Lecture Notes (Wuhan 2006)

Kim Dang Phung

First, I formulate the different notions of control and of stabilization on a model equation. Next, I
recall the different works and tools which play an important role in the development of control theory
for PDE. Finally, I describe my personal contribution about the polynomial decay rate of the damped
wave equation.

The model control problems concern the wave equation in a bounded domain.

1 Formulation of the problems

There are closed links between the following four problems: identification of solutions, observation,
controllability and stabilization.

1.1 Identification of solutions

Let Q be a bounded open set in RY, N > 1, with boundary 99. We consider the following wave
equation
{afu—Au:o in xR, (11)
u=0 ond)xR. '

Let T > 0, w be a nonempty open subset of {2 and I" be a nonempty subset of 0{2. Here, we ask to

answer the following two questions concerning identification of solutions: let u and v be two solutions
of (1.1),

e doesu=vinwx (0,7) imply u =v ?

e does dp,u=0,vonl x (0,T) imply u=v7?

By linearity, the above two questions are reduced to the unique continuation property (UCP) for the
wave equation. Due to finite speed of propagation, the (UCP) holds only for T' > 0 large enough
and © will be supposed a connected domain. For instance, for a sufficiently smooth boundary, if
T > 2max {dist (z,T),x € ﬁ}, then by Holmgren uniqueness theorem

N ={ueH"(2x(0,T)) being a solution of (1.1) such that d,u=0onT x (0,T)} = {0} .



1.2 Observation

When the UCP holds, we will have some interest to quantify it, or in other words, to get an observation
estimate. Under some conditions on 7' > 0 and w C €2, the internal observability for the wave equation
consists to establish the existence of a constant ¢ > 0, such that any solution u of (1.1) with initial
data (ug,u1) = (u(-,0),0u(-,0)) € L? () x H~' (Q), satisfies

T
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Under some conditions on T" > 0 and I' C 012, the boundary observability for the wave equation
consists to establish the existence of a constant ¢ > 0, such that any solution w of (1.1) with initial
data (ug,u1) = (u(-,0),0u(-,0)) € H} (Q) x L? (), satisfies

T
w0, eperror < | [ 0,0 dod

The above two estimates give the stability of the observation. We may only have a quantitative unique
continuation estimate as follows. Let €2 be a smooth connected open bounded set of RV, N > 1,
with boundary 0. Let w C € be a nonempty open subset of Q, and I' C 02 be a nonempty
subset of 92. There exist ¢ > 0 and T > 0 such that any solution w of (1.1) with initial data
(ug,u1) = (u(+,0),0u(-,0)) € HE () x L? (), (uo,u1) # 0, satisfies
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More generally, we may look for the following kind of interpolation inequality.

H(uo,u1)||§{19 L2(Q r
|<u07“1)||311<n>xw<9>5f< e ) [0 | oo dsat
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for some positive increasing function f: Rt — R*.
1.3 Controllability

Let T > 0 and T' C 99Q. Let G be a mapping from L? (9Q x (0,7)) to L? (Q) x H~1 () defined by
g(f):(v(70)78tv(v0)) inQa

where
Zv—Av=0 inQx(0,7T),

v = firxor) on9Qx(0,T),
(v(,T),0v(,T))=(0,0) inQ.

Let us introduce Cpq C L% (T x (0,T)) and D,q C L? (2) x H=1(Q), we choose (vg,v1) € Dyq. We
consider the map J(y,,4,) on Cyq defined by

J(Uo,vl) (f) = Hg (f) - (UOvvl)||iQ(Q)><H*1(Q) :

The exact boundary controllability for the wave equation is equivalent to the surjectivity of the map G
(recall that wave have the time reversibility property). According to physical properties of waves, the



natural question is: what geometrical situations and in particular, what hypothesis on (I, T') should
we impose to have the surjectivity of G?7.

In the case where such geometrical hypothesis are not satisfied, we will look for an adequate functional
space Dgq in which Im (G) is dense. Thus, the problem of approximate controllability can be rewritten
as follows: for all € > 0, for all (vg,v1) € Dgg, does exist an approximate control function f €
L?(T' % (0,T)) such that Jiy,.,) (f) < €?. Furthermore, are we able to estimate the cost of such
approximate control f with respect to €?. Of course, the choice of the control function is connected
with the cost.

Eventually (and this correspond to the notion of optimal control) one try to minimize over all possible
control f , the map J(y, ., (f), when (v, v1) € L? () x H~1 (Q). This leads to the following question:
does exist an admissible optimal control function f € Cuq such that Ji,, ., (f) = gé%fd‘](”o*”l) (9)?.

