Doubling property for the Laplacian
and its applications (Course Chengdu 2007)

K.-D. PHUNG

1 The original approach of N. Garofalo and F.H. Lin

For simplicity, we reproduce the proof of N. Garofalo and F.H. Lin in the simplest case of the Laplacian.
Let By, r = {y € RN, |y —yo| < R}, with y, € R¥™! and R > 0. The unit sphere is defined by
SN = 0By ;.

Theorem 4.1 .- Let D Cc RN*Y, N > 1, be a connected bounded open set such that By € D.
If v=wv(y) € H*(D) is a solution of Ayv =0 in D, then for any 0 < M < 1/2, we have

Vo (y 2dy
/ o) Py <2 exp (g 220 VO / v () dy .
Bo,2m faBo,1 lv(y)|” do Bo,m

Proof .- We will use the following three formulas. Let R > 0,

R
() dy:/ f(rs)rNdrdo (s) , (4.1)
Bo,r 0o JsnN
d
dR BO’Rf(y) dy= [ T Es) RYdo (s) —/6B07Rf(y) do (y) (4.2)
o/ = s)s; RNdo (s
~/Bo,Rayi(y)dy_ SNf(R) ZR d () : (43)

The identity (4.1) is the formula of change of variable in spherical coordinate. (4.2) comes from (4.1)
when f is a continuous function. The identity (4.3), available when Vf is integrable, traduces the
Green formula. Indeed,

Joon B W dy = [op, T @) vi(y)do(y)
= [4n [ (Rs)s; RNdo (s) because on 0B g, v (x) =

=l

Now, we will introduce the following quantities. Let r > 0,

H) = fop,, [0 W) do(y) |

D)= fy Vo) dy, (4)



and

(4.5)

The goal is to show that A is a non-decreasing function for 0 < r < 1. To this end, we will compute

the derivatives of H and D.
The computation of the derivative of H (r) = [¢n [v (rs)|* rVdo (s) gives

H(r) = NN fsN v rs)| do (s —|—fSN 2v (rs) (Vv)‘rS -srNdo (s)
=N1 H +fSN (Vv) . sriVdo (s)
= N}, )+ Jo [on div (VU2) rNdrdo (s)
=N1H (7“) + fBom A (v?)dy ,

but A (v?) = 2vAv + 2|Vo|?. Since A v = 0, one finds

H(r) 1 o, IV ()" dy
"oy Ve TR wey

Next, one remarks that

Yy
/Wv(y)ﬁdy:/ 0(4) Vo (y) - Ldo () |
Bo,r 3By, lyl
indeed,

fBo Oy vy vdy = [ Oy, [vOy,v dy I3, v@ivdy
= faBO [0y, v } ftado (y) ‘because Ayv=0and on 9By g, v (y) =

Consequently, (4.6) becomes from (4.7)

H () 1 Jom,, v @) VoY) grdo (y)
H@)_N;+2 H@)

On another hand, the derivative of D (r) = [ [4n ‘ (V) s p Ndpdo (s) is

D' (r) :kavmm2wwg@
=1 o |[(T0),.,
= %for fSN div (‘(V’U)rs

= %fBo,r div <|Vv|2 y) dy

2
rs-srVdo (s)

2
rs) rNdrdo (s)

but div (\Vv|2 y) = |Vo|]? divy+V (|Vv|2) -y, with divy = N+1. It remains to compute fBo Y

ydy, when v = v (y) € H? (D). One have

fBO,T Vi (( )2) ~Yidy
= 2fBo Oy 118%% vy;dy
= 2fBW y; [0y, v0y,vy;] dy — 2 fB o2 00y, vyidy — 2fB . Dy, 00,00y, yidy
=27 [5p, . (8 Ulu\) (8%1)‘1}') —-2 g, . |8,,0]* dy

because Ayv =0 and on 8B0 R, V (y) = \%I = % .

2
Consequently, D’ (r) = X=1D (r) + 2 Jos, . ’Vv (y) - %\‘ do (y), that is

T

D' (r) 1 N 2faBO,T ‘VU \y|‘ do (y
D(r)

(4.6)

(4.7)

(o)



rD(r)

Finally, the computation of the derivative of N (r) = ©) gives

P TPl T HD (4.10)

and one conclude from (4.4), (4.8), (4.9) and (4.10) that

(faBM ’V” : ﬁ‘z dy) (faBom |U|2 dy) - (faBD,T vVu - %dy)z
’ D)

H
N -n |t 20

Thanks to the Cauchy-Schwarz inequality, one deduce that A (r) > 0 i.e., N is non-decreasing on
10,1]. Therefore, for r < 1, N (r) < A (1) that is 2 < 1N (1). Thus, from (4.6) and (4.5), one have

H(r) —
H (r) 1 1
H(r) —N; §2N(1); .
Consequently, Vr < 1,
d H(r) d 1

By integrating (4.11) between R > 0 and 2R > 1, one finds

n (7;[_‘((2]?)) ;) <2N(1)(In2) ,

that is VO < R < 1/2,
/ lv (2Rs))* (2R)N do (s) < 2N6N<1>1n4/ v (Rs)|> RNdo (s) .
SN SN
One conclude that for any M < 1/2,

Jowan WAy = 2 o o (rs)? V¥ drdo (s)

=2 [ [on [v(2Rs)* 2R)N dRdo (5)
< 2N+16N(1)ln4 fOM fSN |U (R8)|2RNde0' (S)
< 2N+16N(1)1n4 fBO . |U (y)|2 dy .

