An optimal spectral inequality for degenerate operators
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Abstract

In this paper we establish a Lebeau-Robbiano spectral inequality for a degenerate one dimensional elliptic
operator, with an optimal dependency with the frequency parameter. The proof relies on a combination of
uniform local Carleman estimates away from the degeneracy and a moment method adapted to a degenerate
elliptic operator. We also provide an application to the null controllability on a measurable set in time for
the associated degenerate heat equation.
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1 Introduction and main results

1.1 Introduction and state of the art

The purpose of this article is to prove a spectral inequality for a family of degenerate operators acting on
the unit interval (0,1). In arbitrary dimension, for a second-order symmetric elliptic operator P on a smooth
bounded domain € with homogeneous Dirichlet or Neumann boundary conditions, the spectral inequality also
called Lebeau-Robbiano estimate takes the form

lullz20) < cecﬁ||u||Lz(w), Vu € span{®;; \; < A}, (1.1)

where w C ( is an open subset and where the functions ®; form a Hilbert basis of L? (2) of eigenfunctions
of P associated with the nonnegative eigenvalues );, j € N, counted with their multiplicities. In other words,
the family of spectral projectors associated with P enjoys an observability inequality on a set w C  for low

frequencies A; < A with a constant cost as cec‘m.

The use of such spectral inequalities to obtain the null-controllability of the associated parabolic equations
goes back to LRl JLL [LZ]. The authors of [Mi| (see also [BPS]) used a direct observability strategy to prove
that spectral inequalities of the form ([1.1) implies observability inequality

T
T e N e 2
which in turn is equivalent to null-controllability property [Zul, [FI, [Mil, Mi2].

In dimension one in space, the moment method is a powerful method to prove null-controllability properties
of parabolic semigroups. One may cite for instance the pioneering work of [FR], and recent developments
[AKBGBAT, BBM|, [CMV5| [ABCU]| and the reference therein.

It appeared that inequalities of the form are in fact equivalent to one-point-in-time observability
estimates of the form

1-6

TPyl 10 [yoll ey 8 € (0,1):

||6_T7)y0||L2(Q) < ce

see for instance [AEWZ], [BaP| and [BP]. These estimates quantifies the backward uniqueness property of
solutions of parabolic equations [BaT], and implies in particular observability on measurable sets in time, bang-
bang property for norm and time optimal control [PW], impulse controllability [PWX], rapid and finite time
stabilization [PWX] [BP].

The main technique to prove relies on the derivation of local elliptic Carleman estimates in the inte-
rior and at the boundary of the domain, and this field of research has been extensively investigated, see e.g
ILR} LZ, JL, L LRI, LRLeRI, LRLeR2, Lel ILLL [Q [FQZ]. Elliptic Carleman estimates were introduced by
Carleman in [C], and further developed in [Cal, H].

Here we work in the context of the following family of one-dimensional degenerate operators

d

d
i (xo‘d> , acting on functions of the unit interval (0,1) with « € [0, 2),
T T

and with proper boundary condition described below. It is now well-known [CMVLICMV2, [CMV6]| that « € [0, 2)
is necessary and sufficient for the null-controllability property to hold from arbitrary subsets. Besides Carleman
estimates and moment method, one may cite other techniques that have been successfully used to control de-
generate parabolic equations: backstepping techniques [GLM [LM]| or flatness approach [Mol, BLR]. By using
Carleman estimates, [CMV], [CMV2, [CTY] BP] proved null-controllability results, but failed to be optimal, for
instance with respect to small time null-controllability cost. Moreover, the dependency of the control cost with



respect to a € [0,2) was not made explicit. The main difficulty relies on the construction of the Carleman
weight function which is adapted to the degeneracy. The moment method appeared to be a very nice technique
to overcome this difficulty in this context [CMV3], [CMV4] and allowed to sharply quantify the blow up of the
control cost when T'— 07 and a — 2. It relies on precise bounds of the spectral gap of the eigenvalues of the
family of degenerate operators and on the construction of biorthogonal families with proper estimate on its L?
norms, whose dependency on the uniform spectral gap constant is made explicit.

In the present work, we prove a Lebeau-Robbiano spectral inequality for the family of degenerate operators
(see Theorem . The main novelty of this result is twofold; on the one hand, it is sharp with respect to the
dependency on the frequency cut parameter A, when A — +o0o. Here, sharpness is to be understood as the
constant ce®¥ coincide with the one in LR, [LZ] in the case o = 0 (that is, the flat Laplace operator), which is
known to be optimal [JL]. On the other hand, we obtain a bound of the blow up of the constants when ov — 27
(in the spirit of [CMV3, [CMV4] in the parabolic context). In Theorem [1.2} we deduce a L'-observability for
the associated parabolic equation on measurable subsets in time. In the last years, a lot of works have been
devoted to the observability on measurable sets (see e.g. [AE], [EMZ], [PW], [WZ], [LiZ]). Theorem as an
application of Theorem is thus an improvement in this direction of controllability results of [CMV3| [CMV4].
However, it seems that our blow up bound of the control cost when o« — 27 is weaker than [CMV4]. It could
be interesting to improve Theorem by obtaining the same observability cost given by [CMV4].

Our method relies on a combination of both the moment method and the use of Carleman estimates. We first
adapt the moment method to an elliptic problem, posed in the finite dimensional subspaces of L?(0, 1) spanned
by the first eigenfunctions of the degenerate operators, to obtain Proposition 23] Note that Proposition [2.3]is
very related to the spectral inequalities obtained in [LR] [Le, [BT]. We emphasize that this key step allows us
to observe the entire domain (including a neighborhood of the region where ellipticity degenerates) from any
arbitrary subset away from the degeneracy. Then, one can use use uniformly elliptic Carleman estimates and
Holder-type interpolation inequalities of Proposition 2.2} to propagate the observability and obtain the spectral
inequality of Theorem [I.I] This Carleman estimate is made uniform with respect to the degeneracy parameter
a € [0,2). The main theorem follows from the combination of these two results.

