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1 Introdu
tion and main resultThe purpose of this note is to prove the following result:Theorem .- Let 
 be a bounded 
onne
ted C2 domain in Rn , n > 1, and ! be a non-emptyopen subset of 
. Let us 
onsider the following wave equation in 
� R, with initial data and homo-geneous Diri
hlet boundary 
ondition :8<: �2t u��u = 0 in 
� Ru = 0 on �
� Ru (�; 0) = u0, �tu (�; 0) = u1 in 
 . (1.1)Then, there exist a 
onstant 
 > 0 and a time T > 0 su
h that for all initial data (u0; u1) 2 H10 (
)�L2 (
), (u0; u1) 6= 0, the solution u of ( 1.1) satis�es the following estimate :k(u0; u1)k2L2(
)�H�1(
) � e
 k(u0;u1)k2H10 (
)�L2(
)k(u0;u1)k2L2(
)�H�1(
) Z T0 Z! ju (x; t)j2 dxdt . (1.2)Remark that estimate (1.2) is equivalent tok(u0; u1)k2L2(
)�H�1(
) � 
ln�2 + k(u0;u1)kH10(
)�L2(
)kukL2(!�(0;T )) � k(u0; u1)k2H10 (
)�L2(
) , (1.3)or equivalently,k(u0; u1)k2L2(
)�H�1(
) � 
e
=" Z T0 Z! ju (x; t)j2 dxdt + " k(u0; u1)k2H10 (
)�L2(
) , 8" > 0 , (1.4)where the value of the 
onstant 
 > 0 may 
hanged from line (1.2) to line (1.4) but not its dependen
e.Similar kind of estimates already appears in [ R℄, [ LR℄ in the framework of boundary 
ontrol andstabilization for hyperboli
 equations. Here, we use the ideas from [ R℄.
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2 Proof of Theorem2.1 step 1: Energy estimatesFirst, re
all the 
onservation identity of the energy for the solution u of8<: �2t u��u = 0 in 
� Ru = 0 on �
� Ru (�; 0) = u0, �tu (�; 0) = u1 in 
 , (2.1)whi
h is, for all t 2 Rk(u0; u1)k2H10 (
)�L2(
) = Z
 �j�tu (x; t)j2 + jru (x; t)j2� dx . (2.2)Furthermore, we have the following inequality: there exists a 
onstant 
 > 0 su
h that for all T � 1,we get T k(u0; u1)k2L2(
)�H�1(
) � 
 Z T0 Z
 ju (x; t)j2 dx . (2.3)Indeed, let 	 2 C10 ((0; T )) su
h that 0 � 	 � 1, 	 � 1 on �T4 ; 3T4 � and j	0j � 8T . Multiplying (2.1)by 	u and integrating over 
� (0; T ) by parts yields:kruk2L2(
�(T4 ; 3T4 )) � R T0 R
	(t) jru (x; t)j2 dxdt= � R T0 R
 �2t u (x; t) 	 (t)u (x; t) dxdt= R T0 R
 �tu (x; t) 	0 (t)u (x; t) dxdt+ R T0 R
	(t) j�tu (x; t)j2 dxdt� R T0 R
 j�tu (x; t)j2 dxdt+ k	0�tukL2(
�(0;T )) kukL2(
�(0;T ))� R T0 R
 j�tu (x; t)j2 dxdt+ 8T k�tukL2(
�(0;T )) kukL2(
�(0;T )) (2.4)Adding k�tuk2L2(
�( T4 ; 3T4 )), using Poin
ar�e inequality and 
onservation of energy (2.2), then thereexists a 
onstant 
 > 0 su
h that for all T � 1,T k(u0; u1)k2H10 (
)�L2(
) � p
T k�tukL2(
�(0;T )) k(u0; u1)kH10 (
)�L2(
) , (2.5)that is T k(u0; u1)k2H10 (
)�L2(
) � 
 Z T0 Z
 j�tu (x; t)j2 dx . (2.6)Now, we dedu
