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OBSERVABILITY AND CONTROL OF SCHRODINGER EQUATIONS*

K.-D. PHUNGH

Abstract. We propose an exact controllability result for Schrédinger equations in bounded
domains under the Bardos-Lebeau—Rauch geometric control condition with an estimate of the control
which is explicit with respect to the time of controllability. Also, we prove an explicit in time
logarithmic observability estimate for the Schréodinger equation, where no geometrical conditions are
supposed on the domain.
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1. Introduction. Let Q be a bounded domain of R™, n > 1, with a smooth
boundary 0€2. We consider a nonempty open subset w of . The question we wish
to address is that of controllability for Schrodinger equations with an explicit in time
bound of the cost of the following control function. Given a time € > 0 and considering
initial data w, in some appropriate space X, can we find a control ¥ € L' (0,¢; X)
such that the solution of the system

i0yw + Aw =19, in Qx]0,el,
(1.1) w=0 ondx]0,e[,
w(-,0) =w, in

satisfies w (+,€) = 0 in Q, with an estimate of the control ¥

1
(12) % H’l?hu HLl(O,s;X) < ¢ (6) HwOHX ’
where C is an explicit function of &7
From the work of Lions [Li] on the control for distributed systems, such a result
can be obtained with the Hilbert uniqueness method (HUM) by solving the dual
observability problem: in the case where X = L2 (), under which hypothesis the
solution of the homogenous Schrodinger equation

1w+ Au=0 1in Q x Ry,
(1.3) u=0 on JdQ xRy,
u(-,0) =u, in

satisfies
(1.4) Ve >0, Vu, € L2(Q), uollga@ <€) lulliuros

The relation (1.4) concerns any initial data but may need suitable geometric
conditions on w. Also, we can establish such an observability estimate which is true for
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any geometric situation but carries information only when ||u,|| He Q) = O(llwollz2(q))
for some s > 1. The problem becomes the following. For all w C €2, can we find a
positive continuous and strictly increasing function F : R} — R7 which satisfies the
relation lim,_.oF (z) = 0 such that one has the assertion

(1.5)

. [
Ve >0, Yu, € H(Q)N Hi(Q), ||uo||iz(m§1><a>f<w o3+ e
ollL2(a)

where D is an explicit positive function of €7

These exact controllability and observability problems were already investigated
in [M], [F], and in [LT], [M], [Le], [B], [T] if the control acts on a part of the boundary,
but C (¢) was not calculated explicitly. The observability problem arises also in the
context of parabolic [FI], [F-CZ], [LR1] or hyperbolic [Li], [BLR] systems. In [FI] and
[LR1], an exact null controllability result for parabolic problems is established with
no restriction on the time of control or on the support of the control function. Also,
Fernandez-Cara and Zuazua [F-CZ] proved an explicit in time observability estimate
for the heat equation. In [Ru], Russell used a transformation to show that a null con-
trollability result for the heat equation for any time can be obtained from the exact
controllability result for the wave equation in some time. Concerning hyperbolic sys-
tems, Bardos, Lebeau, and Rauch [BLR] show a link between the propagation of rays
of geometric optics and the problem of exact controllability for hyperbolic problems.
They give a geometrical control condition which is sufficient and almost necessary to
obtain the observability for hyperbolic problems. Without this geometrical control
condition, Robbiano [Ro] proved a logarithmic observability estimate for hyperbolic
problems (but where ¢ must be large enough because of the finite speed of propa-
gation) and showed how to use it to obtain an approximate control result with an
estimation of the cost of the control.

In this paper, we give simple techniques and results which try to answer the three
previous questions in different geometrical situations. Our strategy is to obtain results
for the Schrodinger equation from well-known works on observation and controllability
for parabolic and hyperbolic problems. Also, we will describe a method to have an
exact control result for Schrédinger equations in bounded domain in R", n > 1, from
an observability result for the Schrédinger equation in one space dimension. Even if
our approach does not give optimal results, we hope it can be used in other control
problems. Let us now state the different results of this paper in the next section.
The first result concerns the problem of observability for the Schrédinger equation
when no geometrical conditions are required on w. We give a logarithmic observability
estimate. Then we study the case where the Bardos-Lebeau-Rauch geometric control
hypothesis [BLR] holds. The second result is about the particular one-dimensional
situation. The third result concerns the problem of exact control for the Schrédinger
equation in a bounded domain of R™, n > 1.

2. The main results and some remarks. When no geometrical condition is
assumed, we propose a logarithmic explicit in time observability estimate.

THEOREM 2.1. Suppose Q& C R"™, n > 1, is of class C*°. Let w be a nonempty

open subset of Q). Then there exists C' > 0 such that for all ¢ > 0, for all initial
data u, € H*(Q) N H (), the solution of the homogenous Schridinger equation (1.3)
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satisfies
C(l1+4+1/e
(21) fuolZaqey < —~ YD a2
]n 2+ ”ZOHLz(Q)
MulZ2 (0.1

The following second result is about the Schrédinger equation in one space di-
mension. We give an explicit in time observability estimate.

THEOREM 2.2. Suppose Q C R™, n=1. Let w be a nonempty open subset of €2.
Then there exists C' > 0 such that for all ¢ > 0, for all initial data u, € L*(Q), the
solution of the homogenous Schridinger equation (1.3) satisfies

2
(2.2) ||u0||2L2(Q) < eC(1+1/s ) Hu||2L2(w><]0,s[) :

The last result concerns the problem of exact control for the Schrodinger equation
in a bounded domain of R™, n > 1. We estimate the size of the control.