The article is organized as follows. In the remainder of this section, we introduce the problem and the main
results. In Section 2, we introduce two propositions corresponding to the strategy described above, and combine
them to deduce the main result. Section 3 is devoted to proving Proposition [2.3] using the moment method,
whereas Section 4 is devoted to obtain Proposition [2:2) by the use of Carleman estimates. We prove some useful
spectral properties in Section 5. Finally, we show the second main theorem in the last section.

1.2 Functional setting and spectral properties
We shall consider the linear unbounded operators P in L? (0, 1), defined by

d ( .,d .
P——a z® - , with a € [0,2),
D(P)={¥ € H.,(0,1); P¥ € L*(0,1) and BC,(¥) = 0},

where
1
HéyO(O, 1) := {19 € L*(0,1); ¥ is loc. absolutely continuous in (0, 1] ,/ 2> < 00, 9(1) = 0} ,
0

and

BC, () D)oo for a € [0,1),
“ (x*9")), for @ € [1,2).

For any a € [0,2), the operator P is a closed self-adjoint positive densely defined operator, with compact
resolvent. As a consequence, for any o € [0,2), there exists a countable family of eigenfunctions {®;};>1,
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forming a Hilbert basis of L2 (0,1), associated with a positive and increasing sequence of eigenvalues {A;};>1
going to infinity, satisfying P®; = A;®;, j > 1. We emphasize that the spectral eigenpairs depends on «,
but we omit it to ease the notation. An explicit expression of the eigenvalues is given in [Gu| for the weakly
degenerate case a € (0,1), and in [Mo| for the strongly degenerate case a € [1,2), and depends on the zeros
of the Bessel functions of first kind (see [MM]). The eigenfunctions ®; also depends on the Bessel functions
and are described in [Gul [CMV4]. Note that the eigenvalues are simple and more properties are emphasized by
Cannarsa, Martinez and Vancostenoble: first, a uniform bound for the first eigenvalue

301,62 >0 Vace [0,2) 1 <A <o (12)

(see [CMV3] (10) at page 176 and (34) at page 183 for a € [0, 1); see [CMV4] proposition 2.13 at page 10 and
(3.8)-(3.9) at page 13 for « € [1,2)); secondly, a uniform spectral gap

Iy>0 VYVael0,2) VE=1 VA1 — VA 2792 —a) (1.3)
(see [CMV3] (74) at page 198 for a € [0, 1); see [CMV4] at page 30 for « € [1,2)).

1.3 Main results

We are interested in the spectral inequality for the sum of eigenfunctions. Such Lebeau-Robbiano estimate is
done with explicit dependence on « € [0,2). Our main result is as follows.

Theorem 1.1. Let w be an open and nonempty subset of (0,1). There exists a constant C > 0 such that
2

1
> e < CeC oV > ;| du

Aj <A “IN<A
for any o € [0,2), {a;} € R and any A > 0.

We emphasize that the constant C' > 0 appearing in Theorem is independent on « € [0,2). Moreover,
the blow-up rate when A goes to infinity is sharpened comparing with [BP]. This is equivalent to the existence

of C' > 0 such that )

C——L1=5VX
§ la|* < Ce” @7 N/ E a;®;| dx
i=1..N @ li=t-N

for any a € [0,2), {a;} € R and any N > 0.

Here, our approach is based on a combination of both Carleman techniques and the moment method for
an elliptic equation. In one hand, it seems difficult to find the appropriate weight function in Carleman tech-
niques or logarithmic convexity methods for getting directly the desired spectral inequality . On the other
hand, the moment method [CMV3| [CMV4] is an appropriate tool to get the cost of controllability for the one-
dimensional degenerate parabolic operator.

As a consequence of Theorem we have the following observability estimate from a measurable set in
time for the one-dimensional degenerate parabolic operator.

Theorem 1.2. Let w be an open and nonempty subset of (0,1) and E C (0,T) be a measurable set of positive
measure. There exists a constant C > 0 such that

_ 1 _
e TPyOHLz(O,l) < Ce @G- / le™t Pyo|dadt
wx E

for any a € [0,2) and any yo € L*(0,1).



Note that this is equivalent to

1

c
ly(- T)|lL2(0,1) < Ce (2,a)4/ E|y(gc,t)|dxdt
wX

for any « € [0,2) and any yo € L2(0, 1) where y is the weak solution of the degenerate heat equation

8ty — 0y (xa my) =0,

BC.(y) =0,
y(1,t) =0,
y(xao) = Yo,

in (0,1) x (0,T),
on {0} x (0,T),
t e (0,7),

x € (0,1).

A few remarks can be made. First, it could be of interest to quantify the dependency of the constant C > 0
with respect to the measure of E when F # (0,T). Second, note that from [CMV4|, one may expect a constant

of the form C'e®/2=®)” in Theorem Thus it could be interesting to improve that blow-up rate. In particular,

, . C— VA . . . .
we don’t known if the blow up Ce™ 2-=) is sharp with respect to a in Theorem [1.1
Finally, it is worth noticing that in addition to Theorem applications to impulse control and finite-time
stabilization can be obtained from Theorem [1.1] by using the abstract results of [BP].

2 Partial elliptic observability estimates and proof of Theorem [1.1

In this section, our aim is to prove Theorem and we start with presenting the following three results that are
central in our article. We end this section with the proof of Theorem [I.I] by combining these three propositions.

2.1 Partial elliptic observability estimates

First we have an uniform observability estimate for a single eigenfunction.

Proposition 2.1. For any w open and nonempty subset of (0,1),
Jp>0 VYael0,2) Vjix>1 / |®;2dz > p(2 — a).
w

This result can be found in [CMV4] in the case « € [1,2). Here, we need to extend it to the case a € [0, 1),
and the proof is postponed in Section 5. Given T' > 0 arbitrary, we now consider the following homogeneous
elliptic problem:

O —Pp =0, in (0,1)x(0,7),

BCa(¢) =0,  on {0} x (0,7,

p =0, on {1} x (0,T), (2.1)
@("0) = %0, in (0’ 1)a

815@ (70) = ¥1, in (0’ 1)7

where o and ¢ belong to span {®;;1 < j < N}.
Next, we establishes a quantitative Holder type estimate for an elliptic equation away from the degeneracy.