Comment .- The above computations can be generalized to an elliptic operator of second order (see
[ Gal], [ Ku2]).

2 The improved approach of I. Kukavica

It seems more natural to consider the monotonicity properties of the frequency function defined by

S, IV0 @) (52 =l ) dy P [p Vo (y)l* dy
5 instead of : 5 .
Ja, 0@ dy Jos, [0 @) do (y)

Following the ideas of Kukavica ([ Ku], [ KN], see also [ AE]), one obtains the following three lemmas.



2.1 Monotonicity formula

We present the following lemmas.

Lemma A .- Let D C RN N > 1, be a connected bounded open set such that By, r, C D
with y, € D and R, > 0. If v=v(y) € H* (D) is a solution of Ayv =0 in D, then

Js,, Vo @I (2 = ly = voI*) dy

D (r) = 5 s non-decreasing on 0 <r < R, ,
R
and
iln/ o (@) dy = = (N + 1+ (r))
dr Jg,, . v =g ’
Lemma B .- Let D C RN, N > 1, be a connected bounded open set such that By, r, C D

with yo € D and R, > 0. Let ry, ro, r3 be three real numbers such that 0 < ry <19 < r3 < R,. If
v=uv(y) € H?*(D) is a solution of Ayv =0 in D, then

IR (/B |v<y>2dy>a (/B

-1
1 1 1

where o = ez <lnT2 + 1nr3> S ]O, 1[.
™1 1

T2

-«

v (y)IQdy> :

Yo,T2 YoT3

The above two results are still available when we are closed to a part I" of the boundary 02 under the
homogeneous Dirichlet boundary condition on I'.

Lemma C .- Let D C RN*Y N > 1, be a connected bounded open set with boundary OD. Let
I’ be a non-empty Lipschitz open subset of 0D. Let r,, r1, 12, r3, R, be five real numbers such that
0<r <r,<re <rg< R, Supposethat y, € D satisfies the following three conditions:
i). By, N D is star-shaped with respect to y, Vr €10, Ro[ ,
it). By,» C D Vrel0,m,
iii). By, »NOD CT' Vr € [r,, R, .
If v=v(y) € H?(D) is a solution of Ayv =0 in D and v =0 on I, then

@ 1—a
/By(,,me v (y)]"dy < (/B v (y)l dy) (/B v (y)] dy) ,

-1

_ 1 1 1

where o = Wz <lnr‘2 + 1nW> €1]0,1[.
1 1 T2

nD

Yo,T3

2.2 Proof of Lemma B

Let

H (r) =/B o ()2 dy

Yo,T

By applying Lemma A, we know that

dirlnH(r):%(NJrl+<I>(r)) .
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Next, from the monotonicity property of ®, one deduces that the following two inequalities

H(rz) _r2 N+14®(r)
In (H<Tf)) = [ Nl g,
S(N+1+@(r2))Ine2
H(rs) _ (T3 N+14+P(r)
1n(H(r§)) = [ NE1ER() g,

> (N +1+®(ry)) In2

Consequently,

G G U1 € ),

Inr2 Ints ’
71 T2

and therefore the desired estimate holds

H (ry) < (H (r1)” (H (r3)) "

-1
S U (S U
where a = (m:i +ln:3) .

T1

2.3 Proof of Lemma A

We introduce the following two functions H and D for 0 < r < R, :

Hr)= [y, lo@Fdy,
D)= [y Vo (r2=ly—vl*)dy.

First, the derivative of H (r) = [1 [qn [v (ps + yo)|? pNdpdo (s) is H' (r = [ y)|> do (y). Next,

Yo7

recall the Green formula

/ |v|261,GdU(y)—/ o, (1vf) Gda(y):/ WAGdy—/ A (jof) Gy
aByoﬂ‘ aByo,r B B

Yo,T Yo,T

We apply it with G (y) = r% — |y — yo|2 where G|op =0, 0,GgB,,, = —2r,and AG = =2 (N +1).

