x (@ =15 =1) (00l )

Proof of Proposition 2.1: Under the assumptions of Proposition 2.1 (Which_are
those of Theorem 1.1), we see that U; := a — 1 and Uy := b — 1 are smooth (C?(Q2 x
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[0,400))) and satisfy the system

atUl—dlAUlzk(U1+U2+2> (UQ_U1> , in  x (0,+OO) ,
8tU2 — d2AU2 = -k (U1 + U; + 2) (U2 — Ul) , in ) x (0, —|—OO) ,
8nU1 = &LUQ =0 s on 0f) x (0, +OO) .

Considering v, := k (U; +U_2—|—2) (Uy—Uy), vg := —k (U +Uy+2) (Us— Uy ), we see that
vy and vy are smooth (C?(Q x [0, +00))) and that (13) holds (when (uy,us) is replaced
by (U, Us)) thanks to (15).

Moreover,
[(v1,02)[* = 26 (U1 + Us + 2) (Uz = U1)? < 32|k e iy ) (101 U2) | + [(U1, Un) )
and finally (using (14)),

IOl = [lat =17 <4 [ @l +a<a [ (d+i8) +4
et Ol = [ 1b66) =11 <4be< >+4§4/:(a8+b8)+4,

so that (11) and (12) hold (when (uq,us) is replaced by (Uy, Us)) with

2/3
K, = max ({4/9 (a +03) + 4} ;32 ||kH%°°(Q><]R+)> :

Then it is possible to use Proposition 1.2 (when (u,us) is replaced by (Uy, U,)) and to
get Proposition 2.1 after a simple time translation.

We proceed with the

End of the Proof of Theorem 1.1:

By Poincaré-Wirtinger’s inequality applied to U; + Us (using identity (16), and de-
noting by C,, the corresponding constant), the assumption & (-, ¢) > ko > 0 on B (x¢,r),
and remembering (8), we see that

2 2 2
2[|(Un, U2)||(L2(B(xo,r)))2 = |0y + U2||L2(B(x0,r)) + U1 = U2||L2(B(zo,r))

<UL+ U2y + m/ﬂk‘(a L b |Us — O

< Gy IV (Ur + U2) 20y + T k(a+b)|Uy — Uy J”

<44, (dl/\VU1]2+d2/|VU2\2+/k(a+b)|U2—U1|2) ,
Q Q Q
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: — G Cp 1
with 3, .—max(le, s 830k0>.

Combining the above estimate with (15) and Proposition 2.1, we deduce that

1+M
1 (H(Ul, Us) (-, t)”?m(ﬂ))?)

C # M
e () <||(U17 Us) ('7t1)||?L2(9>)2>

<0,

d
51@ (U1, Ua) ('7t)’|(2L2(Q))2 +

which can be rewritten
_ 1
o) M

v (I, ) <~,t1>r\?i<m>2)M < {(”(Ub%) <"f>”?L2<ﬂ>>2)_M} |

7) over (t; +1,ty) with to > ¢; +1 > 1 and using 1~ < 1, so that

Integrating p—

(1
@’(”(”ﬁ) > e~2¢, we obtain
6_26% (to—t1 —1) 1 B 1

< .
(U, Ua) (o)1~ UL U) Cot)liraayz 10 Ua) (ot 4+ D)2

But [[(Uy, Ua) (-, t1 + 1)H?L2(Q))z < (U, Us) (~,t1)]|?L2(Q))z thanks to (15). Therefore,

1

1 M
> (UL, Us) () gy

1 + 6726% (tg — tl — 1)

(18) 100, 02) ) Py < (
Now, choose t; = 2m and ty = 2(m + 1), where m € N (so that to > t; +1 > 1). Then

estimate (18) becomes

(U1, U2) (-2 (m + 1))“?1;2(9))2 < O[Ty, U2) (-, Qm)”?ﬂ(ﬂ))2 '

1/M
where 0 := (HB_Q—ICMMJ € (0,1). A direct induction shows that

(0, Ua) (-, 2m) |2y < 071U, Ua) (- 0) Iz -

Choosing 2m <t < 2(m + 1), we obtain thanks to (15) that

1 _,ime|

(U1, Us) ('7t)||?L2(Q))2 Sge e (U1, Us) ('70)||?L2(Q))2 :

We conclude the proof of Theorem 1.1 by taking v :=1/6, § := [Inf|/2.
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3. HEAT SYSTEMS WITH NEUMANN BOUNDARY CONDITIONS

The object of this section is the

Proof of Proposition 1.2: It starts here and is divided into 5 steps, described in
subsections 3.1 to 3.5.

