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6 Courses 54

The aim of this course on control for Partial Differential Equation (PDE) is two-fold. In a first part
we will present the concept of observability, controllability, stabilization and inverse source problem
for a model linear PDE. In a second part we will introduce basic notions, tools, and results of existence
and quantitative unique continuation for two linear PDEs: the wave equation and the heat equation.

The first model control problems concern the wave equation in a bounded domain.



1 Formulation of the problems

There are closed links between the following five problems: identification of solutions, observation,
controllability, stabilization and inverse source problem.

1.1 Identification of solutions

Let € be a bounded open set in RY, N > 1, with boundary 0f2. We consider the following wave
equation with Dirichlet boundary condition

% A — ()
{8tu Au=0 inQxR, (1.1)

u=0 ondNxR.

Let T > 0, w be a nonempty open subset of {2 and I'" be a nonempty subset of 0€2. Let n denote the
outward unit normal vector to 0f2. Here, we ask to answer the following two questions concerning
identification of solutions: let u and v be two solutions of (1.1),

e doesu=vinwx (0,7) implyu=vin Q xR ?

e does Op,u = 0p,v on T x (0,T) imply u =vin Q xR ?

Introduce
N ={ue H" (2 x(0,T)) being a solution of (1.1) such that d,u=0onT x (0,7)} .

By linearity, the above two questions are reduced to the unique continuation property (UCP) for the
wave equation, that is "does A/ = {0} ?". Due to finite speed of propagation, the UCP holds only
for T' > 0 large enough and 2 is supposed to be a connected domain. For instance, for a sufficiently
smooth boundary, if T > 2max{dist (z,T),z € Q}, then by Holmgren uniqueness theorem N = {0}.

1.2 Observation and observability

When the UCP holds, we will have some interest to quantify it, or in other words, to get an observation
estimate. Under some conditions on 7' > 0 and w C €2, the internal observability for the wave equation
consists to establish the existence of a constant ¢ > 0, such that any solution w of (1.1) with initial
data (ug,u1) = (u(-,0),0u(-0)) € L? (Q) x H~1(Q), satisfies

T
2 2
Ry A Ll

Under some conditions on 7" > 0 and I' C 012, the boundary observability for the wave equation
consists to establish the existence of a constant ¢ > 0, such that any solution u of (1.1) with initial
data (ug,u1) = (u(-,0),0u(-0)) € HE () x L* (), satisfies

T
2 2
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The above two estimates give the stability of the observation. We may only have a quantitative unique
continuation estimate as follows. Let 2 be a smooth connected open bounded set of RV, N > 1,
with boundary 0. Let w C € be a nonempty open subset of 2, and I' C 02 be a nonempty



subset of 0f). There exist ¢ > 0 and T" > 0 such that any solution w of (1.1) with initial data
(10, ur) = (u(-,0), By (-,0)) € HE () x L? (), (uoyu1) # 0, satisfies

2
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[ (wo, w)ll g @yxr2(0) < € (X HTHD lu (z,t)|” dedt |
0 w

2
HI(Q)xL2(Q)

¢ un,u 2 T
||(u0’u1)||§Il(Q)XL2(Q) S e o, 1)“L2(Q)><H_1(Q) / / |anu (x,t)|2 dodt .
0 T

More generally, we may look for the following kind of interpolation inequality.

H(uo,u1)||?{19 L2(Q T
||(“07“1)|i11<9>xwm§f< o /0 /'“(w,t)lzdwdt,

2
[ (wo, wi)ll 72 () x rr-1(0)

I (ug,ur)ll

for some positive increasing function f: Rt — R*.
1.3 Controllability

Let T > 0 and ' C 99Q. Let G be a mapping from L? (99 x (0,7)) to L? () x H~1 () defined by
G(f)=(v(-0),0v(-0)) inQ,
where
Ov—Av=0 inQx(0,T),
v = firxor) on 92 x(0,T)
(v(-,T),0v (-, T)) = (0,0) inQ.

Let us introduce Coq C L% (T x (0,T)) and D,g C L? () x H=1(Q), we choose (vg,v1) € Dyq. We
consider the map Ji,, ;) on Cyq defined by

J(U07’U1) (f) = Hg (f) - (UO7U1)||i2(Q)XH71(Q) .