Similar questions appear in the context of internal controllability. Let T > 0 and w C 2. What are
the data (vg,v1) € Hg (Q) x L? (Q) for which there exists a control function f € L? (w x (0,7)) such
that the solution v € C° (R, H} (©)) N C* (R, L* (Q)) of

0?0 — Av = floxo,)y QxR
v=0 ondQ2 xR,
(v(+0), 0w (-,0)) = (vo,v1) In 2,

satisfies v (-, T) = Oyv (-, T) = 0, that is vp>p = 07.

1.4 Stabilization

When the control function f depends on the solution v (closed-loop problems) and when the system
becomes dissipative (for instance if absorbing boundary conditions or damped terms are involved), the
energy is a positive time decreasing function. Therefore, we study the long time asymptotic behavior
of the energy. In particular, the choice of different Cauchy data and/or geometrical hypothesis gives
different estimates for the decreasing rate of the energy. The strong stabilization consists obtaining an
uniform time exponential rate of decay.

For example, we study the following systems

O?w—Aw=0 inQ x (0,4+00) ,
Opw+ A(z) 0w =0 on 9N x (0,+00) ,
(w, Opw) (+,0) = (wp,wy) in Q,
or
2w — Aw+a(z)dw =0 inQx (0,+00) ,
w=0 ondQx(0,+00) ,
(w, dyw) (+,0) = (wo,wy) in Q,

where a € L* (Q), a > 0, A € L (0Q), A > 0 and (wq,w;) € H' (Q) x L? (Q) with their associated
compatibility conditions. Denote by £ (w,t) the energy of the solution w:

£ (w,t) = %/Q(Wtw (. + |V 2,0)) d

The weak stabilization consists to prove that for any (wp,w;) in a suitable space, , li+m E(w,t) = 0.
— T 00

The strong stabilization consists to prove, under suitable conditions, the existence of ¢ > 0 and 3 > 0
such that for any (wp,w) in a suitable space, we have a uniform and exponential decay rate

E (w,t) < ce™PE (w,0) .



We are also interested in the decay rate of the energy for more smooth initial data. In particular, we
may only get the existence of a function f : RT — RT, , ligl f (t) = 0, such that for any regular initial
— T 00

data (wp,w;) in a suitable space, we have

E(w,t) < f ()€ (w,0)+ & (Ow,0)] .
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2.1 Control on the whole boundary

It is one of the first result on control for the wave. Russell [ Ru] uses Huygens’ principle to give a
control result for the wave equation when the control acts on the whole boundary (see also [ L]).



2.2 Dimension N =1

The particular case of the one dimension is well-understood for the nonlinear wave equation thanks to
[ Z]. Usually, we used the following two ideas: 07 — 82 = (9; — 0,.) (0; + O.); we interchange the time
variable with the space variable. In particular, the solutions of

Pp—2p=0 for (z,t)€ (0,1) xR,
p=0 for (z,t) € {0,1} xR,

are of the form p (z,t) = g (t + =) — g (t — z) with g being a 2-periodic function.

2.3 Geometric condition

There are in the literature two ways to get an observability estimate for the wave equation in a bounded
open set Q in RV, N > 1, with boundary 99:

e multipliers method [ Li] (see also [ Li2])-[ K] (992 of class C?);

e geometric optics [ BLR] (see also [ Le])-[ BG] (992 of class C*°, later reduced to C domains by
Burq).

The above two techniques come from scattering problems (study of hyperbolic systems in exterior
domains) (see e.g. PhD of Pauen). The multiplier techniques can be seen as a generalization of the
Morawetz energy method. The geometric optic techniques are based on microlocal analysis and the
theorem of propagation of singularities of Melrose and Sjostrand which allows to answer the conjecture
of Lax and Phillips. More recently, using defect measure, Burq and Gérard established that the
geometric control condition of Bardos, Lebeau and Rauch is a necessary and sufficient condition for
the exact controllability of the wave equations with Dirichlet boundary conditions.

When no geometric condition is required, Robbiano [ R] proves a quantitative unique continuation
estimate for hyperbolic equations from a local Carleman inequality for elliptic operators and a Fourier-
Bros-Tagolnitzer transform (see also [ Be]). Then, the cost of the approximate controllability for hyper-

bolic equations is deduced. Application to boundary stabilization without geometric control condition
is established in [ LR]. The optimal result without geometrical hypothesis is given in [ B].

2.4 Potential

The study of hyperbolic equations with a potential in (z,t)-variable is done by Zhang [ Zh] using a
global Carleman inequality.

2.5 Other papers

About the heat equation
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3 Wave equation in the whole space

e When dimension N = 1, we have the D’Alembert’s formula. If f € C? (R) and g € C' (R), then

u(z,t) =

DO =

x+t
fatn+fa=ol+g [ g@ds

is C? and solves
{ Zu—Au=0 onR'T
Ult=0 = f atu|t:0 =g

e When dimension N = 2, we have

t

d
+7/ g(x+ty)7y.
21 Jiy1<1 1=yl

d
u@ﬂzag—/ f o+ ty) 22—
21 Jiy1<1 1—|yl?



e When dimension N = 3, if f € C? (R?’) and g € C? (R3)7 then

1

u(z,t) = o

V)91 @ )+ g (a1 do (1)

is C? and solves

2, _ _ 3+1
{atu Au=0 on R (3.1)

Ult=0 = I atU|t:0 =g.

