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1 Introduction and main result

The purpose of this note is to prove the following result:

Theorem .- Let Q be a bounded connected C? domain in R, n > 1, and w be a non-empty
open subset of Q. Let us consider the following wave equation in Q0 X R, with initial data and homo-
geneous Dirichlet boundary condition :

RZu—Au=0 in QxR
u=0 ondQxR (1.1)
u(,0) =ug, Ou(-,0) =ur in Q.

Then, there exist a constant ¢ > 0 and a time T > 0 such that for all initial data (ug,u;) € H} () x
L? (), (ug,u1) # 0, the solution u of (1.1) satisfies the following estimate :
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Remark that estimate (1.2) is equivalent to
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||(u07u1)||iz(ﬂ)><H*1(Q) < ||(u07u1)||§{é(ﬂ)xL2(Q) ) (1.3)
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or equivalently,
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where the value of the constant ¢ > 0 may changed from line (1.2) to line (1.4) but not its dependence.

Similar kind of estimates already appears in [ R], [ LR] in the framework of boundary control and
stabilization for hyperbolic equations. Here, we use the ideas from [ R].



2 Proof of Theorem

2.1 step 1: Energy estimates

First, recall the conservation identity of the energy for the solution u of

#u—Au=0 inQxR
u=0 ondQ xR (2.1)
u(-,0) =ug, Ou(-,0) =u; in Q,

which is, for all ¢t € R

(a0, u) sy 22y = / (190 e, O + 1V 1)) dir (2.2)

Furthermore, we have the following inequality: there exists a constant ¢ > 0 such that for all T > 1,
we get

T
T 0wy << [ [ et do (2.3)

Indeed, let ¥ € C§° ((0,T)) such that 0 < ¥ <1, ¥ =1on (£,3L) and |¥'| < £. Multiplying (2.1)
by Pu and integrating over 2 x (0, T) by parts yields:
||vu||§2(m(%¥)) < fo [y |Vu z,1)|? dadt
fo Jo 82 U (t)u (z,t) dedt
= f Jo Ovu (z t) \I"( Yu (z,t) dmdt—l—fo Jo ¥ () |0pu (x, t)|? dadt (2.4)
< Jo Jo 10w (@, 6)” dadt + |¥'0;ul| 2 (g (0,7 ||u||L2(Q><(0,T))
T
<[y Jolowu (w,t)| dadt + T 10eull L2 0,7y 1l L2 (2 (0,1
Adding ||8tu||iZ(QX(% a7y using Poincaré inequality and conservation of energy (2.2), then there
exists a constant ¢ > 0 such that for all T'> 1,

T”(anul)”?{g(g)xm(g) < VCTH&fU’”L?(Qx(O,T)) ||(U07U1)||H3(Q)xL2(Q) ) (2.5)
that is
T
T||(u0,u1)||ilé(9)xLz(Q) < c/o /Q|8tu (z,8)” dz . (2.6)

Now, we deduce (2.3) from (2.6). Indeed, let v (z,t) = f (z,0)dl — (~A7") uy (z), then Av (z,t) =
fot Au (z,£) dl + uq (z) and dyv (z,t) = u (z, 1),
0?v (z,t) = O (z,t)
= Ou (z,0) +f0 O2u (x,0) dl

2.7
:ul(:c)-l-fOAu(xﬁ)dE 27)
= Av (z,t) .
Also, v (2,0) = — (=AY uy (z), 8 (2,0) = ug (z), and the homogeneous Dirichlet boundary condi-
tion is satisfied. Consequently,

2
(w0, u)l72@yem-1(0) = (A7) ur,ug ||H1 xL2(Q)
=l(v (CU 0), 3tv (z, 0))||H1(Q)><L2 <& fy Jolw (@, t)] dedt  (28)

that is (2.3).



2.2 step 2: FBI transform

Let F(z) = 5= [, e*7e T dr, then F(z) = ge%(‘ImZ‘Z_‘R“F)e—%(ImZRez). Also, with X\ > 0, let us
consider

1 ) £\2
Fy(2) =AF(\2) = — / e*7e=(3) dr . (2.9)
2 R
We have,
IFA(2)] = g/\e¥(\1mz\2—mez\2) , (2.10)
s

and, denoting F the Fourier transform of F,

Pr(r)=e () (2.11)

Let s,f, € R, we introduce the following gaussian transformation which is a particular case of the
Fourier-Bros-Iagolnitzer transformation in [ LR] :

Wi a(x,s) = /RF)\ (o +is—O)@(L)u(x, £)dl (2.12)

where ® € C§°(R). We remark that 92F\({, + is — {) = =07 F\({, +is — (), so

Wy, A(z,5) = J —OFF\(ly, +is — O)®(O)u(x, £)dl

= [ —F\(lo +is — 0) [®" (O)u(z, ) + 29" (0)dyu(z, {) + ®(0)0}u(x, )] dL. (2.13)

As u is solution of the wave equation, W,_ ) satisfies:

Wi a(z,s) =0 for xz € 0N (2.14)

{ Wy, a(x,8) + AWy, a(z,8) = [5 —Fr(lo +is — £) [®" (O)u(x, ) + 29 (£)Opu(x, £)] dl
Wi, A (2,0) = (F * ®u(z,-)) ({,) for z € Q.