e (2.3) from (2.6). Indeed, let v (x; t) = R t0 u (x; `) d`� ����1�u1 (x), then �v (x; t) =R t0 �u (x; `) d`+ u1 (x) and �tv (x; t) = u (x; t),�2t v (x; t) = �tu (x; t)= �tu (x; 0) + R t0 �2t u (x; `) d`= u1 (x) + R t0 �u (x; `) d`= �v (x; t) . (2.7)Also, v (x; 0) = � ����1�u1 (x), �tv (x; 0) = u0 (x), and the homogeneous Diri
hlet boundary 
ondi-tion is satis�ed. Consequently,k(u0; u1)k2L2(
)�H�1(
) = 

�����1�u1; u0�

2H10 (
)�L2(
)= k(v (x; 0) ; �tv (x; 0))k2H10 (
)�L2(
) � 
T R T0 R
 j�tv (x; t)j2 dxdt� 
T R T0 R
 ju (x; t)j2 dxdt , (2.8)that is (2.3). 2



2.2 step 2: FBI transformLet F (z) = 12� RR eiz�e��2d� , then F (z) = p�2� e 14 (jIm zj2�jRe zj2)e� i2 (Im zRe z). Also, with � > 0, let us
onsider F�(z) = �F (�z) = 12� ZR eiz�e�( �� )2d� . (2.9)We have, jF�(z)j = p�2� �e�24 (jIm zj2�jRe zj2) , (2.10)and, denoting bF the Fourier transform of F ,
F� (�) = e�( �� )2 . (2.11)Let s; `o 2 R, we introdu
e the following gaussian transformation whi
h is a parti
ular 
ase of theFourier-Bros-Iagolnitzer transformation in [ LR℄ :W`o;�(x; s) = ZRF�(`o + is� `)�(`)u(x; `)d` (2.12)where � 2 C10 (R). We remark that �2sF�(`o + is� `) = �� 2̀F�(`o + is� `), so�2sW`o;�(x; s) = RR�� 2̀F�(`o + is� `)�(`)u(x; `)d`= RR�F�(`o + is� `) ��00(`)u(x; `) + 2�0(`)�tu(x; `) + �(`)�2t u(x; `)� d`. (2.13)As u is solution of the wave equation, W`o;� satis�es:8<: �2sW`o;�(x; s) + �W`o;�(x; s) = RR�F�(`o + is� `) [�00(`)u(x; `) + 2�0(`)�tu(x; `)℄ d`W`o;�(x; s) = 0 for x 2 �
W`o;�(x; 0) = (F� ��u(x; �)) (`o) for x 2 
. (2.14)In another hand, we also have for some T > 0,k�u (x; �)kL2((T2 �1;T2 +1)) � k�u(x; �)� F� ��u(x; �)kL2((T2 �1;T2 +1))+ kF� ��u(x; �)kL2((T2 �1;T2 +1))� k�u(x; �)� F� ��u(x; �)kL2(R)+�Rt2(T2 �1;T2 +1) jWt;�(x; 0)j2 dt�1=2 . (2.15)But using Parseval equality and (2.11),k�u(x; �)� F� ��u(x; �)kL2(R) = 1p2� 


 \�u(x; �)� F� ��u(x; �)


L2(R)= 1p2� �RR ����1� e�( �� )2� \�u(x; �) (�)���2 d��1=2� 1p2� �RR ����p2 ��� \�u(x; �) (�)���2 d��1=2� p2p2� 1� �RR ��� \�t (�u(x; �)) (�)���2 d��1=2� p2 1� k�t (�u(x; �))kL2(R) , (2.16)
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so, Zt2(T2 �1;T2 +1) j�(t)u(x; t)j2 dt � 4 1�2 k�t (�u(x; �))k2L2(R)+ 2 Zt2(T2 �1;T2 +1) jWt;�(x; 0)j2 dt (2.17)Now, re
all that from the Cau
hy theorem we have:Proposition .- Let f be a holomorphi
 fun
tion in a domain D � C . Let a; b > 0, z 2 C . Wesuppose that Do = �(x; y) 2 R2 ' C n jx�Re (z)j � a; jy �Re (z)j � b	 � D ,then f (z) = 1�ab Z Zj x�Re(z)a j2+j y�Im(z)b j2�1 f (x+ iy) dxdy .Choosing z = t 2 �T2 � 1; T2 + 1� � R and x+ iy = `o + is, we dedu