3.1. Step 1: Change of functions. We recall that € is the centered ball of measure 1
of R", with n= 1,2,3. Without loss of generality, we suppose that xy = (|zo|,0,..,0).
Then we consider

- B B 9 2‘1‘0’R
(19) V(@) = P, ma) = (B = [2f) (yg:0|2 + R? — 2lwo\iv1) ’

which is well defined and is C* on an open ball containing €. Moreover 7 > 0 on £,
and ¥ = 0 on 0f). In particular 9, < 0 on 9f). One can check that

o —4|xo| R xy, ,
— f kE#1
Oz, 7) |zo|? + R? — 2|xo|xq ! 71,
82# —4|£C()|R£U1 2 2 4|SL’0’2R
Y = R? — .
91 T Two? + B2 — 2Jzo|zn + (B — |zl )(]:1:0]2+R2 — 2ao|z1)?

Then it is easy to see that ¢ has a unique critical point at z on Q, which is a global
nondegenerate maximum. Indeed (for j, k = 1,..,n),

0% (20) = — 4|zo| R
dz;0x, ) RZ—|m?

Further, there exist cg1, cos > 0, depending only on |xy|, such that for any = in a
small neighborhood (also only depending on |z|) of z¢, the following estimate holds:

(20) cor [V (2)]* < ¥ (z0) — ¥ (2) < coo [V (2)]? .

Sk -

We introduce [ := (fi)1§i§4’ where f; := u;e®/?, and ®; (z,t) := S(’liiTg), s € (0,1],
h € (0,1],

Lt)y=T"—t+nh, for any t € [0,77 ,
o1 (2) =1 (x) = (20) , for any » €
(21) Y2 = P1, on €,

w3 () == =Y (x) = (x0) , foranyz e Q,
P4 = P3, OHQ,
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and
(22) Uz = Uy , Uy 1= Uy .
Clearly,
(23) q)z = (1)1 and (134 = @3 .
Notice that
Y1 =¥3, on ) )
8n(p1 + 8n(p3 =0 ) on aQ ;
so that,
(24) Py =3, on 9Q x (0,T) ,
0, P14+ 0,03 =0, on 092 x (0,7 .
We look for the equation solved by f; by computing e®/2 (9, — d;A) (e=*/2f;), where
(25) d3 = dl and d4 = dg .
We introduce for that purpose the operators
(26) { Aifi = —diV®; - V f; = $3d;AD, f;
Sifii=—diAfi —mifi

where 2 =1, ..,4 and
1 1
(27) = =0, + ~d; [V;|* .
2 4
We also define Sf := (Sifi) <icys Af = (Aifi)1<icy, and F = (vieq’i/2)1<i<4 where

(28) v3 1= , Vy = Uy .

After this change of functions and the introduction of the new notations, the system
(10) rewrites

(29 {8tf+8f:Af+FinQ><(?,T),

8nf,~—%6n<1>,~fi:00n o) x ,T) R ’L:1,,4

As pointed out in the introduction, We have deformed the original solution (uy,us)
by a weight function €®/2, in order to focus on the information around z,. Our choice
to add the functions (f3, f1) = (u1€®3/2, u2e®3/?) to the system is motivated by the
problems related to the boundary conditions. Namely, it enables to get the identities
(24) on the boundary, which will kill the boundary terms in the future integrations by
parts.



12 LAURENT DESVILLETTES AND KIM DANG PHUNG

Let now (-, -) denote the usual scalar product in (L2 (Q))*, and ||-|| be its correspond-
ing norm. We regroup some useful identities in the following:

Lemma 3.1. For any (smooth enough, R*-valued) functions f = f(x,t) = (fi)i=1. 4,
any constants d; > 0, and any (smooth enough) functions ®; := ®;(x,t), u; = f; e %/?
(i =1,..,4), the following identities hold as soon as (21) — (29) hold:

(A =0,
oy | 680= 3 {a [ [ar]
GSEN= X [ Com)Al +2(S1.00) = (S LA + 2S00
\ i=1,..,4

Proof of Lemma 3.1 . Thanks to an integration by parts,

<Af7 f> = Z /Q <_divq)i -V fi — %diAcDifi) fi

i=1,..,4

1 2 1 2
- _ Z /Q ldiV®i'v (§|f2| ) +§diAq)i|fi| }

i=1,..,4

1 1 1 1
= —/ [dﬁn@l (5 |f1|2) + d20, P, (5 |f2|2) + d30,Ps3 <§ |f3|2) + dy0, P, (5 |f4|2> }
o0
= —/ d1 (anq)leq)l -+ 8nq)3€q)3) (% |U1|2) - / d2 (&L(I)leq)l + an(b3€¢)3> (% ’"LLQ|2>

[2}9] oN

using (22), (23), (25) and recalling that f; = u;e®/2.
Now, (24) implies that

(31) 0, ®1e®! + 0, P3e® = 0 on 9Q x (0,T) .

This completes the proof of the identity (Af, f) = 0.
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Then, we observe that

(Sf 1) - [ Z di/‘vfiIZ_ Z /m‘fi‘Q]
i=1,..4 Q i=1,.47%
—= X [ atous
i=1,..,4 7 09
S Z / d; (%@L@i \ff) because of the boundary condition in (29)
a0

i=1,..,4

= 0 similarly as for (Af, f) .