THEOREM 2.3. Suppose Q C R"™, n > 1, is of class C*°, and there is no infinite
order of contact between the boundary OQ and the bicharacteristics of 07 — A . If
all generalized bicharacteristic rays meet w x 10, T,[ for some 0 < T, < +oo, then
for all e > 0, for all initial conditions w, € Hg (Q), there is a control 9 = 9. €
L' (0,&; L (2)) such that the solution w € C ([0,€];L? (Q)) of the Schridinger prob-
lem (1.1) satisfies w (-,€) =0 in Q . Furthermore there exists a constant C' > 0, such
that for all € > 0, we have

C P
(23) va ("t)”LQ(Q) < <\/¥ + ec(1+1/ )) ||vaHL2(Q) Vit >0

with an estimate of the control ¥, as follows:
1 2
(24) % ||79€||L1(0,5;L2(w)) S (C + \/g) ec(1+1/ ) HVWO”LQ(Q) .

Let us make some comments.

1. Theorem 2.1 expresses a unique continuation property for the Schrédinger
equation. Our approach to proving Theorem 2.1 consists of using an explicit in
time observability estimate for parabolic equations obtained by Fernandez-Cara and
Zuazua [F-CZ]. Next we introduce a Gaussian transformation to return to the solution
of the Schrodinger equation. The logarithmic observability estimate (2.1) is equivalent
to the following interpolation inequality:

(2.5)
2 1 2 1 2
E'C > 0, v{‘:,é > 0, ||u0||L2(Q) S exp C 1 + g 6 ||u||L2(w><]0,ED + 5 HAU0”L2(Q) .

2. Theorem 2.2 asserts that we have an exact controllability result for the
Schrodinger equation in one space dimension, due to the HUM of Lions [Li]. The proof
of Theorem 2.2 combines multiplier techniques [M], [F] and interpolation inequalities.
The interpolation estimates which are similar to (2.5) allow us to absorb the terms of
lower order. The estimate (2.2) of Theorem 2.2 is also true for n > 1 if we suppose
w C Q C R” to be a neighborhood of T, where T', = {x € 9Q/ (x — z,) - v (x) > 0}
is either equal to 99 or is such that the boundary 9Q\I', is included in a hyperplan
(see [F]), when z, is a fixed point of R™, and v () is the unit outward normal vector.
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The author is indebted to Professor Zuazua, who called his attention to the papers
[MZ], [I] and who pointed out that Theorem 2.2 can also be obtained from [MZ, Thm.
3.4], [I, Thm. 1], and a Fourier analysis.

3. Lebeau [Le] has proved the exact boundary controllability for the Schrédinger
equation with an analytic boundary under the geometrical control condition of the
work of Bardos, Lebeau, and Rauch on exact controllability for the wave equation
[BLR]. Moreover, Burq [B] has proved the existence of open subsets of 9Q which do
not geometrically control €2 for the wave equation in which it is possible to construct an
exact boundary control for the Schrodinger equation if initial data are more regular
than those with finite energy. Here the result of Theorem 2.3 is not optimal in
norm in the sense that it should be enough to choose the initial condition in w, €
L?(Q) to obtain a result of exact controllability for the Schrédinger equation with
a control in L% (w x ]0,e[) when it satisfies suitable geometric conditions (see the
previous comment or the multiplier techniques [M], [F]). Also, Theorem 2.3 only
implies the following observability estimate under the geometric control condition:

(2.6) Ve >0, Yuo € L*(Q), |luolly-1(q) < C(e) sup lullz2 () -

4. Here our construction of the control given by Theorem 2.3 provides more precise
information on the cost of the control. We propose a proof based on the theorem of
Bardos, Lebeau, and Rauch [BLR] on exact controllability for hyperbolic equations,
and a transformation inspired from the work of Boutet de Monvel [BdM] on the
propagation of singularities in Schrédinger-type equations (see also [KS]). We will also
use the estimate (2.2) of Theorem 2.2 in one space dimension to establish an explicit
estimate on the size of the control function for the problem of exact controllability
for the Schrodinger equation in @ C R™, n > 1, when the control region w controls
geometrically . Furthermore, our method described (in section 5) below also applies
to the case of Schrodinger equations with nonconstant principal part [HL]. We have
the following control result.

THEOREM 2.4. Let Aa =30, a%iaij (x) 8%]_ + a, (), where the coefficients
of A are real, smooth, and satisfy the following conditions: a;; () = aj; (z) and
Z;L,j:1 aij (x) &&5 > c|§|2 . Suppose Q C R™, n > 1, of class C*°, and there is
no infinite order of contact between the boundary OS) and the bicharacteristics of
02 — A 4. If all generalized bicharacteristic rays of 07 — A4 meet w x 10, T.[ for some
0 < T. < +oo, then for all e > 0, for all initial conditions w, € H} (Q), there is
a control 9. € L*(0,e;L*(Q)) such that the solution w € C ([0,];L? (Q)) of the

Schrodinger problem

10w + Aqw =V, in Qx]0,¢e[,
(2.7) w=0 ondQx]0c¢l,
w(-,0) =w, nQ

satisfies w (+,€) =0 in Q . Furthermore, there exists a constant C' > 0, such that for
all e > 0, the estimates (2.3)—(2.4) hold.