In another hand, we also have for some T > 0,

|®u (z, -)||L2((§_17%+1)) < ||®u(z,-) — Fy * du(z, .)||L2((%_17%+1))
+ || Fy * ®u(z, -)||L2((z 1,241))

5 —

< |@u(z, ) — Fx * du(@, )| 12w (2.15)
5 1/2
+(fe(z vz Wia(a,0) dt)

But using Parseval equality and (2.11),

|Buz, ) - Fxx Bul, Ylpem = o

(v25) #ule,) (1) ar) (2.16)
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/ [B(0u(r " d < 455 10 (B, e +2 [ Wir(w,0)dt (2.17)
te(T-1,T+1) te(Z

€(F-1.3+1)
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Now, recall that from the Cauchy theorem we have:

Proposition .- Let f be a holomorphic function in a domain D C C. Let a,b> 0, z € C. We
suppose that

D, = {(z,y) € = C\ |t —Re(2)| <a, |y—Re(2)| <b} C D,

then

1 .
f(z)= — //|m_1?(:)|2+|y_lg,(z)|2<l [ (x + iy) dedy .

Choosing z =t € (£ —1,£ +1) C R and = + iy = {, + is, we deduce that

|Wt,>\(m70)| % |l07t|Sa ﬁs‘gb |W[O+is7)\(w,0)| dgodS

was Jiea—t1<a Jis<o IWeon(#, 5)| dsde / /
2 1/2 1/2 2.18
b (f\ffo—t\ﬁafIS\Sb|W‘5°7)‘($’8)| dSCM") (f\fo—t\ﬁafISISb de&’) (219

) 5 1/2
5 (o Sy [Wea a9 dsdt)
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and with a =b =1,

F+1)
211) Jeoe(2-0,209) [yt Weoa (@, )[ dsdlodt (2.19)
+2) f\s\g (We, A (z,5)| dsdl, .

Consequently, from (2.17), (2.19) and integrating over 2, we get

Jo fie(z 1,240y @@l O didz - <455 fo fo |97 () ulz,t) + () dpu(e, )| didz

+4floe(§f2,§+2) (fQ fISISl |Wgo7>\(m,s)|2dsda:) de, .
(2.20)

Now recall the following quantification result for unique continuation of elliptic equation with Dirichlet
boundary condition:

Proposition .- Let Q be a bounded connected C? domain in R®, n > 1, and w be a non-empty
open subset of Q. Let f = f(x,s) € L?(Q x (—2,2)). Then there exists C > 0 such that for all
w=w(z,s) € H* (Q x (-2,2)) solution of

02w+ Ayw = f in Qx (=2,2)
w=0 onoQx(-2,2)

for all £ > 0, we have :

f\s|§1 Jo lw (z, s)|> deds < CeCle (I\SIQ [, |w (z, s)|? dads + fIS\S2 Jo I f (z, s)|? da:ds)
+e4/e fISIS2 o lw (z,5)[* dads .
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Applying to Wy, », we deduce that for all ¢ > 0,

fl ‘<1 Jo 1WA (, s)|2da:ds
<e Y Efl <2 Jo [Weg A (2, 8)|? dzds
+CeC/* fl ‘<2f Wiy (2, 5)|” deds

+CeC/e f|8\<2 Jo lfg =Fa(lo +is — £) [®" (O)u(x, £) + 29/ (€)dyu(, 0)] d€|2 dxds .

(2.21)

Consequently, from (2.20) and (2.21), there exists a constant C' > 0, such that for all ¢ > 0,
Jo fie(z—1 241y 12 Ouz, ) dida
<Ak [0 [ 18 (#) ulz, t) + B () Bpulz, t)|* dtd
eV [, ox 12y (Jio Jo Waoa ()P dads) de,
HACET" [, on ) (o Jo Wea (2, 9)]” dads ) de,
+4CeC/e fl (%21 +2) (I\SIQ Jo |fR —FE\(lo +is —0) [®" (O)u(z, £) + 28 (£)Opu(z, £)] d€|2 d:nds) dl, .
(2.22)

Let define ® € C§°(R) more precisely now: let T > 16, we choose ® € C§°((0,7)),0<® <1, d =1
on (L, 3L). Furthermore, let K = [0, 2] U [2L,T] such that supp(®') = K and supp(®") C K. Let
Ky = [%, ?T] such that dist(K, K,) = %. We will choose £ € (% — 2,% + 2) C Ky.