We finally compute 4 (Sf, f) = 4 di/ IVfi|? — / ni 1fi1* | |. By an inte-
dt a\ ~ " Jq o

gration by parts,

E<8f7f> - Z |:dz/92vfz vatfz /Qatnz|fz| /92771.]616&]0@}

i=1,..,

_ Z4di/92Afiatfi+ Z |:di/8g26nfi8tfi_/Qatnilfi|2_/9277ifiatfi:|

..
i=1,.. i=1,..,4

=Y 2 aosasie X [ Cominfc2sran .

i=1,..,4 i=1,..4
But, by the boundary condition in (29), it holds

1
Z /{m HOnfiOt: = Z /BQ “ <§8n®¢f¢3tfi>

i=1,..,4 i=1,..,4

1 1
= Z — / dianq)iUieq)i/2 8tuie¢i/2 -+ ui—at@ie‘bi/z .
S 2 Joq 2

(2

The first contribution is proportional to
/ dlanq)lul(?tuleq’l -+ d28n®2u28tu26¢2 -+ d38n®3u38tu3e¢3 + d48n<1>4u48tu4eq)4}
o0

= / dl (8n<1>16¢1 + 071(1)36@3) ulﬁtul + dg (anq)leq’l + 8n<I>36q>3) uﬁmz}
o0

using (22), (23), (25). Thanks to (31), we see that Z / d; 0, ®;u;Opuze® = 0.
o0

i=1,.47°¢
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The last contribution is proportional to

Z / d;0,P,;0,; |u12€¢
80

i=1,..,4

/ |:d1 (8n<1>18t(1>1e¢1 + and)g@t@ge%) |U1|2 + d2 (anq)1atq)16q)1 + 0n(1>38t<133e¢3) |U2|2
onN

0

where in the second line, we used (22), (23), (25). In the third line, we used the identity
0y Py = 0,P3 on 02 x (0,7T), which is a consequence of (24).

This completes the proof of Lemma 3.1.
3.2. Step 2: Energy estimates. Thanks to a standard energy method (taking the

scalar product against f and integrating by parts), we get, starting from eq. (29) and
using the first identity of Lemma 3.1:

(32) TN SE D = (F )
Introducing the frequency function
(33) N:=N(t) = ﬁ;h? :

we see that, thanks to (29), to the third part of Lemma 3.1, and to identity (32),

AN (@) (IFI1P)° = (S'f, f) +2(Sf.0f >)||f|| — (ST (=2(SF 1) +2(F. f)
= (S} ) +2(S, A = 21ISFIP AN +2(S £ F) I fIIP
+2(SF. ) = 2(SF. F)(F . f) 2
= (S}, 1) +2(S], Af>)||f|| —2H8f LEI AN + S e 1P 01
F2(Sf—Lr, Y = 1. )

Thanks to Cauchy-Schwarz inequality, we obtain the following estimate for %N (t):

(34) SN < (7. )+ 205 AR + 1 |P

Note that the computation above is similar to the one of Bardos-Tartar (cf. [BT]), in
which however A = 0. Note also that the Vocabulary“logarlthmlc convexity method”

is related to the fact that in the case when f = 0, one has jﬁ In (||f||2) = —24N.
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3.3. Step 3: Carleman commutator estimates. The next ingredient in the proof
of Proposition 1.2 is the following:

Proposition 3.2. Under the assumptions of Proposition 1.2 (and using the notations
(21) — (28)), there ezist so € (0,1], Cy € (0,1), Cy > 1 depending only on Ky, |xo|, di,
da, such that when s € (0, o], h € (0,1],

(1) n; §2O and (SQf, fy=>0,
(i7) 1717 < G (77 +481.00) .
(i) (S5, 1) +2(SEAS) < —22(SF 1) + I

We briefly explain here why we call the Proposition 3.2 above a “Carleman commuta-
tor estimate”. Using the standard definition for a commutator [A4, B] = AB — BA, one
can check that the quantity ([S,—0;, + A| f, f), called Carleman commutator, satisfies
the identity (for f € C* ([0,T];C5° (Q))): ([S, =0+ Al f, f) = (S'f, f) + 2(Sf, Af),

and this last quantity is the one which is estimated in Proposition 3.2, (iii).