5. The main goal of this paper is to point out that an observability result for the
heat equation gives a logarithmic observability estimate for the Schrodinger equation
but also that an exact control result for the wave equation gives the exact controlla-
bility for the Schrédinger equation. Moreover, we show that an exact control result
for the Schrodinger equation in one space dimension implies the exact controllability
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for the Schrodinger equation in bounded domain 2 C R™, n > 1, when a geomet-
rical condition is assumed. The observability results for the Schrédinger equation
are established under two different kinds of geometry: either when no geometrical
hypothesis is assumed (Theorem 2.1) or when the Bardos-Lebeau—Rauch geometric
control condition is satisfied (Theorem 2.2 (n = 1) and Theorem 2.3 (n > 1); see (2.6)
in comment 3). Also, these techniques allow us to have explicit estimates with respect
to the time of controllability.

The paper is organized in the following way. The proofs of Theorems 2.1 and 2.2
(see comment 2) rest on interpolation estimates which are established in section 3.
These interpolation estimates can be seen as low frequency estimates. The proof of
Theorem 2.1 is then easily described. In section 4, we prove Theorem 2.2. Section 5
is devoted to the construction of the control stated in Theorem 2.3.

3. Low frequency estimates. In this section, we first state interpolation in-
equalities in Theorem 3.1 below, which are the key results to prove Theorems 2.1 and
2.2 (see comment 2). Next, we recall some results on the observability for parabolic
problems obtained by Fernandez-Cara and Zuazua [F-CZ]. Finally, we prove Theo-
rem 3.1.

3.1. Interpolation inequalities and the proof of Theorem 2.1. We have
the following interpolation inequalities.

THEOREM 3.1. Suppose Q& C R"™, n > 1, is of class C*°. Let w be a nonempty
open set included in ). Then there exist C > 0, €, > 0, p, > 0, such that for all
e < &,, for all p > o, for all initial data u, € H*(Q) N HL(Q), the solution of the
homogenous Schridinger equation (1.3) satisfies

(3.1) /Q|u0( )2 da:<exp( )// lu(z, £)[2 dtdaz+;/|Auo( )2 d.

Furthermore, there exist C > 0, €, > 0, uo, > 0, such that for all € < ¢,, for all
W > o, for all initial data u, € H?(Q) N HE(Q), the solution of the homogenous
Schridinger equation (1.3) satisfies

(3.2) /|u,, |dm<eXp( )//|Aumt|dtd +—/|Auo )2 da.

Let us assume that the interpolation inequality (3.1) holds in order to prove
Theorem 2.1. The proof of Theorem 3.1 will be given at the end of section 3.

Proof of Theorem 2.1. By taking u such that p = Cy W > [, the estimate

(3.1) becomes

Aug|* d g 3
Q e foluwl"dz ) JuJo Co Jo

So, 3C > 0, Je, > 0, for all € < ¢,,,

A d
/|UO|2dx§exp C Jg |Auol_dz wol” dr // u|? dtdz.
Q € Jo luo|” dx:

And also, 3C > 0, for all € > 0,

(3.4) /Q\uo\zdac < exp (C (1 + > f?ﬂﬁ:ﬂ djf) // lu|?® dtdz.




216 K.-D. PHUNG

The estimate (2.1) of Theorem 2.1 is equivalent to (3.4) by using properties of the
logarithmic and exponential functions. That concludes the proof of Theorem 2.1. Let
us remark here that we obtain (2.5) from (3.4) by studying the case where either
[[Auo|l < 6 [Juol| or ||Augl| > 6 juol (see comment 1). 0

It will be useful to recall some explicit in time observability results for parabolic
problems before proving Theorem 3.1.

3.2. Observability for the parabolic problem. We recall the result in [F-CZ]
in the particular case of a null potential.

Theorem [F-CZ]. Let Q be a connected bounded domain in R™, with smooth
boundary. Let v be the solution of the following adjoint parabolic equation:

(3.5) { O+ Av=0 in Qx]0,T],

v=0 on 90x]0,T7.

Then there is C' > 0, such that for all 7" > 0,

(3.6) /Q v (2, 0)2 dr < exp (c (1 + ;)) /W/OT (ol ded.

Remark 3.2. Theorem [F-CZ] is obtained from the works of Fursikov and Imanu-
vilov [FI] on Carleman estimates for adjoint parabolic equations. Another approach,
based on the work of Lebeau and Robbiano [LR1] on the exact controllability of
the heat equation on a Riemannian compact manifold with boundary, and Dirich-
let boundary conditions, in both cases of interior or boundary controls, gives us the
estimates (3.6) but not explicitly in time. Nevertheless, a logarthmic boundary ob-
servability estimate for the Schrodinger equation is presented with that approach in
[P].

We deduce from Theorem [F-CZ] the following corollary.
COROLLARY 3.3. Let W be the solution of the following adjoint parabolic problem:

OW + AW = [ in Qx]0,T7,
(3.7) W =0 ondQx]0,T],
W (., T) e L2().

Then

T T
(3.8) 3Cr >0, /|W(:c,0)|2dx§C’T (// |W|2dtdx+// f|2dtd:c>.
Q w JO QJO

If, moreover, W(-,T) € H?> N H}(Q), then

(3.9)

T T
3Cr >0, /|W(:c,0)|2dx§CT (// |AW|2dtdaz+// |f|2dtdx>.
Q wJ0 QJ0

Here, the constant Cr of the estimates (3.8), (3.9) is of the order of

o0 oo (c(142)).

where C' > 0 is a constant independent of T > 0.
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Proof of Corollary 3.3. Tt is easy to see that (3.8) holds from (3.6) with a classical
energy method. Let us prove (3.9). We consider z (z,t) = W (x,t) — a (z,t), where

Oa+Aa=f inQx]0,T7,
(3.11) a=0 ond0x]0,T7Y,
a(,T)=0 in Q.