e thatjWt;�(x; 0)j � 1�ab Rj`o�tj�a Rjsj�b jW`o+is;�(x; 0)j d`ods� 1�ab Rj`o�tj�a Rjsj�b jW`o;�(x; s)j dsd`o� 1�ab �Rj`o�tj�a Rjsj�b jW`o;�(x; s)j2 dsd`o�1=2 �Rj`o�tj�a Rjsj�b dsd`o�1=2� 2�pab �Rj`o�tj�a Rjsj�b jW`o;�(x; s)j2 dsd`o�1=2 , (2.18)and with a = b = 1,Rt2(T2 �1;T2 +1) jWt;�(x; 0)j2 dt � Rt2(T2 �1;T2 +1) �Rj`o�tj�1 Rjsj�1 jW`o;�(x; s)j2 dsd`o� dt .� Rt2(T2 �1;T2 +1) R`o2(T2 �2;T2 +2) Rjsj�1 jW`o;�(x; s)j2 dsd`odt� 2 R`o2(T2 �2;T2 +2) Rjsj�1 jW`o;�(x; s)j2 dsd`o . (2.19)Consequently, from (2.17), (2.19) and integrating over 
, we getR
 Rt2(T2 �1;T2 +1) j�(t)u(x; t)j2 dtdx � 4 1�2 R
 RR j�0 (t)u(x; t) + � (t) �tu(x; t)j2 dtdx+4 R`o2(T2 �2;T2 +2) �R
 Rjsj�1 jW`o;�(x; s)j2 dsdx� d`o .(2.20)Now re
all the following quanti�
ation result for unique 
ontinuation of ellipti
 equation with Diri
hletboundary 
ondition:Proposition .- Let 
 be a bounded 
onne
ted C2 domain in Rn , n > 1, and ! be a non-emptyopen subset of 
. Let f = f (x; s) 2 L2 (
� (�2; 2)). Then there exists C > 0 su
h that for allw = w (x; s) 2 H2 (
� (�2; 2)) solution of� �2sw +�xw = f in 
� (�2; 2)w = 0 on �
� (�2; 2)for all " > 0, we have :Rjsj�1 R
 jw (x; s)j2 dxds � CeC=" �Rjsj�2 R! jw (x; s)j2 dxds+ Rjsj�2 R
 jf (x; s)j2 dxds�+e�4=" Rjsj�2 R
 jw (x; s)j2 dxds .4



Applying to W`0;�, we dedu
e that for all " > 0,Rjsj�1 R
 jW`0;�(x; s)j2 dxds� e�4=" Rjsj�2 R
 jW`0;�(x; s)j2 dxds+CeC=" Rjsj�2 R! jW`0;�(x; s)j2 dxds+CeC=" Rjsj�2 R
 ��RR�F�(`0 + is� `) [�00(`)u(x; `) + 2�0(`)�tu(x; `)℄ d`��2 dxds . (2.21)Consequently, from (2.20) and (2.21), there exists a 
onstant C > 0, su
h that for all " > 0,R
 Rt2( T2 �1;T2 +1) j�(t)u(x; t)j2 dtdx� 4 1�2 R
 RR j�0 (t)u(x; t) + � (t) �tu(x; t)j2 dtdx+4e�4=" R`o2(T2 �2;T2 +2) �Rjsj�2 R
 jW`0;�(x; s)j2 dxds� d`o+4CeC=" R`o2(T2 �2;T2 +2) �Rjsj�2 R! jW`0;�(x; s)j2 dxds� d`o+4CeC=" R`o2(T2 �2;T2 +2) �Rjsj�2 R
 ��RR�F�(`0 + is� `) [�00(`)u(x; `) + 2�0(`)�tu(x; `)℄ d`��2 dxds� d`o .(2.22)Let de�ne � 2 C10 (R) more pre
isely now: let T > 16, we 
hoose � 2 C10 ((0; T )), 0 � � � 1, � � 1on �T4 ; 3T4 �. Furthermore, let K = �0; T4 � [ � 3T4 ; T � su
h that supp(�0) = K and supp(�00) � K. LetK0 = �3T8 ; 5T8 � su
h that dist(K;Ko) = T8 . We will 
hoose `0 2 �T2 � 2; T2 + 2� � K0.Till the end of the proof, CT will denote a generi
 positive 
onstant independent of " and � butdependent on (
; T ), whose value may 
hange from line to line.The �rst term of the se
ond member of (2.22) be
omes, using (2.2),1�2 Z
 ZR j�0 (t)u(x; t) + � (t) �tu(x; t)j2 dtdx � CT�2 k(u0; u1)k2H10 (
)�L2(
) (2.23)The se
ond term of the se
ond member of (2.22) be