Proof of Proposition 3.2: We recall that
{¢M@=¢@%ﬂﬂ%), for any 7 € 0,
p3(x) = =Y (z) =¥ (x0) , foranyz €,
and start with the

Lemma 3.3. We define ¥ := {p <|z| < R} C Q = B(0, R), selecting p > 0 in such
a way that xo ¢ 9. Then there exists c1,ca,c3 > 0 depending only on |xo| and p, such
that:
(i) For any x € €,
Veor (2)[* < erion (2)] and |Veps (2)[* < e |05 (2)]
(17) For any x € 9,
1 ()] < 2 [Vepr ()" and |3 (2)] < e [Vips (2)]"
(1ii) For any x € Q\¥,

‘901 (-T)’ < ¢ |V901 (x)|2 and L3 (l‘) — 1 (x) < —c3.
Proof of Lemma 3.3: Thanks to estimate (20), and noticing that |V (:L‘)|2 =

IV (@) and ¢ (z0) — ¢ (x) = |¢1 ()], we conclude that (¢) — (47) — (@17) holds for
1. For 3, we get (i) — (i1) because |p3 (x)| > 0 for any z €  and |Vs ()| > 0 for
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any x € 9. Finally, 3 (z) — ¢ (x) = —2¢ (x) < 0 for any 2 € Q\9J, which enables to
complete the proof of Lemma 3.3.

We come back to the proof of Proposition 3.2. We observe that
1 1 ) S 1 1 )
i = 500+ —d;i [VO|" = — | —5 |wi| + ~d; i ;

so that using Lemma 3.3 (i), there exists s; € (0, 1] depending only on d;, ds, and |z|
such that when s € (0, sq],

(35) n; (x,t) <0 for any (z,t) € Q x [0,T] .

As a consequence, using the second part of identity (30), one can deduce that for any
s € (0, s1], the estimate (Sf, f) > 0 holds.

Now, one can prove part ii) of Proposition 3.2. Indeed, we see that

I = 3 [ e
i=1,.47%
< 2/(\Ul|2 + |vg?) €' using @3 < By, Dy = By, By = B3, v3 = vy, V4 = Vy
Q
< QKO/ {\u1|2 + Jual?® + (Jug]® + |u2\2)2} e® using (11)
Q

< 4K, (||f||2 +/ ug|* e®1 +/ |U2|46¢2) because ®; = P, .
0 Q

But thanks to Hélder and Sobolev inequalities (and denoting by Cs,, the constant in
this last inequality), for any ¢ € {1, 2},

4 @, ;
/Q|uz| e® < ||U?||LP(Q)HU%€®Z La()

< (Lre)" ([ 1) iy =3 g =3
Q Q

< Ko Cs ( ey ivm?) ,

whenever Il) + % =1

using assumption (12) in the last inequality, and remembering that H'(Q) C L5(Q) for
n< 3. Since n; < 0 (see (35)) and therefore d; [, IV fil* + dy o IV fo> < (S, f) by the
second part of identity (30), this gives the desired estimate when

C, > 4K, max (1 + KoCsop, (mindi)_lKngob) .
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It remains to prove part iii) of Proposition 3.2.

We recall that

(S'f.f) Z/ —0m:) | fil?

1=1,..,4

Moreover, using the definition of Sf and Af, the bracket 2 (Sf, Af) writes
2(SfAf)=2 ) / (diAfi + i) (dV(I) Vii+= dACD fl) .
i=1,..,4
Then, four integrations by parts give

2(SfAf) = 30 (—2d? | vivievs—a [ vrave.s—d [ Vni~v<1>irff)

i=1,..,4

+2 ) d2/ OnfiV®;-Vfi— > d 8ncI>¢|Vfl-|2

i=1,..,4 i=1,..,4

+ Y @[ apanfie ¥ d / manwif

1=1,..,4 i=1,..,4

Indeed,

/ AfVD; -V — / O fiDs - Vs — / V20,V — / ViV VD:
Q o0 Q Q

and
/ VAV VD = & [ o0, v - L / AD, [V,
Q o0
Second,
/AfiACDZ-f,-: 8nfz-A<I>,-fi—/VfiAV<I>if,»—/ACIMVM?
Q o0 Q Q
Third,

2/ nifiV®; -V fi = / 00, ®; | fi]? — / Vi - Vo | fi|* — / mAD; |fi°
Q 29 Q Q
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Then, we see that

(S ) 42(SEAR) = S (—2d? [ vivemi-a VfiAvqafi)

i=1,..,4

+ Z /Q (_aﬂ?i —d;Vn; - V(I)i) |fi|2

i=1,..,4

w2 Y & [ opvevi- Y & [ o4Vl
o0 o0

i=1,..4 i=1,..,4

Y /8 REIRTED S /a REZAI

i=1,..,4 i=1,..,4

Next, the computation of Oyn; + d;Vn; - VP, gives

1 1
O+ AN - VO; - = S0;0; + diNOD; - VO; + Sdi VOV OV,
1 s

= —0,®; + Fde(I)N%NCI)Z-

r r
2 (1

d; |V®;|*> +
=2 (Lo ta ve?) £ 2d Vo + SV, vie v,
2 t ¥ 4 7 7 2P 7 7 QF i 1 SOZ 19

r

since 0} ®; = %&@i and 0,®; = %‘1%‘- Therefore, by definition (27) of 7;,

2 1 2 S 2
—Om —d:Vn, -V, = —=p — —d. [VP,|? — >V, P,
om; — d;Vn; - V&, Ty i [V, T VO, Vi, VO, ,

and one can conclude that

(S'f. f) +2(Sf, Af)
. _ 92 N2H. T F 2 , .
= Z ( le/gvfzv (I)zvfz dz\/QvflAvq)lfl>

i=1,..,4

1 / ( 1 2 S 2 2 )
(36) g Z 0 2 2

2 2 2
+2 Y d; /manfivq%-wi— > d; man@i\wiy

i=1,..,4 i=1,..,4

+ Z d?/manfiAq)ifri‘ Z di/@ﬂmanq)i‘fi‘2 .