As 0z is a solution of (3.5), the regularity of W (-,T) and (3.6) allow us to obtain
the estimate

(3.12) /Q|Az (,0)]> dz < exp (C <1 + ;)) /W/OT |0,2|? dtdz.

Now we give equalities on the solution a by a classical energy method:

1 2 ’ 2 T

7/ la (z,0)] dx—!—/ /|Va| dxdt:—/ /fadxdt,
2 Ja o Ja o Ja

1 2 ’ 2 ’
= | |Va(z,0)]" dz + |Opa|” dxdt = fOradzdt.
2 Ja o Ja o Ja

By Cauchy—Schwarz and Poincaré inequalities and from (3.13) we have

T T
(3.14) / \a(m,0)|2dx+/ / |0a)? dadt < c/ /|f|2 dxdt.
Q o Jo 0o Ja

We obtain from (3.12) and (3.14)

(3.13)

(3.15)
/Q|W(:B,O)| dxﬁQ/Q\z(x,O)\ dx+2/ﬂ|a(x,0)| dx

§c/ |Az(z,0)|2dx+2/ la(z, 02 da
Q Q

< exp (C(1+%))/W/OTL&Zthd:chc/OT/%f|2dxdt

< exp (C (1+T>) </w/0 |8tW|2dtdx—|—c/0 /Q|f2dxdt>
+c/OT/Q|f|2dmdt

< exp (C (1+;)) (/UJ/OT|AW|2dtd:v+c/0T/Q|f2dxdt>
+c/0T/Q|f|2d:ndt.

That concludes the proof of (3.9) and Corollary 3.3. d

3.3. Proof of Theorem 3.1. We begin to prove (3.1) as follows.
Let F(z) = 5= [o "¢~ dr; then F(z) = 2—*/56%(‘ImZ‘t‘R’ezme’%(ImZRez). Also,
with A > 0, let us consider

1 . 7\2
FA(2) = AF(2) = o /R e~ () dr.
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We have
(3.16) |F\(2)] = ﬁAe%(llmzP—\Rezﬁy
2
Let 5,09 € R, and
(3.17) Wi a(s,x) = / Fyx(by +is — O)@(L)u(z, £)deL,
R

where ® € C§°(R). The Gaussian transformation (3.17) is inspired from the Fourier—
Bros-Tagolnitzer transformation in [LR2]. We remark that 0,F\({y + is — £) =
72‘8£F)\ (e() + s — E), SO

Wi (s, @) = / —i0pF\ (Lo + is — 0)®()u(, £)dl
R

, . d
= /RZF)\(KO +is—4{) {Cw¢(€)u(x7€) + (¢ )8£ u(z, E)} de.
Asu: (z,t) — wu(x,t) is the solution of (1.3), Wy, » satisfies

0, Wiy r(52) + AWiy (s, 2) = / iFy (Lo + is — O (O)u(w, 0)dL,
R

(3.18) Wiga(s,2) =0 Va € 99,
Wiy A (0,2) = (Fx * Qu(z,-)) (bo) Yz e Q.

We define @ € C§°(R) such that the following holds. Let L > 0, and we choose
®eCse(J0,L), 0 <@ <1, ®=1 on [£;3L] and such that |<I>’| < & . We take

44
K= [O, i] [SL L] and Ky = [%; %] So, mesKy = L , mesK = 2 , supp(<I> )=K,
and dist(K; K,) = <. We will choose ¢y € K.

As an application of (3.8), Wy, satisfies the following estimate:

(3.19)

T
/Q\(FA*cpu(g:,.)) (60)|2da:§CT// [Wen(s, )| dsda

2

+CT// /ZF)\ (bo +is — )@ (O)u(z, 0)dl| dsdz.
On the other hand, from (3.16)
2
// [Wey a(s x| dsdx—// /F,\ (bo +is — £)@(O)u(x, £)dl| dsdx
™ A 2 2 2

< 2—/\67(5 —Vo=t*) & (¢) ju(x, £)| de| dads
0 w
22 ’

< — / 5 ds u(z, 0)|det| dx
4 \ Jo

IA

A2 2
2 FT |sup @[> L// lu(z, €)? dedx
47 wJo
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L1

and

2

iFx\(by +is — 0)®' (O)u(z, £)dl| dsdx

2

< ‘er (% ~100~0) | (4] ju(z, )| dt| dds
2
< —eg TQT/ (/ — %=t /(¢ )|2|u(x,£)|2d€> mes (K) dx
47 Q K
A2 32 A2 dist (K, Ko)> 2 2
<€ T e~ 7 dtUKD)™ qup |0/ (0))| mes(K)// |u(x, £)|° dédx
7
A2 a2
§4*€A2 TQT 7—dlst(KK0) sup |®' (¢ mes /‘u0| dr
™
2T A2 L\? 82 L2
S ﬂexp ? <T2— (8) > /|U0| dz
42

<

/ luo | du.
Q
So, the inequality (3.19) becomes

/Q (B @u(z, ) (6o)|* dw < Cr A2TL exp (AZ T2> / / % dbda
AT Aj (T - (g) )] /Q\uo|2dx.

