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Abstract

We prove the approximate controllability for the heat equation with potential with a cost of order
/¢ when the target is idHOl(.Q) with a precision inZ2(£2) norm. Also a guantification estimate of
the unique continuation for initial data i?(£2) of the heat equation with potential is established.

0 2004 Elsevier Inc. All rights reserved.

1. Introduction and main results

Throughout this papes? is a bounded domain iR", n > 1, with a boundary $2 of
classC?, w is a non-empty open subset &f andT > 0 is a real number. Further, we
denote|| - || the usual norm i (2 x (0, T)) and we conside#t = a(x, r) a function
in L®(2 x (0, T)).

In this paper we study the following heat equation with a poteatialL°°($2 x (0, T)):

u—Au+au=f-1, in2x(0,T),
u=0 o0na2 x(O,T7), (1.1)
u(-,0)=ug 1in 2,

wheref € L?(» x (0, T)), ug € H}(£2) and 1,, denotes the characteristic function of the
setw.

It is well known from [6] or [2] that we can act througfi € L?(w x (0, T)) when
uo € L2(£2) in order to get the null controllability result(-, 7) = 0 and furthermore, the
following estimate holds [3]: there exists a constant 0 such that
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1l 20,7 < eXP(Co(1+ % +Tllallso + ||a||§é3>) luoll r2¢0)- (1.2)
(1.2) is an explicit estimate with respect to both quantifies 0 and||a| - > O, of the
control functionf and may be viewed as a measure of the cost of the null controllability
for the heat equation with potential.

Here we ask whether the following steering property for the heat equation with potential
holds whenug = O: there exist two constanf3 > 1 andc = ¢(7, |la||«x) > 1 depending
on both quantitie§” > 0 and||a||« > 0 such that for alk > 0, for allu, € H(}(.Q), there
exists a suitable approximate control functiprepending or such that

D”ud”Hl(Q)
I fllL2@wx0.1) <€ exp(%) luall 2.0 (1.3)
and

| T) = ud L2(2) S (1.4)

Our goal is to measure the cost of the approximate control fungtiand furthermore to
give an explicit estimate with respect4pT and| a| o = O.

This problem has received a particular atien from [3] where it is proved that the cost
of the approximate controllability for the heat equation with potential is of oe€lérif
uq € H*(2)NH}($2), and of ordee’s if uy e H}(£2). Butwhenu is a constant or more
generally of the forna(x, 1) = a1(x) + az(t), wherea1 € L*°(§2) andaz € L*°(0, T), the
ordere®/V® if uy € H2($2) N H}(£2) is optimal [3, Theorem 6.2].

Let us make the first observation: by simple changes of variables, we are reduced to
check that for alk > 0, forall T > 0, for all wy € H(}(.Q) there exists a functioft such
that

191l L2gox 0.1 < ce”/*lwall2(2), (1.5)
and such that the following steering property holds:

Hw(': 0 — wdHLZ(Q) <8”wd”[—[01(9)1 (1.6)
wherew is the solution of the following backward heat equation with potential:

hw+Aw—aw=7v-1, in2x(07),
w=0 o0naf2 x(,7T), a.7)
w(,T)=0 ing.

Now let us considep the solution of the heat equatievithout control when the initial
datagg € L2(£2):

09 —Ap+ap=0 In2x(0,T),
=0 ond2 x (0,7), (1.8)

Then by classical integrations by parts, we get
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T
//ﬁ(x,t)(p(x,t)dxdt:—/w(x,O)go(x,O)dx
0 w

2

:/(—w(o,O)—l—wd)(podx—/wdgoodx. (2.9)
Q Q

Also suppose that the solutian of (1.7) exists with (1.6) and (1.5) then for all> 0,
forall wy € H&(.Q), we have using Cauchy—Schwarz inequality

f wagodx < ellwall g o) 9ol L2c) + ce”/ lwall 2(0) 19l L2 0.y (1.10)
2

Consequently, we obtain choosing = (—A) 1¢g that

lgoll -1y < elleoll o) + e ll@ll2@wx 0.1y Ve >0, (1.11)
or equivalently
llpoll 2 .
llpoll 22y < cexp<D””7” 16l L2@x 0y if 90 #0, (1.12)
¥ollu-1@)
or equivalently
< b 1.13
lpollr1-1(2) < (2+ 1 ¥l Ioll2@) 19
Tl 2wrom

where the values of the constants: ¢(7T, ||a|ls) > 1 andD > 1 may changed from line
(1.11) to line (1.13) but not their dependence.