i=1,..,4 i=1,..,4
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First we estimate the contribution of the gradient terms. We observe that (since v
is smooth on 2 (see (19)),

|d: V20| + | AVE,| < Clis

where Cy only depends on dy, ds, and |zg].
As a consequence, using Young’s inequality,

Z (—Qdf/sz'VQ(I)ini—d?/VfiAvcbifi)

(37) =14

033 Z d/wm Y d/inA + S

i=1,..,4

where we used in the last line the inequalities & <
depends on dy, ds, and |xg|.

+ and s € (0,1]. Here, C5 only

—

Lemma 3.4. There exists a constant Cy > 0 depending only on |xo| and dy, dy such
that for any s € (0,1],

22d2/8ﬁv¢ Vi — Zcﬁ/a@mz

i=1,..,4 i=1,..,4

+ Z d2/ O fiA®; f; + Z d/ 10, ;| fiI?

i=1,..,4 i=1,..,4

<Gy 0 [ v +%Zd/|vq>| 5P+ AP

i=1,..,4 1=1,2

Proof of Lemma 3.4: We claim that Z di/ 10, P; ]fi|2 = 0.
i=1,..,.4 Q
We first observe that thanks to (24), the following extra identities hold:

(38) 8,01 = 0,05, |V =|Vds| ondQx (0,T) .
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Then, since n; = %8,5@ + idi |V®i]2,

1 1
> d/ nion®; |7 = ) d/ (§8t<1>i+1di|vq>i|2) 0n®; |u|?

i=1,..,4 i=1,..,4

1
— dl/ <—atc1>1 + =d, |V<I>1\2> DDy |us|” e
00 \ 2 4

1 1
+d2 —6t<I>1 + —dg |V(I)1|2 8n<1>1 |u2|2 6<I>1
o0 \ 2 4

1 1
+d1/ SO0P5 + —dy [VPs[* ) 0,5 |uy|* €
o \ 2 4
1 1
vy / 0Dy + ~dy |V Ds|? ) 0y un]?
o \ 2 A

where in the second line, we used identities (22), (23), (25). This completes the claim
thanks to identities (24), (38).

We then observe that

(39) 2y d2/ OnfiVO;-Vfi— > d2/ 8,9; [Vfi|> =0

i=1,..,4 i=1,..,4

Indeed, since V®; = 8,®, 7 on 9 x (0,T), we see first that

2y & / OnfiV®;-Vfi =2 > d / 0,; |0, [

i=1,.,4 gy i=1,..,4 i)
1 2 1
= 2Z ;;l?/ D, éan@ifi because 0, f; = Eanq)ifi
=0,

thanks to identities (22), (23), (25) and (24).
We then observe that on 9092 x (0,7,

VAP = |[Vue?/? + u iV de® /2‘
{8 uz?—l—uzéa D, ﬁ‘ eq’ because d,u; = 0 and 0,P; [9go =0

As a consequence, — Z 2 [ 0,9; |Vfi|” = 0, where we used identities (22), (23),
i=1,..,4 0

(24), (25).
We complete in this way the proof of identity (39).
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Next, it remains to treat the contribution of Z df O fiA®; f;. We introduce
i=1,..4 o0

C5 := max |Av|. Note that Cs only depends on |z|.
Q

> & [ o
i=1,..4 oQ

ZCP/ ~0,D;,AP; | fi|” because 0, f; = 8<I>fz

i=1,..,4

058 9 B 055
<or le4d / 10,9;| | f:|> because |AD;| = ]A | < =

< [ s

1=1,2

055 Z dz/ —0, ;) |fi|2 because 0,,®; < 0 and &y = O

1=1,2

In the third line we used d%/ 10,5 | f5]* = d%/ 0,1 || f1|°, which holds thanks
to identities (25), (24), and fgﬂz f1 on 09 x (O,YQ§Z. Similar computations hold for
& [ oI

T%%n, thanks to an integration by parts,

[ comour =2 [vrves— [ s
_/Q|Vfi| +/Q|V‘I>i| |f¢|2+c53 1112

using Young’s inequality and the estimate |A®;| = £ |Ag;| < 2. Therefore, one can
conclude that for any s € (0, 1],

> d?/ O i AD, f <maxd— > d/yv]@

i=1,.4 o i=1,..,4
C?
2 2 2v5 2
g Z.Zmdi/gz’“”' A+ (g2 1)

This completes the proof of Lemma 3.4.