(3.20) +Cr exp

With the Parseval relation, we have
[ (o). to) = (B < u ) ()l o
R
B 1 — 2 7( )2 2
f%/R’@(ZO)u(:E,KO)(T)’ (176 ) dr
L o (lgyu (2. 60) (1)
<
< MQ/R]T (o) (. o)(7)|
2
3 19 ) t) + 200, (. o) dty
4 82 2 L 2
17 ), Jetw ) dto+ | 10wt ) dto|

=
By integrating on €2, we obtain

>4

dr

(321) /Q‘/]R |(I)(£0)U ((E,g()) — (F)\ * Ou (.’t, )) (60)|2 dg(]d(ﬁ

2 L
% [ [t o dtoas+ [ [ IanU(x,€0)|2d€0dx]
< /|\d+L/\A|d
— L22 uO x uO X .
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So, with (3.20) and (3.21),

mes(Ko)/ |u0|2dx:/ /|<I>(€0)u(:c,€0)|2dxd€0
Q Ko JQ
2 2 L
Smes(Ko)CT)\4TL exp ()\ T2>// u(z, 0)|° déda
™ w JO

%2 (Tz— (5)2)] /Q\uo|2dx
{Lzz/luo dx+L/|Auo| dm}

2TL 2 L
/Iuol2da:§OTA exp <A TQ)// lu(z, 0)) déda:
Q 4 2 w JOo

2 2 2

AT A (T <L> ) /|uo|2dw
2 8
1 42
)\2 I [ /|u0| dx—|—L/ | Au,|* dx}

Let us consider A > 0 real such that (1 — A2) < 0. By choosing L = 8AT, it becomes

24 272 8AT 1
/ o) dz < Z=Cp A2 T2 exp ( ) / / lu(z, 0))? dedz + 16—2/ |Au,|? da:
Q T A e
8 1 A% -1
+ [ + CT)\ZTexp< A2T2)] / |uo|? da.
Q

A2 \2T2
With the relation (3.10), we have the following uniform in time interpolation estimate:

)//SAT (2, 0) dedz
)\QTQ)]/uO| dx

4N2T

+ mes (Kyp) Cr exp

Finally,

+ Cr

exp

/ [uo|® dz < Ae€eC/TN>T? exp (
Q

A2 N7

16
+ F/Q |Au,|? da.
We introduce A\? = 2. Let a > 0 be real such that (2a+ 1 — A?) < 0; hence,
SAT
/ luo|® dz < AeCe c/rk exp / / lu(z, 0)|* deda
o 2T

€T _c.omi 1p /
+ [A2 +e Tz CXP 5T |uo|” d:

+16—/ |Au,|” da
HoJo

8AT
< AC.C/TH 1 2
< Ae"e T €XP (72T) L |u(z, £)|” dbdx

1
+ {C +e%e C/T)\QTeXp (
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CT  comrli A2 —1—-2au 2
+ |:f12'u/+e e ;gexp _ff A|Uo‘ dzx

T3
+16—/ |Au,|? da.
B Ja

2C
We take 1% > A1 _2a’ SO

A2 8AT
/|uo| dx < Ae® —eXp (M)// lu(z, 0)|* dedx

cT 4 1
+ [AQJr c= ]/|uo dm+16—/|Auo| dr,

8AT
(3.22) /|uo| do < & exp( )// u(z, 0)|? dedz
—i—[ } /|u0| d:zc—|—16—/ |Au,|? da,

and with 1, = max(z255—;2(5% + 25 ))

1
(3.23) VT <1, VYu> pio, 7/ |uo|? da

oC SAT
g ( >// u(z, 0)? déd:c+16—/|Auo\ dx.

Therefore, (3.1) is proved by choosing T'= ¢ < 1.
The proof of (3.2) follows the same approach by using (3.9).
As application of (3.9), Wy, x satisfies the following estimate:

(3.24)
T
|(F,\*<I>u(a:,~))(€0)|2dx<C’T// AWy (s, 2)|? dsda

o

On the other hand, from (3.16)

T 2 A2 a2 2 k 2
// AW, (s, 2)|" dsdx < 4—67T T |sup @] L// |Au(z, 0)|” dédz.
w JO m w JO

Consequently, the inequality (3.24) becomes

2TL 2 o
A exp (/\T2>// |Au(z, )| dlda
47T 2 wJo
2 2 2
wr N <T2 _ (L) )] / luo|? da.
2 8 0

Now, due to (3.25) and (3.21), for (1 — A?) < 0 and T < 1, we have

A2T2 8AT 1
/ \u0|2 dx < AeCeC/T 22 exp ( 5 > / / |Au(x’£)|2 dldx + )\72/ |Auo|2 dx
Q w JO Q

Q
2

iFy\(ly +is — 0)®' (O)u(z, £)dl| dsdz.

/Q (Fy * @u(x, ) (6)2 de < Cr

(3.25) +Cr exp
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C
+ {AQ 272 +e eC/T)\ZTeXp <—

1
)\2T2)] / uo|? da.
Q

We introduce A* = 25 and 0 < o < 3 (A2 — 1), so that

SAT 3
/\uo|2dx§Aec/T%exp (%)// |Au(x,£)|2d£dx+16T—/ \Auo|2dm
Q wJ0

o o cjr (P’ A2*1H
+ {A2T+e e (T) exp |u0| dx

8AT
< ACITE o (%)// |Au(a:,€)|2d€da:+16—/ A |? do

T
C 4 A2—1—2
+ [AQT—&—eCeC/TaQ exp< a M)] / uo|? da.