Yo,T

It gives
H'(r) =1 [y (V+DPpPdy+ fy  A(l) (72 = ly—l®) dy
:N+1H 1fB div (vVv) (7“ —Iy—yo|2 dy
- N“H +1 fB (\Vv| JrvAv) (7‘2 — |y — y0|2) dy .
Consequently, when Ayv =0,
N+1 1
H @) =20+ D) (A1)
r r
that is FI{[/((:)) =N f L4 %D(:g the second equality in Lemma A.
2
Now, we compute the derivative of D (r) = [J [on |( ‘ V) sty ‘ (r2 = p2) pNdpdo (s):

2
rVdo (s)

2
D' (r) = % <T2 for fSN ‘(vv)\ps-i-yo Pl dpdo (S)> - fSN r ‘(vv)‘rs"_y“

2
=2r fO fSN }(Vv)|ps+yo pNdpdo (s)
=2r fo i Vol dy .

(A.2)




Here, we remark that
2r foO’T Vol*dy = NED (r) + 4 fB I(y — o) - Vo|* dy
v Jn, . (y — yo)Av(T — |y — vl )dy,

indeed,

(N+1) [, 190 (1 = ly = ol*) dy
:wadw(|W|2 (r2—|y—yo ) - yo)dy Ip,., ¥ (190F (72 =1y = wo) ) - (v~ o) dy
:*fB 9y, |Vv| (27\21 y02)>( — Yoi) dy becauseonaBymr,rfw Yol
=~ Jp,,, 2V00u. Vv (1 =y = wol’ ) (s = voi) dy — [5, [V0P* (=2 (i = voi) (i — voi) dy
=[5, 2V00,, V0 (r* =1y = yol*) (i = Yos dy+2fB Vol g — yol*dy

Yo7

and ~Jp V03,0 (7"2— \y—yo\2> (i — Yoi) dy
==Js,. % ((yi — Yoi) Oy, v0y,v (7“2 —ly— yol2>) dy
+foN Oy, (Yi — Yoi) Oy, v0y,v (7"2 —ly— yo|2) dy
+ foo,T (Yi — Yoi) 0§jv8yiv (1“2 — |y — yo|2) dy
i, . 0= Woi) 0y, 00,,00y, (12 =y = vl ) dy

=0 Dbecause on 0By, ,, r = |y — Yol
. IV0P (72 =y = wol?) dy
+fo . y —Yo) - VoA (7"2 —ly - yol2) dy
2[5 |y —yo)- Vol'dy .

Yo,T

Therefore,

(N+1) [y, V0P (P ly=wol*)dy =22 [, Vol dy—4 [, |(y—y0) Vol*dy
2[5, (=) - Vo (2 — |y —ol*) dy .
and this is the desired estimate (A.3).

Consequently, from (A.2) and (A.3), we obtain, when Ay v = 0, the following formula

D)=+ s [ =) Vol dy (A4)

r

Yo,T

The computation of the derivative of ® (r) = ZE:; gives

1
H2 (r)

which implies using (A.1) and (A.4) that

o' (r) = [D'(r)H (r) =D (r)H'(r)] ,

H2(r)® (r) = {N+1D + 2[5, 1w —yo) - Vof* dy} (r)— [22H (r)+ £D (r)] D (r)
=1 (45, 1 —0) - VoP'dyH (r) = D* (1)) 2 0.,
indeed, thanks to an integration by parts and using Cauchy-Schwarz inequality, we have
2
D2(r) =4 fB oV - (Y — Yo) dy)

<t (fy, 100 Vol dy) (S 1o dy)
<4( [y, | —yo)-Vol*dy) H(r) .



Therefore, we have proved the desired monotonicity for ® and this completes the proof of Lemma A.

2.4 Proof of Lemma C

Under the assumption By, , N 0D C T for any r € [r,, R,), we extend v by zero in By, g, \D and
denote by v its extension. Since v =0 on I', we have

@:UlD in Byo7Ro s
v=0 on By, r, NOD ,
Vv =Vuvlp in By g,

Now, we denote €2, = By, , N D, when 0 < r < R,. In particular, Q, = B, ,, when 0 <17 <r,. We
introduce the following three functions:

Hr)= [o lo@)Fdy,
D)= Jo, IVo @) (12 = ly = yol*) dy

and

Our goal is to show that ® is a non-decreasing function. Indeed, we will prove that the following
equality holds

d d 1
%lnH (r)y=(IN+1) %lnr + ;‘I’ (r) . (C.1)

Therefore, from the monotonicity of ®, we will deduce that (in a similar way than in the proof of
Lemma A) that

In (g(”)) In (H(T3))
(7‘1) H(T‘Q)
ez < (N4+1)+P(rg) < T

and this will imply the desired estimate

IO </B

T2

-1
where a = —4+ L+ L .
lnr— In-=2 In=3
1 1 T2

First, we compute the derivative of H (r) = fo ) [ ()| dy = Jo Jon [0 (ps+ Yo)|? pNdpdo (s).