Finally, we estimate the contribution of

1 1 C
t [ (2n- gave - Seveave) 1nr+ S [ [wa sl
Q
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where () is the constant appearing in Lemma 3.4.

Lemma 3.5. There exists sy € (0,1] and Cs > 0, both depending only on |zo| and d,
dy such that when s € (0, 32]

C
= Z /( 2 — d Ve, [* ——d2v<1> v2<,olv<1>)|fz| + 432d/|v<1>| |fil?

zl4 1=1,2

1 2 Co 2
< — 2 — —d;:— -n. ) —
_F( 4dz(/,2)/9< m U+ 27

)

Proof of Lemma 3.5: First observe that

1
1 1
< _2771' + (—5 + s (émfixdz mﬁax |V2'¢‘ + C4>> d, |V(I)Z|2

1
< - (27% + gdz’ ‘V(I)i|2)

for any s € (0,s5] if s > 0 is well chosen. Indeed, it is sufficient to take sy :=
3(3max d; max | V2| + Cy) ™!
i Q

Now, from

> [ (o0 ja Vel - JeEvevteve ) 1A+ Cs X d [ [Vl

i=1,..,4 i=1,2

<Z(/ ) I - /\VQHfZ),

i=1,..,4

we want to achieve

3 /( 2 — d Vo, ——d2V<I> V%ZV@)\M +C4de/|V®! £l
Q

i=1,..,4 i=1,2

<Y (z—zdic—g) | s+ ol

i=1,..,

We will treat separately the case i = 1 (which is similar to the case ¢ = 2 since &y = D)
and the case ¢ = 3 (which is similar to the case i = 4 since &, = P3).

Recall that
s

1 1 )
i = > | TS 7 _di 7 .
U r2( 5 il + SIWOI)
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Thanks to Lemma 3.3 (i7) — (iii), for any = € Q, |¢1 ()| < 2 |[Vepy (x)]?. This implies

2 2
9 S 9 S 2s < ) 2s
v R AV < — = — < — .
| (I)1| T2 | Spll = CQF2 ‘¢1| Co 2F2 ‘(101| = e T

1 s
——d1/ VoA < 5 1—/n1|f1|2
Co Q

1 1
and similarly for i = 2, one has —§d2/ VD, | fo]” < ngci / 12 | f2|®. Consequently,
Q 2 Jo

i 12(——d/\vq>| 4 ) Z d—/lefz'|2=Z (_;Ld’é)/g(_m) 2.

1=1,2

Therefore,

Thanks again to Lemma 3.3 (i7) — (iii), the properties of @3 require to treat separately
the cases when = € ¥ and x € Q\¢, where ¥ = {p < |z| < R}, with p > 0 such that

zo & 9. We take here p = WTJrR. We first observe that when = € ¥ ,

9 52 9 52 2s
(40) — VO (2, )" =~ Vs (o) < = s (2)] < s (7))
We see that
1 1
3 <——di/ \V®i|2|f,»|2> <y (——di/]V<bi|2|fi|2> since ¥ C O
1=3,4 8 Q i=3,4 8 9
< Z d —/m |fi” thanks to estimate (40)
Sat
1 2
= —di— | nilfi d— i | fi
OB KL SF U Al
1=3,4 1= 34
1
< (—zd )/( WlF+G Y 1
i=3,4 i=1,2

where in the last line, we defined

Cs := maxd; % ,

: C7 := max 1| + max d; max | V| |
? C2 Cq Q ? Q
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and noticed that

1. s 9 1 s Cyrs Cyrs
el < Zda = = ST¥s < =
—7%7 o nslfs]” < 15 /Q\ﬁ (FQ ) lus|* e since |ns| Tr
— 1d3i\/ % |u ’2 esrwlesr(sod ‘Pl)
47 Jow \ T7?
1 C
S (5) bl ertorebs by Lenmma .30
< C’G/ |ug|? e T# = C’G/ |up|” €°T# because uz = uy
O\v o\
< 06/ A7
Q
We proceed similarly for i = 4 and get _Zd4_ | fal” < Co / | fo|°. Finally, we
oo Q
see that
1 s
(——d/|v<1>| 7 )_ py (—ﬂ—)/( Wi+ Y 1P
Ca
i=1,..,4 1=1,2
The fact that Completes the proof of Lemma 3.5.