Till the end of the proof, Cr will denote a generic positive constant independent of € and A but
dependent on (Q,T), whose value may change from line to line.

The first term of the second member of (2.22) becomes, using (2.2),

2 Cr
o [ L1 @utet)+ @0 duute 0 dete < S o) o (2.23)
The second term of the second member of (2.22) becomes, using (2.10),

e Jre(3-25+2) (f\s\s2 Jo [Weo a2, )" dxds) dto
— I . 2
= eV (a1 (Jiajen Jo L P CEo +zs—£)4>(£)u(x,£)d€| dads) dt,
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<eVe [ e(z a1 ia) <<2f9‘f YT e (Is* =l ‘fl)|u(x,z)|d4 dmds) de,

2 _ e 2
T \eH ) Uy e(n a1 1) (fs|<2 I ‘fo |u(a;,e)|d4 dmds) d,

< (%
( 2) e—4/e4 (4T fQ foT |u(x,€)|2 dﬁdx)
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(2.24)

472 | (o, i)l g3 (0 x 1200

The third term of the second member of (2.22) becomes, using (2.10),

T 12) (f\SISQ fw |W40’>\(x,s)|2 dxds) dl,
1) (fm@ I e Fa(ly +is — O)®()u(a, O)de|* dacds) dt,

T-2,Z+2) (fs <
T 2 2 e
s (%/\QA e« I., €(£-2.5+2) <fs_

2

< AN TN eCls [T |u(e, 1) dtde

2 2 2 2
T \2/_;_r>\6%(\s| —le—t]%) |q>(€)u(m,€)|d€‘ d:nds) dl, (2.25)

T 2
|u(z, )] dé‘ dxds) de,




The fourth term of the second member of (2.22) becomes, using (2.10) and the choice of ®,

eCle f/ e(5 2.7 +2) (fl <2 fQ |fR —F\(bg +is —0) [®" (L)u(x, L) + 28 (£)Opu(z, £)] d€|2 da:ds) dl,

<Ol [ ( < Jo ‘fK Yire't F (1P =1e=) |3 (pyu(z, €) +24>'(z)atu(x,z)|d42dxds) de,
< (£2°) e Cr fi, (Fupen o e 17 uta, 0] + 0cu(o. O | ds ) a,
< Op (LEree= 2t 0?) ol [ [ (fu(e, 0] +|dpu(a, O de] da

< CT>\262)‘2€_%diSt(K’KO)Zeo/E Il (uo, Ul)”?{g(g)xm(g)
<opxee () ol (0, u) 1723 0y x 220

(2.26)
We finally obtain from (2.23), (2.24), (2.25), (2.26) and (2.22), that
fQ fte(%—L%-ﬁ-l) |(I)(t)u($7t)|2 dtdz < % ||(U0,U,1)||il1 (Q)xL2(Q)
+COr 22N 4/E||(UOaU1)||H1(Q)><L2( Q) (2.27)

+4c}\2T62>\ C/Ef f lu(z, t)|” didx
Loz (1 )Ww%WM%mmmy

We begin to choose A2 = L in order that

1
Jo Je(z-1.741) | (t)u(z, t)|* dtde < eCr [|(uo, )70y 12(0)
+e='2Cr ||(uo, Ul)”i[é(Q)XLZ(Q)
+eG+OV gy | fOT lu(z, t)|* dida
+Cr exp ((3 - 3=+ C’) ) (w0, w) [z (0w 220 -
(2.28)

We finally choose T' > 16 large enough such that (3 —
deduce that
Jo he(z vz ol O dtde - < fo ficz_y 20y |9@u(, )] dide
< 07 [|(o, un) 1371 (@) 120y + €YCr [, fy lula, )| dtda .
(2.29)

T—2+C) < —1 that is 82 (8 + 20) < T2, to

1
282

Now we conclude from (2.3), that there exist a constant ¢ > 0 and a time 7' > 0 large enough such
that for all € € (0,1) small enough, we have

T
||(u0,u1)||ig(Q)XH_1(Q)Seﬂ/s//o Ju(e, t)|* dtde + & || (uo, ur) |51 0y x £2(0) (2.30)
w
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