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Résumé. Nous étudions la controlabilité exacte et la stabilisation des équations de Maxwell par le
biais de la propagation des singularités du champ électromagnétique dans un domaine borné. Les résul-
tats présentés s’inspirent des travaux de C. Bardos, J. Rauch et G. Lebeau sur le controle géométrique.
Notre intéret se portera plus particulierement sur la stabilisation interne ou 'on doit considérer le
systéme de Maxwell avec loi d’Ohm avec une densité de charge non nulle.

Abstract. We consider the exact controllability and stabilization of Maxwell equation by using
results on the propagation of singularities of the electromagnetic field. We will assume geometrical
control condition and use techniques of the work of C. Bardos, J. Rauch and G. Lebeau on the
wave equation. The problem of internal stabilization will be treated with more attention because the
condition divFE = 0 is not preserved by the system of Maxwell with Ohm’s law.
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Introduction

In this article we investigate the control and the stabilization of electromagnetic waves in bounded
domain by the use of propagation of singularities.

For such linear problems, the main difficulty consists, as for the scalar wave equation, to get a pri-
ori estimates which correspond to the observability (c¢f. [Li], [La], [K]). For the control or stabiliza-
tion of Maxwell equations, we naturally deal with the orthogonal space of the set of steady states
(cf. [Ba),[BH]); then we study the propagation of the L? microlocal regularity (cf. [N],[Y]) and fol-
low the program developed by C.Bardos, G.Lebeau and J.Rauch (cf. [BLR]) to get the controllability
and the boundary stabilization for the Maxwell equations.

The main novelty appears in the internal stabilization where the condition divE = 0 is not preserved
by the system of Maxwell with Ohms’s law when the conductivity ¢ acts locally. Moreover, asymptotic
in time estimates for the charge density seem not easy to get. Our different results are as follows:

The electromagnetic field of the system of Maxwell with Ohms’s law decay uniformly and expo-
nentially when the electric field is damped everywhere.

The same behaviour happens for the electromagnetic field under the geometric condition of the
work of C.Bardos, G.Lebeau and J.Rauch (¢f. [BLR]), if the conductivity o satisfies the relations:
o(z) =0Ve € N\wy, o(z) > C Vo € wy , for some constant C' > 0.

In the case where the conductivity vanishes on the interface between wy and Q\w; in a regular
way gives some particular difficulties and may be compared to the Dirichlet stabilization for the wave
equation studied by G.Lebeau (cf. [Le]). Here, we get a polynomial decay result.



1 Propagation of singularities

Let € be a bounded, open, connected region in R? with a smooth boundary 9. We suppose that €
is occupied by an electromagnetic medium of constant electric permittivity € and constant magnetic
permeability . The electromagnetic field (E, H) satisfies Maxwell’s equations

ey —curlH =0, poyH + curlE =0 in Q xR
div(eE) =0, div(pH) =0 in QxR
EAn=0, Hn=0 on 02 xR
E(,0)=FE, H(,00=H, inQ.

(1.M)

Thus, the electric field E solves the hyperbolic system

end?E—AE =0 in QxR
EAnn=0, divE=0 ondQxR (LE)
E(-,0)=E,, ;E(-,0)=¢ tcurlH, inQ,

and, the magnetic field solves the hyperbolic system

end?H —AH =0 in QxR
Hn=0, curlHAn=0 ondQxR (1.H)
H(-,0)=H,, 0;H (-,0) = —pu~tcurlE, in Q.

Moreover, the fields E and H solution of (1.E) and (1.H) respectively and such that divE, = divH, =0
are solution of the Maxwell system (1.M).

We suppose that 02 is C*° and has no contacts of infinite order with its tangents. Let us recall some
known results on the singularities of (U, V) € (D’ (ﬁ))G solutions of the following hyperbolic systems

U —c,AU=0 in QxR 02V —coAV =0 in QxR
UAn=0 ondQxR and Vm=0 ondQ xR
divU =0 on 99 x R curlV An=0 ondQ xR,

where ¢, is a positive constant.

Basics of symplectic geometry

Let us begin to define different objects from differential geometry in local coordinates knowing that
these definitions may be given in an intrinsic way [ MS1].

We denote by C, the characteristic variety of the operator P = 9? — c,A,
* () 2 2
C:{(:mt,f,T)ET (QxR)\O, -7+ ¢, [¢] :0} :

We introduce p (z,t,£,7) = =72 +c¢, \£|2, the principal symbol of the operator P, a real-valued function
defined on T (€ x R)\0.

The Hamiltonian vector field associated to p, H,, on T* (2 x R)\0 is given by
3
H, = ZQCO@@W — 270, .
j=1

The integral curves of H, lying in p~! (0) = C are the bicharacteristics.



Let I = [so;s1] € R and v(s) = (z(s),t(s),&(s),7(s)) the bicharacteristic associated to p, with
s € I. It solves the Hamiltonian system

day =9 & de. —
VIR e {1

with an initial data such that v (so) € T (2 x R) \0 and p (7 (s)) = 0 where s € I.

Change of coordinates to the half-space

The study of the singularities of U in a neighborhood of the boundary is reduced to the case of the
half-space by a local change of coordinates [ MS1].
Suppose that the domain Q is locally defined by Q = {(z1,z2,23)\ 3 — g (z1,22) > 0}, the normal
vector at the boundary 99 only depends on the variables (z1,z2) and can be written

vma My = —0
n=| vms where v?(14+mi+m3) =1 and { 1= 7909
y mo = —33329 .
Let us introduce the following change of coordinates ¥ as follows
W (s, 91,92) — (21,22, 3) = (Y1, 2,9 (¥1,92)) + 5 (n1,n2,13) (1.1)

where (n1,m2,m3) = n in the variables (y1,y2). The Jacobian associated to ¥ is given by

1+ 50y, 50y,M1 vma
Jacy = 50y, N2 1+ 50y,n2 V1Mo
—my + 80y, n3  —ma + 50y,M3 v

Notice that on the boundary, i-e when s = 0, we have

1 0 vma 1 1+ m% —mims —My
Jacy = 0 1 vme Jdet (Jacy) = — #0, Jacg' =v* | —mima 1+m? —ma
—mi —my v Y % m 1

Microlocal classification at the boundary of R.Melrose and J.Sjostrand

The operator P is locally in the form
P=0?—c, ((‘33 — H(s,yl,yg,ayl,(?yz))

where H has a principal symbol h which is elliptic of second order.
The tangential symbol of P is given by

1
r (0’y17y27§1’<2’7—) = h(07y1’y27€17<2) - ZT2 .

(e}

The classification of the points of p~! (0) N T™* (9Q x R)\0 are described in the following way.

- The hyperbolic region H is defined by 7 (0, y1, y2, (1, (2, 7) < 0.
- The glancing region G is defined by 7 (0,y1,y2,¢1, (2, 7) = 0.

Moreover, we separate the points in G following the convexity or the concavity of the boundary. Let
us introduce

S =TT (@ xR)\0, Tj=H
0T =GN {0 (0,91,92,C1,Co,7) <0}, BT =GN {07 (0,41,y2,C1, Co, T) > 0}
Eég) =G N{0r (0,y1,y2,C1, (2, 7) =0}



in order that ¥, = Eg U Eé U 23’7 U Ei’Jr U Zgg) where

% = {(@t67) €T (@ xR)\0;—72 + ¢ = 0}
U{(y1,92,t, (1, ¢, 7) € T* (RZX R)\O ; =72 + ¢oh (0,41, 92,1, C2) <0} .

Definition of the rays
The construction of the generalized bicharacteristic defined on ¥ is described as follows.

- In Q, the generalized bicharacteristic propagates like a bicharacteristic following the Hamiltonian
system associated to H,.

- When the bicharacteristic meets the boundary 92 at a point of H, the generalized bicharacteristic is
obtained by reflection following the optic geometric rules.

- When the bicharacteristic meets the boundary 902 at a point of Zi’_, the generalized bicharacteristic
is extended continuously in .

- When the bicharacteristic meets the boundary 92 at a point of Ei’+UE£ , the generalized bicharacter-
istic is extended continuously on 9 like a bicharacteristic of T* (99 x R) \0 following the Hamiltonian
system associated to H, until it goes out the boundary.

3)

The assumption that 02 has no contacts of infinite order with its tangents allows to ensure that
from any point of ¥, the generalized bicharacteristic is uniquely defined ([ MS1], [ Bu]). The rays
are defined as the projection on Q x R of the generalized bicharacteristic. A complete and precise
definition is given in [ MS1].

Definition of the wave front and of the microlocal Sobolev norms
We define the wave front of U, WF (U), as follows.

Let p = (%o, t0,60,To) € T* (2 xR)\O, p ¢ WF (U) if there exists & € C5°, ® (x,,%,) # 0 such that
for all N

— CN
U (67| < ——8
‘ ¢ )‘ L+1&nDY

for (¢,7) € T'n (&, 7o) where I' = T'y (&,, 7, is a conical neighborhood of (§,,7,). Accordingly, WF (U)
consists of the remaining points (., to, o, 7o) € T* (2 x R)\O for which such ® and I" do not exist.

Now, we say that U € H;* or U € H™ at p, if one of the three equivalent following conditions is
satisfied.

_U=U1+U; where Uy € H™" (2 x R) and p ¢ WF (Us) .
_ There exists ® € C§°, P (z,,t,) # 0 and T a conical neighborhood of (&,,7,) such that

m | — 2
/ (1 + |(§,7')|2) ‘@U(f,r)’ dédr < oo .
r
_ There exists ® € C°, ® = 1 near (x,,t,) et © € C§°,0 =1 near I 5 (£,,7,) such that

o\ ™ — 2
/]sz (1+|(§,T)| ) @(g,r)’@U(g,T)‘ dedr < oo .



We define the wave front up to the boundary of U, WFE, (U), as a subset of T (2 x R)\0 U
T* (0 x R)\0 such that

WE,OU)NT*(QxR)\0 =WF (U)

.For peT* (00 xR)\O, p ¢ WF, (U) iff there exists
a tangential pseudo-differential operator A
elliptic at p such that AU € C* (Q x R) .

Also, let U be an extendible distribution in ©Q x R such that 92U — ¢,AU = 0, then we associate to
the spaces H," where m € R, p = (z,t,{,7) € Q x |Ty; Ty[ x R* the following semi-norms.

- When z € Q, ||U||§{n = Jps (1 + |(§,7’)\2>m O(&T) ‘@ (5,7)‘2 dédr where @ is localized around
a neighborhood of (x,t)p and © = O (£, 7) is a localized function around a conical neighborhood of
(€. 2

- When @ € 09, U]}, = Jo ds fas (1 + |(<',T)|2)m52 ') oW’ (c’,r)] d¢'dr where by a
change of coordinates we are in the half-space, ®U (z,t) = ®U (¥ (s,y') ,t) = ®W (s,y',t), =’ denotes

the Fourier transform on the variables (yi,y2,t) tangential of (s,y’,t) = (s,y1,¥2,t) € R* and Z =
=(¢’, 1) is a localized function around a conical neighborhood of ({1, (2, 7) = (', 7).

Now, some formulas of K.Yamamoto [ Y] are deduced from the change of coordinates (1.1):

Let E(Saylay%t) = U(\I/ (SaylayQ) 7t) = U(xla-r?axSat)a we have

E2 — m2E3
UANn=v —FE1 +m1FE3 , (1.2)
ma By —miFa
vmg 1+m3 —m1msa
divU = [ vmy | OE+v? | —mime |0, E+v*| 1+m? |0,E. (1.3)
v —m1 —ma2
mi
Thus, if U An =0 and divU = 0, then E becomes E=| me | F3and
1
mq 1+ mg mq —mime mq 1
me | O.E+v —mamg |0y, | m2 |+ 1+m? |9, | me Es =0= —divU.
1 —my 1 —my 1 v
(1.4)
Finally, if U An =0 and divU = 0, then from (1.2) and (1.4),
EAnn=0, E.’I’L:%Eg (1.5)
OsEm+v?En =0 where £ is a real-valued C* function . ’

The boundary conditions U An = 0 and divU = 0 will allow to apply the proof of the theorem on the
propagation of singularities due to R.Melrose and J.Sjostrand [ MS1].

Let B (s,y1,y2,t) =V (¥ (8,91,92) ,t) = V (21,22, 23,t), we have
Vin=v (m1B1 + mng + Bg) 5 (16)

thus,
n

oy, (V.2

D)= (mi my 1)0,B+0,miBi+0,msBs . (1.7)



On another hand,

1 0 —my 1 0 —my
0 1 —mg |rotVAR = 0 1 —1my 0sB
0 0 1 —-my  —mg mi+m3
—m1 —TMa -1 0 O 0
+v 0 0 0 OpB+v | —-mi —mo 1 |0y,B
m% mimeo My mimso m% mo
(1.8)
This last equality (1.8) is deduced by writing the curl operator as follows.
00 O 0 0 1 0 -1 0
curlV=| 0 0 -1 |0,V + 0 0 0 |0,V+|[ 1 0 0 |0,V.
01 0 -1 0 0 0 0 0
After a change of variables, we next multiply the both side by the matrix
1 0 —ma
0 1 —mo
0 0 1
Finally, if Vin = 0 and rotV An = 0, then from (1.6) and (1.8),
B3 = —m131 - ’ITLQBQ
1 0 —my 9.B — — 81m1 81m2 Bl (19)
0 1 —mo s - (927711 (927722 BQ
that is
Bn=0 (1.10)
OsBAn+ A(BAn)=0 where A is a real-valued C* matrix. '

The boundary conditions V.n = 0 and curlV A n = 0 will allow to apply the proof of the theorem on
the propagation of singularities due to R.Melrose and J.Sjostrand [ MS1].

Let H (s,y1,y2,t) =V (¥ (s,y1,92) ,t) = V (21,22, 23,1), we have that
if divV =0 and curlV An =0, then from (1.3) and (1.8),

1 1 0 —my mq mo 1 0 0 0
— 0 1 —my 0.H = 0 0 0 Byl H+ mi mo 1 8y2H
v mi Ms 1 -1 - m% mimse My mimy —1— m% mo

Remark that the matrix in front of 0, H = 0,,V is invertible and

-1

1 0 —-my 1-— V2mf —vmims  V:my
0 1 —mo = —vmimy 1 — z/zmg V2me
mi Mo 1 —v2my —12ms V2
Consequently,
0 meo 1 0 —ma 0
o0H-—v| —-my 0 O |O,H—v| mi 0 1 |0,H=0. (1.11)
-1 0 O 0 -1 0

The boundary conditions divV = 0 and curlV A n = 0 will allow to apply the boundary condition
0,V + LV = 0 where L is a differential matrix operator of order 1.