Consequently, by (36), (37), Lemma 3.4 and Lemma 3.5, for any s € (0, s1] N (0, s3]
and any h € (0,1], we see that

(SF. 1) +2(SFAf) < (Cs+Ci)S Z i [ IV5F+ (€t Cat Cogg I

=D ( i =) [emise

1,14

S@+COE Y b [ VAP + (Gt Cot Cogg I

11 4
+(2— d; ) D) | fi?
< mln 124/ 77

For s € (0, so], where 5o :=min(sy, s2, (C3 + Cy) ™1, ¢o (min di)_ ), we see that

1—|—Co

(8'f, f)+2(8f Af) < (S, f>+ 5 112

with Cj —1—m1nd EG(O 1) and C7 > C5+ Cy + Cs.
2
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Taking
Cl = max(l, Cg =+ 04 + Cﬁ, 4K0 (1 + KO CSOb)) 4Kg Cgob(min di)il) y

we complete the proof of Proposition 3.2.

Let us summarize the inequalities for the energy || f||* and the frequency function
N, that we got so far: We first observe that thanks to (32), Young’s inequality and
Proposition 3.2(ii), when h € (0, 1], we get (for all s € (0, so])

1d

1 C 1 C
(A1) |5 I+ 4SE )| = KF N < 55 IF I+ 5P < 5485, ) + 5117

Moreover, thanks to (34), Proposition 3.2(i7) and (iii), we also get (when h € (0, 1] and
for all s € (0, so]) for some Cy € (0, 1):

/ 2
) 1N<<Sf,f>+2<8f,«4f>+|lF||<(1+Co+cl) 20,

< < N+ L
dt A1 r h?

From now on, we take s := sq given by Proposition 3.2, and recall that sy only depends
on K(), |ZEO| and d17 dg.

3.4. Step 4: Use of a differential inequality. We now state the following Lemma:

Lemma 3.6. Let h > 0, T > 0 and F\,F, € C([0,T]). Consider two nonnegative
functions E, N € C* ([0, T)) such that (when t € [0,T)):

‘liE(t) —|—N(t)E(t)' < (EN(t)-f—T_LtO_}_h"‘

2dt 2
d 1+ Co

aN(t)S <T——t—|—h+cl)N(t)+F2(t) ’

where Cy, C7 > 0.
Then for any 0 <t <ty <ty < T, the following estimate holds:

Tt +h 3Co(1+M)
43 E(t)"M<eP (2T
(43) (t2) 7" <e Tt h

Cl) E{t)+ Fi (t)E(t) ,

E(ts) B (t)"
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with

/ t+h1+00dt

tC1
/ —t+h1+00dt

D:=31+M) [(tg—tl) (Ol+/tlt3 |F2|dt> +/tlt3|F1!dt} .

The proof of Lemma 3.6 can be found in [BP].

and

We now come back to the proof of Proposition 1.2.

Consider h € (0,1] and ¢ > 1 such that ¢h <min(1/2,7/4). Taking t3 := T, ty :=
T — (h, and t; := T — 2(h, in Lemma 3.6, estimate (43) becomes

E (T — th)"™¢ < Pe (20 + 1)*PUTM) B () B (T — 20n)M:

where .
Dy :=3(1+ M) (Cﬁ/ (|F1|+2£h|F2|)dt) )
., T—2¢h
T etq
(44) M, =3 /“h TR

T—th tCh
e
/ o, dt
T—2tn (T —t+h)

We now observe that thanks to inequalities (41), (42), the assumptions of Lemma 3.6
are fulfilled when F (t) := ||f ( t)|I>, N is the frequency function given by (33), h €

(0,1], Fi(t) := 71, Fy(t) == —= 2 L and Cy, Cy are the constants appearing in Proposition
3.2.

Therefore, thanks to Lemma 3.6, for all A € (0,1] and ¢ > 1 such that ¢h <min(1/2,7/4),
the following estimate holds (with s = s¢):

(45) (1 = em) ) < K (1 ) (1 67 = 20m) 7)™

where K, := Pt (20 4 1)*@UM) with D, = 3Cy (14 M,) (1 4 20 4 8¢2), and M, given
by (44).

1+M,
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Note that (when ¢h <min(1/2,7/4)),

T
dt
/T e (T —t+ h)HCO

M, < eClT 2th)  [T—th 1
/ 14+Cop dt
(46) T—20n (T'—t+h)
< 32C1th (6 +1)h)=Co — p=Co
- (20 + 1)h]=Co — [(£ + 1)h]|=Co
< 3601 (6 + 1>CO
- 1 — €+_1>C° '
20+1

3.5. Step 5: Introducing B (x,r). Observe that
1CF )2y < IFIP < 2001 £l

Indeed, the fact that o3 < ¢; and ¥ > 0, implies ||(f3,f4)||?L2(Q))2 < ||(f1,f2)||?L2(Q))2
by (21) and (22), which gives the desired estimates. Therefore, thanks to (45),

9 1+Me
(1 £2) (T = ) g2
M,
< Ko (2010, £2) D aqaye) (2007 £2) T = 200) [
On the other hand, the fact that ¢, = ¢1, 1 <0 and 3 > 0, implies

2 2
H(f17f2)H(L2(Q))2 < H(ulauz)”(m(ﬂ))2

Combining the above with the non-increasing property (13) of the energy, one can first
get

(48) 1Cf1s f2) G T = 200) [y < Nl u2) (- 0) 22

Second, we make B (xg,7) appear out of ||(f1, f2) (-, T)||?L2(Q))2 as follows:

I (f1, f2) ('aT)“?L?(Q))Q
(49> - / ‘(ula UZ) <'>T)‘2 6%0801 + / ’(U1,UQ) ('7T)|2 6%0901
B(zo,r) ) bB(l‘O r 9
< s u2) G D) e Baeryz € (w1, u2) (- 0)l(12(0)2

thanks to estimate (13), @2 = ¢1, and the fact that on Q\B (x¢,7), ¢1 < —p for some
o > 0 depending only on |zg| and r.

