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1 Introduction and main result

The purpose of this note is to prove the following result:

Theorem .- Let Q be a bounded connected C? domain in R®, n > 1. We choose T > 0 and
0 € (0,T/2). Let us consider the following elliptic equation of second order in Q x (0,T) with the
Dirichlet boundary condition :

v=0 ondQx(0,T) (1.1)

v+ Aw=0 in Qx(0,7T)
v=uv(x,t) € H>(Q x (0,T)) .

Then, for all ¢ € C§° (2 x (0,T)), ¢ # 0, there exist C > 0 and p € (0,1) such that for all v solution
of (1.1), we have :

1—p

/JT5/Q|v(x,t)|2dxdt§0(/OT/QW(x,t)dedt)u (/OT/Quov(w,t)Fdwdt) SEC

Similar kind of estimates already appears in [ LR] from techniques of Carleman inequality (see also
[ FI]). Here, we will use the method described by [ E] (see also [ AE], [ GL]).

2 Proof of Theorem, the results of | E]

Let Q be an open, bounded, connected subset of R”, n > 1, with a C? boundary 0Q. Let I be a
non-empty subset of 9€2. Let us consider the following elliptic equation of second order in 2 x Ry, with
the Dirichlet boundary condition :

Ru+Ayu=0 inQAxR
u=0 on'xR (2.1)
u=u(z,t) € H* (2 xR) .
The goal of this Section is to derive interpolation inequalities associated with the solutions u of (2.1).
Let B, denote the open ball of center (z,,t,) € Q@ x R" with radius r.

We propose to prove the two following lemmas : (the two following lemmas are stated in only one in

[ ED



Lemma 1 .- Let r1, 19, 13, R, be four real numbers such that 0 < r1 < ry < rz3 < R,. Let
us consider (z,,t,) € Q X RT such that Br, C Q x R, then there exists a € (0,1) such that for all u
solution of (2.1), we have :

/B |u (z,t)|* dedt < (/B

T2

11—

|u(a:,t)|2d:cdt> (/B |u(x,t)|2dxdt> . (2.2)

Lemma 2 .- Let r,, r, ro, 3, R, be five real numbers such that 0 <ry <7, <ry <r3 < R,.
Let us consider (z,,t,) € ) X RT satisfying the three following conditions :
i. B.N(Q xR) is star-shaped with center (x,,t,) Vr € (0,R,) ,
i B, C(QxR) Vre(0,r,),
iii. Byn® (UxR) #0 and BN (O xR) C (T xR)  Vr € [ro, Ry) -
Then there exists « € (0,1) such that for all u solution of (2.1), we have :

« -«
/ lu (a, )| dadt < / lu (z, 1)|? dadt / (e, )P dzdt| . (23)
B, N(QXR) B., B,y N(2xR)

The proof of Theorem is deduced from Lemma 1 and Lemma 2 by an adequate partition of unity.
To apply Lemma 2, we will choose z, in a neighborhood of the boundary such that the conditions i,
i, 111, hold.

1

3 Proof of Lemma 1

Let us denote y = (z,t) € R"*', y, = (z,,t,) and V = (V,, ;). We introduce the three following
functions H, D, N, for 0 <r < R, :

H(r)= [g lu@dy

D)= 4 fp Vu@)P (v~ vol) dy G
and
N(r) = 128 >0. (3.2)

Our goal is to prove that N = N (r) is a non-decreasing function for r € (0, R,). Indeed, we will prove
that the following equality holds :

d d 2
%lnH(r):(n+1)%lnr+;N(r) . (3.3)

So, from the non-decreasing property of N, we deduce that :

H(r r2 N(r
I (F2) =@+ D+ Mg
<(n+1)n2+2N(r;)ln 2

1

(3.4)

In (H“g)) =(n+ 1) 2 [ X0g,
>(n+1)In7 42N (ry)In 72 .



Consequently,

In (=) In (H(rs)
Mg(nﬂ)mmm)g%, (3.6)

r1 T2

and we get what we wanted :

o _
IR ( [ wwr dy> ( [ wor dy> , (3.7)
By Br, By
—1
with o = oy <1;_ n lnlr_3> .
1 1 2
First, we compute the derivative of H (r) = [ [o. |u(ps + yo)|” pdpdo (s) :

H' (r) = [su |u(rs+yo)| r"do (s)
=1 [onlu(rs +yo) > s - sr7do (s)
=3 [, div (IU( )IQ(y—yo)) dy (3.8)
=1, (n+1 M @)+ V u @) - (v - ) dy
=o2tlg (r +TfBTuVu-(y—yo)dy.

Next we have to remark that
D)= [ uVu - w)dy (3.9)
B
indeed,

fBTUVu-(y—yo)dy =—— B, uVu: V(r — |y — yol )dy
= —5 B, div ((1‘ — |y — Yol ) uVu) dy + %fBr (7‘2 — |y — y0|2) div (uVu) dy
= %fBr (T2 —ly - yo|2) div (uVu)dy because on OB,, r = |y — yo|
= %fB, |Vu (?J)|2 (7“2 —ly— yo|2) dy because Ayu=0.