(1.13) is a quantitative estimate for unique continuation for initial data32) of
the heat equation with potential from an interior observation. This kind of logarithmic
estimate already appears in the context of the cost of approximate control and stabilization
for hyperbolic equation [5,7]. Here we will follow the strategy in [7] (see also [4]) to prove
that (1.13) implies an approximate result with an estimate (1.3) of the cost function.

The first main result of this paper is as follows.

Theorem 1. There exist two constants, c» > 1 such that for alle > O, for all T > 0,
forall a € L*(2 x (0,T)), for all ug € H(}(.Q), there exists a control functioni;
L%(w x (0, T)) such that

D”VMdHLZ Q
I fell L2(@x 0,1)) < Eexp(%) luallp 2y
Hu(’T)_udHLZ(_Q) gsa (114)
whereu € C([0, T1; L2(£2)) is the unique solution of the heat equation with potential and
control function

u—Au+au=fe-1, in2x(0T7),
u=0 ondf2 x(0,7), (1.15)
u(-,00=0 in £,
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andE > 1, D > 1 are given by

D= D(T, ||la = ¢q(TerTlal% 4 1)
(T, llalloo) = c1( ) e e (1.16)
E=E(T, |lalloo) = explc2(1+ T llalloo (1 + e 19l50) 4+ Jla[1557)).

Of course we will also need to prove the estimate (1.13). Our second main result is as
follows.

Theorem 2. There exist two constants, co > 1 such that for allT > 0, for all a €
L>®(£2 x (0,T)), for all initial data uo € L2(52) such thatug # 0, the solutioru of the
homogeneous heat equation with potential

oru—Au+au=0 in2 x(0,7),
u=0 onaf2 x(O,T7), (1.17)
u(-,0)=ug in £,

satisfies

||M0||H—1(Q) < ||M0||L2(.Q)a (1.18)

lluoll, 2
N2+ 3 ar,
L2(wx(0,T))

whereE > 1, D > 1 are given by
D= Cl(Teananic +3),
E = explca(1+ Tllalloo (L + e 1913) 4 (a1 Z3)).

Remarks. (1) Note thatE (T, O) is a constant not depending @h> 0.
(2) An application of Theorem 1 to get a space of exact controllable target data may be
possible following [7] based on properties of Riesz basis (see [8]).

The plan of the paper is as follows. In Section 2 we prove Theorem 1 as an application
of Theorem 2. Section 3 contains the proof of Theorem 2. Finally in the last section some
comments are added.

2. Proof of Theorem 1

Theorem 1 is easily deduced from the following result.

Theorem 3. There exist two constantg, c2 > 1 such that for alle > 0, for all T > 0,

for all a € L*®(£2 x (0, T)), for all wy € H(}(.Q), there exists a control functiott,
L%(w x (0, T)) such that

D
1Pl L2(wx(0,1)) < exp(;) lwallz2(g),
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wherew e C([0, T]; L2(£2)) is the unique solution of the backward heat equation with
potential and control function