Proposition 2.2. Let 0 <a <b< 1 and T > 0. There exist ¢ > 0 and § € (0,1) such that for all a € [0,2),
and for all N € N\ {0}, the solution ¢ of satisfies

_ §
1l g (200 2220 077a9) < M 0y x 0,79 (120l @y + 21l L20ay)” -

Note that this estimate is independent on « € [0,2). This is due to the fact that we work on localized regions
where P is uniformly elliptic. Finally we shall use the following uniform observability estimate for the elliptic
equation near the degeneracy.



Proposition 2.3. Let w be an open and nonempty subset of (0,1). For any N > 1, T > 0, and any « € [0,2),
the solution ¢ of satisfies

C(1+An) 1Y ovan(r+
2 2—«
”‘P(HT)HB(OJ) < m 1+ T ( e / / lp(z,t) ‘ dxdt,
where C' > 0 is independent of N,T > 0 and o € [0,2). Here p is given by Proposztzon and 7y comes from
)

This estimate deals with the observability of the degeneracy. The constant here depends on «, mainly due
to the fact that the spectral gap (|1.3) and the bound from below of Proposition vanishes as a goes to 2.

The proofs of propositions 2.1} 2:2] and 2.3 are postponed in Section 5, Section 4 and Section 3, respectively.

Now, we are able to present the proof of Theorem [I.1} and our strategy is as follows. We shall use Proposition
and we observe the whole domain (including the region where the ellipticity degenerates) from one region
where the operator 33 — P is uniformly elliptic; there, we use classical global Carleman techniques to observe
from the boundary (a,b) x {0} with Proposition That observation region provides precisely the right hand
side of Theorem [L.1]

2.2 Proof of Theorem [1.1]

We consider the above homogeneous elliptic problem with ¢y = 0 and ¢ = Z a;®; where {a;} € R. Recall
j=1,-\N
that ¢ can be explicitly written by its spectral decomposition

o(t) = Z smh (Vjt)a;®
j=1,--,N

Let 0 < a < b<1andsetw=(a,b) and @ = ((2a+0b)/3, (a+2b)/3). We have, for some constants C,Cy,Cy > 0
independent on N and «,

1. o
Z la;|* < Z |aj|2ysmh2(\/)\j/4)CeC AN by (1.2)
]

j=1,-,N j=1,,N
= C’ecmﬂgp(-, 1/4)“%2(0)1) by orthogonality of the eigenfunctions
) 1/4
< O VAN / / lo(x, t)|*dzdt by Proposition [2.3] applied to @ x (0,1/4)
Co =3 VAN ) .
< Cpe BT Y o200 el Fe by Proposition 22

But,
2

lorlen = [ | 3 aty|
@ i=1,N
and for some constants ¢y, cs > 0 independent on N and «, it holds
||S0||§-Il(w><(0,1)) = H<)0H%2(w><(0,1)) + ||a$<p||%2(w><(0,1)) + ||3t<PH%2(wx(o,1))
< H@H%%(o,w) + Cl||$a/23w<ﬂ\\%2((o,1)2) + ||8t<ﬁ||%2((o,1)2)

< cge®YAN Z |aj|2.
j=1,-,N

Note that we are allowed to introduce the factor /2 in front of 0, from the first line to the second line, as in
w = (a,b) we have 1 < a~*/?2%/? < a~'z*/?. Combining the above estimates completes the proof of Theorem

T



3 Elliptic observability near the degeneracy by the moment method
(proof of Proposition [2.3))

In this section, we shall prove Proposition

3.1 Setting of an elliptic control problem
We first introduce a notation.

Definition 3.1. Let N € N\ {0}. We define Iy L? = span {®;;1 < j < N}. The space IIxL? endowed with
the L* (Q) norm is a finite dimensional Hilbert space.

Let w be an open and nonempty subset of (0,1). Given T > 0 arbitrary, we consider the following non-
homogeneous elliptic problem:
O*u—Pu=nh, in (0,1)x (0,T),
BCu(u) =0,  on {0} x (0,7),
u =0, on {1} x (0,7), (3.1)
w (+,0) = ug, in (0, 1),
Opu (70) =u1, in (Ovl)a

where denoting (-, ) 2(,, the standard scalar product of L (w),

het)= > D () (By, ) o, ®; with g(-,t) = 91 (t) D,
j=1,,N k=1,--,N k=1,-,N
ug = Z aj<I>J (S 1_[]\].[/27 (32)
j=1,--,\N
up= Y bj®; €yL?
j=1,--\N

3.2 Well-posedness property and duality between null-controllability and observ-
ability.

It is well-known that when g; € L?(0,T), the unique solution of 1’ verifies u € H?(0,T; Ty L?) and is given
by the Duhamel formula

inh(\/2;t
u(, )= 3 cosh(y/Ajt)a;d; + w%@j
i=1.N =L~ V7N

+ Z ((I)j7 cbk)L2(w) A Sinh( >\j (t — S))gk(S)dS(I)j.

j=1,,N k=1,--,N \/E

Definition 3.2. We say that system is controllable at time T if for any (ug,uy) € (IyL?)?* there is
g€ L*(0,T;1IxL?) as in such that

u(-,T) = Opu(-,T) = 0.

By classical duality, if system ({3.1)) is controllable, one can deduce an observability inequality for the adjoint
system.

Lemma 3.3. We say that (3.1) is controllable in time T > 0 if and only if, for any (uo,u1) € (TIyL*)? there
is g € L*(0, T;TIx L?) as in such that the following relation holds

1 1 T
7/0 ul(m)ga(x,T)dxf/O uo(x)atgo(z,T)dx:/O /wg(m,t)tp(x,Tft)dxdt (3.3)



for any (vo, 1) € (HNLQ)Q, where @ is the solution of , Further, if the system is controllable at time
T with a control g € L*(0,T; Ty L?) satisfying the bound

T
191172((0,1)x (0.7)) = Z /O lg; (8)[Pdt < K||(uo,u1)IFp2(0.1y)2 = K Z (a3 +03)
N