Consequently, from (3.8) and (3.9), we prove : g’((:)

—

:n+1+2D7’)
r

. G and this is (3.3).

2
Now, we compute the derivative of D (r) = § [ fq. [(Vt) 0y, ‘ (r* — p?) p"dpdo (s):

2
D) =44 (7 S [ (0, \ P (9)) = & fou 2 [(V0) ey, [ 77 0

=r [y [on [(Vu) |ps+y ‘ p"dpdo (s)
r g [Vu( )| dy .

(3.10)

The computation of the derivative of N (r) = gg:; gives :

As the desired non-decreasing monotonicity of N depends on the positivity of D' (r) H (r)—D (r) H' (r) =

[D’ (r) =D (r) g’((:)) H (r), we are reduced from (3.3) to prove that

n+1
T

2oy < [ - "Hom| e . (.11)



By Cauchy-Schwarz inequality, we have :

D*(r) = (fBT uVu - (y = y,) dy)2
< (f, 1 =90) - Vul* dy) ([, luf dy) (3.12)
< (f, 1 =90) - Vul*dy) H (1) .

Consequently, from (3.11) and (3.12), N is a non-decreasing function if

([ tw=w)- vl ay) <0/ - "0 ) (3.13)

r r

r

Our goal is now reduced to prove that for all u solution of (2.1), if 0 < r < R,, then

2

2 N w0 el dy <D

n+1
T

D(r) . (3.14)

r

We begin to recall the following Rellich-Necas identity with vector field (y — y,) for all u solution of
(2.1) :

2div (((y — yo) - Vau) Vur) = div ((y — ) |Vu|2) —(n—1)|Vuf , (3.15)
indeed,
div (((y = yo) - Vu) Vu) = ((y = yo) - Vu) Au+ V ((y — yo) - Vu) - Vu
= 0y, ((y - yo)j 8!/5”) Iy u
=0y, (y — ya)j Oy, uly;u + (y — ya)]’ 6;;’?!;‘ udy,u
= [Vuf* + 3V (19ul*) - (v = vo)
div ((y = o) IVul) = |Vul’ div (y = ) + ¥ (IVuf*) - (v = v,)
= (n + 1) |vu’|2 + Qayjuaziyju (y - Z/o)z °
Consequently,

2 /B v ((y = o) V) V) dy = /B div (=) [VuP) dy — (0= 1) /B vy (310

By multiplying (3.16) by r , and from (3.10) we deduce that
2
27"/ (rs C(VU) gy ) (VU) | gpy, ~sT"do (5) = r/ TS ‘(Vu)‘rﬁy ‘ ~srdo (s) — (n—1) D' (r) .
- o o I o
(3.17)

By integrating (3.17) on (0,r) , we have

2/B I(y—yo)-VUIQdyz/Br ly = yol* IVul>dy — (n — 1) D (r) . (3.18)

r

Finally, from (3.1) and (3.18), we obtain :

2[5 1 —yo)-Vul’dy =r*[5 [Vul’dy - [ (TQ _ |y_yo|2) Vuldy— (n—1)D (1)
=12 [ |Vu’dy +[-2— (n—1)]D(r) (3.19)
=rD'(r)=(n+1)D(r) ,

and this is (3.14). The proof of Lemma 1 is now complete.



4 Proof of Lemma 2

Let us denote y = (z,t) € R"™, y, = (zo,t,) and V = (V,,0;). As B, N° (2 xR) # 0 and
B, N(00Q xR) C (I'x R) for all » € [r,, Ry[, we extend u to be zero outside @ x R. Asu =0on ' xR,
we deduce that
u = ’U/|§ in BRD
u :0 on BRomaﬂXR (41)
Vu  =Vuq in Bg,
At =0 inQxR.

Let us denote Q,. = B, N (2 x R), when 0 < r < R,. We introduce the three following functions :

H(r)= fQ Ju (y)| dy

D(r)= %[y [Vu()l (7“2 —ly - yo|2) dy (42)
and
N (r) = 28 >0. (4.3)

Our goal is to prove that N is a non-decreasing function. Indeed, we will prove that the following
equality holds :

d d 2
alnH(r)z(n—l—l)%lnr—l—;N(r) . (4.4)

So, from the non-decreasing property of IV, we deduce that :

n (F24) =@+ Dz +2 [ Mgy

H(ry) ri (45)
<(n+1)ln32 +2N(r2)ln:f ,
H(r3) _ r r3 N(r)
n(75) =0+ Dot 2 [ Xekar (4.6)
>(n+1)In7 42N (ry)In 72 .
Consequently,
In (=) In ()
H(r H(r
%g(nﬂ)mmmg%, (4.7)
r1 r2
and we get the desired result :
JRCRE ( | dy> ( | uwr dy> , (18)
y B, Qpg
-1
. _ 1
with a = @ <1n ) .
First, we compute the derivative of H (r) = [, [i (y Wody = [ [on [T (ps +yo)|* p"dpdo (s) :

H' (r) = [s. [T (rs+yo)| rdo (s)
=L [ [a(rs +yo)f rs - srdo (s)
=1 Jp, div (Iﬂ( )P (y — yo)) dy (4.9)
=1/, (n+1 [T +VIEP - o)) dy
=2tlH(r +TeruVu-(y—yo)dy.