—w—Aw+aw=Ed -1, in2x(@O7),

w=0 ona2 x (0, T), (2.2)
w(, T)=0 in £,

andE > 1, D > 1 are given by

D =c1(TerTlal% 4 1),
E = explca(1+ T llalloo(1+ e2T15%) 4 a2

Proof. We will use the logarithmic estimate (1.18) from Theorem 2.
Let us introduce the operator
C:9eL?(wx (0,7)) = w(-0) € L3(£), (2.3)
wherew is the solution of
dw+ Aw—aw=—-E?¥-1, in2x(O,7),
w=0 ond2 x(0,7T), (2.4)
w(-, T)=0 ing.
It is well known that if ¢ € L2(w x (0, T)), thenw € C([0, T1; H}(£2)) and in par-
ticular w(-, 0) € Hol(.Q) C L?(£2) with compact injection. Thus, the operat@ris linear,

continuous and compact froiP(w x (0, T)) to L2(£2). We defineF = Im C the space of
exact controllability initial data with the following norm:

lwoll F = iNF{I19 1l 20,1y | €9 = wo}- (2.5)

We will need to construct the dual operator ©f Let ug € L2(£2), we consider the
unique solution: € C ([0, T1; L?(£2)) of
oru—Au+au=0 in2 x(0,7),
u=0 ona2 x(O,7), (2.6)
u(-,0)=ug 1in 2,
and we know from Theorem 2 that

D
”uO”H*l(Q) g luoll, 2 ”MO”LZ(Q) (27)
In(2+ L&)
HEMHLZ(“)X(QT))
Let us introduce the operator
K :uge L3(2) = Eujp € L?(w x (0, 7)), (2.8)

wherex is the solution of (2.6). The operat&fis linear, continuous, compact fronf(£2)
to L2(w x (0, T)). Remark that the operatdf is the adjoint ofC and we denot€* = K.
Indeed, by multiplying (2.6) by the solution of (2.4) wheré € L?(w x (0, T)) and by
applying the Green formula, we obtain the following duality relation:

T
//l?()C,t)Eu(x,t)dxdt=/w(x,0)u(x,0)dx,
0 w 2
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i.e., forall® € L2(w x (0, T)), for all ug € L2(£2), we have

T
//l?K(uo)dxdt:/uoC(ﬁ)dx. (2.9)
0 w

2

We defineF’ = (Im C)’ with the norm

T 1/2
luoll pr = HK(MO)HLZ(W]O)TD = (//|Eu(x,;)\2dxdt) ) (2.10)
0 w

Note that (2.9) and Holmgren theorem imply thfat= Im C is dense inL?(£2).
From the duality relation (2.9), we have by choosihg: K (10) € L2(w x (0, T)) that

| K (uo) ||i2(wx(oj)) = / uoC (K (uo)) dx. (2.11)
2

We use the notatioq, -) to describe the scalar product 8R(£2).

Let B = C o K. Then (2.11) becomes: for allg € L2(£2), |K (uo)|
(B(uo), uo).

The operatorB is non-negative, compact fromh?(£2) to L2(£2) and self-adjoint on
L?(£2). We deduce that it has a discrete spectrum and we associaf&dh) the Hilbert
basis with eigenfunctiong, of B and eigenvalueg,,, whereu, > 0, is non-increasing
and tends to zero.

Consequently, for every elemegte L?(£2) we have the Fourier expansign=
Y0008 En)6n, 18172 ) = Xn=01(8. 6)|? < +o00 and also

2 _
L2(wx(0,T)) —

IK @200,y = (Bg &) = D ita| (g &) [ (2.12)

n>0

Note that from (2.10), (2.12) and by duality, we deduce that

1
gl =" M—\(g,sn)\z.

n>0

Let us introduce the set§, = {m > 0| a,41 < im < &y}, Wherea,, = e*1+¢e=¢" for
all n > 0. Then each functiog € L2(£2) can be represented in the forgn=Y",_,gx,
where

8n = Z (&, &Em)ém- (2.13)
mesS,
Also, we havelg|7, o) = 301801122 ) Whereligull?z o) = 3 es, (8. 6m)I%
Furtherigl%, = 3,0 1K (8n)172(,, o 1) Where

1K @) F 20y = 2 (g &) | (2.14)

mesS,
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From (2.14), we have, i, # 0, that