We recall the theorem on propagation of singularities due to R.Melrose and J.Sjostrand [ MS1].



Let U be an extendible distribution in © x R such that PU = f, with the Dirichet or Neumann
boundary condition, where f € C* (2 x R). Let p € ¥ and <y be the generalized bicharacteristic
starting from p. Then WF, (U) is contained in ¥, and if p € WE, (U), then 7 (s) € WF, (U) for all
s.

We need the following result.

Theorem 1.1 Let (U, V) be a solution of

U —c,AU=f inQxI 2V —coAV =f inQxT
UAn=0 ondQxI and Vn=0 ondQxI
divU =0 ondQ xI curlV An=0 ondQxI

where I = [so;51] C R, f € (H ' (Qx I))s. IfpeXyand U e L2 (resp. V € L2 ), then U € Lg,
(resp. V € Li, ) at any point p’ € v (I) of the generalized bicharacteristic v crossing p = v (sp).

Moreover, we have the following estimates Je,d >0
10Nz, < elUllzs +d (10l-s/2(0er) + 1l -2caxry) (1.12)
IVilzz, < eVl +d (VI3 0mn + 1 li-sa) - (1.13)
Proof.- The proof of theorem 1.1 comes from the work of R.Melrose and J.Sjostrand [ MS1] and

the fact that the system of Maxwell is a well-posed problem [ N]. The estimates (1.12) and (1.13) will
be then deduced from the closed graph theorem. Here, we only establish the proof for the solution U
because the proof for the solution V follows the same strategy.

We begin with the particular case where f = 0.

In Q,iepe 287 we apply the theorem of propagation of singularities due to L.Hérmander [ T1]. The
reflection and the propagation of the H™ regularity for hyperbolic systems with the perfect conductor
boundary condition through a convex regular boundary, i-e when p € X} U Eg’_ have been done by
M.Taylor ([ T2], [ T3]).
Following the proof given by R.Melrose et J.Sjostrand in [ MS1], we obtain an analysis of the wave
front up to the boundary of each component of U at a point in the glancing region:

Locally, we are reduced to the half-space {s > 0}. Let E(s,y1,y2,t) = U (¥ (s,41,¥2),t) =
U (x1,x2,23,t), the boundary conditions U A n = 0 and divU = 0 on the boundary imply that

P(E;) = (—0?4+ R(s,y,Dyy)) (E;) =0 in {s >0} wherei={1,2,3}
E="%FE; on {s=0}
2.0E+(E3=0 on {s=0}
where / is a real-valued smooth function and R is a second order differential operator with smooth
coeflicients and its principal symbol is a real-valued function for any fixed s.
3
We begin to compute »_ fooo fR3 (QEZPEZ) dsdy where @) is a tangential pseudo-differential operator
i=1
with compact support and such that Q% = 0 on {s = 0}. We obtain then

3 o0
Zl/o /([P’QH(R*_R) Q)EiE:/(QasE'E)go—/(QE.BTE)SZO (1.14)



but,

—
)
2
&=
=
i
|

(1.15)

On another hand, by integration by parts,

J (Ine QOE B + [ QUG OE) = i J (02 (1,01 B0) TEs = [, Q) 02 ()
+ J55 [ Inay ( Ey) O2E; — 02 (Ini, Q) (% Es))?
+f(nzv (VE5) [TL“Q]B (VEB)E>5—O

(1.16)

Let R = 1 Rv and P = -2+ R then

e

s
Il
—

J (ini, @1 (9.B) TBs + [, Q) (FE2) .E)

(— (—83 + f%*) ([ni, Q) E) %E?»)

(=03 + R*) [ni, Q) (3 Bs) Es

(1ns @1 (s (5) 9 (R) + s, Q10 (2E) s (2E0) )
< S (= (1 @l + (B = R) 04, Q1) B LEs)
([B.0v.@)] + (B~ R) 0. @)) (2B)

O L (202 ) (@) (LEs) TEs

= (-02+R) Q(1Es) 1Es .

Il
M-
%
—

+
3

@
Il
—

+
e
— =

+

e

=3
\\\

=0 (1.17)

|
Mo

@
I
—

+ o+
i
b

S
8

Consequently, from (1.15), (1.16) and (1.17), the equality (1.14) becomes

é LT (P.QI+ (=R Q EE =~ [ ([Q.07] (Bs) TBs)
I ([ Q)+ (B~ R) [n.Q)) ELE)
+ IS ([P Q)] + (B = R) [0,Q1) (Bs) B
+Iy S 7[7%@] } ( - E) [n, Q] n) (E3) L1E;4

(1..18)

Remark that the principal symbols of the operators
i (R* - R) [n;,Ql, i (R* - R) [n,Ql, i (R* - R) [nj,Qn; % [R, [nj,Q]] and 1[R,[n;,Q]] are

homogeneous of order m, if ) has a homogeneous principal symbol of order m.
Following the energy method, we need to construct @ satisfying the following properties:

1([PQ+ (R —R)Q)=A"A+B

UOOOIB(E)-E’ < 00



J ([Q,&ﬂ] (LEy) %)S:O‘ < 00
I T (= (1P Qi+ (R = R) n,Q1) B3 )| < o0
LS ([Pn@l) + (B = B) [1,Q)) (2Bs) B| <

52 ([Pon Qi) + (R = R) 10, QIn) (L) 15| < oo
where A is a tangential pseudo-differential operator, elliptic at p’ and B is a pseudo-differential operator.

The assertion ||A (E)||2LQ(R+XR3) < oo will give the conclusion.

Now, we denote (z,y) = («, (y1, Y2, y3)) the variable (s, (y1,y2,t)) and let (£,7n) be the dual variable of
(z,y). Let

r(z,y,m) , the principal symbol of R, of order 2

k(x,y,m) , the principal symbol of ¢ (R* — R), homogeneous of order 1
p(z,y,&,m) =&+ |, the principal symbol of P, homogeneous of order 2
q(z,y,m) , the principal symbol of @, tangential

o ([P,Q]) =iHpq , the principal symbol of [P, Q]

—(Hpy+k)q , the principal symbol of + ([P,Q] + (R* — R) Q) .

We recall that

3
— or 0 _ Or _0 _ _
H, = Z (87/@ oy; dy; 67},-) - vnT'vy vyr'vﬂ

Let G be the glancing surface given by

G={(y,n) eR* xRN0\ 7o (y,n) =r(0,y,n) =0}

and let (yo,7m0) € G. Let Hyy = Hy (o) = Hy [2=0.-

Let T be a conical neighborhood of (yg,79). We introduce L C T" a conical hypersurface of (yo,70) and
transversal to H,,.

We introduce for small 7, > 0,

yeL,
L+(E,7'): 10 y7 GF\ ‘ y» "’7‘ y07 |770|)‘ §52a

0<t< ‘T‘

yeL,

L~ (877-) = Hro y; E F\ ‘ Y, |77| yo, \770\)‘ < g2

T <t<0

FE(e,7) = {(%y,??)\ (y?n)SExLSiE(E:T) } .

We will choose 79,69 > 0 small enough and C; > 0 large in order that

0<e<eg, 0<T <1, 1 2
< (s . .
o SIS = el (o) (1.19)

We will also need the following conical closed sets

V:t (6,7’) = {(xvya€777) \(y777) € L:t (577-) 9 |:OI‘ 252 S 82, ‘€| g Cl£"’7| :| }

10



DI

wﬁ@n»={mw@mﬁv%meLi@m>,w );

<
x

1,
2¢
<e?, [§ <2Cien| } }

x
<
Vi(e)=VT(e,70) UV (g,70)
W) =W (e,70) UW™ (g,79) -
We begin to construct ¢e (x,y,n) € C§° ([0,1[ x T'):

In the neighborhood of [0, 1[ x I', we introduce new coordinates (x,s,t) € [0, 1] x R® x R, in order
that (yo,70) = (0,0), L = {t = 0} and H,, = &. Also,

H = th()@ +0(z) &
H, =284 8m8£+H

Let x,8 € C* (R) be positive, well-chosen functions and f € C* (R), null on ] —00, % [, decreasing and
convex on |1, +oo[ ([ MS1](p.601)). We introduce

52 X
QE(%SJ):5<;2>X<;E+E4+f(€2)>

g does not depend on x for 0 < z < %52,

in order that

SUqua={(x,s,t)\—52§t, £+§+f(;%)<1}c{$<€27 |s| <e?, —e? <t <de},

g= >0, g > 0 in suppg. if 0 < e < &’ < &g, g (0,70 (yg,m0)) # 0 for 0 < ¢ < de.

It remains to compute (H, + k) g = 25— — %g—g + H,.q+ kq

— (Hp + k) g- :_B(Hp+k)X_XHp5
=0 — X 5
= 9e — X(at + 0 () %)ﬁ (1.20)
=gs—x( +0(z) 5

=
=
D
=
o
A
8
/\
N)

5€7,

=
+
=
=<

\

\

(1.21)

‘Hg"‘)—' %‘,_. SS‘Q‘)&‘QJ

I
|
Q—~—~—

(')

Il
\
—_—

s

When 3e? <z < e? and [¢| < Cie |,

—(H, + k) x :7(2§£c+gt+0()8+0(x)%+n)x
:—(§0(6)+ +0( DL+ 0(2) )+ 0y
—0d)+L£+o0m))x+01)x (1.22)
~O(H+L+0 Ux’ﬁx=ou@
:—O( )X’ if 0 < e < g, where £9,6 > 0 is small.

The functions g¢. (z,y,&,m), he (z,y,&,m) € C™ ([0, 1[ x [-1, 1]3 x Re X R3\O) defined by (1.20), sat-
isfy, from (1.21) and (1.22), the following properties:
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suppgeUsupph. Csuppge, and ge, he do not depend on & for 0 < z < %52.

By choosing x decreasing, we have : in W (¢), g > 0 and g. > 0 if ¢. # 0.

By choosing adequately 5 and x, we have : 0%g. = O (ggl\p) uniformly in W ().

An adequate choice of 8" implies that : supphe C [0,1[ x L™ (g,€?) x Re.
We keep going with the construction of ¢"* (z,y,7n) € C™ ([0, 1[ x [-1, 1]3 X R3\0) :

Let m € R, 1 < \ < oo, we generate the symbols ( homogeneous of degree m if A = 00 ) ¢™* (x,y, 1),

g (w,y,&m), KM (,y,€,m) from ge (2,9, 1), ge (2, 9,€m), he (2,y,€m) ([ MS1](p.603)). Also, the
following properties will be satisfied:

¢ is homogeneous of degree m, and ¢”* does not depend on z for 0 < x < %52.
suppg™* C FT (g,6e) UF™ (g,€2), ¢ (0,70 (yg,m0)) # 0 for 0 < t < de.

g™ >0, and ¢"* > 0 in suppg. if 0 <& <&’ < ep.

— (Hp + k) g = g+ HA 4 h A,

suppggn’AUsupphgn’A Csuppq;“’)‘, et g;”)‘, h;”)‘ do not depend on & for 0 < z < %52.
supphZ* C [0,1] x L™ (e,2?) x Re.

In W (g), g™* > 0 and g™* > 0 if . # 0.

0%gA =0 ((gg“‘) 1\p> uniformly in W () where p > 1.

Let am = /2™ lw(e) € C> (W (e)) ( because d*g™* = O ((gg’”‘) 1\p> uniformly in W (¢) where

p>1land g5* > 0). Then, a* does not depend on ¢ for 0 < z < 22, and a™ > 0 is homogeneous
of degree m.

Let o9 (z,y,&,n) € C ([0, 1 x [-1,1)% x R4\0> be a well-chosen function ([ MS1](p.604)) depending
on ¢ and let o; () € C*° (R) be equal to 1 on [O, %52], null on [%52, —|—oo[, and such that

o?4+03=1 mear V(e) C W(e) .

We introduce

al (z,y,m) = o1 (x) a (z,y,€,n) independent on ¢,

a:}é)\ (‘/anvé_?n) = 02 (xayvé-?n) a’:'sn)\ (37»2/75,77) € COO ([07 1[ X [_]-7 1]3 X R4\0)7

h (@,y,m) = 0F (v) b (z,y,€,m)  independent on &,

12



B (@, 6,m) = 03 (@9, € m) B2 (,9,€m) € © ([0,1] ¢ [~1,1)° x R1\0).

Then, we generate the pseudo-differential operators Q™*, A;"l)‘7 A;ng)‘, B" oA B 5, respectively from
the symbols ¢, ctgfi’\7 :12)‘, h?f‘, hl  in an adequate way ([ MS1](p.604)).

From the relation — (H,, + k) ¢"* = g/t 4+ A+ 1A we have that
NmHLA = % ([P, Qg”‘} +(R* — R) Q;’”‘) is a pseudo-differential operator of order (m + 1),

0% (z) N6m+1,,\ _ (Agrfﬂ)/z,,\) (A(771:,+1)/2,)\) I Bgllﬂ,,\ i ngl,,\

67

Ug (2,1, Dy, Dy) Ngn-{-l,)\ _ (A$+1)/2,,\) (A(n;+1)/2,A) n B;’f;“ 4 CZZ,,\

E)

where C’S 1 and 05,2 are pseudo-differential operators of order m.

Thus

N:"Hrl,)\ _ (]\;gnJrl,)\)l‘g(e) + (Nsmﬂ,k)|(suppq?;xue§)\v(g) n
= (01 (x) + 03 (m,y,Dw,Dy)) (N;n+ 7 )|V(€) + (Nf?l-i_ ’ )|(suppq§”A><Rs)\V(5)
= (0% (2) + 03 (2,5, Dy, D)) (NIFIA) ) + BIGH

m+1 2, m+1)/2,A 77+1)\ n,A
== 12( ! ) (Ai,j )/ )"'23 103 B + 20212 O

m—+1,\ m
where B3 (N i )\) |(suppgl* xR )\V ()
that B:f;l‘)‘ (E;) € C§° ([0, 1[ x [-1, 1}3> because WF (E;) C p~! (0) and ((suppg™* x Re) \V (¢))N

p~1(0) = () from the estimate (1.19) on 7 (z,y,7) in F* (g,7). On another hand, under the assumption

is a pseudo-differential operator of order (m + 1) such

{(z,9.6,m) e WF, (E)\0 <z <e], (y,m) €L (e1,6]) } =0 for0<e; <eo

fowam+1 A (E)
In order to bound the term ‘fo [cmA (E )Ei

we have by construction j = 1,2 and this uniformly with respect to A.