3.1 Huygens principle

When dimension N = 3, if f and g are smooth and compactly supported, say f = g =0 for |z| > R
for some R > 0, then u (x,t) =0 unless t — R < |z| <t + R.

The above result is still true for N > 3 odd. A weaker version also exists for N > 2 even.

3.2 Application to control [ Ru] by acting on the whole boundary

Let 2 be a bounded set in R3, with boundary 9 of class C*. Let T, > diamS). Let vy € C3 (ﬁ) and
vy € C? (ﬁ) Now we introduce 6 > 0 such that T, > 26 + diamS(2, and

Qs = {z €R? 37 € Q with |z — 7 <4} .
Consider f5 € C* (R?®) and g5 € C? (R®) be such that

fs=vo InQ, fs(x)=0 forax¢Qs,
gs=v1 InQ, gs(x)=0 foraxé¢Qs.

Therefore, the solution us of (3.1) with initial data (fs,gs) satisfies us (z,t) = 0 for (z,t) € Q x
[To, +00). Indeed, we only need to see that for z € Q and t > T,, we get = + ty ¢ Qs Yy € S%. (Let
7 e,
T, <t=tlyll= |ty
<ty + 2 = 2| + [|lz -
< |ty + = — Z|| + diam®

Thus 26 < T, — diamQ < ||ty + = — Z||, which implies = + ty ¢ Qs).
Finally, consider v the restriction to us on © x (0,7,). Then for any smooth (vg,v;1), there exists x
such that
BZv—Av=0 inQx(0,T,) ,
v=yx ondQx(0,T,) ,
(v(-,0),0v(-,0)) = (vo,v1) inQ,

and v>1, = 0.

4 Wave equation in a bounded domain

Let © be a bounded open set of RN, N > 1, with boundary 99 of class C? (or  be a convex domain
in order that H?(Q) N H} (Q) = {u e Hj (Q), Aue L*(Q)}). Let T > 0.



4.1 Well-posedness

o V(up,ur) € L*(Q) x H1 () 3JweC(R,L*(Q)NC (R, H!(2)) weak solution of

u=0 ondQd xR,

Pu—Au=0 inQxR,
(u(-,0),0u(-,0)) = (up,u1) in ),

in the distribution sense (see also weak solution in the transposition sense when u = f on
O x (0,T) for some f € L' (0,T;L? (0%)))

POW () u (-, t)dt € HE(Q) VYU e CL(R)

—0oQ

{ 0=(}u—Au, ¥ (t)®(x)) VVeC]R),VPeC (),
(u(-,0),0:u(-,0)) = (ug,u1) in .

o Vfec Ll (O,T; L? (Q)), V (ug,u1) € HY (Q)xL*(Q) FueC ([O,T} HY (Q))OC’1 ([O,T] , L2 (Q))
solution of

u=0 ondQx(0,T),

{ Bu—Au=f inQx(0,7T),
(u(-,0),0:u(-0)) = (ug,u1) in,

Moreover, 3¢ > 0
ol 0,213 00 1900l 0 202 < (100w iy oy + 1 s 0 miaca )

Also,

u(m,t):Z{a cos(t\ﬁ)—i—a \/>sm(t\ﬁ \/>/ sin t—s ﬁ)fj(s)ds}ej(x)

Jj=1

where

ug () = Zaey(fc), Z/\}aol < o0,
ui (2) = Zaej(w)» Z|a1| <400,
f (1) = ij() (),

j>1

the {e;},5, is a Hilbert basis in L? (Q) formed by the eigenfunctions of the operator —A, i.e.,

—Aej = )\jej in 2 y
e;j =0 ondf.

o V(ug,u1) € H2 (QNHE (Q)xHL(Q) 3w e C (R, H2(Q) N HE (Q))NCT (R, HE (2))NC2 (R, L2 ()

strong solution of

u=0 ondQ xR, (4.1)

Pu—Au=0 inQxR,
(u(-,0),0u(-,0)) = (up,u1) in .



4.2 Energy

Denote by &€ (u,t) the energy of the solution u of (4.1) with initial data (ug,u1) € H} () x L? (Q):

£ (u, ) :%/Q (190 2. 0)* + |V (2, 0)) e

Proposition 1.- € (u,t) = € (u,0) Vt € R .