e’

|v<y>2dy> (/Q |v<y>2dy> ,

Yo, 71

H'(r) = [on [0(rs +yo)|*r Nda(s)
*fSN T (rs + yo)| 75 - srNdo (s)

=1, dw(|v o) (v =) dy (C2)
=1, ( W( >|2+vw<y>|2~<y—yo>) dy
= NP () 4 2 2 Jo, v @) VU () (y = yo) dy -

Next, when Ayv =0 in D and vjr = 0, we remark that

D(r)=2 / v (4) Vo (5) - (4 — o) dy . (C3)

r



indeed,
Jo, Vol (72 = ly = o) dy
= Jq, div (UVU <T2 — |y — yo|2>) dy — [, vdiv (VU (7‘2 — |y — yo|2)) dy
== Jq, vAv (TQ —ly— yo|2> dy — Jq, vVv -V (7'2 —ly— yo\Q) dy

because on 0By, », 7 = |y — y,| and vr =0
=2 er vVu - (y —yo)dy because Ayv =01in D .

Consequently, from (C.2) and (C.3), we obtain

N+1 1
H'(r) = == —H )+ D () .
r r
and this is (C.1).
2
On another hand, the derivative of D (r) = [; [4n ‘ (VO pasy, | (72— p7) pNdpdo (s) is
D’ (r) =2r for fSN ’ |ps+y ‘ p dpda( )

=2r [ Vv ( )2 dy .

Here, when Ayv =0 in D and vpr = 0, we will remark that

2r o, IVo@)*dy =2ED () +2 [ |(y—yo) - Vu(y)'dy
+1 meyo,T 0l (1 =ty = o) (0 = ) - vidr ()

indeed,

+1) fo, IVol* (v = Iy = ol ) dy

= Jo, div (IVol? (1 = Iy = wol*) (4w = vo) ) dy fQ v (IVel* (72 =y = 5ol ) - (= vo) dy
Y —Yo) - vdo (y) — o O (IW\2 (TQ—\y—yo\2)>(yi—yoi)dy

= fFﬂB |Vv|2 r? |y — yo|2 (
meBy - |Vv| r? =y — yo|2 (y — o) - vdo (y )

— Jq, 2V09,, Vv (r — |y — ol ) —Yoi) dy +2 [o [V |y — w0l dy

and - fQ ijayLy] (7’2 —ly— yo|2> (Yi — Yoi) dy
=~ Jo O, (s = v01) B, 00,0 (7 = ly = wol*) ) dy
+ Jo. Oy; (Yi = Yoi) Dy, v0y,v (7“2 —ly— yo|2) dy
+ Jo. Wi = Yoi) 0y, v0y,v (7“2 —ly— yo\z) dy
+ Jo, (5 = 90i) 0y va%va (= ly = wol”) dy
~Jres,, v (= v00) 0,00, 0 (2 = Iy = o) ) do ()
+ Jo, [Vl (7“2— [y = Yol )dy
+0 because Ayv =0in D
— Jo, 21 — o) - Vo dy .

Therefore, when Ayv =0 in D, we have

(N +1) fo, (Vo (12 =ty = wel*) dy = fr,, 190 (2 =y = of*) (0 = 9) - vl (1)

(C.4)

(C.5)

(C.6)

2meBy o a 5 UV; ((yi — yoi) ayiv) (TQ - Iy — yo|2> do (y)

+2r? fQT \Vu| dy — 4fQT (Y — o) - VU|2 dy .



By using the fact that vp = 0, we get Vo = (Vv -v)v on I' and we deduce that

(N + 1) fQT ‘V/U'Q (TZ - |y - yo|2) dy = - fFﬁByom |ayv|2 (7"2 - |y - yo|2) (y — yo> -vdo (y)
+2r2 [ [VolPdy =4 [, (v —vo) - Vol dy

and this is (C.6).

Consequently, from (C.5) and (C.6), when Ayv =0 in D and vr = 0, we have

N+1 4 1
D0 =D [ - VoWl [ ol (= b= wl) - vovdo ()
r rJo, T JTNBy, -

(C.7)

The computation of the derivative of ® (r) = 1?18; gives

1
o (r) = D' (r)H (r) — D (r) H'
()= g [0 () H () = D) H' ()]

which implies from (C.4) and (C.7), that

H2 (1)@ (1) =1 (4f,, 1= o) - Vo ly)*dy H (r) = D* (r))
+% frmByM |8u”|2 (7"2 —ly— yo|2) (y —yo) -vdo (y) H(r) .

Thanks to (C.3) and Cauchy-Schwarz inequality, we obtain that
0<4 [ 1=uo)- Vo) dy H ()= D)

the inequality 0 < (y —y,) - v on I' hols when B, , N D is star-shaped with respect to y, for any
r € 10, R,[. Therefore, we get the desired monotonicity for ® which completes the proof of Lemma C.