€] and the second member of the inequality (1.17), we
choose adequately the support of o9 (z,y, £, n) and we use an iterative process on the Sobolev regularity
order m ([ MS1]).

In the case with the solution B (s,y1,y2,t) =V (¥ (s,y1,¥2),t) =V (z1, x2, x3,t), we get the following
equality

:ilfg"’f([R Ql+ (R~ R)Q) BB, — éf (10: (ma +m3), Q| B.BY)_,
3 (0 lmy 4 ma) [Qund] (2B2) B),
= 3 (1@ s (my + mo) B) 1B

e ~ (1P, Q) + (B - )n,c;)BuBg)
Jrfooof P»[”,Q]}JF( ~> ) VB
+ 17 1 ([P @ln) + (B ~)M] )(; 3) 1Bs.

(1.23)
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Using the construction of the rays done by R.Melrose and J.Sjostrand ([ MS2],(p.153)), we establish
3

that WF, (U) = |J WF, (U;) C & and, if p € WF, (U), then 7 (s) € WF, (U) for all s where 7 is the
i=1

generalized bicharacteristic starting from p.

Recall that such result of propagation of singularities has been proved by K.Yamamoto [ Y] by working
with a matrix system of differential equation of first order.

Now, we deduce the propagation of the Lz regularity:

Let p € T* (09 x I)\0 such that U € Li. There exists a tangential pseudo-differential operator A ,
of degree, with support near p and microlocally equivalent to the identity in a neighborhood of p such
that AU € (L2 (Q x 1))’

Let W be a solution of
(07 —coA) (W —AU) =0 inQxI
(W—-AU)An=0 ondQdxI
div(W—AU)=0 ondQxITI

such that W € (L? (2 x I))3.
We introduce U = Uy + Uy where Uy = W — AU. Then we have U; € (L2 (2 x I))3 and U,y solves
(0} —coA) Uy =0 inQxT
UsAn=0 ondQdxI
divUs =0 on 002 x I

with p ¢ WE, (Uz). Consequently, we have p' ¢ WF, (Uz) and U € L2 at any point p' € v (I) of the
generalized bicharacteristic crossing p = 7 (sp)-

The estimate of theorem 1.1 is deduced from the two following systems

(0} —coA) U1 =0 inQxI (0} —coA) Uy =f inQxI
UiAn=0 onodQdxI and divUs =0, UyAn=0 ondQ x I
divU; =0 on 09 x [ Us (+,80) = O U2 (-, 80) =0 on Q.

This ends the proof of theorem 1.1.

Now, we know that the propagation of the L? regularity follows the generalized bicharacyeristics in
Y. We complete this result by showing that the singularities are concentrated on ¥, from a theorem
of elliptic regularity:

Theorem 1.2 Let (U, V) be a solution of

U —c,AU=f inQxI 2V —coAV =f inQx1T
UAn=0 onodQxI and Vn=0 ondQxI
divU =0 ondQ xI curlV An=0 ondQxI

where I = [s0;51] CR, f € (L2 (Q I))S. Then we have (U, V) € H; at any point p ¢ 3.

Moreover, we have the following estimates: Vpé >, Je>0

10y < e (I0lz@xr) + 1 lzqaxn) (1.24)
Vil < e (IVllzz@n + £ 2@ - (1.25)
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Proof of theorem 1.2.- The proof of theorem 1.2 follows the techniques to solve elliptic problems.
We give the proof for the solution U.

Let p € {(x,t,f,T) €T (wx I)\0; =72+ ¢, |¢]* # 0} where w is an open set strictly included in
Q. We choose ® € C§° (w x I) and © a homogeneous function of degree 0, localized in a conical
neighborhood of (&, 7). By homogeneity of the symbol p (x,t,&,7) = —7% + ¢, \§|2, we have

Op(z,t,6,7)#0 = Je,R>0 Y|, 7| >R O%|p(x,t,&,7)| > O ¢, 7] .

We conclude that dJe¢ >0

2

Jo ©? ‘@‘2 (1 n |§,T|2) dedr <c H@&?‘ 02 ‘@‘2 (1 + |§,T|2) dedr

L2 (R%) + 'flgv"-‘>R

<c (0135 +19P @)f-sxn) -

In a neighborhood of the boundary, a change of coordinates reduces to the case of the half-space. The
principal symbol of P becomes

p(s,yl,yQ,t,§,C1,C2,T) = CO§2 + Coh (57y17y25<17c2) - 7_2 .

We will take the notations given previously for the change of coordinates ¥ (1.1). Let E (s,y1,y2,t) =
U (P (s,y1,y2),t) = U (21,22, 3,t), we recall that the boundary conditions U A n = 0 and divU = 0
on the boundary imply (1.5). We write E in the form £ = n A F + Dn where F = (E An) and
D = (E.n).

Let pE {(S,y17y23t7<,<-17 <277_) €T (R+ X RS) \0 ; _T2 + Coh (O,ylayQ,Cla <2) > 0} and = be a homo-
geneous function of degree 0, localized in a conical neighborhood of ({1,(2,7) = ({’,7). We intro-
duce the pseudo-differential operators R and L with principal symbol —72 + ¢,k (0, y1, 2,1, C2) and
= ({1, Co, 7) respectively. By Garding inequality, we have that 3¢ > 0
— 2
Lo (141¢1)P) 22 (¢, 7) [8D (¢, 7)| dcdr
2
<c|Dlzz gs) + (LPR) D, LOD) 2

(1.26)
R3) -

Integrating (1.26) over the variable s, we get

|2
o ds [ (1 + |</77|2) =2 ’@D” d¢'dr + [} (—92 (L®D) ,LOD) |, s ds

2 1 2
<c HE”L2([071[;L?OC(]R3)) + Cfo (L(I) [R7 TL] E, L(I)D)L2(]R3) ds + ||f||L2(Q><I)
where L® [R, n] is a pseudo-differential operator of order 1.

By integration by parts, we have

1 1, — |2
Jy (-2 (L&D) , LOD) |, oy ds = Ghss o Jra 22 8S<I>D‘ d¢'drds
+ (0 L®Djog, LD g

)L2(]R3) :
On another hand, the trace theorem and our boundary condition imply that 3¢ >0 3Ja €]0,1]

~ (L®9,D)y—o, LPDy— ) < e|IL@D| 51 o.11xms) | Ell (]

L(R3) L2([0,1};L3,, (R3))

Finally, de >0

712
ascbD" ¢! drds

12
fol ds f]R3 (2]_ —+ |</’7'|2) E2 ‘@Dl‘ d€/d7+f01 s E2

! (1.27)
<l Bl oaprz, @) + el z2@un
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and also
Jihds [ (14 |<’,T|2) =2 ‘@/‘2d§’dr+fol o 22
< cllBlze (o2, o) + <1 L2 -
Consequently, (1.27) and (1.28) imply

12
asq>F" ¢! drds

(1.28)

12
ascpE” ¢’ drds

—|2
i ds [, g1+ ¢, 71?) 22 [OF | dcdr + ) i =2
< cllUl2axry +cllfllz2@xr) -

This concludes the proof for the solution U (z1, z2, z3,t). The proof for the solution V (x1, x2, x3,t) =
V(U (s,y1,y2),t) = B(s,y1,y2,t) follows the same strategy with the boundary condition (1.9).

From theorem 1.2 and by interpolation, we have the following result.

Theorem 1.3 Let (U, V) be a solution of

O2U — c,AU =0 in Qx I B2V — oAV =0 in Qx I
UAn=0 onodQdxI and Vn=0 onodQxI
divU =0 ondQ x I curlV An=0 ondQ xI

where I = [sp; $1] C R. Then, we have the following estimates  Vp ¢ %, Jc>0

1/2 1/2

U122 < e MU 1T e (1.29)
1/2 1/2

Ve < elVItaen IVIE o) - (1.30)

1.1 Applications : Observation for waves

Here, we establish observability from geometrical conditions.

Definition 1.1 Let w be an open set of R® and T, > 0. We say that w geometrically
controls § if there exists a compact set @ in w such that any ray meets (@ N Q) x ]0; T.[.

We need the following observability result.

Theorem 1.4 Let w be an open set of R? and T, > 0 such that w geometrically controls
Q. Let U be a solution of
02U — c,AU = f in Q x]0,T][
UAn=0 ondQx]0,T|
divU =0 on 002 x 0,7

where T > T., f € (H (2 x]0,T[))°. Then, we have ~ J¢>0 3o CCw

1U L2 2xjo,rp < € (HU||L2((amQ)x]o,T[) + ||f||H—1(Qx]o,T[)) : (1.31)

Proof of theorem 1.4.- The proof of theorem 1.4 comes from theorem 1.1 and 1.3 in the following
way.
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We write U as follows U = W + V where W and V are solutions of the hyperbolic systems

(0} —coA)W =0 in Qx]0,T][
WAn=0 ondQx]0,T] (1.32)
divW =0 on 9Q x]0,T]

(0 —coA)V =f inQx]0,T]
divV =0, VAn=0 on o2 x]0,T]
V(0=0V(0 inQ.

The solution V satisfies

>0 [WVll2exorp < clflla—1@xjorp - (1.33)

Let e = 1 (T —T.) > 0. We will show that 3c,d >0

Wl r2@xr—erp < W llrz(@nayxjorp + MW lg-1@xj0,7p - (1.34)

As Q) is a compact set, there exists a finite family {Oi}izo,.‘,m of bounded open set recovering  such

m

that | O; D 9Q and for any ¢ = 1,..,m there exists a diffeomorphism ¥; from Q = |-1, 1[3 to O;
i=1

such that

U O0;NQ) ={(s,y1,92) € Q\s >0}, ;7' (0;N Q) ={(s,y1,92) € Q\s =0} .

Let {ai}izo,..,m be a partition of unity by {OZ— N ﬁ} of Q.

1=0,..,m

a €CP(Q), o €C®(R?), supp(oy) CO;NQ.

Let x € C§° (|Te, T +¢[), x =1 in [T — ¢, T]. For all (x,t) € Q x |T — €, T[, W (x,t) can be written as
follows

W= xaoW + ) xasW = QW + > &;W .
i=1 i=1
Thus, we obtain

2 moorl
||W|§2(QX]T_EVTDSC</ 07| df’dT+Z/ ds/
R4 = Jo R3

OWow,

)
ac'dr | .

Now, we decompose T™ (2 x ]T — ¢, T[) \0 with respect to 3 as follows

2 2 2
W Ze@ur—ery <€ | Do IWIZs + D IWIZs (1.35)
=0 7 =0 "
where p; = {(z;,t,£,7) € 5, NT* (A x]T — €, T[) \0;z; € O;}
and p = {(z;,t,&,7) € (T* (Ax]T — € T[)\0) \Zy ;25 € O; }.
In a neighborhood of p (z,t,&,7) # 0, we apply the elliptic regularity theorem 1.3. In a neighborhood
of 3, we apply the theorem 1.1 of propagation of singularities with the geometric control condition.

It implies that : Jc,d >0 I (WNQ) CHCCw

Wl L2@xjr—erp < l®WlL2@xjorp + EIW -1 @550, 71 (1.36)
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where ® € C§° (@ x ]0,T[), ®=11in (@ NQ) x Je, T — €.
By conservation of the energy of W, we finally get dc¢,d > 0

Wl L2axjorp < ¢ IWlL2xjorp + MW g-1@x0,7p

By a contradiction argument, we show that  [|[W/| -1 (axj0.7rp) < Wl L2(@na)<jo.rp) -
Indeed, if there exists a sequence (W,,) such that
IWallgr-1@xjo,rp = 1 and | Hm (Wl 2 @nayxjo,rp = 0

then, by compact injection of L? (€ x]0,T[) in H~*(Q x ]0,T7), there exists W € (L? (Q x ]O,T[))3
solution of the hyperbolic system (1.32) such that

Let us introduce N the space of solutions of the hyperbolic system (1.32) such that (1.37) holds. This is
anonempty closed set of L2 (Q x ]0, T[) included in H! (€2 x ]0, T'[) because we have 10:W | 122107 <
dNOW || z7-1(@xjo,7p» @and W solves the elliptic system

AW € (H' ()’
divW =0, WAn=0 onJQ .

By compact injection from H' (Q x ]0,T[) in L? (2 x ]0,T), we deduce that N is a space of finite
dimension.

As 0, is a linear application from N to N, there exist A and W € A such that ;W = AW. We

conclude that W solves
AW —c,AW =0 inQ
W=0 in (@nNQ) .

Consequently, W = 0, which contradicts ||[W]| = 1.

Conclusion

Je>0 W L2axjo,rp < €IPWl L2 (@na)xjo,7p (1.38)

This ends the proof of theorem 1.4.

The study of the boundary observability is done with the following definitions.

Definition 1.2 We say that a point p € T* (9Q x R)\0 is non-diffractive if p € H or,
if p € Gandif p € C is the unique point such that p = p (in the change of coordinates), the
bicharacteristic associated to H), such that v (0) = p satisfies for all € > 0 there is —e < s < € such

7 (s) ¢ (T (R)\O) g

Definition 1.3 Let I' be an open subset of 92 and T. > 0. We say that I' geometrically
controls € if there exists a compact set I' in I" such that any ray meets I' x |0; 7. in a non-diffractive
point.
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We need the following observability result.

Theorem 1.5 Let I' be an open subset of 92 and T, > 0 such that I' geometrically controls
Q. Let T > T, and V be a solution of

02V — c,AV =0 in Qx]0,T]
Vin=0, curlV An=0 on (0Q\I') x]0,T7 ,

such that Vipo € (L? (I x ]O,T[))3 and 9,V € (H™* (' x ]O,T[))S. Then we have de >0

IVlla@ozy < € 102Vl ooz + 1Vl sy (1.39)

Proof of theorem 1.5.- The proof of theorem 1.5 comes from a lifting lemma [ BLR] which is
recall here.