The exact boundary controllability for the wave equation is equivalent to the surjectivity of the map G
(recall that wave have the time reversibility property). According to physical properties of waves, the
natural question is: what geometrical situations and in particular, what hypothesis on (T',T") should
we impose to have the surjectivity of G 7

In the case where such geometrical hypothesis are not satisfied, we will look for an adequate functional
space D,q in which Im(G) is dense. Thus, the problem of approximate controllability can be rewritten
as follows: for all € > 0, for all (vg,v1) € Dgq, does exist an approximate control function f €
L?(T'x (0,T)) such that Ji,, ., (f) < €? Furthermore, are we able to estimate the cost of such
approximate control f with respect to € 7 Of course, the choice of the control function is connected
with the cost.

Eventually (and this correspond to the notion of optimal control) one try to minimize over all possible
control f , the map Jy v,y (f), when (vo,v1) € L? (2) x H~' (Q). This leads to the following question:
does exist an admissible optimal control function f € C,q such that J, ., (f) = gé%fdJ(”‘)’”l) (9)?
Similar questions appear in the context of internal controllability. Let T" > 0 and w C 2. What are
the data (vg,v1) € Hi (Q) x L? (Q) for which there exists a control function f € L? (w x (0,7)) such
that the solution v € C° (R, H} () N C* (R, L? (Q)) of

8?1} —Av = f|w><(0,T) in Q xR s
v=0 ond2 xR,
(v(-,0),0v (-,0)) = (vg,v1) inQ,

satisfies v (-, T') = Oyv (-, T) = 0 in €, that is v;>p =07



1.4 Stabilization

When the control function f depends on the solution v (closed-loop problems) and when the system
becomes dissipative (for instance if absorbing boundary conditions or damped terms are involved), the
energy is a positive time decreasing function. Therefore, we study the long time asymptotic behavior
of the energy. In particular, the choice of different Cauchy data and/or geometrical hypothesis gives
different estimates for the decreasing rate of the energy. The strong stabilization consists obtaining an
uniform time exponential rate of decay.

For example, we study the following systems

2w —Aw=0 inQx (0,+0c0) ,
Opw~+ A (z)dw =0 on 9 x (0,400) ,
(w, Ow) (+,0) = (wp,wy) in
or
02w —Aw+a(r)fw=0 in Q x (0,+00) ,
w=0 ondQx(0,+00) ,
(w, Opw) (+,0) = (wp,wy) in O,
where a € L* (), a > 0, A € L™ (09Q), A > 0 and (wg,w;) € H* (Q) x L?(Q) with their associated
compatibility conditions. Denote by E (w,t) the energy of the solution w:

B (w,t) = %/Q (1900 (2, 0)* + |V (2, 0)) de

The weak stabilization consists to prove that for any (wg,w) in a suitable space, , ligl E (w,t) = 0.
— 100

The strong stabilization consists to prove, under suitable conditions, the existence of ¢ > 0 and 5 > 0
such that for any (wp,w1) in a suitable space, we have a uniform and exponential decay rate

E (w,t) < ce P E (w,0) .
We are also interested in the decay rate of the energy for more smooth initial data. In particular, we
may only get the existence of a function f : R™ — R™T, , ligl f () = 0, such that for any regular initial
— 100

data (wp,w1) in a suitable space, we have

E(w,t) < [ (1) [E(w,0) + E (9w, 0)] .

1.5 Inverse source problem

We consider the wave equation with Dirichlet boundary condition in the solution v = u(z,t)

Pu—Au=0 inQxR,
u=0 ondQd xR,

living in a bounded open set Q in RY, N > 1, either convex or C? and connected, with bound-
ary 0. The resolution of such equation is well-known when initial data is known, e.g. when
(u(-,0),0u(-0)) = (uo,u1) € HE () x L?(Q) then the above problem is well-posed and have a
unique solution u € C (R; H} (Q)) nct (R; L? (Q)) This is a direct problem, e.g. a Cauchy problem.
On the other hand, one can ask to recover the initial data (ug,u1) from the knowledge of v in w x (0,T)
where T' > 0 and w is a nonempty open subset of 2. Similarly, one can ask to recover the initial data
from the knowledge of d,u on I" x (0,7) where T' > 0 and I' is a nonempty subset of 0€2. These are
inverse problems.