3 Quantitative unique continuation property for the Laplacian

Let D ¢ RV*1, N > 1, be a connected bounded open set with boundary dD. Let I' be a non-empty
Lipschitz open part of 9D. We consider the Laplacian in D, with a homogeneous Dirichlet boundary
condition on I'" C 9%:

Ayu=0 inD ,

v=0 onTI", (4.12)

v=v(y) € H*(D) .

The goal of this section is to describe interpolation inequalities associated to solutions v of (4.12).

Theorem 4.2 .- Let w be a non-empty open subset of D. Then, for any D1 C D such that
0D1NOD €T and D1 \(I'NOD;1) C D, there exist C >0 and u € )0,1[ such that for any v solution

of (4.12), we have
[oewrae([pwrs) (] |v<y>2dy>l“ |

Or in a equivalent way,



Theorem 4.3 .- Let w be a non-empty open subset of D. Then, for any Dy C D such that
0D1NOD €T and D1 \(I'NOD;) C D, there exist C > 0 and u € ]0,1[ such that for any v solution
of (4.12), we have

/Dlv(y)|2dy§0<i)l“u/w|v(y)|2dy+5/D|v(y>|2dy ey

Proof of Theorem 4.2 .- We divide the proof into two steps.

Step 1 .- We apply Lemma B, and use a standard argument (voir e.g., [ Ro]) which consists to
construct a sequence of balls chained along a curve. More precisely, we claim that for any non-empty
compact sets in D, K; and Ks, such that meas(K;) > 0, there exists p € ]0,1[ such that for any
v =1 (y) € H? (D), solution of Ayv =0 in D, we have

[ owaras ([ wore) ([ |u<y>|2dy>1” | 13)

Indeed, let § > 0 and g; € R for j = 0,1,--- ,m, one can construct a sequence of balls {qu’g}jzo
such that the following inclusion hold

KD qu’(;

Ky C By, 5, for some §, >0
qu+175 C qu,g(; Vj =0,..m-—1
By 36 CD Vj=0,..,m

Then, thanks to Lemma B, there exist a, aq, u € ]0, 1], such that
fK2 lv(y | dy < fB ( )|2dy
(fB )Pdy)" (fy,, 0@ dy?
<(fo, L w@Pdy) (ID v (y)* dy)

((IB o) (el a) ) (S lowFa)

—p

< (fip,, WP a)" (folo@Pay) "

which implies the desired inequality (4.13).

IA

| /\

Step 2 .- We apply Lemma C, and choose vy, in a neighborhood of the part I" such that the conditions
i, 4, 1, hold. Next, by an adequate partition of D, we deduce from (4.13) that for any Dy C D such
that 9D; N 0D € I and Dy \(I'NdD;) C D, there exist C > 0 and u € ]0,1[ such that for any
v=uv(y) € H?* (D) such that Ayjv =0 on D and v =0 on I, we have

[ wwrase([wora) ([ eora) "

This completes the proof.

Remark .- From standard minimization technique, the above inequality implies

1 (1 a
/ lv(y)Pdy < C¥ <) /Iv(y)leyH/ w(y)Pdy ve>0.
D € w D

10



Indeed, we denote A = [, |v ( yPdy £0, B= L, lv(y )?dy and E = [, |v(y)]> dy. We know that
there exist C' > 0 and u € ]0, 1] such that A < CB*E'~#. Therefore,

. (E\
<ciBl(Z
ieo B<A>

Now, if % S , then A < C’MB( ) o . And, if i > =, then A < ¢F. Consequently, one obtain the
desired interpolatlon inequality. Conversely, suppose that there exist C' > 0 and u € ]0, 1] such that

1 /1 e
/ v (y)2dy < C* () /|v<y>|2dy+e/ o(y)Pdy Ve>0,
D, € w D

4 in order to get A < 2CBHEIH.

then, we choose ¢ = %

Comment .- The above computations can be generalized to solutions of the following elliptic system

Ayju=f inD ,
u=0 onl,
u=u(y) € H*(D) ,

(-A,)"' feHX N H (D)

e |dy> </|u |dy> o

in order to get the following estimate

[ wwra<c(|ea)

4 Quantitative unique continuation property for the elliptic
operator 97 + A

In this section, we present the following result (to be compared to [ LeR]).

Theorem 4.4 .- Let Q be a Lipschitz connected bounded open set of RN, N > 1. We choose
T > 0 and § € |0,T/2[. We consider the elliptic operator of second order in Q x |0,T[ with a
homogeneous Dirichlet boundary condition on 9 x (0,T),

Zu+Au=0 on Qx10,T[ ,
u=0 in Q2 x 0,17 , (4.14)
u=u(z,t) € H*(Qx]0,T[) .