Next we have to remark that

D(r)= /Q uVu - (y — yo) dy, (4.10)

indeed,
Jo, uVu-(y —yo)dy =—3 [, aVa -V (r2 — |y - y0|2) dy
=—3 B, div ((7'2 —ly - yo|2) ﬂVﬂ) dy + % fB, (7“2 —ly— y0|2) div (uVu) dy
= %fB, =y — yo|2 div (uVu)dy because on 0B, r = |y — y,|
Lp, (2 =y = wol”) (ma,a+[val’) d
- %er |Vu|2 (7-2 _ |y . y0|2) dy because Ayu =0in 2 x R and ur = 0.

Consequently, from (4.9) and (4.10), we prove : Z-’((:)) =ntl 420 ") and this is (4.4).

(r)

2
(V) s, ‘ (r? — p?) p"dpdo (s):

Now, we compute the derivative of D (r) = % [" [, |(
2

n
(V)| 51y, ‘ p"dpdo (s )— s gt ‘ W) sty ‘ rdo (s)

D'(r) =34 ( Jo Js |(

=r [y [on |(VT) ) 1pste ‘ p"dpdo (s)
=7 [ [Vu( )| dy .

(4.11)

The computation of the derivative of N (r) = HE g gives :

1

E0) [D'(r) H (r) = D (r) H' (r)] .

N'(r)=

As the desired non-decreasing monotonicity of N depends on the positivity of D' (r) H (r)—D (r) H' (r),
we are reduced from (4.4) to prove that

2020 < [0 - "] o) (412)

By Cauchy-Schwarz inequality, we have :

Jo, uVu- (y = yo) dy)2
Jo, W = yo) - Vul dy) (fo, lul” dy) (4.13)
(fQ Ity —yo) - Vul® dy) H(r) .

D?(r)

IN

Consequently, from (4.12) and (4.13), N is a non-decreasing function if
2 n+1
2([ tw-wvufay) <0’ - "o (4.14)

Our goal is now reduced to prove that for all u solution of (2.1), if r, < r < R, and the hypothesis
1,494,199, of Lemma 2 hold, then

2/9 |(y = o) - Vul*dy < D' (r) —

r

n+1
T

D(r) . (4.15)

r



We note that the case 0 < r < r, is already studied in the proof of Lemma 1.
We begin to recall the following Rellich-Necas identity with vector field (y — y,) for all u solution of
(2.1) :

2div (((y — yo) - V) V) = div ((y = o) [Vul*) = (n = 1) |Vuf” . (4.16)

Consequently,

2 /Q v ((y = o) ) V) dy = / div (v — vo) [Vul*) dy — (n — 1) / VuPdy . (417)

r r

As B, N (0N xR) C (' xR) and up = 0, we have Vu(y) = (J,u(y))v on B, NN x R with
v = (v;,0) € R x R on 9Q. We obtain :

Jo, div (4 =yo) - Vu) Va)dy = o5 Conry 5 (0= 90) - V) do + [y o0y (4 = o) - Vu) Gdo
1
yr |y =

= Jom.n@xr) 7 1 = o) - Vul* do + Jo.n00xm) (& = 20) - va) 0,ul’ do
(4.18)
er div ((y —Yo) |Vu|2) dy = faB,m(QXR)r |Vu|2 do + fB,m(aQX]R) ((y —Yo) |Vu|2) -vdo
2 2
= faBm(QxR)r [Vu|” do + me(BQX]R) ((x — m,) - vp) |Opul|” do .
(4.19)
Consequently, from (4.11), (4.17), (4.18) and (4.19), we have
2 Jom,nxw) v |(?JQ— Yo) - Vul* do + Jo.n(oaxr) (& = To) - v2) Buul” do (4.20)
= fE,Bm(QxR)r |Vul"do — L (n-1)D'(r) .
If (# —2)-vy) >0o0n T, then
2/ l(y —yo) - Vul> do < / r? |Vul|?do — (n—1)D' (r) . (4.21)
dB.N(QXR) dB.N(QAXR)
So, by integrating (4.21), we deduce that
2/Q |(y = o) - Vul*dy < /Q ly = ol [Vuldy — (n = 1) D (r) (4.22)

From (4.2), (4.11) and (4.22), we obtain

2 fo, Wty = o) - VuP dy - <o [, |Vuldy— [, (r* = |y = yol’) IVuf dy = (n = 1) D (7)
<r? [, [Vul’dy+ (=2 (n—1)) D () (4.23)
<rD'(r) = (n+1)D(r) ,

and this is (4.14). The hypothesis ((z —z,) -vz) > 0 on I' is of course true when B, N (2 x R) is
star-shaped with center (z,,t,) for all r € (0, R,). The proof of Lemma 2 is now complete.
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