J=1, Jj=1,-,N

for some K > 0, then the solution ¢ of satisfies

T
le (D2 0.1) + 100 (- Dll20.,1) SK/O /\w(a??t)IQdﬂfdt-

Proof of Lemma[3.3. Let g € L?(0,T; I L?) be arbitrary and u be the solution of (3.1). Given ¢ the solution
of (2.1) then, by multiplying (3.1)) by ¢ (2,7 — t) and by integrating by parts we obtain that

1 1 1 1
/Oatu(x,T)gao(x)dx—i—/o u(x,T)cpl(x)dx—/o ul(x)go(:v,T)dx—/O uo(x)0p(z, T)dx

_ /OT /01 Wz, ), T — t)dadt

and
T 1 T
/ / h(z,t)p(z, T — t)dzdt = / / g(z, )p(x, T — t)dxdt.
o Jo 0 Jw
Now, if (3.3) is verified, it follows that

/ 8tu(x,T)<po(x)dx+/ u(z, T)p1(z)dr =0
0 0

for any (¢o, 1) € (ITyL?)? which implies that u(-,T) = du(-,T) = 0. Hence, the solution is controllable at
time T and ¢ is a control for . Reciprocally, if g € L?(0,T;IyL?) is a control for , we have that
u(-,T) = Owu(-,T) = 0. It implies that holds. Finally, one can choose (ug,u1) = (Owp(-,T), (-, T)) and
apply to get the desired estimate thanks to Cauchy-Schwarz inequality and the proof finishes.

O

We now proceed with the proof of Proposition 2.3 It is divided into two steps corresponding to the two
subsections below. First, we construct a control by adapting the moment method of [CMV3] [CMV4] to the
elliptic context of system (3.1); second, we deduce its control cost and Proposition follows by applying
Lemma [3.3]

3.3 Construction of the control

Our aim is to construct a control g given by g(-,t) = gr(t)®y, such that li holds. Let
k=1,,N

Yo = Z Cj(I)j S HNLQ7 ©p1 = Z djq)j S HNL2
Jj=1,-,N Jj=1,,N

be the initial data of (2.1)). Then, recall that ¢ can be explicitly written by its spectral decomposition,

0= 2, (%3 ) s o )



1 1
First, let us clarify the expression —/ uy(x)o(x, T)dx — / uo(x)Opp(x, T)dx:
0 0

1 1
- [ wte)ete, Py - [ un(o)dupla, )iz
0 0

T 1 !
+] 12 VNS <j \/)Tjdj>/0 (—ui(x) + \/)Tjuo(ac))q) (x)dx

T T 1
Next, let us clarify the expression / / g(z, t)p(x, T — t)dxdt, that is / / h(z,t)p(x, T — t)dxdt:
0 w

/T/ oz, ), T — t)dadt

1 T
- +——d; | (@, ) oy, (e VAitdr
o O R LA
+ VAL (o d; | (@, ®) 0, : (t)eV tdt.
T ) wman [

Now, suppose that gx(t) = axos(t) + Broj(t) where o, o belong to L?(0,T) and that the following moment

formula holds: . .
/0 Jg(t)e_\/rjtdt:Oand /0 or(t)e “VAstgy = ik

T (3.5)
/ Ug(t)e\/)‘jtdt =, and / ai(t)eﬁtdt =0.
0 0
Then, we obtain
r ol 1
/ /g(m,t)go(a:,T — t)dadt = Z eVAT 2 ¢ + —=d, ﬁj/ |®;(z)dx
0 Ju =1 N 2 VA N (3.6)
1 .
j=1, 7 “
By comparing the identities (3.4) and (3.6)), one can deduce that if
1
/ — VAjuo(z dx—ﬁj/@ )|?da
0

1
and/ z) + v/ Ajuo(z d:rfa]/\@j(x)\de
0 w

for any j = 1,--, N, then (3.3) holds for any (¢g, ©1) which implies by Lemma (3.3 E that ( . ) is controllable in
time T'. Therefore, one can conclude that the control given by g(-,t) := Z [ajo(t) + B0 (t)]®; where

j=1,-,N
o (@) + /A xda:_—b + /Aja;
’ f ( |2dx L@ |2dx
and 3, — u1(z) — /Ajuo x)dz -V Aja,
S, 1@5(x) \Qdm f \<I> )|2dx



is an appropriate candidate. Notice that by Proposition

sequence of functions (co§, o4)x>1 in (L*(0,7))? such that (3.5) holds. Such property is called biorthogonality
of the family (o2, 0%) x>1. To do so, we apply the following result from Cannarsa, Martinez and Vancostenoble
(see [CMV3| Theorem 2.4 at page 179).

/ |®;(x)[>dx # 0. It remains to construct the

Theorem 3.4 (existence of a suitable biorthogonal family and upper bounds). Assume that
vn >0, pp, 20
and that there is some r > 0 such that

Vi >0, it — i = 7.

Then there exists a family (0,,)m>o which is biorthogonal to the family (e*"*),~o in L*(0,T):
T
Vm,n > 0, / O (t)eF b dt = 6.
0

Moreover, it satisfies: there is some universal constant ¢ independent of T, r and m such that, for all m > 0,
we have

10m 1320y < ce™ 2T T VIR B(T, 7)

with . ) )
1 ‘T fT < =
B(T,r) (T i T2r2> A

’ 1
cr? if T > ol

Now, define the increasing sequence of non negative real numbers (i, ),>1 as follows:

VA _H/\N—(n—l) if1<n<N,
Un = VAN + VAN if N+1<n<2N,

2
(\/un_l + V(AN)”/“) if n > 2N + 1.