omes, using (2.10),e�4=" R`o2(T2 �2;T2 +2) �Rjsj�2 R
 jW`0;�(x; s)j2 dxds� d`o= e�4=" R`o2(T2 �2;T2 +2) �Rjsj�2 R
 ��RRF�(`o + is� `)�(`)u(x; `)d`��2 dxds� d`o� e�4=" R`o2(T2 �2;T2 +2)�Rjsj�2 R
 ���R T0 p�2� �e�24 (jsj2�j`o�`j2) ju(x; `)j d`���2 dxds� d`o� �p�2� �e�2�2 e�4=" R`o2(T2 �2;T2 +2)�Rjsj�2 R
 ���R T0 ju(x; `)j d`���2 dxds� d`o� �p�2� �e�2�2 e�4="4�4T R
 R T0 ju(x; `)j2 d`dx�� CT�2e2�2e�4=" k(u0; u1)k2H10 (
)�L2(
) (2.24)
The third term of the se
ond member of (2.22) be
omes, using (2.10),eC=" R`o2(T2 �2;T2 +2) �Rjsj�2 R! jW`0;�(x; s)j2 dxds� d`o= eC=" R`o2(T2 �2;T2 +2) �Rjsj�2 R! ��RRF�(`o + is� `)�(`)u(x; `)d`��2 dxds� d`o� eC=" R`o2(T2 �2;T2 +2)�Rjsj�2 R! ���R T0 p�2� �e�24 (jsj2�j`o�`j2) j�(`)u(x; `)j d`���2 dxds� d`o� �p�2� �e�2�2 eC=" R`o2(T2 �2;T2 +2) �Rjsj�2 R! ���R T0 ju(x; `)j d`���2 dxds� d`o� 4�2Te2�2eC=" R! R T0 ju(x; t)j2 dtdx (2.25)
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The fourth term of the se
ond member of (2.22) be
omes, using (2.10) and the 
hoi
e of �,eC=" R`o2(T2 �2;T2 +2) �Rjsj�2 R
 ��RR�F�(`0 + is� `) [�00(`)u(x; `) + 2�0(`)�tu(x; `)℄ d`��2 dxds� d`o� eC=" RKo �Rjsj�2 R
 ���RK p�2� �e�24 (jsj2�j`o�`j2) j�00(`)u(x; `) + 2�0(`)�tu(x; `)j d`���2 dxds� d`o� �p�2� �e�2�2 eC="CT RKo �Rjsj�2 R
 ���RK e��24 j`o�`j2 (ju(x; `)j+ j�tu(x; `)j) d`���2 dxds� d`o� CT �p�2� �e�2e��24 dist(K;K0)2�2 eC=" R
 ��RK (ju(x; `)j+ j�tu(x; `)j) d`��2 dx� CT�2e2�2e��22 dist(K;K0)2eC=" k(u0; u1)k2H10 (
)�L2(
)� CT�2e�22 �4�T282 �eC=" k(u0; u1)k2H10 (
)�L2(
) (2.26)We �nally obtain from (2.23), (2.24), (2.25), (2.26) and (2.22), thatR
 Rt2(T2 �1;T2 +1) j�(t)u(x; t)j2 dtdx � CT�2 k(u0; u1)k2H10 (
)�L2(
)+CT�2e2�2e�4=" k(u0; u1)k2H10 (
)�L2(
)+4
�2Te2�2eC=" R! R T0 ju(x; t)j2 dtdx+CT�2e�22 �4�T282 �eC=" k(u0; u1)k2H10 (
)�L2(
) . (2.27)We begin to 
hoose �2 = 1" in order thatR
 Rt2(T2 �1;T2 +1) j�(t)u(x; t)j2 dtdx � "CT k(u0; u1)k2H10 (
)�L2(
)+e�1="CT k(u0; u1)k2H10 (
)�L2(
)+e(3+C)="CT R! R T0 ju(x; t)j2 dtdx+CT exp��3� 12 T 282 + C� 1"� k(u0; u1)k2H10 (
)�L2(
) .(2.28)We �nally 
hoose T > 16 large enough su
h that �3� 12 T 282 + C� � �1 that is 82 (8 + 2C) � T 2, todedu
e thatR
 Rt2(T2 �1;T2 +1) ju(x; t)j2 dtdx � R
 Rt2(T2 �1;T2 +1) j�(t)u(x; t)j2 dtdx� "CT k(u0; u1)k2H10 (
)�L2(
) + e(3+C)="CT R! R T0 ju(x; t)j2 dtdx .(2.29)Now we 
on
lude from (2.3), that there exist a 
onstant 
 > 0 and a time T > 0 large enough su
hthat for all " 2 (0; 1) small enough, we havek(u0; u1)k2L2(
)�H�1(
) � e
=" Z! Z T0 ju(x; t)j2 dtdx+ " k(u0; u1)k2H10 (
)�L2(
) (2.30)
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