Lemma 1.1 Let U be an extendible distribution in Q x R solution of P (U) = 0 and
p € T* (992 x R)\0 is a non-diffractive point. If Ujpoxr € L3 and 0,Ujpaxr € H, ', then U € L2.

Using same strategy than in the proof of theorem 1.4, the geometric condition of theorem 1.5 implies
that dec,d >0

V2 @xjo.rpy < €V Lz + VI -1 @xjo.rp

where p € T* (" x |e, T — €[) \0 is a non-diffractive point. From Lemma 1.1, we deduce that
Je,d >0

Voo < € (10 ooy + IV Izangoiry ) + 2NVl @goy -

By a contradiction argument, we show that
IVIlg-1@xjorp < € (HanVHH*l(I‘x}O,T[) + ”V”L?(Fx]o,T[))' Indeed, if there exists a sequence
(V) such that

”VnHHfl(Qx]O,T[) =1and nﬂr}rloo ||VnHL2(Fx]0,T[) = ngljfrloo HaﬂVnHH*l(Fx]O,T[) =0

then, by compact injection of L? (2 x]0,T[) in H~' (2 x ]0,T7), there exists V € (L*(Q x ]O,T[))3
solution of the hyperbolic system (87 — c,A)V =0 in Q x]0,T[ such that

VIlg-1@xjory =1and V=9,V =0 onI' x]0,T7] .
From Holmgren theorem, we conclude that V' = 0. This contradicts the fact that |V = 1.

Conclusion
>0 Vlsaxorp <€ (102V im0y + 1VIaomn)

This ends the proof of theorem 1.5.
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2 Functional framework for the Maxwell equations

In this section, we define the functional spaces naturally used for electromagnetism ([ Ba], [ C], [ DL]).
We will make the following geometrical assumptions ([ DL](5, p.252)).

- Let Tg,..,I';, be the connected components of 9f2.
- Let ¥1,..,X x5 be the cuttings of Q so that the domain Q\UX; is simply connected.
We begin to recall the cohomology spaces Hj (2) and Hy ().

H, (Q) = {g € (L2 (Q))3 \ divg =0, g.njpq =0, curlg = O}

Hs (2) if € (L? (Q))3 \ divf =0, curlf =0, fAnpo = 0}

f=Ve\ o€ H (Q), Ap=0, ¢, =constant for i =0tom} .

Thus, we get the following particular cases.

If Q is simply connected, then H; (Q) = {0}.
If 092 has only one connected component, then Hy () = {0}.

Let us introduce Mg ( resp. My ) the orthogonal space to Hy (€2) ( resp. Hj (Q2) ) for the (L? (Q))3
norm. Moreover, we set Sgp = Mg x (L? (Q))3 and Sy = (L? (Q))3 x Mz . Then, we have S =

Sy = (L2 (Q))6 , if the hypothesis of the Poincaré lemma hold ( i-e £ is simply connected and 92 has
only one connected component, ).

2.1 Existence and uniqueness

We recall the main well-posedness result.

Let A, be an unbounded operator on the Hilbert space H, = (L? (Q))6 with domain D (A,), defined
as follows.
1,930, = & 1720 + N9l 720
A — 0 —e Leurl
° 7\ pleurl 0
D (Ay) ={(f,9) € Ho \ (curlf,curlg) € Ho, f Anjga =0} .

We recall that —A, is the infinitesimal generator of an unitary group in H, of class C° ([ DL](8, p.519)
or [ C](p.255)). By application of Hille-Yosida theorem, we have the following well-posedness result.

V(Eo H,) € D(A,) 3 (E,H)eC°(R,D(A,))NC!(R,D(H,)) solution of the system
e E —curlH =0, poyH + curlE =0 in Q xR

EAn=0 onoQ xR
E(,0)=FE, H(,00=H, in{.

On another hand, let
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V= {f e (L2()°\ divf = 0} x {g € (£2(Q)*\ divg =0, g.njpg = o}
w={(f.9) € (L2 ()" x (L2 ()" \ curif € (L2 (@)", fAn =0, divf =0,
divg =0, g.njgq =0, curlg € (L? (Q))3} )
Noticing that the space V is stable by the semi-group, we get the following well-posedness result.
V(E, H,) €W 3(E,H)eC’(R,W)NC*(R,V) solution of the system
€O E —curlH =0, poH + curlE =0 in Q xR
div(eE) =0, div(uH)=0 in QxR

EAn=0, Hn=0 ondQ xR
E(,00=FE,, H(-,0)=H, in{.

(2.1)

Moreover, posing & (t) = 3 [, (5 |E> + 1 \H|2) the energy of the system (2.1), we have

d
V(E,, H,) €W @E(t)zo.
This last equality imply that the energy is a constant function of time, € (t) = £ (0) V¢ € R.
We remark that the spaces Sg and Sy are stable for the system (2.1). Indeed, it is enough to multiply
the equation e, E — curlH = 0 ( resp. u0H + curlE =0) by he € Ha () ( resp. hy € H; () ) and
then to integrate by parts over €2 to check it. Consequently, we obtain the following well-posedness
results.

V(E,, H,) e WNSEg 3 (E,H)eC’R,WNSE)NC (R,YVNSg) solution of the system (2.1).

V(E, H,) e WNSy 3 (E,H) e C’R,WNSy)NC (R,YNSy) solution of the system (2.1).

2.2 Orthogonal decompositions

In the framework of electromagnetic problems, it is natural to work with the scalar potential and the
vector potential associated to the electromagnetic field.
We need the following decomposition results for the electromagnetic field.

Lemma 2.1 5
V(Ey, Hy) e WNSs 3 (hi, A) € CL (R, H, () x C? (R, (H' () ) such that

(E, H) solution of the system (2.1)
el = curlA

H=0A+Mh
divA =0, Anjgg =0, fEi Andll =0 fori=0to N .

Moreover, we have the following relations

2 2 2
[ H 720 = 10:Al 12 (q) + 1Ml (2.2)
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2 2
Je>0 [All72(0) < clleurlAllf2q,) - (2.3)

Lemma 2.2 5
V(Ey H,) eWNSy 3! (ha, A) € CF (R, Hy (Q)) x O (R, (H () ) such that

(E, H) solution of the system (2.1)
E - —atA + hg
uwH = curlA
divA =0, AAnjpg =0, fF,‘ Andl' =0 fori=0tom .

Moreover, we have the following relations

1B = 19:AI22 gy + IRl (2.4)
Fe>0 Al < cllewrtAlfaq, - (25)
Proof of lemma 2.1.- The electric field E € (L2 (Q))d can be written in an unique way as follows

eE = Vp+ hy + curlA, where p € Hy (Q), ho € Hy (Q), A€ (H1 (Q))d
such that divA =0, Anjgg =0, [y Andl'=0 i=0to N ([ C|(p.55)).

But divE = 0, and consequently Ap = 0, which implies that p = 0. Moreover, E € Mg , and thus
ho = 0.

Going back to the system (2.1), we get
curl (0:A—H) =0
dw(atA—H) =0
(8,514 - H) .’n‘aQ =0.

This implies the desired decomposition for the electromagnetic field, with h; = ;A — H . Moreover,
A is orthogonal to hy ([ DL]](5,p.256)) and we get the relation (2.2).

The inequality (2.3) can be proved by a contradiction argument. Indeed, if it is false, then there exists
a sequence (A,,) of bounded function in (H* (Q))3 such that

[ Anll z2(@xj0,rp = 1 and nli)rj_loo [curlAp || r2(q) = 0, divA, =0, Aynjpa =0.

By compact injection of H' () in L? (), there is A € Hy () such that [[A]|;2q) = 1 and [, Ahs =
0 Vhy € H; (R2), which is impossible.

This completes the proof of lemma 2.1.

Proof of lemma 2.2.- The magnetic field H € (L2 (Q))3 can be written in an unique way as
follows s
pH = Vq+ hy + curlA, where g € H* (), hy € H; (), A€ (H1 (Q))

such that divA =0, AAnjgg =0, [ Andl'=0 i=0tom ([ DL|(5 p.261)).

But divH = 0 and H.njgg = 0, and consequently Aq = 0 and J,,¢ = 0, which implies that ¢ is a
constant function. Moreover, H € My , and thus h; = 0.
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Going back to system (2.1), we have

curl (0;A+E) =0
(8tA + E) Anjgq = 0.

This implies the desired decomposition result for the electromagnetic field, with ho = 9;A+ E . By the
second definition of Hy (), A is orthogonal to h, [, Ahy = [, AVe = — [, edivA+ [, oAn =0,

and it implies the relations (2.4) and (2.5).

This completes the proof of lemma 2.1.

3 Boundary and internal controllability for the Maxwell equa-
tions

In this section, we complete the boundary controllability results of J.Lagnese | La] and of V.Komornik
[ K]. Also, we recall that the work of C.Bardos, J.Rauch and G.Lebeau for the observability and
controllability of the scalar wave equation [ BLR] has been extended to the Maxwell equations by
O.Nalin [ N].

3.1 Presentation of the boundary controllability problem

Let © be a bounded open connected region in R?, with a smooth boundary 99 ( C* having no
contacts of infinite order with its tangents ). The domain €2 is occupied by an electromagnetic medium
of constant electric permittivity € and constant magnetic permeability p. Let E and H denote the
electric field and the magnetic field respectively. The Maxwell equations are described by

e E — curlH =0, poH + curlE =0 in Q x [0,400[
div(eE) =0, div(pH) =0 in Q x [0, +o0]
E(,0)=E,, H(,0)=H, inQ.

It is assumed that the electromagnetic field is driven by an externally applied density of current J
flowing tangentially in a part I" of 92. We get the following boundary condition
HAn=Jlp ondQx]0,+o0]
where n denotes the outward normal vector to 92. Also, let
L2 (99) = {X € (L2 (09)*\ Xnjpq = o}
ve={re (L2(@)"\ divf =0, frjpn =0} x {ge (L2 (02)"\ divg =0} .

Our goal is to find the control function J in order that at time 7" > 0, the electromagnetic field returns
to the equilibrium state i-e E (-,T) = H (-,7) = 0 in Q. Such control will be constructed by the HUM
method of J.L.Lions [ Li], which need an observability estimate | La].
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3.2 Statement of the results

We show the following control results.

Theorem 3.1 Suppose that I" geometrically controls Q. Then for any initial data (E,, H,) €
VN ((L2 (Q))‘3 X ME), there exists a control J € L? (0,T; L2 (0€2)), such that the solution of the

system
eE —curlH =0, poH + curlE =0 1in Q x [0,T]
divE =0, divH =0 in Q x [0,T]
E(,0)=E,, H(-0)=H, inQ
HAn=Jlp ondQx]0,T[

satisfies (F,H) (-,t) =0 for¢t>T.

The proof of theorem 2.1 comes from the HUM method of J.L.Lions and an observability estimate
given below.

Theorem 3.2 Suppose that I' geometrically controls 2. Then there exists ¢ > 0 such that
for any initial data (E,, H,) € VN Sg of the system

e FE — curlH =0, po:H + curlE =0 in Q x]0,T]
divE =0, divH =0 in Q x]0,T|
E(,0)=F,, H(-,00=H, inQ
EAn=0, Hn=0 on 9Q x]0,T]

we have the observability estimate

T T
/ / |(E,H)|2dxdt§c/ /|H|2dcrdt. (3.1)
0 Q 0 r

Proof .- The proof of theorem 3.2 comes from theorem 1.5. We divide the proof into two steps.
Step 1 :
We link E and H, by integration by parts and using the decomposition of the electromagnetic field done
in lemma 2.1 (e E, pH) = (curl A, pd; A + h1) where the potential vector A is orthogonal to h; € Hj (Q)
and satisfies the inequalities (2.5) and

2 2 2
[LH || 7200) = 8O Al 2(0) + [l 72(q) -
Let ® € C§° (]0,T[), we have from the Green formula, the following relations

fOT [yel®E]? =1 fOT f52 2 Acurleurl A + fOT Joa @ (EAn)A
=—cp f, [o®*AOH
= (T [ cp200,0AH + [T [, en®20,AH .
0 Jo 0 Jo

By Cauchy-Schwarz inequality, we conclude that

/OT/QI<I>EI2+/OT/Q|<1>HQ<c/0T/Q|H|2 . (3.2)

Choosing ® such that ® =1 in [T'/3,27/3], we get from the conservation of the energy,
T T T
T 2T
5/ /|E|2+u/ /|H|2:3(5(>)§c/ /|H|2 . (3.3)
o Ja o Ja 3 3 o Ja
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Conclusion.- We see that it is sufficient to study the observability problem only for the magnetic
field.

Step 2 :
We go back to the wave equation
epd?H —AH =0 inQx]0,T]
Hn=0, curlHAn=0 ond2x]0,T].

From (1.39), we have Jec>0

11|z @xjoiry < € (10nH - ongoiry + 1l aqexgoury) (3.4)

The boundary conditions divH = 0 and curlH An = 0 on 9Q x |0,T] allow to get the system (1.11)
i-e O, H + LH = 0 where £ is a matrix differential operator of order 1.

This completes the proof of theorem 3.2.

Theorem 3.2 gives an uniqueness result. The result of propagation of the L? regularity of theorem
1.5 (which says that the propagation of singularities for the magnetic field is similar that the one for
a scalar wave equation) and the condition (1.11) show that if H = 0 on a part of the boundary then
H =0, with more precisely the estimate [ N]

15 12 xj0,7p) < N 2200,

under the geometric control condition of the work of C.Bardos, G.Lebeau and J.Rauch [ BLR]. It
remains to prove that if H = 0, then E = 0. To this ends, it is useful to restrict to the initial electric
fields E, which are orthogonal to Hs (2).

In the particular case when 92 has only one connected component and under the geometric con-
trol condition, then for any (E,, Ho) € V, [[H||p2(ryjo,rp = 0 implies that (Eo, H,) = 0 with the
observability estimate (3.1). Such result was obtained by O.Nalin [ N] in the H! functional space
framework: if 0 has only one connected component and under the geometric control condition, then
for any (Eo, Ho) € W, ||0:H||p2(pyjo,rp = 0 implies that (E,, H,) = 0 with the corresponding H!
observability estimate.