Then, for any ¢ € C° (Q x (0,T)), ¢ # 0, there exist C > 0 and p € |0,1] such that for any u

solution of (4.14), we have
T ll’
(/ /|<pu(x,t)|2dxdt> .
0o Ja

/5T_5/Q|u(x,t)|2dxdt <C </OT/Q|u(a:,t)2dxdt>

Proof .- We apply Theorem 4.2 with D = Q x ]0,T[, @ x 16,7 — §[ C Dy, y = (x,t), A, = 0 + A.

1—p
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5 Quantitative unique continuation property for the sum of
eigenfunctions

The goal of this section is to obtain the following results (to be compared to [ LZ] or [ JL]).

Theorem 4.5 .- Let ) be a bounded open set in RY, N > 1, either convex or C? and connected.
Let w be a non-empty open subset in Q. Then, there exists C' > 0 such that for any sequence {a;}
of real numbers and any integer M > 1, we have

Jj=1

Z a?SCeC”\M/ Z ajej (z)| dx

1<j<M @ l1<i<M

where {A;};5, and {e;},, are the eigenvalues and eigenfunctions of —A in H} (), constituting an

orthonormal basis in L? ().
Or in an equivalent way,

Theorem 4.6 .- Let Q be a bounded open set in RY, N > 1, either convez or C? and connected.
Let w be a non-empty open subset in Q. Then, there exists C > 0 such that for any sequence {a;}

Jj=1
of real numbers and any R > A1, we have

2

Z aj < Cecﬁ/ Z aje; (x)| dx,

{7} <R} “ |{4;); <R}

where {A;};5, and {e;},, are the eigenvalues and eigenfunctions of —A in H} (Q), constituting an

orthonormal basis in L? ().
Proof of Theorem 4.5 .- We divide the proof into three steps.

Step 1 .- For any a; € R, we introduce the solution

w(x,t) = Z aje; (x)ch (\/Et) —x (z) Z aje; () ,

Jj<M j<M

where x € C§° (w), x =1 in @ € w. Recall that cht = (e’ 4+ e~*) /2. Therefore, w solves

2w+ Aw = Af in 2 x]0,7] ,
w=0 on 002 x |0, T ,
w= 0w =0 on @ x {0} ,

w=w(z,t) € H> (2 x]0,T|) ,
for any T > 0, where f = —x 4;M aje; € HZ(Q). We denote by W the extension of w by zero in
& x ]—T,0[. Therefore, w solvesj_
Ofw+ Aw = Aflgyor inQx]0,T[U x]-T,0[,

W=0 in@x|-T,0] ,
w=0 on 90 x 0,77 .

At present, we define D, a connected open set in RV, satisfying the following six conditions:
i). @ x 16, T — 8] C D for some 6 €]0,7/2[ ;
ii). 00 x 16, T —o6[ C 9D ;
iii),. D CQx]0,T[Uw® x |]-T,0[ ;

12



iv). there exists a non-empty open subset w, € D N@ x |-T,,0[ for some T, € |0, T ;
v). D € C?if Q is C? and connected ;
vi). D is convex with an adequate choice of (4, T,) if 2 is convex .

In particular, w € H? (D).
Step 2 .- We claim that there exists g € H? (Q x |-T,T[) N H} (2 x |-T,T[) C H? (D) such that

6,529 + Ag = Aflﬂx(O,T) in  x ]—T,T[ s
g=20 on 0 (Qx]-T,T]) ,

and
||9||L2(D) < ||fHL2(Qx]0,T[) : (4.15)

Indeed, we will proceed with six substeps when € is C? and connected (the case where ) is convex is
well-known since then Q x ]—T, T is convex). We denote h = A flgy o1y € L? (Q x |-T,T).

Substep 1: one recall that h € L? (Q x |—T,T|) implies the existence of g € H} (2 x |=T,TY).

Substep 2: thanks to the interior regularity for elliptic systems, for any Dy € Q x |-T,T], g €
H? (D).

Substep 3: thank to the boundary regularity for elliptic systems, but not closed to the boundary
QO x {=T,T}, g is also locally in H? because ) is C?.

Substep 4: we extend the solution at ¢ = T as follows.
Let h(z,t) = h(z,t) for (x,t) € Qx|-T,T[ and h (z,t) = —h (z,2T — t) for (z,t) € Q x|T,3T[. Thus
h € L?(Q x]-T,3T[). Let g(z,t) = g(x,t) for (z,t) € Q x [-T,T[ and g (z,t) = —g (z,2T — t) for
(z,t) € Q x [T,3T]. Thus, g solves

2G+Ag=h inQx]|-T,3T[,
g=0 on 0(Q x]-T,3T]) .
By applying the boundary regularity as in substep 3, one obtain that g € H? (Q x ]0,27T[). In partic-
ular, g € H? (Q x |0, T7).
Substep 5: we extend in a similar way at ¢ = —7 in order to conclude that g € H? (Q x |-T,0]).