We need to check that such sequence fulfills the assumption of Theorem thanks to the fact that /Ag11 —
VAL =2 7(2 — «) given by li Indeed, for any 1 <n < N —1,

AN—(n-1) — VAN—n 2 —
Vi — Vi = LR AT > ot
VAN = VA VO = vy 2O

forany N+1<n<2N -1,

VArt1-N — V- S 12—a) |
VAN + V/Anti-n + \/\/ AN + VAN 2v2(A)M*

for any n > 2N, \/ftnt1 — Vim = Y(An) "4 and

N el
V

2V o 2v/ A1
VVAN + VA1 + VAN — VAL (L V2) ()4

Consequently, it fulfills by a straightforward computation the assumptions of the above Theorem precisely,

Vn >0, Hn > 0 and VHn+1 =/ Hn Zr

VHEN+1 =/ UN =

10



with

T =

< 1M2-a) 2V ) . (3.7)

(An)1/4? 2v2 T1++2

By Theorem [3.4] we have a family (6,,)m>0 which is biorthogonal to the family (e*"),~¢ in L?(0,T):

and ¢ = min (

T
Ym,n >0, / O (t)eFmtdt = 6.
0

Therefore,

mn»

T
if 1 <n < N, then / Hm(t)emt67V AN—m-Dtg = §
0

T
if N+1<n<2N, then / Hm(t)emte\/ An-Ntgp =6,
0

That is, for any j =1,--, N,

T T
/ HN,(j,l)(t)emtef\/rjtdt =1 / Hm(t)emtef\/)‘»jtdt =0whenm#N—(j—1); (3.8)
0 0

T T
/ 9N+j(t)emte\//\7tdt =1; / Qm(t)emte\/rjtdt =0 when m # N + j. (3.9)
0 0
Finally, we set for any K =1,--, N,
o)(t) = Onyi(t)e¥ N and o} (t) = On— () (£)e¥ !
in order that by (3.8)), for k,j =1,..., N,

T T
/0 Ug(t)e_\/rjtdtzo and /0 Ji(t)e_\/rjtdt: ik

and by (3.9)
T T
/ Ug(t)e\/gtdt = ;) and / Ji(t)e\/rjtdt =0.
0 0
Further, it holds that for any k =1,--, N,

lo@l12 20,7y < €V NOn4rlZ2 0,7y and [lojl1F 20,7y < €Y On—b—1)l1F2(0,7)- (3.10)

This completes the construction of our control given by g(-,t) := [ajog(t) + ﬁjajl-(t)]fbj.

3.4 Cost of the control

Theorem along with (3.7) implies that there is some universal constant ¢ independent of 7' and N such that
for any m=1,--,2N,

N

1/4
ce®T VI B(T, r) = cet Vi g (T7§()\N)71/4>

< N (T 50w) )

16m 172 0.

because /b < \@()\N)l/4, vYm € {1,-,2N}. Therefore, by 1) we have

fave) _
swp (lo2l20.m) + ok Iy ) < 20 ¥ eSVIVB (T, 5 (0w) ). (3.11)

=4
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Our control given by g(-,t) := [ajo(t) + Bjo}(t)]®; where

j=1,-- N
o )+ V/Ajuo(x))®j(x)dr —b; +/Aja;
T f @ (x |2dff [ 12()Pd
1
and B, = Jo (mua(z) — /Ajuo x)dz —VAja;
7 [, |®;(x) sz f \<I> )[2dx
satisfies
(\ja3 +b7) 2(1+ Ay)
2 2y = J < 2 2
‘ (a2 +53) 2‘2 o L% @pd) S 7 (a2 +b2). (3.12)
j=1,--,N j=1,--\N < mf f |(I) |2d.’13> j=1,-,N
j=

Combining the above estimates (3.11]) and (3.12)), there is some universal constant ¢ independent of T' such
that for any NV > 1

T
19172 0.1y 07y = Z / ol (t) + Bjoj (1) *dt
< Z F+8) sw (Il + ot
Py - (3.13)
8(1+ A c
i N) 5ee? T VAN B (T, 6 () 1Y) (a2 +02).

( 1nf /|(I> |dm> J=lN

Recall that the bound

l9l1Z2 0.0 = D / o (1) + B0 (1) Pdt < K| (uo, un)IFraoaye =K D (af +3)

j=1,--,N j=1,,N

will imply that the solution ¢ of (2.1)) satisfies

o Do + 1906 Dl <K [ [ lote. 0Pt

Now our aim is to bound the quantity

8(1+)\N) QNTecsﬂmB <T7<<)\N)71/4)

5 ce
(. 1nf f | (x |2dx>
j=
appearing in (3.13)) in order to get the cost K.

1

a € [0,2). Finally, the estimate of B (T, ) in Theorem

11 1 1\ 1 1
<+ 22)&#& it < — <1+)62%i2 it < — 1 .
B(T,T‘) — T T?r 7"1 < c) T 7“1 < ((1+ C)T . )echr?

er? ifT> = cr? T > =

-2 oW
1 —
inf / |<I>j(ac)|2 dx) < 5755 Second, recall that ¢ :min(w(2 a), 2V )
j=1N 22— q) 22 142

12



leads to the bound

_ 1.1 2 AN
R N (R R Ik

1. c 2N
< O+ ) T

for some C' > 0 independent on N > 0, « € [0,2) and T' > 0. Therefore, by (3.13]) one can conclude that

C(1+ An) C AN 1, o Y2n
||g||%z((0,1)x(01T)) < 4p2(2 — a)2 cCVANT C 7t 7= C(1+ T)e T2(-a)2 Z (a? -l-b?)»
j=1,-,N
. . . 1 1
which gives, using ——— < T —|— ———— that
V(2 - a) 7(2-a)?’
(1+An) L\ ovan (T4-——ot—y
2 2, 72
||g||L2((0,1)X(O,T)) < ﬂ ( + T> (& N( T'y2(27a)2) (aj + b]) .
j=1,-,N

By the cost estimate in Lemma we obtain that for any ¢ solution of (2.1) and any N > 1

1+ An) 1\ cvx (T+7> T
S 2ao 0 + 100 < 7( (1+ > AASEEEICERE x,t)|*dadt,
(T IZ2 0.1y + 18e0 (s T)lIF2(0.1) < 22— a) T ] lp(z,t)]

where C' > 0 does not depend on (N, T, «). This completes the proof of Proposition

4 Elliptic observation away from the degeneracy by Carleman tech-
niques (proof of Proposition [2.2))

In this section, we shall prove Proposition[2.2} This kind of interpolation estimate is classical for elliptic operators
[R, [LR], but we need to prove that the constants appearing in Proposition are independent on a € [0,2).
Moreover, we propose a proof using a Carleman estimate with a global weight function. Let 0 < a < b < 1 and
Q= (a,b) x (0,T). We set (z,t) = (x1,22) € Q, and for a € [0, 2), introduce