3.3 Presentation of the internal controllability problem

Let w C Q where Q is a bounded open connected region in R3, with a smooth boundary 9Q ( C*
having no contacts of infinite order with its tangents ). The domain €2 is occupied by an electromagnetic
medium of constant electric permittivity € and constant magnetic permeability u. Let E and H denote
the electric field and the magnetic field respectively. The Maxwell equations are described by

e — curlH = J1 0,11, pOH + curlE =0 in Q x [0, +o0]
div(pH) =0 in Q x [0,400[
EAn=0, Hn=0 on 09 x [0,+o0]
E(0)=E, H(,0)=H, inQ.

(3.5)

Such system (3.5) is well-posed. Also, let
130 () = {X € (12 (00)° \ divX =0} .

Our goal is to find the control function J in order that at time 7" > 0, the electromagnetic field returns
to the equilibrium state i-e E (-,T) = H (-,7) = 0 in Q. Such control will be constructed by the HUM
method of J.L.Lions [ Li], which need an observability estimate.
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3.4 Statement of the results

We show the following control results.

Theorem 3.3 Let @ be an open set of R? such that & geometrically controls Q. Sup-
pose that w = (WNQ). Then, for any initial data (E,, H,) € V N Sg, there exists a control
J € L*(0,T; L3, (€)), such that the solution of the system (3.5) satisfies (E, H) (-,t) =0 for ¢t >T.

The proof of theorem 3.3 comes from the HUM method of J.L.Lions and an observability estimate
given below.

Theorem 3.4 Let @ be an open set of R3 such that @ geometrically controls 2. Suppose
that w = (WN Q). Then there exists ¢ > 0 such that for any initial data (E,, H,) € VN Sy of the
system

eE —curlH =0, po:H + curlE =0 in Q x [0,T]
divE =0, divH =0 in Q x [0,T]
EAnn=0, Hn=0 on 90Q x]0,T]|
E(,0)=FE,, H(,0)=H, inQ,

we have the observability estimate

T T
/ /|(E,H)\2da:dt§c/ /|E|2dxdt. (3.6)
0 Q 0 w

Proof .- The proof of theorem 3.4 comes from theorem 1.4. We divide the proof into two steps.
Step 1 :
We link F and H, by integration by parts and using the decomposition of the electromagnetic field
done in lemma 2.2. (eE,puH) = (e0tA + ha,curlA) where the potential vector A is orthogonal to
he € Hs () and satisfies the inequalities (2.3) and

2 2 2
leH 720y = [1€0eAll T2y + [[h2llT2q) -
Let ® € C§° (]0,T|), we have from the Green formula, the following relations

fOT [oul@H? = %foT Jo @2 Acurlcurl A
=eu fT Jo ®2AOE
= 209, 0AE — [T [, ep®20, AE .
0 Jo 0 Jo

From Cauchy-Schwarz inequality, we conclude that

/OT/Q|<1>E|2+/OT/Qq>H|2§c/OT/Q|E|2 . (3.7)

Choosing ® such that ® =1 in [T'/3,2T/3], we get by conservation of the energy,

5/0T/Q|E|2+;L/OT/Q|H|2:3<§8<2§1)><c/OT/Q|E|2. (3.9)

Conclusion.- We see that it is sufficient to study the observability problem only for the electric
field.

Step 2 :
We go back to the wave equation

epd?E —AE =0 inQx]0,T]
EAn=0, divE=0 ondQx]0,T[.
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From (1.31), we have the following observability estimate Je>0

1Bl L2 xj0,rp < NN L2 @wxjo,rp -

This completes the proof of theorem 3.4.

4 Boundary stabilization for the Maxwell equations

In this section, we complete the study of the asymptotic behaviour in time of the electromagnetic field
with an absorbing boundary condition done by H.Barucq et B.Hanouzet ([ Ba], [ BH] ). The problem
of stabilization for the Maxwell equation with the Silver-Miiller’s absorbing boundary condition has
also been studied by V.Komornik [ K] in the framework of particular geometry using the multipliers
method.

4.1 Presentation of the boundary stabilization problem

Let Q be a bounded open connected region in R3, with a smooth boundary 99 ( C* having no
contacts of infinite order with its tangents ). The domain {2 is occupied by an electromagnetic medium
of constant electric permittivity € and constant magnetic permeability p. We consider that Q2 = I',UT’
and T,NT = (). Let z = \/g . Let F and H denote the electric field and the magnetic field respectively.
The Maxwell equations are described by

e E — curlH =0, po:H + curlE =0 in  x [0,400]
div(eE) =0, div(pH) =0 in Q x [0, +00[
E(,0)=E, H(,0)=H, inQ (4.1)
EAnn=0, Hn=0 onT, x [0,400]
(EAn)An+z(HAn)=0 onT x[0,+o0] .
We recall the main results of H.Barucq and B.Hanouzet ([ Ba], [ BH] ).

The system (4.1) is well-posed. Let

V= {fe (L2 (Q))S\ divsz} X {ge (L2 (Q))B\ divg =0, g.nr, 20}
W= {(f,g) € (H? (Q))G\ divf =0, fAnp, =0, divg=0, gnr, =0,
S(fAn)An+z(gAn) :0}

V(E, H,) €W 3(E,H) e C°(]0,+oc[,W)NC(]0,+oc[,V) solution of the system (4.1).

Such result is obtained by Hille-Yosida theorem applied to the unbounded operator 4 on the Hilbert

space V,
0 —e Leurl
A= ( " teurl 0 ) '
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It follows that W coincides with D (A) the domain of A and

D (A%) = {(f,g) € (H? (Q))G\ divf = divg =0, f Anp, =gnpp, =0,
,(f/\n)/\n—i—z(g/\n)‘rzo} ,

Moreover, posing & (t) = 3 [, (5 |E|> + \H|2) the energy of the system (4.1), we have

d 1
V(E,, H)eW  ——E(t)= f/ |E An|? :z/ |H Anl? .
dt Z Jr T
This last relation implies that the energy is a decreasing function of time.

On another hand, we know that VYV (E,, H,) € WN Mr tli:_n (E,H)=(0,0) in V, where Mr is
—+o00

the orthogonal space to the steady states for the (L2 (Q))6 norm. We recall that WWN Mr is stable for
the system (4.1) ([ Ba], [ BH] ).

Posing &’ the decreasing functional £’ (t) = 3 [, (5 0. E” + |8tH|2>, we have

Y (E,, H,) € D (A?) 7%5' (t):z/|8tH/\n|2 .
T

Remark that the Silver-Miiller’s boundary condition (EAn) An + z(H An) = 0 can be written
(EAn)—+4z(HAn)An =0 and we obtain (curlH An)+ z(0;H An) An = 0.

4.2 Dissipation under the geometric control condition

We show the following control results.

Theorem 4.1 Suppose that I' geometrically controls 2. Then there exist ¢ > 0 and 8 > 0
such that

Y (Eo, H,) € VN Mr initial data for the system (4.1) VE>0 E(t) <ce Pt E(0).
The proof of theorem 4.1 comes from theorem 4.2 below. Remark that the geometric control condition
of theorem 4.1 is almost a necessary condition by constructing solutions with localized energy ([ BLR],

[ Phl], [R]).

Theorem 4.2 Suppose that I geometrically controls 2. Then there exist ¢ > 0 and § > 0
such that

Y (Eo, H,) € WN Mp initial data for system (4.1) VE>0 (E+E) (1) <ce Pt (E+E)(0).

Proof of theorem 4.2.- The proof of theorem 4.2 comes from the following lemma.
Lemma 4.1 Under the assumptions of theorem 4.2, if (F, H) is a solution of the system
(4.1) with initial data in W N Mrp , then we have
T T
3¢ >0 / / <|(E,H)|2 +1(8E, 8tH)|2> < c/ / 0.H Al . (4.2)
0o Ja o Jr
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Proof of lemma 4.1.- We divide the proof into five steps.
Step 1 :
We link 0, F and 0;H, by integration by parts.
Let ® € C§° (]0,T[), we get using the Green formula, the following relations

foT Joc |90, E|* = %fOTJQ <I>2chrlcurlH; éfOT [ ®*(rotH An) H
= _Nfo fQ @2H8t2H + fO fl—‘ @2 (815E/\’I’L)H
= [ [ ud (P2H) O,H + = [ [ ® (nAH) (9.H An) .

We claim that

(B, H)|l 120 < cll(curlE, curl H)| 2y -

Indeed, by a contradiction argument, if it is false then there exists a sequence (E,, H,) bounded in
(H! (Q))6 such that

[(En, Hy)ll2(q) = 1 and nErJrrloo [(curlEn, curlHy)|| 12¢q) = 0, ngrfoo 1En Anll 2@y =0

divE, = divH, =0, E, Anjp, = Hynr, =0,(E, An) An+z(Hy, A n)‘F =0

then, by compact injection there exists (£, H) € NUN*  where N+ = Mr such that ||(E, H) Ir2(q) =
1, which is impossible.

By Cauchy-Schwarz inequality, we conclude that

T T T T
/ /|<I>8tE|2—|—/ /|<I>8tH2§c</ /|8tH|2—|—/ /|8tH/\n|2> .
0 Q 0 Q 0 Q 0 T

Choosing ® € C§° (]0,T) such that ® = 1 in [T/3,27T/3], we have using the decreasing property of
the energy,

(0) =TE (T) + Tz [ [ |0.H Al

<T€
<3(Z¢g ( T)) + Tz fOT [ |8:H An|? (4.3)
§c<f SloH? + [ fF|8tH/\n|)

efy S OB+ f) fol0uH|

Conclusion.- We see that it is sufficient to study the observability problem only for the magnetic
field.

Step 2 :
We begin to establish preliminary estimates on the boundary I'.
First, we have H =nA (H An)+ (Hn)n and |H| < ¢(|JH An|+ |H.n|). Supposing the domain
in the form Q = {(z1,z2,23) \ 23 — g (x1,22) > 0}, we recall that the outward normal vector at the
boundary 9Q is defined by n = (vm1,vma, v)" where v? (1 +m? +m3) = 1.

Consequently, H can be written H = (my,ms,1)" Hs + F where |F| < 1|H An|. We deduce that

Jec>0
[(HAn)An| <c|HAn| et |Hn| <c(|Hs|+|H An|) . (4.4)

In particular, the Silver-Miiller’s boundary condition implies that |E' A n| < c¢|H An|.
Now we study ;H.n : pdsH.n = —rotE.n = —divr (£ An), where divjp is a tangential differential

operator of order 1, thus
[0:H.n|| -1 py S clE AR 2y -
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Consequently,
Je>0 10:H | g1 rsjo.rp < € Anllpzrsgory - (4.5)

Concerning the normal derivative of each component of H, we introduce, using the change of coordi-
nates (1.1)

H(87y17y27t) = H(\II (373/1,:1/2) 7t) = H($17x27x37t)

in order that

- the divergence becomes

mq _ 1+ m% _ —mims _
my | O H+v | —mimo |0y H+v 1+m3? Oy, H=0
1 —m1 —1Ma

- the Silver-Miiller’s boundary condition becomes
1 0 —m i 7\ my Mo 1 nd 0 0 0 i
(0 . mz)(asH—f—ezE)tH)—V( S 0>8y1H+v<ml o 1>8y2H.

Finally, the boundary condition becomes

1 0 —ma _ 1 0 —ma _
0 1 —mo | OsH +ez 0 1 —mo | OH + ...
mi; Mmoo 1 mp Mo 1
miq mo 1 _ 0 0 0 _
L=V 0 0 0 Oy, H —v mq mo 1 Oy, H=0.
-1 - m% mims My mimy —1— m% mo

Remark that the matrix in front of 9, H = 9, H is invertible. Consequently,

N L—vm? —vmyms my (—1+vmi+vm3 N
OsH + ez | —vmimy 1—vm3 my (—1 +vm? + vm3 O H + ...
—vmg —UMy v (m% + m%)
0 mao 1 " 0 —ma 0 _
w—v| —ma2 0 0 |0y,H—-v| m 0 1 190,H=0.
-1 0 O 0 -1 0

It follows the following estimates

Je>0 10nH || -1 (rxjo,rp < ¢ IH L2 xj0,1p)

(4.6)
<c (HH?)HL?(FX]O,T[) +H A n||L2(rx]o,T[)) .

Step 3 :
We estimate H3 on the boundary I' .

Recall that Hj (s,91,y2,t) solves

P(ﬁg):( 82 + R (s,y, yt))(~):o in {s> 0}
8H3+V81,1H3+u8y2H3+5z8t =0 on {s=0}
F—m1<H/\n)2—m2(H/\n>1 on {s=0}
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and the boundary conditions can be replaced by

B (yla Y2, ta Dy,t) (ﬁfi) = 85ﬁ3 + leayl g?, + VmQaygﬁg +v (ﬁylml + 8y2m2) ﬁg
= v (0y, — m10;) (H A n)2 — v (0y, — m20;) Mo (H A n)1

Microlocally, in a neighborhood of the directions where the operator 0, is not characteristic, (fl 3) ‘ €
s=0

Li as soon as (atflg)‘ € Hp_l. But such neighborhood is the elliptic region for the hyperbolic
s=0

operator. We conclude by a standard microlocal way that there exists, in the elliptic region, a tangential
pseudo-differential operator of order 1, A;, elliptic, such that 9; Hs = A (H3> on s = 0. Thus, in the

elliptic region, the operator B becomes elliptic of order 1 and its principal symbol is

0 (B) =Ay1,y2,t,C1,C, 7) +iv (Y1, y2) [ma (Y1, y2) G +ma (Y1, 92) G2 -

Going back to the solution Hs, we have ([ BHLRZ], [ BLR] ) de,d >0

1 H3]l 2 (rxjo,rp < € (||H A 2o, rp + ||8tH3||H—1(rx]o,T[)) + d|Hsl -1 (rxjo,7p -

Conclusion, from (4.5), de,d >0

1531 20 xjo,rp < S H Al 2o rp + 4 I Hsl -1 oxjo.rp - (4.7)

Step 4 :
We go back to the wave equation.
epd?H — AH =0 inQx]0,T|
Hn=0, curlHAn=0 onT,x]0,T]
(O:HAn)An — L (curlH An)=0 onT x]0,T7 .