Proof.- First, we consider a smooth solution with initial data in (ug,u1) € H? (Q)NHE () x HE ().
Therefore, for any T > 0, u € C* (0, T;H} (Q)) and Au € C (O, T; L? (Q)) Clearly, by integrations by
parts,

d
%5 (u,t) =01n [0,T] .
Then, in the general case (ug,u1) € H} (2) x L? () and by density, there exists (ug n,u1,,) € H ()N

H} (Q) x H} (Q) such that (ugn,u1n) - (ug,u1) in HY (Q) x L? (). Thus, u, oo U in

C(0,T;Hj () NC* (0,T; L? (22)) where uy, is solution of (4.1) with initial data (uon,u1,,). Finally,
E (un, t) - € (u,t) in C'[0,T].

Proposition 2.-

2 2 2
10w (- ) =1 @) + llu (D72 0y = N(uo, u)ll 20y m-1(0) -

Proof.- Recall that ||u||i1,1(m = ((—A)_l u,u)Hl(Q) R
0 ’

4.3 The normal derivative

For the solutions of the wave equation, we have a better result than the classical trace theorem.

Proposition 3.- For any (ug,u1) € H} () x L? (Q), the unique solution u € C ([0, T];Hg (22)) N
C' ([0,T],L*(Q)) of (4.1) satisfies O,u € L? (02 x (0,T)) and

T
Je >0 / / (Ot (2, )2 dodt < c (a0, ) Py ooy ¥ (ttos ur) € HY (@) x L2(€) .
0 [o]9)

Proof- Let H € C*! (ﬁ) be a vector field. For a strong solution u, we multiply the equation
9?u — Au = 0 by H - Vu and integrate over Q x (0,T). It comes by integrations by parts

0 :fonﬂ (0%u — Au) H - Vu
= [[fq OruH - VU]OT +1 fOT Jo divH (|8tu|2 - |Vu|2) + fOT Jo Oz, u0p, H; 0y u (4.2)
- foT Jog OnuH - Vu + 3 foT Joo H -1 Vul* .

We choose H be such that H = n on 90). And recall that Vu = 9,un on 90f2 because u = 0 on 9f2.
Consequently,

1T 9 T 1T ' ) ) T
,/ / [Opul” = /@uH-Vu + 7/ /de (\@u\ — |Vu| >—|—/ /3x,iu8xiHj6xju.
2 Jo Joa Q o 2Jo Ja o Ja

Now, by a density argument, the above equality is still true for any (ug,u1) € H} (2) x L? () which
gives the desired inequality where ¢ > 0 depends only on 2 and T > 0.



4.4 Preliminary properties

Here, we establish three properties concerning the observation for the wave equation. Proposition 4
below shows that observability holds for different norms. Proposition 5 below says that observability
can dealt with a term in a lower norm. Proposition 6 says that it still has a interest to get an observation
with a small term in a higher norm.

Proposition 4.- . Let w C Q be a nonempty open subset of Q. Let u be a solution of (4.1) with
initial data (ug,u1). The following two statements are equivalent:

i) there exists ¢ > 0 such that

T
0wy < [ [ ulan)P s

for any (ug,u1) € L? (Q) x H™1(Q) ;

it) there exists ¢ > 0 such that

T
2
”(uO»ul)H%{é(Q)xLQ(Q) =< C/o / |Opu (@, t)|” dadt

w

for any (ug,u1) € H} () x L? () .

Proof of i) = ii).- We fix (ug,u1) € Hg () x L?(Q). Then, we apply i) to ¢ (z,t) = dyu (z,t).

Proof of i) = i).- We fix (ug,u1) € L? (Q)x H~! (Q). Then, we apply ii) to ¢ (x,t) = fot u(x,s)ds—
(=) (2).

Proposition 5.- "a standard uniqueness-compactness argument”. Let w C 2 be a nonempty open
subset of Q. Let T > 0 be such that

N ={ueL?(Qx(0,T)) being a solution of (4.1) such that dyu =0 on w x (0,T)} = {0} .
Let u be a solution of (4.1) with initial data (ug,u1). The following two statements are equivalent:

i) there exist ¢ > 0 and d > 0 such that

T
2 2 2
H(umul)HHé(Q)xL?(Q) < C/(; /latu(x’t” dxdt+d”(u07u1)||L2(Q)><H*1(Q) )
w

for any (ug,u1) € H& () x L2 (Q) ;

it) there exists ¢ > 0 such that

T
2 2
o)l e < [ [ 10wl dad

w

for any (ug,u1) € H} () x L* () .

Proof.- Suppose that 4i) is false. Then there exists a sequence (ug,n,U1,n),cy € HY () x L2 (Q)
such that

T
2 2
H(’U,O)n,ul,n)HH&(Q)xLz(Q) =1 and /0 /w|8tun| dzdt e 0,
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where u,, is the solution of (4.1) with initial data (ug,u1,,). By Rellich compactness theorem, there
exists a subsequence still denoted by (uo,n,u1,n), ey € Hp (2) x L? (Q) such that

2 2
||(u0,’n7ul,n)||L2(Q)XH—1(Q) n:m H(u07u1)||L2(Q)><H*1(Q) )

where (ug,u1) € Hj () x L? (). By applying i) to (uo,n, u1n),cn € Hg () x L? (), we get
1<d ”(u07u1)”iz(ﬂ)xH*1(Q) and Oyu =0 onw x (0,T).