1 ||8n||L2(_Q) - 1 . (2.15)
||K(gn)||L2(wX(0 Ty %+l
From (2.7) and (2.15), we obtain,gf, # O, that
D
lgnllm-1g) < W+—W||gn||L2(ﬂ)~ (2.16)
Let us introduce, witlg, given by (2.13),
I= {g = el llglf =) ansillgnlZa g < +oo}. (2.17)

n>0 n>0

Then the dual space dfis defined by

{ Zgn|||g||,,=2 +||gn||Lz(9)<+oo}. (2.18)

n>0

From (2.15) and more exactly’ c I, we have that
I'CF. (2.19)
Now, letN > 0. Letz € H}(£2). Then we can write, ilL%(£2),

= Z Zn + Z Zn with in = Z (z, ém)émo (2-20)

n<N n>N meS,

The properties of the sequengg,),-o and (2.19), (2.16) imply that there exists a con-
stantcs > 0 such that the following relations hold:

<i ZZn F>2< ZZn

C3
n<N n<N

X

2

14

(g

On+l meS,' "p<N
2
—Z DD D )G En)
n>0 On+1 meS, p<NqeS,
2
= Z Z > @ ENEEn)
mES, geS1U---USn
1 2
X ans1 Z (z, Sq)(éq s gm)
meS1U---USy 'geS1U---USN
1 1
v Yo @En| < llzllem)’ (2.21)

meS1U---USy
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2
Y=z = luliag =)@ w)
L

n<N ) p=nN n>N

<D lzllgaayllznll a1
n>N

< lzll g2 Izl 2
H"(Q),;v (IN@+1//ay)] "

D2
<lzllyae | D 5 1D lzall?, g
o, )
0 n>N [In(2+ 1/ On )] n>N (

ZZn_Z

<D > ! [
S & e+ 1 )R

n<N L2(%2)
D
<c3 Izl 2 Zn—2 (2.22)
N2+ 1/ Jays1)  Ho@ n;\/ ! L2(2)
We conclude the proof of Theorem 3 by choosivig- 0 such that
D 1
— & In<2+ )
2 VOEN+1
in order to have, withh = wy,
ICY — wallp20) < C35||wd||Hé(g),
D
191 2(wx (0,7)) < €3€X " lwall2()- O (2.23)

3. Proof of Theorem 2

We proceed in three steps.

Stepl. We apply the observability estimate [3, Theorem 1.2] with a simple change of
variable in time.

Then there exists a constapt> 0 such that for any solutiom of (1.17), for anyL > 0,
one has

L

1
Hu(.,L)||i2(9)gexp(c0(1+Z+L||a||oo+||a||§é3>>//|u(x,t)|2dxdt.
w

° 3.1)

Step2. We look for an estimate of the form

Juc-, 0 Hi,,l(m < constanfu(-, L) ||i2(9). (3.2)
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This is a backward estimate for the heat equation. To do this, we apply the ideas in [1].
Let us consider for almost alle [0, L] such that«(x, t) # 0 the following quantity:

lu 017 g,

= . (3.3)
lu G015 1)
We first prove that
d 1 ”au('v t)“?.]—l(g) 2
—U () c————— <cqllalls P (), 3.4
ar > ”u(.,t)”z allalls¥ (1) (3.4)

()

wherecs > 0 is a constant only depending on the geometry and may change of value in the
lines below.
Indeed we have the two following energy equalities: posing —au,

1d

EEH“(’* I)HEZ(Q) +[uc.n) ”i[&(.@) = (fC.0.u(.0), (3.5)

1d

571G D ag) + 11 Do) = (FC.0. (=) 7HuC ). (3.6)
Then from (3.5), (3.6) and (3.3), we get

d 2 5 5
W (0) = —— ([Nl g, + ()]l
di el s (o) 20

+ [l o) = 320 (f: (=) u)]). (3.7)
Also,

117 2y = IallZ 2 ) (s (= 2)u)

2
[for L) (g

2
/ [ (=) u szvé(sz) - ‘(g (_A)lu>

< L
2
2 f 2 f -1
< (nunHé(m + HE e (f. u)>||u||H_1(Q) - ‘(5 (—4) u)
Finally, (3.7) and (3.8) imply