We choose u large enough such that

8AT 3
[ ol < 4o B (50) [ [ a0 atde 407 [ auf de
0 T 2T ) J., Jo HoJo

Consequently, we have the following assertion: 3C' > 0, u, > 0, for all T' < 1, for all
B> o,

2 Ap AT 2 T® 2
(3.26) / luo|” dx < C'exp <> / / |Au(x, 0)|” dedx + C—/ |Au,|” de.
Q T wJo Ko Ja

That concludes the proof of Theorem 3.1. ]

4. Proof of Theorem 2.2. We now prove Theorem 2.2 by using (3.2) when
n = 1 and multiplier techniques. Let A, B, 3, ¢ be four reals such that A < B,
0<28<B-—A,ande > 0. Let p: (¢,) €]0,e[ X]4, B[ ¢ (t, s) be the solution
of the Schrodinger equation in one space dimension:

i0yp + 0% =0 in ]0,e[ x]A, BJ,
(4'1> @(-,A) = QO(WB) =0 on ]076[7
30(07') = $o in]A’B['

We will prove the following stable observability estimate: 3C' > 0, for all € > 0,

(4.2) / |89<p0’ dsgec(l"'l/s / /|6fgp| dtds.
B-28

Indeed, let ¢ € C?% ([A, B]) be a real function

iq% (0:90%%) =q <ijtas<,085250 + ia&jﬁf@)
= q (—0200%P + 0:90.7)
= q (—0200%5 + 0, (9,00%7) — 0200%p)
= —q0, (0290°P) + g0 (0500°%) .
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5 B
// @th 05p02) dsdt = // q0s |0 w\2+// q0s (0500%%)
= [ oo [ it
0

+/ (400030 // (05007%)

0
= [ ool [ oot

0 A 0

5 5 B
- /0 [¢/0:00%%] s + / / (¢"0s0 + q'02¢) 02
:/ (q050037] +2// g 0% +// q"dsp03p

0

Finally,
B € B
(4.3) /A [zq&goag ga] ds = /0 [q@sgoaf@}A dt

€ € B
+2/ / q |8§<p|2dsdt+/ / q"0s00%pdsdt.
0o Ja 0 Ja

Consequently, by taking the real part of (4.3), we obtain

5 B €
2/ / q’|8§<p|2dsdt+Re/ [q@sgo(’?f@]fdt
0o Ja 0
B € B
= —Im/ [q@sgo@f@]gds —Re/ / q"0s00%pdsdt.
A 0 Ja

By choosing ¢ (s) = s — A, we have

5 B e
(4.4) 2/ / |02¢|” dsdt = — (B — A) Re/ dsp (t, B) 9% (t, B) dt
0 A 0

B
- Im/ (s —A) 8s<p65¢];ds
A

By choosing ¢ (s) = x (s) with suppx C [B — 28, B] and x (B) # 0, we have

B)Re [ 0.0 (t, B) 05 (1, B) dt = 2 (s) [0%¢|” dsat
" / /. /

—I—Im/ S(pﬁsgo ds+Re/ / ) 0sp0%@dsdlt.

Due to (4.4) and (4.5), if, moreover, suppx’ C [B — 23, B — 3], we obtain the following
assertion:
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Je>0, Ve>0,

€ B 2 € B—-p 5 |2 )
// 02| dsdt < c // (02" dsdt + (1+ ) [0:0oll 19200l 2.4 5y | -
0o JA 0 JB-28

Hence

B—p €
/ |85900‘ ds < g/ / |92 g0| dsdt + ¢ <1+ ) 1050l 124, 5p H@S%HLQ(]A’BD.
B—23 Jo

Finally,

B B—-p3 pe
>0, vest [(afas< S [ [ s+ S 1ol n
A €JB-25J0 € k

By interpolation, we have
(4.6)

B 9 ¢ B—-p pe
Je>0, Ve<l, / 100 dsgf/ /|a ol dtds + 5 Npell2aamp
A € JB—28Jo

But the interpolation inequality (3.2) of Theorem 3.1 in the one-dimensional case
implies that
3C >0, de, > 0, o, > 0, Ve < e,, Y > po,

(4.7) / ool ds<exp / / |8§<p| dtds+—/ ’85300‘ ds.
B-23

Let D, be real such that D, = max(2; M) By choosing 1 = D, > p,, we
conclude the proof of (4.2) from (4.7) and (4 6). And, in a standard way [Li], [F], we
also have 3C' > 0, for all € > 0,

B R B—-p 5
(4.8) / \%Fdsgec(l“/f)/ /\<p|2dtds.
A B-28Jo

That concludes the proof of Theorem 2.2. 0

Remark 4.1. To prove (2.2), we used the multiplier methods and we absorbed
the terms of lower order with the interpolation inequality (3.2) for n = 1. The same
method can be used for n > 1 (see comment 2). Indeed, from the equality (1.21) of the
work of Fabre [F, Lemma 1.9] on the exact internal controllability of the Schrodinger
equation, we choose 8 = g2 (t), where g € C5° (]0,¢), ¢ = 1 in Je/3;2¢/3[, and
0 < g <1, to obtain with standard bootstrap arguments the following assertion:

2 c [° 2 ¢ 2
(49) Je>0, Ve<l, /Q|Auo| dxdtgg/o /W|Au| d:rdt+8—2||uo||H1(Q)

Under the hypothesis of Lemma 1.9 of the work of Fabre [F, p. 350],we have (2.2) for
n > 1 by applying the interpolation inequality (3.2) of Theorem 3.1.