This contradicts NV = {0}. A method to get N' = {0} is as follows. We check that N is finite
dimensional and prove that A/ is stable by 9; (in particular, we need N C H* (Q x (0,7))). Then, if
N # {0}, there will exist an eigenfunction u for d; on A associated to the eigenvalue . Finally, we

get a contradiction using uniqueness theorem for second order elliptic operator in a connected domain
Q with w C Q.

Proposition 6.- Let w C Q be a nonempty open subset of Q. Let u be a solution of (4.1) with initial
data (ug,uy1). The following two statements are equivalent:

i) there exists ¢ > 0 such that

T
2 2 2
0wl gerr-scan < €7 [ [ @) o+ <o) g encoy
w

for any € > 0 and (ug,u1) € HE () x L2(Q) ;

it) there exists ¢ > 0 such that

2

10131 6y 1200

c > T
||(u07u1)H§{8(Q)XL2(Q) <ce W0 T2 () =10 / /|u (x,t)|2dxdt,
0 w

for any (ug,u1) € H} () x L? () .

2
0,2 ) 10

Proof of i) = ii).- We chose € = 3 (a0l

2
HY(@)xL2(Q)

”(u()vul)Hi{é (Q)x L2(Q)

H(anu1)|‘22 —1
LEMXH- (D) < qec/e When

Proof of i) = i).- When JT [lu(@nPdedt =

1
S = then

2
(o, u) 2 0y x -1

H(uﬂvul)”iré(n)xﬂ(m

1 2 2
Mo vy~ 7 20 (0, w0y rr-10) < €10, 1wl 0y 220

4.5 Gaussian beam

We present a numerical approximation of a solution of the wave equation in a square domain in R? with
the Dirichlet boundary condition. From the computations done by Ralston (see http://math.ucla.edu
/ralston/pub/Gaussnotes.pdf) the solution u (1, 29,t) = ag (z1, T2, t) e*®@122:1) given below solves
Pu—Au=0 (1/\/%) and is concentrated on the curve y = { (29,23 4+ t) ,t > 0} where (29,29) € R%:

fora >0, >0,
1

ag (z1,2,t) = et

1 ry — 2§ 1 1 — 2t % 0 0 1 — 29
@(xl,xg,t):§ 1 | =2y |+ | w2—2d |- 0 i —iB || w2 —ad ,
-1 t t 0 —ig g t
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therefore 2 2
u(@net) = gt e (i4 [z~ a) — 1] + ik (o1 - b))
exp (s (01— o)’ — ¥ (e - o) — 1)) .

By taking its real part, we get

1/4
u(enent) = (i) o (2(1+]Z§m>2) (21— a9)" = 2 [(w2 —a8) — tf)

cos (% (21— x(l))2 + & [(z2 — 29) — t] — L arctan (2at)) :
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tial data are

ini

Now, the

o? (z1 —29)* — & - O‘) sin (5 (72— mg))] ’

, we may get a visual idea of a localized solution of the wave
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Reflection of a gaussian beam at the boundary under homogeneous Dirichlet boundary conditions.
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5 Controllability

Two methods allow to get both internal and boundary exact controllability for wave equations from
an observability inequality: the HUM method (Hilbert Uniqueness Method) of Lions; the variational
approach.

5.1 HUM method

We apply the HUM method of Lions to get boundary controllability for the wave equation.
Step 1.- Let us introduce the operator
C:feL?(Tx(0,T) — (9w (-0),—v(0)) € HH(Q) x L*(Q) ,

where v € C ([0, T],L*(Q)) N C* ([0, T], H~* (Q)) is the solution of
Zv—Av=0 inQx(0,T),
v = firxo,r) on dQ x (0,7) ,
(v(,T),0v(-,T)) =(0,0) inQ.

Then C is a linear continuous operator. We define H~* (Q) x L2 () D F =ImC, be the range of C,

the space of exact controllable data at time T by acting on I'. Now, we will need to construct the dual
operator of C. Let us introduce the operator

Kt (u1,u0) € Hy () x L? () — dpurxor) € L* (I'x (0,7)) ,
where u € C ([0,7], H} () N C* ([0,T],L? (Q)) is the solution of
RZu—Au=0 inQx(0,7T),
u=0 ondQx(0,T),
(u(-,0),0u(-,0)) = (ug,u1) in .
Then K is a linear continuous operator.

Step 2.- We have the following duality result between C and K.