Substep 6: finally, we multiply 02g + Ag = h by (—A)_1 ¢ and integrate by parts over 2 x |-T, T,
in order to obtain

T T -
f_T HatgHiI*l(Q) dt + HgHi?(Qx]fT,T[) = fo fQ —Af(z) (-4) ! g (z,t) dwdt
= fOT Jo f (x) (=A) (=A) g (x,t)dzdt because f € HZ ()
S ||fHL2(Q><]O,TD ||g||L2(QX]_T7TD from CauChy—SChWarZ .

which gives the desired inequality (4.15).

Step 3 .- Finally, we apply Theorem 4.3 with A, = 9 +A,v=w—gin D with T' = 9Q x |0, T[
and Q x 6,7 — 6] C D1 C D such that dD; NdD €T and Dy \(I'NdD;) C D in order that

1 1-p

m

/ |w—g|2dySC’() /|@—g|2dy+€/|ﬁ—g|2dy Ve >0,
Dy € Wo D

which implies that

B
/ |w|2dysc() [l ay+e [ wiay veenar,
D € D D

where we have used that W = 0 in w,. From (4.15), we conclude that there exist C' > 0 and p € ]0,1]
such that

T-6 1N\ T T
/ / lw (z,t)|” dzdt < C (> / / |f(z)|2d:cdt+5/ / \w (z,t)]* dedt Ve >0 .
s Q € 0o Ja 0o JQ

13



On another hand, we have the following inequalities

2
dxdt

fo fQ|f | dxdt *fo fQ Z a;e; ()

2
dx

X () 2 aje;(x)
J<M

2

fOT Jo lw (z,t))* dedt = fOT Jo j;M aje;j () ch (\/At) — Z aje; (z)| dadt

2
dx

< 2Te2VAnT 37
B J<M

Z aje;j (x)

/T 5/ S e ()t (\/»t) dxdt<2/T 5/ w (2, )2 dxdt+2T/ X (@) > aje; ()

J<M w J<M

Consequently, from the last four inequalities, we deduce that for any € > 0,

(T—-20) > aF < 5T76 Jo | 3 ajej (@) ch (\/Ajt)| dadt
i<M j<M
2
§2C’()“ Za]e]() dz

2

+4e | Te2VAuT M dx

JsM

Z aje; ()

2

Z ajej (z)| dx .

Choosing ¢ = %%, we obtain the existence of C' > 0 such that
e

2

Z a? < Cec‘/m/ Z ajej (x)| dx .

Jj<M @ lisM

6 Application to the wave equation

From the idea of L. Robbiano which consists to use an interpolation inequality of Hoélder type for the
elliptic operator 9? + A and the FBI transform introduced by G. Lebeau et L. Robbiano, we obtain
the following estimate of logarithmic type.

Theorem 4.9 .- Let Q be a bounded open set in RY, N > 1, either convez or C? and connected.
Let w be a non-empty open subset in Q. Then, for any 5 € ]0,1], there exist C > 0 and T > 0 such
that for any solution u of

O2u— Au =0 in Qx]0,T[ ,
u=0 on 02 x 0,7 ,
(U, atu) (70) = (U(),U]) )
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with non-identically zero initial data (ug,u1) € H () x L? (), we have

1
ICx0 4 g1 () 12 (0 /8
||(“0»“1)”L2(Q) XH*I(Q)

H(UJOvul)HHé(Q)xLQ(Q) < 8( ”“”LQ(wX]O’TD :

7 Application to the heat equation

In this section, we propose the following result.

Theorem 4.7 .- Let Q be a bounded open set in RN, N > 1, either convex or C? and connected.
Let w be a non-empty open subset in Q. Then, for any T > 0, there exists C > 0 such that for any u
solution of

Ou—Au=0 in Qx]0,T[,
u=0 on 02 x 0,7 , (2.3)
w(+,0) =1u, ,

with non-identically zero initial data u, € Hg (), and for any t, € 10,T], we have
. H“0HH1(Q)
<\ wotto luoll?2 g,
Ce lu (-, t0)

||u0||L2(Q) < ||L2(w)

Comment .- We also have that

ol g

C(%-i_t luoll2 )
||UO||H71(Q) S Ce H-1(Q) ”u(’tO)HLQ(u})

Remark .- The quantitative unique continuation property from w x {t,} for parabolic operator with
space-time coefficients was established by L. Escauriaza, F.J. Fernandez and S. Vessella [ EFV]).