5. Proof of Theorem 2.3. This section is devoted to proving the exact control
result for Schrédinger equations with an explicit in time estimate of the control. We
proceed in three steps.
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5.1. Step 1. The Schrodinger equation on R. In this section, we prove the
existence of the following solution of the Schrédinger equation on R.

PRrROPOSITION 5.1. Let T > 0 be real, and let 6 be the Dirac measure. There
exists a distribution f = f (t,s) defined on ]0,e[ x Ry such that f : s € Ry — f (¢, 5)
has a support included in J = (]—oo, —2T[U 2T, 4+o00[) and the solution F : (t,s) €
[0,¢] x Ry — F'(t,s) of the Schrédinger equation

i0,F + 0*F = fi; in ]0,e[ x Ry,
(5-1) { T P©)=5() ik,

satisfies F (e,-) =0 in [-T,T] . Moreover, if H = F —E, where E is the fundamental
solution of the Schrédinger equation in one space dimension, then

C 2
(5.2) iC >0, Ve>0, ||HHLOC(O’E;L2(]7T’TD) <e (1+1/e%)

Remark 5.2. The result of Proposition 5.1 simply says that the Schrodinger
equation on the whole line can be controlled to zero with a control concentrated in
the exterior of the ball. This is also true in several dimensions. The proof of this
can be easily obtained from the result on a bounded domain by a cut-off argument
(see also [Z]). In our case, we obtain an explicit estimate with respect to the time
¢ of controllability. Here T does not denote time, and let us adopt the variables
(t,s) € [0,¢] x Ry when we consider the one-dimensional case.

Proof of Proposition 5.1. Using the HUM of Lions [Li] and estimate (2.2) of
Theorem 2.2, we know that for all data v. € L?(] — 3T,4T, there exists a control
h € L?(]0,e[x]3T, 4T[) such that the solution v : (¢, s) — v(t,s) € C([0,¢]; L?(] — 3T,
4T)) satisfies

10w + 0%v = hysrarp  in ]0,e[ x |=3T, 4T,
v(-,—3T)=0, v(,47T)=0 on ]0,¢[,
v(0,) =0 in |-37,4T],
v(e,:) =v. in |-3T,4T]

(5.3)

and

1 c(141/¢2)

(5.4) NG 2l 0,6:02q3m,a7p) < NP L20 e (337070 < € lvell L2 —s a7 -

T

In particular, we take ve (€,8) = —x (s) i/z?ieié’ where s € |=3T, 4T, x € C§° (]-3T,
4T[), 0 < x <1, X117 = 1. So

C 2
(55) HU||L°°(0,E;L2(]73T74T[)) < 2 ||h||L1(07€;L2(]3T74T[)) < Ce (1+1/5 )

Let us consider

v(t,s) in [0,e] x [-3T,4T7,

(5.6) Hts) =1, in [0,¢] x (J—o0, =3T[U 4T, +o0)

where v is the solution of (5.3). So

(5.7)
’LatH + afH = h|]3T74T[ — 8511 ® 6 (S — 4T) + 65’11 ® 6 (S + 3T) in }O, E[ X Rs,
H(0,-)=0 inR,,

H(e,s) = —x(s) Sg=e'e

Ame
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and

(5.8) >0, Ve>0,  [Hl e omnag srary < 0T,

Let E be the fundamental solution of the Schrédinger equation on the whole line
]

(5.9) E(t,s) = me T,

The solution E € C* ({t > 0} x R,) N C ([0, +o0[; H~/27¢(R,)) satisfies

iO,E+0?E =0 in {t>0}xR,,

{ E(0,)=6()€ H V< (R,).

We finally consider f = hjspar; — 0sv ® 6 (s — 4T') + Osv ® 6 (s 4 3T) such that the

solution F' = E + H satisfies

i F +02F = fi; in ]0,e[ x Ry,

i0,F +0?F =0 in ]0,¢[ x [-T,T],
F(0,)=6() inR,,
F(e,-)=0 in [-T,T].

(5.10)

(5.11)

That concludes the proof of Proposition 5.1. ]

5.2. Step 2. Controllability for the hyperbolic problem. The following
exact controllability result holds.

LEMMA 5.3. Suppose @ C R™, n > 1, is of class C*°, and there is no infinite
order of contact between the boundary 92 and the bicharacteristics of 07 — A. If
all generalized bicharacteristic rays meet w x 10, T,[ for some 0 < T, < +o0o, then
for all T > T, for all initial condition w, € H} (Q), there exists a control g €
L? (Q x ]=T,T]) such that the solution y € C (Ry; H} (2)) N C* (Ry; L? (2)) satisfies

Oty — Ay = gluxj—r,r]  in QX Ry,
y=0 ondQ xRy,

(5.12) y(,0) = wy, Dy(-0) =0 inQ,

y=0 inQx (J—oo,=T|U T, +o0l)
and
(5.13) HgHLZ(wx]—T,T[) < Cur ||V’onL2(Q) :

Remark 5.4. The result of Lemma 5.3 holds by a simple reflection argument
as a consequence of the theorem of Bardos, Lebeau, and Rauch [BLR] on the exact
controllability for hyperbolic equations which are obtained with microlocal techniques
and propagation of singularities of the solution of hyperbolic systems. We recall their
result to be complete.