Theorem 1.- For all f € L*>(T x (0,T)) and (ug,u1) € Hg (Q) x L*(Q),

T
/0 ‘/FfIC(UOaul)dO—dt:<(u0,u1)aC(f)>H&(Q)><L2(Q),H*1(Q)><L2(Q) )

where ((uo, u1),C (f)>L2(Q)><H3(Q),L2(Q)xH*l(Q) = (u(-,0), 0w ("0))H§(Q),H*1(Q)_IQ Opu(-,0)v (-,0)dz.
Step 3.- Now we have the following approximate controllability result.
Theorem 2.- F =ImC is dense in H=1(2) x L?(Q) if and only if KerK = {(0,0)}.

Proof.- We use the formula ImC = H~1 (Q) x L? () & F+ = {(0,0)} and F+ = KerK where F=+
denotes the orthogonal to F in H~1 (Q) x L? (Q2).

Step 4.- Now we have the following exact controllability result.
Theorem 3.- The following two statements are equivalent.

i) F=ImC=H"'(Q)xL*(Q) ;
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i) there exists ¢ > 0 such that H(UO,Ul)”?{é(Q)X[/z(Q) < CfoT Jp 10 (z,)|* dodt for any (uo,u1) €
H} () x L2 (Q) where u is the solution of (4.1).

Proof of i) = ii).- First, remark that by a classical functional analysis theorem, if ImC = H~! () x
L?(9), then Iy > 0 such that

B(0,m) 5-10)xr2(0) CC (B (0, 1)L2(rx(0,T))) :

Next, let (ug,u1) € Hg (Q) x L? (). We construct (vg,v1) € L% (Q) x H~! () such that

H(UUaUl)HL?(Q)xH*l(Q) =1
(o, v1) gt ), m-1(2) — Jo urvoda = [ (w0, wi)ll g2 @y x 220y -

Then, we take f € L? (' x (0,7)) be such that C (f) = (v1, —vo) and [|f]| p2(ry 0.1y < % in order to
get
||(u0au1)||Hé(Q)><L2(Q) = (uo, Orv ('70))H5(Q),H—1(Q) - fQ urv (-, 0) dx
= foT -ff‘ f’C (’U,()7 ul) dodt
SN Fllpz2ex 0,7y 1€ (o, wi) I p2rx 0,7
< % ||K(u07U1)HL2(F><(O7T)) :

Proof of ii) = i).- We look for a control f in the following particular form. Denote B = C o K and
suppose that f = K (0, ¢1) for some (¢o, p1) € HE () x L? (Q), then for all (oo, ¢1) € Hg () x L2 ()
and (ug,u1) € H} () x L? (),

T
| o0 € o) dot = (G20 B (o000} -

In particular,

T
/0 /F"C(uo,ul)IQdO'dt:<(’U,07u1)78(uo’ul)>H&(Q)XLQ(Q),H_l(Q)XLQ(Q) .

If we can prove that the bilinear form given by
((uo,u1) ; (w0, 1)) — (w0, u1) , B(%0,1)) g () x L2(02), H-1 () x L2(2)
is coercive then by Lax-Milgram theorem, V (v, v9) € H™1 (Q) x L? (Q) 3 (po, p1) € Hg () x L* ()

such that B (¢, p1) = (v1, —vg) that is (v (+,0),0:v (-,0)) = (vo,v1). Now, it is sufficient to see that
the coercivity of the bilinear form is deduced from the observability estimate ii).

Further comment.- The cost of the approximate control for can be deduced from a spectral analysis
of the operator B (see [ R]).

5.2 Variational approach

We apply the variational approach to get the internal controllability for the wave equation (see course
of Micu and Zuazua at http://math.univ-lillel.fr/jfcoulom/Journees/Zuazua/notas.pdf).

Step 1.- Let us define the duality product between L? () x H~1(Q2) and H} () x L? (Q) by

(o) (s, 02)) = (a,00) -y — [ wond

for all (ug,u1) € L* () x H=1(Q) and (vg,v1) € H} (Q) x L? (Q). Then we have
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Theorem 4.- The initial data (vo,v1) € H () x L2 (Q) may be driven to zero at time T > 0 if and
only if there exists f € L? (w x (0,T)) such that

T
O:/ /ufda:dt— ((uo,u1), (vo,v1))
0 w
for any (ug,u1) € L? (Q) x H=*(Q), where u is the corresponding solution of (4.1).

Step 2.- Introduce the functional J : L? () x H=1 () — R, by

J (ug,uq) = %/0 / |u|2 dxdt — ((ug,u1), (vo,v1))

where (vg,v1) € H (Q) x L?(Q) and u is the solution of (4.1) with initial data (ug,u;) € L? (Q) x
H~1(Q). Then we have

Theorem 5.- Let (vg,v1) € Hj (Q) x L* (Q). If (o, 1) is a minimizer of J, then f = @ux(0,1)
is a control which leads (vg,v1) to zero at time T, where ¢ is the solution of

BZo—NAp=0 inQxR,
=0 ond xR,
(@(70)a8t§0(’0)) = (9007(001) in Q.