Q=—-0?—P=-V-(Alx1,22)V"), Az, 1) = <””01 ?) , V= (gﬂ“) .
Note that there exists Cy > 0 such that
1
[Allws.= @) < Co,  Alz1,22)¢ - £ = a\fﬁ VE € R%,V(x1,22) €, (4.1)

where C > 0 is independent on « € [0,2). We set
v=e"%yz,

where 7 > 0, z € H? (), x (z1,22) = x1 (21) X2 (x2) With

3a+0b 3b
Xlecgo(avb)a nglgla X1:10H a; 7az )
T 2T
XZECOO(OvT)ﬂ 0<X2<17 X2:10n 073) andXQZOOH <3aT)7
and we shall consider weight functions ¢ € C*(Q2) of the form
P(x1,0) = MELTD NS0, e C®(Q), Vi #£0on (4.2)

13



Here, we give explicitly v as follows:

V(g ma) = — (21 — 20)*F — B2 (20 + 1), (4.3)

where zo = “T” 8= ; (;;‘;) and k =max(In2/In (47 + 12) / (3T + 12)) ;1In2/In (3/2)).

We set
Qo = e Qe T,
We have Q4v = Sv + Av + Rv with
Sv=-V-(AVv) — 72AV¢ - Vv, Av=27rAV¢ Vv + 21V - (AVe)v, Rv=—7V - (AVo)v,
which gives [|Qqpv — Rv|\%2(9) = ||SUH%2(Q) + H.AUHQLQ(Q) + 2(Sv, Av) 12(q). Note that 0 < [|Qgpv — RUHZLQ(Q) -

2(Sv, Av) 12(q) implies
(Sv, Av) 12y < HQ¢U”%2(Q) + ”RUH%Q(Q)' (4.4)

Now we compute (Sv, Av); . @) by integration by parts, one has with standard summation notations and
A= (Aij)1¢i <o
(Sv, AV) oy =27 /Q AV?vAV ¢ - Vo dridrs + 27 /Q AV29AVY - Vo dridxs
+or / A450,,00,,00,, ApeDyy ¢ dardrs
+or /a (AVv- Vo)V - (AVS) dardas + 27 /Q AVY -V (V- (AVS)) v daydas
+T3/[AV¢'V(AV¢-V¢) — (AV¢ - V) (V- (AV))] |0f* dardas

+ 27’] (AVv-n) (AV¢-Vu+ (V- (AVe))v) do — 7'3/ (AV6 - V) (AV¢-n) |v]|* do,
a0 o0
where do denotes the measure of the boundary 9€2. But by one integration by parts

1 1
/ AV?0AV - Vo dzdry = 3 / (AVv - Vv) (AV¢ - n) dridxs — 5/ Oy Aij0p,; 004,V Ake0z,, ¢ drydas
Q ) Q

—% 7 (AVv - Vo)V - (AVe) dxidxs.
)

Therefore,

(Sv,Av)Lz(Q) = 27/ AV2¢AVU -V dzidzs +T/ (AVv - V)V - (AV) dayday
Q Q
+7° /Q [AV¢ -V (AV§ - Vo) — (AV$ - V) (V - (AV®))] [v]* daydas
+ Rl + R2

with
Ry = 27/ A0y, 005,00, ApOs, ¢ drrdzs — 7'/ Oy AijOr;v05,0ApeOy, & drrdy
Q Q

+ 27’/ AVv -V (V- (AV¢)) v dr1dxs,
Q

Ry, = —27/ (AVv-n) (AV¢-Vv) do + 1 /BQ (AVv - Vv) (AVé - n) do

3]
QTf (AVv - n) (v.(Aw))vdngS/ (AVo - Vo) (AV¢ - n) |v|* do,
o onN
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where n is the outward normal vector to 0€2. Notice that from the form of A and ¢ given by (4.1) and (4.2),
we have the existence of C; > 0 independent on « € [0,2) such that for 7 > 0 sufficiently large

[Ba] < Oy (720 + 7 X) [0 290 gy + 72N 61 0l hnge )
Note also that from the form of A and ¢ given by and , we have
AV2PAVY - Vv = N2p(AVY - V)2 + A\pAV*YAVv - Vv > —Co)g| V%,
and
T /Q(AVU -Vu)V - (AV @) dxrdry =7 /Q(AV’U V)NV - (AVY) + N2AVY - Vb)) daydes

> CQT)\2H(,Z§1/2V'UH%2(Q) - 037')\||¢1/2V"U”%2(Q)
> Car X612V o] 12,

for A > 0 chosen sufficiently large (independently on a € [0,2), and where the constants Cs, C3,Cy > 0 are
independent on « € [0,2). Arguing in the same way, there exist constants C5 > 0 and Ag > 0 such that for all
a €10,2) and for all A > A,

73/9 [AV¢ -V (AV - Vo) — (AV¢ - Vo) (V - (AV))] |v|>dz1dzy > 0573A4||¢3/%||2L2(Q).

Summing up, (4.4) becomes
057'3/\4”(}53/2’()”%2(9) + C47'>\2||¢)1/2V’U||2L2(Q) + RQ
< O (77207 4 7N [612V 0l a ey + 75X 16 20l ) ) + QoI + IR0 ey,

where the constants are independent on a € [0,2). Fixing A > )\ large, and then taking 7 > 7y sufficiently
large (constants may depend on A from now), we obtain the existence of Cg > 0 such that

CGT3HU||%2(Q) + CGT||VU||2L2(Q) + Rs < ”QQWH%?(Q) + ||RU||2L2(Q)-
Next, one can see that from the form of A and ¢, there is C7 > 0 such that for all « € [0, 2),
IR[I72() < Crr?||v]|72(q)-
Therefore, taking 7 > 0 sufficiently large yields the existence of Cs > 0 such that
Cs (P l10l3aq0y + 719003200y ) + Ro < [ Qotl22(0y. (45)

Now we treat the boundary term Rs: since v = AVv-n =0 on OQ\I' where I' = {(x1,0) ;21 € (a,b)}, one
can deduce that

b
Ry ZT/ 29|00 (1,0) |*day
A b
+27/ x$ 0190 v(x1, 0)02v (21, 0)day —T/ x?62¢|811)(m1,0)|2dx1
% @ b
+27/ (V'(AVQS))v(mh0)82v(x1,0)d:v1—|—T3/ (AV - V$)Da [v(x1,0)| day,

which gives the existence of Cg > 0 independent on « € [0,2) such that for any 7 > 0 sufficiently large

[Ra| < Co (710200, 0) 320y + 7 10(, O sy ) -
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Finally, by (4.5) we have for any 7 > 79 with 79 > 1, the following inequality:
Cs (7 l1ol2(0) + TIV0 12y ) < 1Quv 3z + Co (71020, OlFe(ay + 10 Olrasy) - (46)

2a+b a+2b T 3a+b a+ 3b 2T T 2T
L frg —_ frng —_— g R —
Y RS O P Y (PR CET0 4 Y 4

and W = W; UW;. We have suppVy =W and x =1in U.