Proof of Theorem 4.7 .- We decompose the proof into two steps. First, in step 1, we will prove that
the solution u of (2.3) satisfies the following estimate

2
|\Uo|\Hg(Q)

2 2
[wollz2q) < exp <2to ) w5 to)l 20 -

||Uo||L2(Q)

Next, in step 2, we will prove that the solution u of (2.3) satisfies the following estimate

/Q|u(sc,to)|2dm§ C (etco/9|u(ac70)2da:>l_u (/w |u($,to)|2dx>u

Finally, the above inequalities imply the existence of C' > 0 such that

o 1 ol
o3 2y < Ce o exp (zt oL@ / ju (2, t)[* dar .

||Uo||L2(Q)

Proof of step 1 .- Let us introduce for almost ¢ € [0, 7] such that the solution of (2.3) satisfies
u (-, t) # 0, the following quantity.

)% 0

(1) = :
Ju (%’5)“%2(9)
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We begin to check that ® is a non-increasing function on [0,7]. This monotonicity property holds
because for any initial data in a dense set of H} (Q2), we have that 4® (¢) > 0. Indeed, from the
following two equalities

2 2
it 1w (@ DIl + 1w (@, )7y ) = 0
2 2
3t @D o) + 180 (@ 8)|[120) = 0,

we can deduce that

d 2

Lo (t) = [ A, )2 ()2 + e @ D) o] -
dt lu (. 0) [ 20 [ @ @ o)

Therefore, we get by classical density argument and Cauchy-Schwarz inequality that for any solution
wof (2.3), u(-,t) # 0 a.e., and any t € [0,T], ® (¢t) < ®(0). On another hand, we also have that

1d 2 2
S [ (@, )72 + @ (8) lu ()20 = 0

which implies that
1d 2 2
05 lu (@, )220y + 2 (0) [Ju (@, )| 120 -

Therefore, by Gronwall Lemma, we get the desired estimate

Proof of step 2 .- Let A1,)s,- - - and eq,es,- - - be the eigenvalues and eigenfunctions of —A in
H{ (2), constituting an orthonormal basis in L? (§2). For any u, = u (-,0) = > «aje; in L? (Q) where
i>1

o = [, uoejdx, the solution u of (2.3), can be written u (z,t) = ;1 aje; (x) et Let t, € 10, T[. We
i>

introduce (see [ Lin] or [ CRV]) the solution

w(z,t) = Zozjej (z) e *itoch (\/Et) — x(z) Z%‘@j (z) e Nito,

§>1 jz1

where x € C§° (w), x =1 in @ € w. Therefore, w solves

2w+ Aw = Af in 2x]0,7] ,
w=0 on 002 x |0, 77 ,
w= 0w =0 on @ x {0} ,

w:w((ﬁ,t) €H2(QX]07T[) )

where f = —xu (-,t,) € HZ (). Consequently, in a similar way than in the proof of Theorem 4.5, for
any d € ]0,7/2][, there exist C' > 0 and p € ]0, 1 such that we have

T-65 N\ T T
/ / \w (z,t)]* dedt < C <> / / |f(:z:)|2da:dt+s/ /|w(:c,t)|2da:dt Ve >0
5 Q € 0 JQ 0o Ja

On another hand, the following inequalities hold.

/OT/Q|f(w)|2dxdt<T/w|X(x)“(x’t0)|2 dr |

T
/ /Q\w(x,t)|2dxdt < QTZa?e_Q(AJtO_\/YJT) + 2T/ Ix () u(z,t,)|° dz
0 w

Jj=1

Za?e—z(Ajto—\/TjT) _ ) ajz_e—z(xjto—\/TjT)+ > a?e—Q(,\th—\/YjT)
izl {jzi;\/ﬁsg} {iz1/ N> £
T
<t Y a?
];1 7
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2

T—5 T—5
/5 /Q Zajej (z) e Mitoch (\/)\jt> dardtSQ/é /Q|w(x,t)|2dxdt+2T/ Ix (z) u(z, o)) do |

jz1
Consequently, from the fast five inequalities, we deduce that for any € > 0,

(T = 28) 32 a2e2Mte < (T —25) Y aZe 2t vAi0)

j>1 Jjz1
<[5y Lg:l ajej (v) e Mloch (\/A;t)
<2TC (1) 7 [ Ix (@) u o) do
vare (@ T o+ ], Ix(x)U(ffvto)Izdx>
-

+2T [ |x (z)u(x,t,)|* do .

2
dzdt

Finally, there exists C' > 0 such that for any ¢, > 0,

Jo lu(a,to)*de = 3 aZeite
j=z1

<CA) 7 [ (@ to)P do +cete [, |u(z,0) de Ve €]0,1]

which implies the desired estimate ,

1 1—p M
/\u(:c,to)\deSC’”eC(to : </ |u(x,0)|2dx) (/ |u(x,to)|2dmdt) .
Q Q w

8 Notes on the papers in reference

... to be completed. (some reference to papers of Alessandrini have to be add too...)
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