Step 3.- It remains to prove that

Theorem 6.- . If we have an observability estimate, that is

T
2 2
3> 0 (o) ey < | [ uleo)f dode
w

for any u the solution of (4.1) with initial data (ug,u;) € L*(Q) x H=1(Q), then the functional J
has an unique minimizer (po, 1) € L (Q) x H~1(Q).

Step 4.- Moreover, we have

Theorem 7.- Let f = pjux,1) be the control given by minimizing the functional J. If g €
L? (w x (0,T)) is any other control driving to zero the initial data (vo,v1) € HE () x L% (), then

”fHL?(wx(O,T)) < ||9||L2(wx(o,T)) :

Further comment.- The approximate controllability can be established by a variational approach
as follows. Let € > 0 and (20, 21) € H (Q) x L? (Q). By time-reversibility, we are reduced to look for
a control function f. € L? (w x (0,T)) such that

[(w(T), 000 (- T)) = (20, 20) | a ey x L2y S € 5
where
8fv—Av:fE|wX(o,T) in 2 xR s
v=0 ondQ) xR,
(v(-,0),0v(-,0))=(0,0) inQ.

Introduce the functional J. : L? () x H~1 () — R, by

1 T
T (o) = 5 [ [l dodt - 0,00 gy e = (o) o 20)
w
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where u is the the solution of (4.1) with initial data (ug,u;) € L*(Q) x H~1 (Q). Then under UCP,
the functional 7. has a minimizer (o, ¢1) € L? () x H™' () and f. = @pux(0,7) is an approximate
control which leads the solution of

atZ’U—A’U:fde(O)T) in Q xR s
v=0 ondN xR,
(v(-,0),0v(-,0)) =(0,0) inQ.
to (v(-,T),0w (-,T)) such that
||(’U ('aT)’at'U ("T)) - (ZOle)HHé(Q)XLQ(Q) <e,
where ¢ is the solution of

Po—NAp=0 inQxR,
=0 ond2 xR,
(@(,0)7615(,0 (70)) = (@0?901) nQ.

6 Stabilization

to be completed later (see http://freephung.free.fr/kimdang/pub.html).

7 Observability

7.1 Multipliers method | Li2]

Let 2° € RN T'(2°) = {x € 9Q; (z — 2°) - n () > 0} and R (z°) = max |z — 2°| .
z€EQ

Theorem 8.- Assume that T > 2R (x°). Then there exists ¢ > 0, such that any solution u of (4.1)
with initial data (ug,u1) € HE (Q) x L?(Q), satisfies

T
||(u0,u1)||ilé(Q)XL2(Q) S CA /1—\( ) |6'ILU/ (x’t)|2do'dt .

Proof.-

Step 1.- We apply the identity (4.2) with H (z) = = — 2° in order to get

5 foT Jo (|8tu|2 - \VU\2> + fOT Jo |Vul* + [Jo Ou (z — 2°) - VU}:
*zfo fa&zx*$ |3U\2

S 2 0 fl" a) |anu|

Step 2.- We multiply the equation d?u — Au = 0 by u and integrate over  x (0,7'). It comes by

integrations by parts
T T
/ / (|8tu|2 — |Vu|2) = {/ 8tuu] :
0o Ja Q 0
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Consequently,

% Uﬂat““] +3 fo fQW“| T3 fo Jor 10l — Uﬂatu“] + [Jo Oru(z — 2°) - VU]OT
R fo fr (z°) |3nu|

From the conservation of energy, we finally get

TH(u(bul)”?-Ié(Q)xLQ(Q)
(x°) foT Jote Opul” — (N = 1) [/, Ay —|—2‘ [ Ou (@ — 2°) - Vu]
R(2°) fy Jrgaoy l0nul* = (N = 1) [ fy duu)y + 2R (x ) (o, u) 12 @) 220

which implies, for T > 2R (x°), the existence of ¢ > 0 and d > 0 such that

T
2 2 2
o)l < [ [ 1w o) a1 -

We conclude by using a uniqueness-compactness argument.

Further comments.- We also can deduce from the above inequality the following internal observ-
ability estimate.

Theorem 9.- Assume that T > 2R (x°). Then there exists ¢ > 0 such that any solution u of (4.1)
with initial data (ug,u1) € HE (Q) x L? (), satisfies

T
o, ) gy < | [ 10w ) ddt
0 w
where w =Y (x°) N Q and I (z°) is a neighborhood of T (z°) in RY.
The choice of T may be improved, depending on 9 (x°).