EZ

From (1.39), we have the following estimate de>0
11|z @xjoiry < € (100H - ooz + 1 aqesgory) (48)
The inequalities (4.4), (4.6),(4.7) allow to get de,d >0

10nH | -1 rxjo,rp T 1H I L2oxgo,rp < €l Anll ey + ANE Bl -1 rxjo ) -

Such result is still true if we replace (E, H) by (0;F,0:H). By the trace theorem, (4.3) and (4.8), we
deduce the following estimate Je,d >0

1B, 0 H) || 12 (xjo,rpy < clOH Al Lo pygo.rp + NE H) gar2ve@xjory -

The regularity results in ([ Ba](p.76)) allow to conclude that de,d >0

I, )|l g1 axqo,rp < NOH Anll oo,y + AIE H) L2 xj0,1)) (4.9)

Step 5 :
It remains to prove that [[(E, H)| 12qxjo,rp < ¢0H Anll 2oy We use a contradiction argu-
ment.
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Indeed, suppose that there exists a sequence (E,,, H,) solution of system (4.1) such that
(B, o)l 2 @xj0,rpy = T and | Tim [0 H A 2oy = 0

then, (F,, H,) satisfies (4.9) : ”(En’H”)”Hl(Qx]O,T[) < c||0eHp A n||L2(FX]07TD +d. Then (E,, H,) is
bounded in H* (Q x ]0,T[). By compact injection of H* (Q x ]0,T[) in L? (2 x ]0,T[), we can extract
a convergent subsequence. And there exists (E, H) = liIJIrl (En, Hy,) in L? (Q x ]0,T) such that

eE —curlH =0, poH + curlE =0 1in Q x 0,7
div(eE) =0, div(pH) =0 in Qx]0,T
EAn=0, Hn=0 onT, x]0,T]|
EAn=0, HAn=0 onT x]0,T[

I(E, H) 2 @xjo,rp =1 -

We introduce AV the space of such solutions which is a nonempty closed subspace in H* (2 x ]0, T'[) and
such that [|(E, H)|| g2xj0.7) < I (ES H)| g1 0x0,7p- Thus, by compact injection of H? (2 x]0,7T])
in H! (Q x]0,T[), we deduce that A is a space of finite dimension.

As 9y is a linear application from A to N, there exist A and (E, H) € N such that 9, (E,H) = A (E, H).
We conclude that (E, H) = (0,0), because (E (-,0), H (-,0)) € WNMr , where Mp is the orthogonal
space of steady states for the norm V, which contradicts the fact that ||(E, H)|| = 1.

This completes the proof of theorem 4.2.

5 Internal stabilization of the Maxwell equations

We study the asymptotic behaviour in time of the electromagnetic field of the Maxwell equations with
Ohm’s law. This work completes some previous results on the internal dissipation for the Maxwell
equations [ Ph2]. We also recall that a low frequency study of the dissipative Maxwell equations was
done by N.Weck and K.Witsch [ WW].

Here, we will easily see that when the dissipation acts on the electric field with a positive conductivity
then the energy decays exponentially and uniformly. More interesting is the case when we choose
the conductivity o > 0. Let w_ = Q\(suppo N ) and w; be two open connected sets such that
w_ = Q\(suppec NN) and Q@ = wy UT Uw_ where I' denotes the interface surface between wy and
w_. Under the geometric control condition, we show that the decay rate of the energy (exponential or
polynomial) depends on the way o grows at the interface I'. More precisely, we investigate two cases.
First we consider o € L™ (Q2) such that ¢ is bounded by two positive constants in wy, and prove the
uniform and exponential decay. Second, we consider o € C (), vanishing on I'" with the same order
than dist (z,T), and prove the polynomial decay of the energy.
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5.1 Presentation of the Maxwell equations with Ohm’s law

Let € be a bounded open connected region in R?, with a smooth boundary 99 ( C* having no
contacts of infinite order with its tangents ). The domain €2 is occupied by an electromagnetic medium
of constant electric permittivity € and constant magnetic permeability p. Let E and H denote the
electric field and the magnetic field respectively. The Maxwell equations with Ohm’s law are described
by

eE — curlH + oFE =0, posH + curlE =0 in Q X [0, +00]

E(-,00=E,, H(-,00=H, in{
div(pH) =0 in Q X [0, +00]
EAn=0, Hn=0 on 9Q x [0,+o0] .

(5.1)

The conductivity is such that o € L () and o > 0 . We begin to establish the main well-posedness
results. The asymptotic behaviour in time of the energy of the electromagnetic field is then studied.

5.1.1 Existence and uniqueness

Let A, be an unbounded operator on the Hilbert space H, = (L? (Q))6 with domain D (A,), defined
as follows.
17930, = 212y + 1119020y
A = 0 —e Leurl
° =\ pteurl 0
D (Ay) ={(f.9) € Ho \ (curlf,curlg) € Ho, f Anjgo =0} .

We recall that —A, is the infinitesimal generator of an unitary group in H, of class C° ([ DL](8, p.519)
or [ C](p.255)).

Let A be an unbounded operator on the Hilbert space H, defined as follows.

. e lo 0
A=A, + B ,WlthB—< 0 0).

We have
D (A, + B) is dense in ‘H,, ( because D (A, + B) = D (A,) is dense in H,, ).

(A, + B) is closed ( because B is a bounded operator ).
We check that — (A, + B) and — (A, +B)* = (A, — B) are dissipatives and that for all A\ > 0,
(Id+ X (A, + B)) is a bijection from D (A,) to H,. Consequently, —A is the generator of an infinites-

imal semi-group of class C°.

On another hand, let

v={re2@)"} x{ge (£2(@)"\ divg =0, gnjo0 =0}
W = {(ﬁg) e (L2()” x (L2 (2)° \ curlf € (L2(Q)*, fAn=0,
divg =0, g.njgq =0, curlg € (L? (Q))3} .

Remark that the space V is stable for the semi-group and we get the following well-posedness result.
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V(E,, H,) €W 3(E,H) e C°(]0,+oc[,W)NC*(]0,+c[,V) solution of system (5.1) .

Moreover, posing € (t) = 3 [, (5 |E” + p \H|2) the energy of the system (5.1), we have

V(E,, H,) € W is(t)+/a|E\2=o.
dt 0

This last relation implies that the energy is a decreasing function of time.

On another hand, posing &' (t) a functional defined by &' (t) = 3 [, (5 0:E” + |8tH|2), we have
L& )+ [odEl = 0.

5.1.2 Stable sub-spaces

We will make the following geometrical assumptions ([ DL](5,p.252)):
- Let T'g,..,I';;, be the connected components of 9f2.

- Let ¥4,..,Xn be the cuttings of 2 so that the domain Q\UX; is simply connected.

Let us introduce My the orthogonal space to Hy (Q2) for the (L? (Q))3 norm. Thus, My = (L? (Q))S,
3

if the assumptions of the Poincaré lemma hold. Let Sy = (L? (Q))” x My .
The space W N Sy is stable for the system (5.1). Indeed, it is enough to multiply the equation

wO H + curl E = 0 by hy € H; (2) and to integrate by parts over € in order to check it. Consequently,
we obtain the following well-posedness results.

V(E, H,) e WNSy 3N (E,H) e C°(]0,+00[ ,WNSk)NC*(]0,4+0[,VNSy) solution of the
system (5.1).

In order to study the range of the curl, we add the following geometrical assumptions on w_ ([ DL](5, p.252)).
- Let v9,..,7 be the connected components of dw_.

- Let s1,..,s¢ be the cuttings of w_ so that the domain w_ \Us; is simply connected.
We recall that the range of the curl, curl (H* (w_))B, is closed in (L? (w_))3 ([ DL)(5,p.257)), and
curl (H' (w_))3 = {U € (r? (w_))3\ divU = 0, / Un=0 fori=0to ’I“} .
Vi

Its orthogonal space for the (L? (w_))?’ norm is

1
(curl (H! (w_))g) =:Ve(L? (w_))s\ curlV.=0, VAnjg,_ = O}
V=Ve\peH" (w_), ¢, =constant fori=0tor} .
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Under the assumption w_ # 0, let us introduce M, = (curl (H! (w_))3 N (L2 (Q))3> X Mpy. The

1
space WNM,, is stable for the system (5.1), which can be seen by multiplying by V' € (curl (H1 (w,))?’)
the equation ey F — curlH + o E = 0. Then, we have the following well-posedness result.

V(E, H,) e WnM, 3NEH) e C’(]0,+o0[, WNM,)NC*(]0,+00[,VNM,) solution of
the system (5.1).

5.1.3 Orthogonal decomposition

We will decompose the electric field in two parts: one part with free divergence and another part with
free curl.

We need to get the following decomposition for the electromagnetic field.

Lemma 5.1
V(E,,Ho,) e WNSy 3! (p, ha, A) € C* (J0, +oo, Hj (Q) x Hy (Q2)) xC? (]0, +ool, (H* (Q))3) such
that
(E, H) solution of the the system (5.1)
E=-Vp—0,A+hs
wH = curlA
divA =0, AAnjpg =0, fFiA.ndI‘:O fori =0tom .

Moreover, we have the following relations

2 2 2 2
1Bl 20y = IVPIL20) + [10eAll L2 ) + [[h2ll72q) (5.2)
Je>0 Al 2 < clleurlAllfz g, - (5.3)
Proof of Lemma 5.1.- The magnetic field H € (L? (Q))3 can be uniquely written as follows

pH = Vq+hy +curlA, ol g€ H' (), hy € Hy (Q), A€ (H' ()’
such that divA =0, AAnjgg =0, [ Andl'=0 fori=0tom ([ DL](5,p.261)).

But divH = 0 and H.njpqo = 0, and consequently, Ag = 0 and 9,,¢ = 0, which implies that ¢ is a
constant function. Moreover, H € My , and then h; = 0.

Going back to the system (5.1), we have

curl (0jA+Vp+E)=0
div (0;A+Vp+E)=0
(0:A+Vp+ E) Anjpg =0

which implies the desired decomposition for the electromagnetic field, with ho = 0; A+ Vp+ E . By the

second definition of Hj (Q2), A is orthogonal to ha, [ Ahs = [ AV = — [ @divA + [, 0An =0,
and we deduce the equality (5.2).
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The inequality (5.3) is obtained by a contradiction argument. Indeed, if it is false, then there exists a
sequence (A,) bounded in (H* (Q))3 such that

[Anllp2(@x 0, = 1 and ngrfoo leurlAn|l L2y = 0, divA, =0, Ay Anjpg =0.

By compact injection of H'(Q) in L?(Q), there exists A € Hy () such that [[Af ;) = 1 and
fQ Ahy =0 Vhy € Hs (), which is impossible.

This ends the proof of lemma 5.1.

5.1.4 Applications

We begin to link locally in time the electric field to the magnetic field.

Proposition 5.1 Let T > 0, there exists ¢ > 0 such that for any initial data (E,, H,) €
W N Sy of the system (5.1), we have

/OT/QE|E2+/OT/QM|H|2SC/OT/Q|E|2. (5.0

Proof of proposition 5.1.- It comes from the lemma below

Lemma 5.2 Let T > 0 and ® € C§° (]0,T), there exists ¢ > 0 such that for any initial
data (E,, H,) € WN Sy of the the system (5.1), we have

T T T
/ /5|<I>E|2+/ /u|<I>H|2 gc/ /|E\2 (5.5)
0 Q 0 Q 0 Q

where the constant ¢ depends on sup |®| and sup |9;P|.
(0,71 [0,7]

Proof of lemma 5.2.- It comes from lemma 5.1.
We decompose the electric field F and the magnetic field H as follows

E=-Vp=0A+thy ., pEHF(Q), hy eHy (Q), A€ (H? )
wH = curl A divA =0, AAnppq =0, fFAndl"zo for i = 0 to m.
We have by integration by parts the following relations

fo [o |®rotA]? = IQT Jo @ Acurlcurl A
=/ 49@214# (eOE +oFE)
for 0 0 (D?A) peE + f Jo ®*ApucE
=— [y [q200,9AucE — [ [, ®*0,ApcE + fo Jo ®*ApcE .

From the relations (5.2) and (5.3) of lemma 5.1 and using Cauchy-Schwarz inequality, we conclude

that de >0
T 2 T 2
/O /Q BeurlAl §c< / /Q 1B| +||<I>atA||L2M,TD.||ELZ(MO,TQ (5.6)

and (5.5) follows.
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Choosing ® € C° (]0,T) such that ® = 1 in [T'/3,2T/3], we have with the decreasing property of the
energy

Jo Joz1EP+ [y JoulHP <TE©) =TET) +T [y foo|EP
ss(%f:(%))wf Joo|B? (5.7)
< (3C+TSUP|U|)IO fQ|E‘2

Remark 5.1 We also have the following assertion.

Let T > 0, there exists ¢ > 0 such that for all { > 0 and (F,, H,) € W initial data of the system

(5.1), we get
¢+T 9 ¢+T 9 ¢+T )
/ /s@E|+/ ‘/u@Higc/ l/wﬂ|. (5.8)
¢ Q ¢ Q ¢ Q

Indeed, we decompose (0:F,0:H) € WN Sy as follows
atE = —VP - atA + h2 where pe H& (Q) ) h2 € HQ (Q)a Ae (Hl (Q))3
wo H = curl A divA =0, AAnjgg =0, [ Andl'=0 fori=0tom

We have by integration by parts, with I =]¢,{ + T[ and ® € C§° (I), the following relations

[, [ |®rotAl> = f] Jo ®*AcurlcurlA
= f (I>2A/L (582E =+ O'at
= f[ fQ 8t (q) A) ,ueatE f[f (I)2A/J,O'atE
= [, /2920, 2ApedE + [, [, ®*0,Aued E + [, [, ®*Apcd E

From the relations (5.2), (5.3) of lemma 5.1 and using Cauchy-Schwarz inequality, we obtain that

de >0
¢+T ) 5 ¢+T )
/ /5@&E|+u@&H|§c/ /ﬁ@m . (5.9)
¢ Q ¢ Q

We conclude in the same way than in the proof of proposition 5.1.

Remark 5.2 The study of the electric field E € C* ([O,Jroo[; (L? (Q))g) will be made
with the following orthogonal decomposition : E = —Vp + W, where p € C* ([0, +o0[; Hj (22)) and
W e Cl ([0, +ool; (L (Q))3, with free divergence).

Thus,
divE = —Ap
curl E = curlW (5.10)
E/\’n‘aQ = W/\?’L|ag

(indeed, Vp A n is a tangential derivative of p on 952, but pjsq =0 ).