Coming back to the function z where v = ¢"%yz, Qv = e™?Q (xz) = ™ (xQz + [Q, x] 2) where the bracket
[Q,x] = —02x —2(0:x)0s —2*(0%x) —2(0uX)* 0 — (DX )x* ! is a differential operator of order one, supported
in W, which is away from a neighborhood of the degeneracy {x = 0}. From (4.6) and taking any 7 sufficiently
large yields

e 22 0y + T||6T¢VZ||%2(U) < C <||€T¢XQZH%2(Q) + T“€T¢Z“%2(W) + €7V 2122wy
4 77002, 0)[Eauy + 7 D2 Ol o ) -

Let D = m§x¢, Dy = mmz}xcﬁ, Dy = r(nab>)c¢ (+,0) and Dy = mUin(b. We have for any 7 > 79 sufficiently large

2 (Izl3aqy + IV2l520) < CPIQelZagey + Ce2P* (7lalZaquy + V2l
£ (7|2, 0oy + 712 O o)

Our choice of ¥ given by (4.3) allows to get D > Dy and Dy > Dy > Dg. Indeed, by a straightforward

computation,
2k 2k 2k
(5t) e O5) e (1)

N

maxy — ming 4 6

2k 2k
B <—1+<Z (T+4)> (—1+2(§) )) <0,
2k 2k 2k
— % (§+1> +<bga> + B <Z+1>
o (1 o 37 +12\ %

Using W C Q and optimizing with respect to 7 yield the desired interpolation estimate (see e.g. [R] or
[LRLeR1, Lemma 5.4, page 189]). This completes the proof of

N

maxi) — min
Wo w U w

_ é
el ((2ege atzey s (o,7)) < cllell 0wy x 0.y (ol + le1llz2an)”

since Q¢ = 0.

5 Observability estimate for the eigenfunctions (proof of Proposition

2.1)

In this section we aim to prove Proposition Given 0 < a < b < 1, we shall use the notation X <Y or
Y 2 X to denote the bound | X| < ¢Y for some constant ¢ > 0 only dependent on (a, b).
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5.1 Proof of Proposition (2.1
Cannarsa, Martinez and Vancostenoble proved (see [CMV4] proposition 2.15 at page 10) that

Vae(l,2) Viz1l (|9 2y 22— a

In this section, we extend this result to o € [0,2). To this end, we focus on the case a € [0,1) and apply the
following observability estimate, which proof is given in Section [5.2}

Proposition 5.1. For all 0 € R, for all a € [0,1), for all 9 € D(P)
o010y + 1220 B0y S (1P = 02020y + (14 0D [0y

Since ®; € D(P) is the normalized eigenfunctions of P associated with an eigenvalue \;, j € N\ {0}.
Applying Proposition with ¥ = ®; and 0% = Aj, we obtain

)‘j 2
T S 12l

A \;
Usi < 2 d (1.2), deduce that
simg 1 i )\1 1 T )\j an one can deduce a

Va € [Oa 1) \V/j 21 ||(I)j||2LQ(a,b) Z 1>

(2—a).

DN | =

This completes the proof of Proposition [2.1

5.2 Proof of an intermediate result and technical lemmas

Now, we prove Proposition [5.1} Before proceeding to the proof we need two lemmas.

Lemma 5.2. There exists C > 0 such that for all 0 € R, for all a € [0, 1),
o910,y + 182 a0y < € (1P = 0200y + 17 (D),

for all ¥ € D(P).
Lemma 5.3. There exists C > 0 such that for all 0 € R, for all « € [0, 1),

W2 <C (1P = 02201 + 1913 (1020w ) -
for all ¥ € D(P).
Proof of Proposition[5.1 By Lemmas [5.2] and
02||19H2L2(0,1) + ||5Ua/219/||i2(0,1) SC (H(P - ‘72)19‘&2(0,1) + ||79||ip($#)) .

3a+b a+3b
4 7 4

Let x € C§° (a,b) such that 0 < x <1land x =1on | ]. We have

1
191 s sy = IO s s sy S 1003y +| | 3P0

1
/ x* (P —o?) ¥dda
0

SIP = a®)0lL20.0) + (X + o)L (0

SO 2gan +

+02||19||2L2(a,b)

by Cauchy-Schwarz. Combining the above estimates ends the proof Proposition [5.1} O
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Proof of Lemma[5.3, Let us consider ¢(z) = 2°~* and v = e®¥. Note that for a € [0,1), v € D(P) because
¥ € D(P). We set
Py = e?Pe? — o2
with J J J
__ 0 o o N2 2-a _ 2 — 99 _ e Y _
S= (m dz) (2—a)’x o, A=2(2 oz)xdx+(2 a),

in order that Pyv = e? (P — 0°) ¥ and Pyv = Sv + Av which gives HP¢UH22(0,1) = ||S'U||iz(071) + ||A’U||iz(0,1) +
2(Sv, Av) 12(0,1)- Classical computations lead to

(Sv, Av) 20,1 = (2 = @) |22V [[F2o0y + (2 = @)H |27 20 Fag 0y — (2 = @)W/ (1)
+(2-0a) lim+ [ ()2 4+ 2% (2)v(2) + (2 — a)22® (@) ]? + o?z|v(z) ] .
z—0
The above limit vanishes from the boundary conditions and the regularity of v. Therefore, the fact that
0 < ||P¢,’U||%2(0,1) - Q(SU,AU)LZ(OJ) 1mphes
2(2 — a)?|2%/20'[[F20,1) +2(2 — @) |27V 20l T2 g 1) < 1Psvl 20,1y +2(2 = @) (1)
= [[e?(P = 0)9|22(0,1) +2(2 = )" (1)[*.