Step 1.- If g > 0 is such that T'— 2y > 2R (2°), then we also have

T—p
1 (ut0s ) 173 2y 22 () gc/ /F( )\anuﬁ+d|\(uo,u1)||2LQ(Q)XH_1(Q) :
H z°

Step 2.- It remains to prove that

T—p T
/ / 1Ol gc/ / Byt (2, )2 dvdt + d (10, un) |22y 1160
m T'(z°) 0 F(z°)NQ

by reproducing a identity like (4.2) with a suitable H (z,t) € C* (Q x (0,T)) such that H (z,pn) =
H (z,T — p) = 0. We will also need to check that

/ / ) Vu (z,t)|” dedt < c/ / \6‘tu (2,1)? dmdt+d\|(u0,u1)||L2(Q)xH Q)
z")ﬂQ Jd(xz°)N

for some suitable ® € C§° (0,T).
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7.2 Geometric control condition [ BLR]
7.2.1 Preliminary definitions

We begin to recall some definitions.

Definitions.- Let P (z, D) be a differential operator in RY with a real principal symbol p (z,¢). The
Hamiltonian vector field of p is given by

Hy (0.6 = (g2 (00 g (0.5 5 (0.9 =g (0

A Hamiltonian curve of p is an integral curve of H,, that is a curve

_ (=) ih D s) =
v(s) = ( £ (s) ) with dsA/(S) =Hpyy(s) .
z (s) and £ (s) are solutions of the system of ordinary differential equations

{ i z(s) = Vep(z(s),£(s)) ,
26 (8) = =Vaup(x(s),£(s)) -

The integral curve on which p (z (s), £ (s)) = 0, are called bicharacteristic of p. v (s) may be written
as e*fr (0) .

Application to the wave equation.- P = 92 — A, its principal symbol is p (z,t,&,7) = \§|2 — 72, The
bicharacteristics associated to the wave equations are

Laj(s)=2(s), forj=1,---,N,
%m:—zr(),

EE() forj=1,---,N,
(TT() 0,

)P —7(s)> =0,

which gives for any initial data (2°,°,£°,7°) € Q x R x RN x R\{0} such that |¢°* = (7°)?,

We end by giving an intuitive definition of a ray of geometric optics.

Definition.- A generalyzed bicharacteristic ray associated to 92 — A is a continuous trajectory

t(s)

when z (t) € Q then it propagates in straight line with speed one until it hits 9 at time to. If it
hits 02 at time tg transversally, then the reflection off the boundary is subject to the optic geometric
rules (the angle of incidence equals the angle of reflection) as light rays or billiard balls. If it hits 9
at time to tangentially, then either there exists another trajectory Z (t) such that x (tg) = Z (to) and

z (to) = £ (to) living in Q and then x (t) = Z (t) for t > to until it hits the boundary; or there is no
such kind of Z and then it glides along the boundary until it may branch onto a trajectory z (¢) in €.

5 +— ( z (s) > satisfying = (s) € Q, t (s) = s and

The existence of a unique generalized bicharacteristic ray holds under one of the following assumptions:
09 is analytic; 0 is C* and 9 has no contacts of infinite order with its tangents; 92 is C* for some
integer k > 3 and 0f2 has no contacts of order k — 1 with its tangents.
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7.2.2 Necessary and sufficient condition

Here, we begin to describe the result of [ BG].

Let © € Cy (00 x (0,T)) a compactly supported continuous function. We say that © exactly controls
Q if for any (v, v1) € L? () x H~1 (), there exists g € L? (99 x R) such that the solution of

Pv—Av=0 inQxR,
v=0g ondQd xR,
(v(-,0),0v (-,0)) = (vo,v1) inQ,

satisfies vj;>7 = 0. We say that © geometrically controls 2 if any generalized bicharacteristic ray
meets the set {(z,t) € 90 x R;0 (z,t) # 0} on a non-diffractive point.

Theorem ([ BG]).- Assume that Q is of class C and 90 has no contacts of infinite order with its
tangents. Then the following statements are equivalent.

i) the function © ezactly controls Q ;
it) the function © geometrically controls ) ;

iii) there exists ¢ > 0 such that

2 2
IQxXR

for any (ug,u1) € H} (Q) x L? (Q) where u is the solution of (4.1).

Previously, Bardos, Lebeau and Rauch proved that

Theorem ([ BLR)).- Assume that Q is of class C*° and 9 has no contacts of infinite order with its
tangents. Let T > 0 and I’ C OS2 be a nonempty subset of O such that any generalized bicharacteristic
ray meets T x (0,T) in a non-diffractive point, then there exists ¢ > 0 such that

T
H(uo,ul)H?{&(Q)Xm(m < C/o /F|3nu (z, 1)) dodt
for any (ug,u1) € HE (Q) x L? (Q) where u is the solution of (4.1).
A similar result holds for internal observability.

Theorem ([ BLR]).- Assume that Q is of class C™ and 9 has no contacts of infinite order with
its tangents. Let T > 0 and w C € be a nonempty open subset of 0 such that any generalized
bicharacteristic ray meets w x (0,T), then there exists ¢ > 0 such that

T
2 2
Ry A Al

for any (up,u1) € L? () x H~1 (Q) where u is the solution of (4.1).
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