The equations of the system (5.1) become

e W —ed Vp —curlH + cE =0 in Q X [0, 400]
wOH + curlE =0 in Q x [0, +00]
divW = divH =0 in Q X [0, 400]
WAn=0, Hn=0, p=0 on 09 x [0,4o0[ .

(5.11)

Then, the curl part of the electric field, W, solves the hyperbolic system

eZW + p~teurleurlW + oW — 00;Vp — ed}Vp =0, divW =0 in Q x [0, +oo[
WAn=0 on dN x [0,+o0]
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or also

W — u AW + 00W — 00, Vp —e02Vp =0 in Q x [0, +00]
WAn=0, divW =0 on dQ x [0,+oc0[ .

Concerning the divergence part of the electric field, we have the following result.

Proposition 5.2 For any initial data (E,, H,) € W of system (5.1), we have

1€0:Vpll L2 () S Nl E] 120 (5.12)
||5at2VpHL2(Q) < ”O—atEHLZ(Q) ' (513)
Proof of proposition 5.2.- We multiply by €9; Vp the equation e, W —ed,Vp —curlH +cE =0

and we integrate by parts over ().

5.2 Asymptotic behaviour

5.2.1 Dissipation on all the domain

We easily deduce from proposition 5.1 the following result.

Theorem 5.1 Let C > 0. Suppose that o € L> (Q) is such that o (x) > C for all x € Q.
Then there exist ¢ > 0 and § > 0 such that for any initial data (E,, H,) € VN Sy of the system (5.1),
we have

VE>0 E(t) <ce P E(0) .

5.2.2 Dissipation on a part of the domain

Consider the case where w_ = Q\(suppo N ) is a non-empty connected open set and o € L> (Q).
We begin to establish the asymptotic behaviour in time of (O, F, 0, H).

Theorem 5.2 Y (E,, H,) € W initial data of the system (5.1) , lir+n Et)y=0

We deduce the following theorem

Theorem 5.3 Suppose that 9§ has only one connected component. V (E,, H,) € VN M,
initial data of the system (5.1) . li? E)=0.

Also, we look for a sufficient condition in order to bound continuously the energy of the electromagnetic
field by the functional £’.

Theorem 5.4 Suppose that 02 has only one connected component and that wy = Q\ (W= N Q)
is a connected open set. Let C' > 0. If 0 € L* () such that o (x) > C for all € w,y, then there
exists ¢ > 0 such that for all initial data (E,, H,) € V N M, of the system (5.1), we have

VE>0 E(t) <cE(t) .
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Proof of theorem 5.2.- It comes from the following lemma.

. 2
Lemma 5.3 tl}inoo Jo 10:Vp|” = 0.

Proof of lemma 5.3.-

(t=T)10VDl o) = Jr ik (s = T) 10Dl 0y ds + g (s = T) & (10:Vpl (e ) ds
< Ir ||3th||2Lz(Q) ds+2(t—1T) [, 10:Vpll 2 (q) HatQVpHLZ(Q) ds .

Choosing 0 < T' < 1+ 7T < t and multiplying this last inequality by ﬁ, we have
2 ! 2 b a2
1050l 30) <2 | 109030 ds+ [ 10700yt

On another hand, from the inequalities (5.12) and (5.13) of proposition 5.2, we get
t t d
[ 10w <=2 Guplol) [ (= 5€) <= swlab e @) - £ 0)
t 9 t d
[ 1wl < e ula) [ (5] <7 Guplol e () - €0
T T

As the functions &€ (t) and £’ (t) are continuous, decreasing and positives, they are convergent

Ve>0 JT1 >0 Vs,s>T1 |EG)—E@)|+|E(s) =& ()] <e.

Let € > 0, choosing T' = 1 + T3, we conclude that

Yt > (14T) 0.V ()72 < 32 (suplol)e .

Now, we go back to the proof of theorem 5.2.

We check that (9, W, 8;H) is uniformly bounded in (H* (Q))6 as soon as (E,, H,) € D (A?), and more
precisely, we have the following estimate

1@, O 13y < 1| (B o) - (514)

The injection of H' (Q) in L? () is compact and then we deduce that there exists a subsequence
(0:W (ty,) , OrH (t1)) such that

lm (W (), 0H (1)) = (Wi, HL) in (L2(2))° .

k—-+o0
Remark also that
(OE,0.H) = Z (t) (E!,H]) where (¢E.,uH.) = (curlH, — cE,, —curlE,) € D (A) .

From lemma 5.3, we deduce that there exists a subsequence Z (t;) (E., H) such that

i 7 (6) (B, H) = (B, HL) i (L2 (9)°
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Moreover, we notice that divE., = 0 in Q, because divW/, = 0 in Q. On another hand, we check that
H! € Mgy, because [, H)h1 =0 Vhy € Hy (Q).
As Z (t) is a semi-group, we also have Vs >0

i 120 Z (1 5) (Bl Hplyg, = | i [1Z (t8) (B HY g, = (Bl HL g, -
Now, 2&' (t) = || (Ve E, /o H) Hiﬁ(ﬂ) =|1Z (t) (E., H;)H?{O is a decreasing positive function. Choos-
ing a subsequence ts such that ¢, <t — s, we obtain the relations

I(Eoos Ho )y, <, lim [|Z(s) Z (L) (B, Ho)lloy,

Tt —

<112 () (B, Hi ), < (B, HE) 3, -
We conclude that (E._, H. ) = (0,0).
Indeed, (E’_, H.,) is initial data of the following system

e E — curlH =0, poeH + curlE =0 in Q x [0,400[
divH =0 in Q x [0,400[
EAn=0, Hn=0 on 9Q x [0, +0o0]
E=0 inwt Xx[0,+00]

with (EL,, H.,) € (L? (Q))6 such that H,, € My and divE’, = 0. Consequently, divE = 0. The
electric field F is then solution of a hyperbolic system. By Holmgren theorem or by the unique
continuation result of J.Rauch and M.Taylor [ RT], we get £ = 0. Then, H € H; () N My, and also
H = 0. In particular, (E._, H. ) = (0,0).

Finally, by density of D (A?) in D (A), we have

V (E,, H,) € D (A) initial data of the system (5.1) lim &' (t)=0.

t——+oo

Proof of theorem 5.3.- We deduce the asymptotic behaviour of the electromagnetic field by a
density argument.

Let A, be the restriction of the operator A on the space V N M,,. We check that —A,, is dissipative,
A, is closed and D (A,) = WN M, is dense in VN M,,. As ImA, = (KerA%)" with KerA? =
(KerA*) N M,,, we claim that Im.A,, is dense in V N M, if 92 has only one connected component.

Indeed, we are reduce to solve the following static system

curlH +ocFE =0, rotE =0 in
divH =0 in Q
EAn=0, Hn=0 on 09
(E,H) e M,,, Hy (2) ={0} .

We claim that (£, H) = 0. Indeed, from Green formula F = 0 in wy. We recall that w_ # 0, and 2 is
divided by two non-empty open sets wy and w_ such that Q = w; UT' Uw_ where I is a surface and
w_ = Q\(suppoc N Q) with o >0 in w,.

From the decomposition of the electric field as £ = —Vp + W, it becomes

divH =0 divW =0
curlH =0 and curlW =0
Hn=0 WAn=0
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which implies that (W, H) = 0, because H € (H; (Q))" and Hj (Q) = {0} .
We deduce that Vp = 0 in wy and p = constant on I'. On another hand, from Green formula, we have

/ Vp|? = / divEp — Enp = / divEp — ZPI% En.
w_ w_ Ow_ w_ i=0

Vi

But, E|, € curl (H! (w_))3, where

curl (H" (w_))* = {E e (L?(w.)’\divE=0inw_, / En=0 fori=0to r} .

[

Consequently, £ = 0 in w_. This ends the resolution of the static system.

Finally, if 02 has only one connected component, then Im.A, = VN M,. This can be written as
follows

Ve >0 Y (EoH)) €VNMy I(UpVo) EWNMy (B, Ho) = A(Uo, Vo)l 20y < € -

Then, Ve, t>0
1Z (t) (Eo, Ho)ll < €+ 28 (£ (Us, Vo)) - (5.15)

We conclude that if 9Q has only one connected component, then

V(E,, H,) € VN M, initial data of the system (5.1) lim £(¢)=0.

t——+oo

Proof of theorem 5.4.- We want to prove the following estimate Jc¢ >0 Vt>0

_1 2 2 1 2 2\ _ o1
e<t>—2/9(e|E| +mH|)sC2/ﬂ(e\atE| +plOHI) =g (1) .

From the equations (5.1) and the positivity of ¢ in wy, we obtain
(inf |a|)/ |E]” < / o|B® = —/ e, EE — / pO HH < 8v/E (H)\/E' (t) . (5.16)
wy Q Q Q

It follows from the assumptions H € (Hj ()" and Hy (Q) = {0}, the following inequalities hold
de,d >0

[Hl| 20y < clleurlH||2q) < d (||55tE||L2(Q) + ||UE||L2(Q)> (5.17)
||W||L2(Q) < CHCU”WHLz(Q) < d||MatHHL2(Q) : (5.18)
On another hand, we have
VDl L2,y S NENL2yy + W2y - (5.19)
Conclusion, from the inequalities (5.16), (5.17), (5.18) and (5.19), 3¢ > 0

VW) + IVl ey < (870 + VEDVE D) - (5.20)

It remains to estimate Vp in w_ , this will be done from the result below.
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Lemma 5.4 Suppose that wy is a non-empty connected open set. Then there exists ¢ > 0
such that for any initial data (F,, H,) € VN (curl (H! (w,))3 N (L2 (Q))3) x (L? (Q))3 of the system
(5.1), we have

19l < e (1901320, + W32 )) - (5.21)

Proof of lemma 5.4.- We divide the proof into two cases.

Case where Owy NON # P:  We recall that —Ap = divE and then p solves the following elliptic system

Ap=0 inw_
p=0 on d2NAJw_
p€ HY?(0wy) on dwy Now_ .

Thus, from Poincaré inequality, we have the following estimate Je,d > 0

||VP||L2(W_) < C||p||H1/2(8w+) < d||vp||L2(w+) : (5.22)

Case where dwy NI = 0:  we decompose p € Hi (Q) as follows. Let

e:p|w+7mw+p in wy
55— Ae=0 inw_
€ inw_, solution of e=0 on 0N
e=¢ on dwy

We check that §¢ € Hi () and fw+ € = 0. By a trace theorem and the Poincaré inequality ([ DL](3, p.922))
de,d >0
=d[IVpl

Vel 2y < cllellgrrzow, ) < dlIVEl L. (5.23)
+)

(wy) (wy) -

Let =p—de. We check that € € H{ (Q) and € is a constant function on dwy. Consequently,

e
(curl (H' (w )3) . But, with E € (curl (H! (w_))g), we deduce that

Vel 2, = EVE—/ Véeve— | WVe. (5.24)

w— w_

Finally, from (5.23) and (5.24), J¢>0

190050y < I8N oy + 198l oy < € (19Dl 2y + W lioer)) -

This ends the proof of lemma 5.4 and completes the proof of theorem 5.4.

5.3 Exponential decay

We complete the asymptotic behaviour of the Maxwell equations with Ohm’s law by studying the
decay rate of the energy of the electromagnetic field.

Theorem 5.5 Let w be an open region in R? such that w geometrically controls 2. Suppose
that wy = (wNQ), w_ = Q\(suppo N Q) are non-empty connected open sets and that 9 has only
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one connected component. Let C > 0. If o € L*> (Q) is such that o (z) = 0 for all z € w_ , and
o(xz) > C for all x € wy, then there exist ¢ > 0 and 8 > 0 such that we have

Y (Eo, H,) € VN M, initial data of the system (5.1) VE>0 E(t) <ce Pt E(0).

Theorem 5.6 Let w be an open region in R? such that w geometrically controls 2. Suppose
that wy = (wNQ), w_ = Q\(suppo N ) are non-empty connected open sets and that 9 has only
one connected component. Let C > 0. If 0 € L> (Q) is such that o (xz) = 0 for all x € w_ , and
o (z) > C for all z € wy, then there exist ¢ > 0 and 8 > 0 such that we have

Y (E,, H,) € WNM,, initial data of the system (5.1) VE>0 (E+E)() <ce Pt (E+E)(0).
Proof of theorem 5.6.- We divide the proof into two steps.

Step 1 :
We link 0; H to Oy : recall that from an orthogonal decomposition of the electric field as E = —Vp+W
and from proposition 5.1, we have the following estimate J¢ > 0

T T
/ g (t)dtgc/ /|8tE\2 . (5.25)
0 0 Q
Step 2 :

We estimate 9,1, in order that under the geometric control condition, we have Jc > 0

/OT/Q@EIQ SC</OT/Q<7@E|2+/OT/QJ|E2> : (5.26)

Indeed, the solution W solves the following hyperbolic system

W — u AW + 00 E — cd?Vp =0 in Q x [0, +o0[
divW =0, WAnR=0 on dQ x [0,+o0[ .

By applying (1.31) of theorem 1.4, to the hyperbolic system for 9,W, we get under the geometric
control condition Je> 03w C Q

10:W [ 2 @xjo,rp) < € (HatW||L2(Q><]O,T[) +|looE — 681t2vp||L2(Qx]o,T[))
with
2 r 2
10:W I L2 @ 0,11 < C/O /QU|5tW\ :

Consequently, from (5.12) and (5.13) of proposition 5.2, we obtain 3¢ > 0

T T T
/ /atEfz||<atw,atvmnizmx]o,m9(/ [owers [ ] a|E|2>
0 Q 0 Q 0 Q

and finally, from (5.25), Jc >0

/OTf;’(t)dt<c(/OT/QU|@E|2+/OT/QU|E2) . (5.27)

By applying theorem 5.4, which links £’ to £, we deduce that if wy is connected and Hs (2) = {0},
then the following estimate holds

T d
3, T > 0 {5+5’}(T)§c/ L AEFE (s)ds (5.28)
0
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Conclusion,
36 €]0,1[,T >0 {E+EY(T)<S{E+EL(0) . (5.29)

The properties of the semi-group [ Pa] allow to complete the proof of theorem 5.6.

The proof of theorem 5.5 comes from the lemma below.