Since /29’ = e*d’(:z:“/%’ - a)x(zfo‘)/%),
H.’L‘a/219/||%2(0’1) < 2||Ia/2v/||%2(0’1) + 2(2 _ a)QHx(Q—a)/QU”%Q(OJ).

Combining the two above inequalities, we get, for o € [0, 1),

o 1

229 01) < =gz (1°(P = 0?)lsoy +22 = )l (D)
SIP = )02 + [ (V.

It remains to bound o ||19||2LQ(071). By Cauchy-Schwarz,

1 1 1
(19117201 :/O Pﬁﬂdw—/ (P — o®)90dz = />0 ||32(0 1) —/ (P — 0®)9d0dx

0 0
< 2203201 + 191220, 1P = 0*)9 | 20,1
<

S ||$a/219'||2L2(o,1) + 2||$19/||L2(0,1)H(73 - 02)19||L2(0,1)
S 229 |72 0,0 + 1P = )92 (0,1),

where H19||%2(071) < 4||.’E19/H%2(0’1) comes from one integration by parts. This ends the proof of Lemma O

- 3a-+b ~ o~
Proof of Lemma . Denote a = % and b = in order that 0 < a <a <b <b < 1. Let us consider

o(z) = M, with X > 0, 1 € C>(0,1), ¢’ # 0 on [a,1] and ¢'(1) < 0. Let xy € C* (0,1) such that 0 < y < 1,
x =0on [0,a] and xy = 1 on [b,1], and let v = "®x¥ with 7 > 0. We set

a+ 3b

Py =e""Pe ¢ — o?
with

d d d
S:*% <Iadx) 77‘2:17a|¢)/|2702, A:2T:17a¢/%+7‘(12a¢/)/,
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in order that Pyv = ™ (P —0?)(x¥) and Pyv = Sv+.Av which gives ||P¢v||2L2(071) = ||Sv||%2(0_’1) + ||.A’UH%2(O71) +
2(S'U, A’U)L2(071).
Classical computations lead to

1

1
(Sv, Av) 2(0,1) :27’/ x2°‘¢"|v’|2dx+7'a/ 2 o' P dw
0 0

2 2 ! 2 21,,12 3 ! 2a—1 3 2 2
3 [ Porra e [ @il v art [ 2@l - o O P

But, using ¢ = ¢ with 1) having a non-vanishing gradient, there exist five constants Cy, Cy,Cy, Cs,Cy > 0
independent on « € [0,1) such that

1 1 1
(Sv, Av)2(0,1) = T)\QC()/ B | dx + 7'3/\401/ 3 |v|?dx — T)\C'g/ oV |Pdx
0 0 0

1 1
— T\ Cy / ool de — 73N\ Cy / ¢? v]Pdx + 7|6/ (1)| v’ (1)[?.

Therefore, the fact that 0 < ||P¢v||L2(O 1) — 2(Sv, Av)2(9,1) implies by taking A > 0 sufficiently large, and 7 > 0
sufficiently large the following 1nequahty

0111 0.1y + ' (P S 1Pl Z20,0)-
Taking the weights off the integrals and using commutators, we have

0" (W S P07z 0,0) + 19113 25

This ends the proof of Lemma [5.3]
O

6 Observability estimate for the degenerate heat equation (proof of
Theorem [1.2))

In this section, we prove that the refine observability from measurable set of Theorem is a corollary of the
spectral Lebeau-Robbiano inequality of Theorem

Let @ € w and x € C§° (w) be such that 0 < x < 1 and y = 1 in w. We start with Theorem 3.1 of [BP page
1142] stating that (i) implies (é¢) where
(i) 3Cy > 0, V{a;} e R, VA >0

Z laj|? < O (1+VA) Z a;®;| dz;

Aj<A w Aj<A
(i3) ¥Vt > 0, Ve € (0,2), Vyo € L?(0,1)

_ o i 1-e/2
||6 thOHL2(O,1) < de7 e ||€ tpy0||L2z£ ”yOHL2(0 1)

1
Therefore, by Theorem we know that (¢4) holds with C; = C ﬁ > 1. By Nash inequality and
-«
regularizing effect, we get for some constants ¢ > 1 and 6 € (0,1) independent on (yo,t) and « € [0, 2)

6
_ 1 _ _
Il < e (1 72 ) Te Pl ol
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=

. 1 cf . ¢ C
Therefore, since 1 + — < 4eZf, with Cy = 16ce2 €=

Vit
(1-9) (1 - %), we obtain

B

o\ 1—¢/2
>4e%e% c(l—i-l) and p =1 —
B Vi

_ _ 1—
le™yoll 20,1y < Calle™Fyoll (o) W0l E2 (0.1

which implies by Young inequality

_ 1 =
le™Pyollz2(0,1) < sllvollz2(0,1) + — Cy " lle™Pyoll 1wy
Sl—n

1 2
%) i— 1 1
< 3||y0HL2(0,1) + (1666 21> [ est T ||6 tpyOHLl(w)-

K
sT-n

Reproducing the proof of Theorem 1.1 of [PW] page 684], we have for our system that (¢i¢) implies (iv)
where

(i4i) 3K, Ko, £ > 0, Vs > 0

_ 1 Ky | _
le™yoll2(0.1) < sllyollL2(0.1) + sefie T e Pyoll L w):

(iv) Yyo € L* (0, 1)
le™"Pyoll 20,1y < Ks/ le " Pyo| dadt

w X
with

K
cfleCK"’ when E C (0,T) is a measurable set of positive measure,

Ks=9 K Y .
i when E = (0,T) for some x > 0 independent on 7.

2

£

1
Therefore, with K; = (16ce%> a=0(1=5) and Ky =
completes the proof of Theorem

2 C# .
mcl we have K3 < Ce” e-a)*  This
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