Theorem [BLR]. Suppose Q C R, n > 1, is of class C*°, and there is no infinite
order of contact between the boundary 99 and the bicharacteristics of 97 — A . If all
generalized bicharacteristic rays meet w x |0, T,[ for some 0 < T, < +00, then for all
T > T,, for all @ € C§° (]0,T]), for all initial conditions (w,,w1) € Hg () x L? (Q),
there exists a control ¢ € L?(Q x R;) such that the solution ¥ € C (Ry; Hj (2)) N
C' (Ry; L? (2)) satisfies

02U — AW =fg,, in Q xRy,
U =0 ond2xRy,
U(-,0) = wy, ¥(-,0) =w; in
U(,T)=0¥(,T)=0 inQ
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and

||99||L2(wx]o,T[) < Cor [(Vwo, w1)l p2(q) -
Proof of Lemma 5.3. We choose w; = 0 and extend ¥ in a symmetric way by

taking

| ¥(z,t) inQx0,1],
y(z,t) = U (z, —t) in(;(x[—T,O[.

The control g will be given by

(5.14)
g (xﬂt)\wx]—T,T[ =0 (t) 0 (mvt)|w><]0,T[ +0 (_t) Q(!E, _t)|w><]—T,O[ in 2 x ]_TvT[v

where 0 € C§° (10,T]) so that g (-,—T) =¢(-,0) =g (-,T) = 0. O

5.3. Step 3. Construction of the control. Now we are able to construct and
estimate the control of Theorem 2.3 as follows.
We define w : (z,t) € Q x [0,¢] — w (x,t) such that

(5.15) w (2,1) = /R F(0)y (2, 0) de,

where F' : (t,£) € [0,¢] x Ry — F (¢, ) is obtained from Proposition 5.1:

z@tF—s—c’?l?F:fw in ]0,8[XR(7

i0F +02F =0 in ]0,¢] x [-T,T],
F(0,)=6() inR,
F(e,)=0 in [-T,T],

(5.16)

and y : (z,0) € Q x Ry — y (2, ¢) given by Lemma 5.3 satisfies

7y — Ay = Guxj—r,rp  in xRy,
y=0 on dQ xRy,
y(~,0) =w, € H(% (Q)’ aly(ao) =0 inQ,
y=0 inQx (J—oo,-T]U[T,+o0]).

(5.17)

Let us calculate i0yw (z,t):
ioww (x,t) = / 10 F (8, 0) y (x,£) de
R
= [[otr 0+ fuly o ar
R
T
-7

:/RF(t,E) [~ 2y (,0) = g (2,0 p ]

:/R_F(t,e)a,%y(x,/z)du/

Remark 5.5. The key point is that the solution y : (z,£) — y (x, £), where £ € R,
is identically null for ¢ out of the domain |—T,T[. Next, we need that the solution
F: (t,£) — F (t,{) is defined for £ € R. Moreover, F must satisfy F (0,-) = 6 (-)
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in R, F(e,-) =0 in [-T,T], and also the homogenous Schrédinger equation in the
domain 10, e[ x [T, T]. Out of the domain [T, T] , F is solution of the Schrédinger
equation with a second member f, but we do not see it in the integrations by parts
because y is null on the support of f.

Our conclusion is

i0yw + Aw =19, in Qx]0,¢e[,
w=0 ondQx]|0,el,
w(-,0)=w, inQ,
w(,e)=0 inQ

(5.18)

with an estimate of the control ¥, in w x )0, €[, given by

Ve (2,1) /T —F(t,0) g (x,0)dl

-T

(5.19) T
= / —(E+H) (L) g(z0)dl
= Dor () + D (2,1),
where, from Proposition 5.1, (5.2), and (5.13), we have
9 1/2
dx

T
er Ol = | [ |[ B@Dg@ar

(5.20) 2\ /2
<e D dx

1
77wt Vol 2y,

s N\ 1/2
dx

||’l9£,2 ("t)HLZ(w) = (
C

1+1/s

IA

/ H(t,0) g (x,0)dl

1/2
2
Moy [ gy de)

Co,r ||vw0HL2(Q),

(5.21)

IN

<e

We conclude with an estimate of ( [, [Vw(z, t)[*dz) 1/2 = (Jo | Jo(BE+H)(t,0)Vy(z,

0)de|?dx)'/?:
(5.22)
9 1/2
dx)

(/.

B 1/2

dzx

9 1/2
dx)

/T E(t,0)Vy(x,0)dl

1
c — |Vy (2, )| 7201_
(/Q]W (M gz

1
%Cw,T ”VwOHL?(Q) J

/ E(t,0)Vy(x,0)dl
R

IN

IA
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(5.23)

J

5 \1/2 - 2 \!/2
de| = / / H (t,0) Vy (z,£)dl| dx
Ql|/-T

/ H(t,0) Vy (x,0) dt
R

IN

1/2
(|H<t,->||iqu,TD L1996 Mg r dw)

< COHE) ||Vl 2 g -

Remark 5.6. If we choose w (x,t) = [, F (t,£)y (x,£) dl with F' given by (5.16)
and y given by (5.17) where the operator A is replaced by A 4, then w is solution of
(2.7).
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