(47)
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Third, thanks to estimate (13) and ¢ = ¢9,

H(U1;U2)('7T)”?L2(Q))2 S/|(U17U2) ('JT_Eh)|2€Wi7?)]1w16_Wi+VL@1

(50) o ;
< e@r(f1, fo) (T — gh)”(ﬁ(ﬁ))z ’

where p11 := sup(—1(z)) only depends on |zg].

xeﬁ
Combining estimates (47) to (50), we can deduce
(51)
9 1+M,
(a1, 2) ()2
sow1 (1+,) M
<e (GDR <||(f1, fa) (T — fh)”?ﬂ(m 2)
sopy (1+Mg) 2 e
< Kee T (200 ) ST yz) (210 52) (5T = 2011 20 2)

sopy (1+M

sop (1+01y) M
< 20, T (2 (s, ) >|r(L2(m)z)
__S0H0
X <||(U1,U2) ('7T)||(L2(B(mo,r)))2 +e Oho ||(U1,U2) (" O)||?L2(Q))2> :

This estimate is true for any ¢ > 1 and any h € (0,1] satisfying ¢h <min(1/2,7/4).
Recall that sy only depends on Ky, |zo| and dy, ds.

We now will choose ¢ > 1 sufficiently large to fulfill the inequality & 1((;:1]\)4 d < £, so

)
that W 20 < 20k This is possible since ehm % = 0 because (see
—+00

(46)) M, < 3¢ %, with Cp € (0,1). Note that chosen in this way, ¢ depends on
-3

|zo|, 7 and dy, ds.
Thus, (51) becomes

> 1+M,

2
(ll(ub uz) (4 D[22
52 ¢ "
(52) < 2K, (2 | (w1, usz) ('aO)H(L2(Q))2>
som 9 _sQH 2
X (e o | (w1, ug) (-, )||(L2(B(a:o,r)))2 +e o [ (w1, uz) <"0)”(L2(Q))2> )

This estimate is true for any h € (0,1] satisfying ¢h <min(1/2,7/4). Recall that
1/(2¢) < 1, therefore the interpolation inequality (52) holds for any h > 0 satisfying
h <min(1/ (2¢),T/ (4¢)).
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Since now ¢ > 1 is large but fixed, we denote M := M, and K := K;. Then, for any
h > 0 satisfying h <min(1/ (2¢),T/ (4¢)), estimate (52) becomes

1+M
<||(U1, uy) (- T)”?L?(Q))Q)

53 1+M 2 M
(3 < 2K (s, w) (g

X (e% [ (w1, uz) (vT)H?m(B(zo,r)))? e (w1, uz) ('70)H?L2(Q))2> '
On the other hand, for any h > 0 satisfying & >min(1/ (2¢), T/ (40)), 1 = e~ %" %

e oh eso%(%*%), which implies thanks to (13):

(11, 2) () )
< (Mur) O Praye) e ™8 (%)
< er2(1+7) <||(U17U2) (-, O)||?L2(Q))2>M
« (ﬁ# (1, 12) (5 DI gz + € 20 111, 2) ('70)”?L2(Q))2> )

where g 1= 2sop0f only depends on Ky, |xo|, 7 and dy, ds.

Consequently, combining (53) and (54), one can get an estimate which holds for any
h > 0: Precisely, there exists u3 := s + 1+ M + K depending only on Ky, |z, r and
dy, ds, such that for any h > 0,

<||(U1, uz) (-, T)||?L2(Q))2>
N M
< 08 (s, ) (002
SO 2 __S0H0 2
% (e 9r0 ||(u1,uQ) (.7T)||(L2(B(mr)))z +e o ||(U1,U2) ('a0)||(L2(Q))2> '

Now, one can minimize with respect to h in (0, +00) or simply choose h > 0 such that

1+M

(54)

1+M

—sgro | (w1, us) (‘aT)H(L?(B(xO,T)))?
| (w1, uz) (-, O)H(L2(Q))2

in order to obtain the desired estimate under the form

) 1+(142M)
(s ) )

Y

1
< 42507 | (uy, un) (-, T {e2 (w02

) (1+2M)
< (I 12) (5 0) )

This concludes the proof of Proposition 1.2.
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