4y < —2 (Hf
dt” " ull g\ 2

2

2

H-Y($2)
2
(3.8)

2

2
). (3.9)

£
el 1) — ‘(5 (—4) 1u)

Replacingf = —au, we get the desired inequalities (3.4).
Consequently, from (3.4) we obtain for al (O, L),

H=Y($2)

W (1) < el g (), (3.10)
Secondly, remark that from (3.6) and (3.10), we have



536 K.-D. Phung / J. Math. Anal. Appl. 295 (2004) 527-538

1d _
0= 2dt |ut, 1) ||ir—1(m +¥O]uc,n Hz—l(.(z) + (@l OuC, 0, (=) u(, 1)

< Ed_ G, D52y + ¥ O [uC, D51y + callalloa/ T O Jut, 0| 1q)
<57 e, 0] 1y €I (W(0) + callallooy/# (©)) e, D111 -

(3.11)
Consequently, integrating (3.11) 0@, L), we get the desired estimate
1. O] 51y < XP(2e 115 (&/(0) + callaloay/ ¥ (@) L) [, L) 715
(3.12)

Step3. We choose an adequdte- 0 to conclude the proof of Theorem 2. Let us denote
A1 > 0 a constant such that

1 <¥(0). (3.13)

Now, we choose

Al
L=T /W(O) <T, (3.14)

then we obtain from (3.1) and (3.12) that the solutioof (1.17) satisfies ifi(x, ) # O for
almost allr € [0, T'],

||u(.,o)||i1_1(m <EleXp(Dlw/lI/(O))//|u(x,t)|2dxdt, (3.15)

whereE1 and D1 are two constants such that
D1 = 2ec4T a3 T /3] + T
E1 = caexpleay/AiT lallooeT 1915 4 co(1+ Tlalloo + lal1Z3)).
Multiplying (3.15) by (0), we get

So, ifug # 0, we have

1
luoll 2(2) < vV E1v ¥ (0) eXP<ED1\/ l1’(0)) el 2w x (0,7)

(3.16)

2«/
eXp(Dlv W (0))lull L2 (0.7) (3.18)
and also clearly for alztl > 1,
D
L Mmolliag) exp(c1D1y/¥ (0)). (3.19)

2V E1 Ul 2(6x0,1))
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We choose; > 1 large enough to get

Dy lluollp2e)
2+ <exple1D1v¥ (0)), (3.20)
4V E1 lullp2(wmx 0,7y A )

and finally we have

c1D1

luoll g-1(2) < luollL2(g)- (3.21)

Dy wollj2g)
|n(2 4,./Eq ”””Lz(mx(O»T)))

That completes the proof of Theorem 2

4, Further comments

A quantitative estimate of unique continuation for initial dataH@(.Q) of the heat
equation with potential, solution of (1.17), may be realized by using properties of the
guantity

Vu(, )2
y_ 1Vu( )i ey @y
€ Ol 2 )
which are well described in [1].

We find that there exist two constantg c2 > 1 such that for alll” > 0, for all a €
L (82 x (0, T)), for all initial dataug € H(}(.Q) such that:g £ 0, the solutior: of (1.17)
satisfies

D,
Vuoll

1 L2(2)
n = el
( Ex lull 2% 0.1y )

”uO”LZ(Q) < ”VMOHLZ(Q)’ (4.2)

whereE1 and D1 are two constants such that
Dy = Cl(l + %)
E 2\ 4112 2/3 (4.3)
1=explc2(l+ T4llall5, + Tllalloo + llalloc™))-
This improves the finite dimensional observability estimate of [3, Theorem 1.5] in the
sense that ifig # 0,

2/3
luoll 1) < [exp(cz(l-i- T2all%, + Tllalloo + llalis’))

" exp<cl<1+ _) 70)} lue] .2 : (4.4)
T ) lluolz2(0) L2(wx(0,T))
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