Lemma 5.5 Let H be a Hilbert space, —A be the generator of a infinitesimal semi-group
Z (t) of class C° on H D D (A). If there exist ¢, 3 > 0 , such that

VU, eD(A) V20 |Z(0)UE+ IAZ (Ul < e (102 + AV I2,)
then we have
VU, eH VE>0 (| Z()U,|%, < 10ce™P (U2, -
Proof of lemma 5.5.- The unbounded operator —A with domain D (A) C H is dissipative and
VWV,eH 3U, e D(A) Up+ AU, =V, .

Consequently,
12.(#) Volly < 112 (&) Uslly + [AZ () Uolly

and by monotonicity of A, we have
2 2
HUOHH < HUOHH + (-AUmUO)H = (VO,UO)H :

Thus, , , ,
1Uoll3 + AU I3 < 5 [IVoll3, -

Conclusion,

YW, eH V>0 ||[Z{) Vo5, < 10ce” Pt ||V,]3, -

This completes the proof of lemma 5.5.

5.4 Lemma of polynomial decay

We need the following result.

Lemma 5.6 Let F be a positive decreasing functional. Suppose that
Je, 8, T >0, c,b,>0 Y(>0Ve>0

¢+T 1 <T g4
/C f(t)dt§c<e(co+.7-'(0))+€ﬁ/< —dt}'(s)ds>

then there exist ¢ > 0 and v = ﬁ €10, 1] such that

V>0 ]—"(t)gc(H11> (co+ F(0)) .

The proof follows the same strategy than the one for the logarithmic decay for the boundary damped
wave equation done by G.Lebeau and L.Robbiano [ LR].
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Proof of lemma 5.6.- The decreasing property of the functional F implies that
de, 8, T >0,3dc, >0 V¢ >0Ve>0

T]-"(C—&—T)<c<e[co+}'(0)]+elﬁ[f(C)—}'(C—f—T)]) .

Let us introduce L (t) = - ig‘)(o)' We minimize the last inequality with respect to € and we get, with

v = ﬁ, the following estimate de>1 V(>0

LC+T)<c(L(Q)—LEC+T))" .
Let t € R, we write ¢t = nT + s with 0 < s < T, and then nT < ¢t < (n+1)T. The decreasing
property of the functional £ allows to get £ (¢t) < £ (nT), and on another £ (t) < 1 for all ¢ > 0. Let

¢ =(n—1)T > 0. We obtain the following iterative relation Vn > 1

LnT)<c(L((n—1)T)—L(nT))" .

Let oy, = £ (nT'). The sequence «, is decreasing, bounded by £ (0) < 1, and satisfies when n > 1

{ an < clan_1—ay)”

op—1 <1
Thus,
if0<a,.1—a, < %, then «,, < cn%,
. _ v 1\ 1—
if a1 — o > %, then n7a, < (n—1)" a1 (”Tl) (%) =mn—-1) a,_1 (”Tl) kS
Conclusion

either nYa,, <c
either nYa, < (n—1)" a,_1 where oy < 1.
We conclude that for all n > 1, n”«,, < max (c¢;1) = ¢. Going back to the functional F, we obtain

f(t)gc(t_%)” (co+ F(0) VE>T
F)<FO0) V<T

This completes the proof of lemma 5.6.
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5.5 Polynomial decay

Now, we are interested in the Maxwell equations with Ohm’s law with a smooth conductivity: o € C (Q)
and Vo € L™ (Q).

Then, applying the divergence to the fist equation of the system (5.1), we have

E%divE +odivE+Vo.E=0. (5.30)

By using Gronwall lemma, we see that the divergence of the electric field is locally in time defined in
L? (Q)). Moreover, we have the following assertion

divE (,0)=0 inw_. = divE=0 inw_ x]0,+o00[ .

Recall that the kernel of the divergence in w_ can be decomposed orthogonally as follows ker div =
Hp (w—) ® curlH* (w_), ([ DL](5,p.257)). Let us introduce My = Mg, N (L (Q))3 X Mpy , where

Mg, is the orthogonal space to Hj (w_) for the (L? (w_))3 norm. We deduce from theorem 5.3 the
following result:

Suppose that dQ has only one connected component. If ¢ € C () and Vo € L™ (), then

for any initial data (E,, H,) € ¥V N M, of the system (5.1) such that divE, = 0 in w_, we have
lim & (t) = 0.

t——+o0

Notice that M, = (L? (Q))G, if the assumptions of the Poincaré lemma are satisfied and if dw, NIQ # 0,
with w4, w_ connected open sets.

We complete the asymptotic behaviour of the Maxwell equations with Ohm’s law with smooth con-
ductivity by establishing the polynomial decay when initial data belongs to a sub-space of ¥V N M,
and under the geometric control condition.

5.5.1 Maxwell equations with a charge density square integrable

Let Q be a bounded open connected region in R3, with a smooth boundary 9Q ( C*° having no
contacts of infinite order with its tangents ). The domain {2 is occupied by an electromagnetic medium
of constant electric permittivity € and constant magnetic permeability p. We divide the domain €2 as
follows 2 = wy UI'Uw_ where I' is the interface surface between w; and w_ two non-empty connected
open sets. The conductivity o is a continuous function in R?, null in w_ , positive in w,. Let F and H
denote the electric field and the magnetic field respectively. The Maxwell equations with Ohm’s law
are described by

e E — curlH + oE =0, posH + curlE =0 in Q X [0, 4+00]
E(,0)=E, H(,0)=H, inQ
divE =0 inw_ X [0,+00[, divH =0 in Q X [0, +0o0]
EAn=0, Hn=0 on 90 x [0,+0o0] .

(5.31)

Let ‘H be the Hilbert space given by
H— {(EO,HO) € (L*(2)°\ odivE, € L*(Q), (divE,), =0, divH,=0, Hynjpg = o}
equipped with the norm

2 2 2 : 2
1(Eo, Ho)ll3 = € | Eoll () + 1 [[Holl L2 o) + & llodivEol| 72 ) -
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Let A be the unbounded operator on H with domain D (A), defined as follows
el —eleurl
A= ( wteurl 0 '

We check that (Id+ M\A) is a bijection from D (A,) NH to H. And there exists § > 0, such that
— (A + BId) is dissipative with the D (A,) N 'H norm, because o is smooth and bounded in . Now,
we will denote D (A) = D(A,) NH C H. We conclude, by applying Hille-Yosida theorem, that
—A generates an infinitesimal semi-group Z (t) : H — H. The system (5.31) is well-posed and more
precisely, we have the following results.

V(E,,H,) € D(A) 3 (E,H) € C°(J0,+oco[,D (A)) N C* (J0,+oo[,H) solution of the system
(5.31) .

V(Eo H,) € D (A2)  3(E,H) € C° (0, +00], D (42)) 1 C (0, +00], D (A)) 1 € (0, +00[ , H)
solution of the system (5.31) .

Let us introduce &' (t) defined by &' (t) = § [, (6 0.E” + \@H\Z).

5.5.2 Energy estimates

We need the following energy estimates.

d
—£(t)+/ c|lE*=0 (5.32)
dt 0
d
g (t)+/ o 10E2 =0 (5.33)
dt 0
d 2 2\ d 30 g 2
— — < .
dt/€|adWE| +(sup|Va| ) dté’(t)—i—/ﬁa |divE|” <0 (5.34)
d d
2 [ e lodivd,E)? + (sup|va\2) L (t)+/ o3 |divd, E|> < 0 . (5.35)
dt dt a

The proof of the first two equality (5.32) and (5.33) is clear. The third relation (5.34) comes as follows.

We check that

5% (0divE) + o?divE + oVo.E =0 . (5.36)

Multiplying the equation (5.36) by odivE, we obtain
Sa [ elodivEl + [, 0® |divE* <[, 0*divEVo.E|
< (sup Vo) Vo Ell 12 (q) llov/adivE]| 12 q) -
Thus,
1d

»/e|odz’vE\2+/o3 jdivEf* < 3 ((sup Vo)) |VaE| gy + [ovadinE| s, ) -
2 dt Q 2 () L2(Q)

The relation (5.32) allows to conclude.
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5.5.3 Polynomial decay

Suppose Qwy is C®. Let p € C* (W), be a positive function in wy, vanishing on T with the same
order that dist (z,T").

Now, we choose the conductivity as follows

pP(x) frewy withs>1

o(w)= 0 fzew_ul

Theorem 5.7 Let w be an open set in R? such that w geometrically controls £2. Suppose
that wy = (wNQ), w_ = Q\(wWy N Q) are non-empty connected open sets. Then there exist v € |0, 1]
and ¢ > 1 such that we have

V(E,, H,) € D (A) initial data of the system (5.31)

1 'Y/S
ve>0 & (t)+/a|div8tE(-,t)|2§c(> (||adz'on||iQ(Q)+8(0)+E’ (0)) .
Q t+1

Theorem 5.8 Let w be an open set in R? such that w geometrically controls 2. Suppose
that wy = (WNR), w_ = Q\(@FNQ) are non-empty connected sets and that OS2 has only one
connected component. Then, there exist v € |0,1[ and ¢ > 1 such that we have

YV (E,, H,) € H N Sy initial data of the system (5.31)

_ 1 v/s
div (eEy) + Vo. (—curle) ' (uH,) =0 inQ = Vt>0 Et)<c <t+1> £(0) .

Remark that the condition div (¢Eo) 4+ Vo. (—curlq)”" (uH,) = 0 in H~' () is not stable for the
semi-group.

Proof of theorem 5.8.- The proof of theorem 5.8 comes from theorem 5.7. We claim that
V(Ey, H,) € HNSy  div (eEy) + Vo. (—curla) ™" (uH,) =0 in w,
= 3J(U,,V,) € Hy (rot, ) x Hy (div0, )

curlV, —oU, =¢E, in Q
—curlU, = pH, in
divU, =0 1in Q

where Hg (curl,Q) = {U € (L? (Q))3 \ curlU € (L? (Q))g, UAnjpg = 0}
and Hy (div0, Q) = {V e (L2 ()*\ divV =0, Vinjpg = 0}.
Indeed, there exists U, € Hy (curl, Q) such that pH, = —curlU,. Moreover, U, is uniquely given such

that divU, = 0, [n U,ndl' =0 for i =0 to m ([ C](p.53)). Consequently, Uy € (H* (Q))3 can be
written U, = (—curlq) ™" (uH,).
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On another hand, (¢E, + oU,) € (L? (Q))3 is such that div (eE, 4+ oU,) = 0. We conclude that there
exists Vo € (H! (Q))3 such that (eE, + oU,) = curlV, with the assumption Hy () = {0} ([ C](p.53)).

The initial data (U,,V,) satisfies the assumptions of theorem 5.7 and we deduce that

d

aZ (t) (U07 Vo) =7 (t) (_-A (Um Vo)) =Z (t) (Em Ho) :

This completes the proof.

Proof of theorem 5.7.- We divide the proof into four steps.
Step 1 :

We link 0; H to 0. F : recall that from the orthogonal decomposition of the electric field as E = —Vp+W
and from the remark 5.1, we have the following estimate dJc¢>0 V(>0

CHT C+T
/ £ (t)dt < c/ / 0B . (5.38)
¢ ¢ Q

Step 2 :
We estimate 0;W, in order the under the geometric control condition, we get dc>0 V(>0

¢+T C+T C+T 2
/ /@EE <c / /a|8tE|2+/ / :
¢ Q ¢ Q ¢ Q

Indeed, the solution W solves the following hyperbolic system
{ ePW — u AW + 00, E —c0?Vp =0 in Q x [0, +o0[

divW =0, WAn=0 on 092 x [0,+o0] .

d
aV P

Applying (1.31) of theorem 1.4, to the hyperbolic system solved by 9; W, we obtain under the geometric
control condition and where I =|¢,(+T[, Jc>030CQ

10W | p2nry < € (||3tW||L2(ax1) + |00 B — 5at2VpHL2(QxI)>

with
10 2oy < / /Q oW |

But from proposition 5.2, we have

||58,52Vp| < ||UatEHiZ(Q><I) .

2
|L2(Q><I)

¢+T ) ¢+T ) ¢+T )
/ / 0,B]? < / / o |0E? + / / Vo)
¢ Q ¢ Q ¢ Q

and finally, from (5.38), Jc >0
2
) . (5.39)

¢+T ¢+T ) ¢+T d
/ E#)ydt<c / /J|8tE| +/ /‘Vp
¢ ¢ 0 ¢ aldt

Consequently

Step 3 :
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We estimate 9, Vp, from the Hardy inequality Jc¢>0 Ve >0

C+T 2 C+T 2, T
Lol =l a5l L
¢ Q ¢ wy € J¢ wy

Let 0 < h < 1 and p € C* (wy), be a positive function in w,, vanishing on I' with the same order
that dist (z,T). As &p € H? (Q) N H{ (Q), we have
Orp

2
/ = —/ A@tp(“)tp S —/ phAatp—h .
Q w4 wy P

The Hardy and Poincaré inequalities implies that dec,d > 0

2

d d d
a N N 4
a P 4P ai-P (5-40)

d
a’?

2

Osp 2 2
/ | <cllomlin ., < dIVopliag,) -
QlPp
Thus,
d_ |? d, I
—Vp| < C/ P | = Ap
/Q dt wy dt

We divide wy into two parts w; = D, Uw, where D, = {z € w; \ o (2) < €2 } and we = wy \D,.We
choose p such that p < p, and we obtain that

2 2 2
A P2V e P !%Af! + [, " !%APL
<elol@marl +F L, 0 G Ar]
where 8 = =2032 > (. This ends the step 3.

Step 4 :
We estimate %Ap. From (5.34), we show that %divE is uniformly bounded 3Jc¢ >0

[

Indeed, it is clear because E%Ap = —0Ap+ Vo.E and oAp is uniformly bounded from (5.34).

2
<l (||adwEo\|iQ(Q) +E (0)) . (5.41)

d
LA
a-P

Conclusion,

let us introduce F (t) = (sup \VJ|2) &' (t) +¢||lodivo E (~,t)||2LQ(Q) , we have V(> 0Ve>0

T R 1[4
/C Ft)dt < e e(||adwEo||L2(Q)+5(O)+f(0))+EB/C — 2 F(s)ds | .

We conclude with lemma 5.6 that
T

Y
N (t)—l—/@a|div8tE(~,t)|2 SC(t—T) (||adwEo||iZ(Q)+5(o)+g' (0))

With'y:%and0<h<%.
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