2 The wave equation

2.1 Wave equation in RV

211 N=1

When dimension N = 1, we have the D’Alembert’s formula. If f € C? (R) and g € C! (R), then

x+t
w (@, t) = [f(:c+t)+f(a:—t)]+%/_t g (s)ds

N =

is C? and solves
{ 2u—Au=0 onR'

Ult=0 = I atu|t:O =g.
Application to control: the particular case of the one dimension is well-understood for the nonlinear

wave equation thanks to [ Z]. Usually, we used the following two ideas: 97 — 8% = (0; — 0.) (0; + 0.);
we interchange the time variable with the space variable. In particular, the solutions of

O2p—0?p=0 for (z,t)€(0,1) xR,
p=0 for (z,t) € {0,1} xR,

are of the form p (z,t) = h (t + ) — h (t — x) with h being a 2-periodic function.

Proof .- Let (x,t) € (0,1) x R, we interchange the t-variable with the x-variable. Consider the
following 1-d wave equation

Zu—02u=0 for (z,t) eRx(0,1) ,
u=0 for (z,t) e Rx{0,1} ,

then, the solutions u are of the form

1 x+t 1 r—t
wwt)=; [ rwar-5 [ e
2 Jo 2 Jo
with f being a 2-periodic function. Indeed, we will use the method of characteristics: first, notice that
Therefore, let v (z,t) = dyu + d,u. Now, from the method of characteristics, recall that

{ v —9,v=0

v(t=0)=f Sov(a,t)=f(z+t)

and
Ohu + Oyu = v
u(-,t=0)=0

Consequently, for any (z,t) € R x (0,1),

¢
@u(m,t):/ v(z—t+s,s)ds.
0

T+

t t T+t z—t
u(w,t)zéf(x—t+2s)ds=%/£_t f(T)dT:%/O f(T)dT—%/O f(r)dr

r+1
and the condition u (z,t = 1) = 0 Vz € R implies that % (/ f(n d7> = 0 Vz € R, which gives
z—1
f(x+1)=f(z—1)Vz € R, that is the desired periodicity property for f.

Finally, for any (z,¢) € (0,1) x R, p(z,t) = u (¢, ) completes the proof.



2.1.2 N =3 and Huyghens’ principle
When dimension N = 3, if f € C? (R3) and g € C? (R3), then we have the Kirchoff’s formula
1
w@t) =g [ farm) Vet g w)ldo )
yes?

which is C? (R3+1) and solves
{ 2u—Au=0 onR¥*
Ult=0 = I atu|t:0 =g.

Proof - u € C? (R3+1) by classical theorem of calculus. First we solve

O?u; — Au; =0 on R3*1
uyji=0 =0, Ou1jp—0 =9 -

We claim .
w) =1 [ gerw)dow) .
I8 y652
Next, let us = O;u1. Then

O?uy — Aug =0 on R3*1 |
_ _ 92 _ _
WU2|t=0 = 9, 3tu2|t:0 = 0; Utt=0 = AU1|t:0 =0.

We conclude by linearity that

U(ﬂc,t)i(;/yeSQf(erty)da(y)) +4;/y€§29(x+ty)d0(y)

which gives the desired formula. It remains to prove our claim. Let

v(m,t)—;r/682g($+ty)d0(y)

then
Oy (1) =ﬁ/ v+ (Vo) -+ 1) do (1)
y€es?

Finally, since u; = tv,
Ofuy (z,t) =4 (v(z,t) 4+t (z,1))
t
= 0w (z,t) + & (Zf / r2dr /2 (Ag) (x + 1) d9>
N s
= 0w (z,t) — % / rzdr/ (Ag) (x +10)do
0 s
it / (Ag) (x + 1) do
S2

- ﬁ/gz (Ag) (z +10) df = Ay (x,t) .



This completes the proof.

By a change of variable,

1/

wwn =T [ @0 V) )y

Consequently, the value of u at a point (z,¢), t > 0 only depends on the values of the data f, g on
the set {y; ||z — y|| = t} (or more precisely in an infinitesimal neighborhood of this sphere, since the
formula involves (y — x) - Vf (y)). As a consequence, an initial disturbance at the origin, say a flash
of light, propagates with unit speed and can only be seen on the forward light cone with vertex at
the origin, namely the set {(z,t);t = ||=||}. This is known as the (strong) Huygens’ principle. This
is still valid in any odd dimension). In dimensions N =1 or 2 (and in any even dimension N > 2) a
weaker version of Huygens’ principle holds. Then u at (z,t) depends on the values of f, g in the ball
{y; |z — y|| < t}. Consequently, a flash of light at the origin will be visible to an observer at a point
Z, in space, at times t > ||z, ||, and not just at ¢t = ||z, || as in dimensions N = 3,5, . . .

When dimension N = 3, if f and g are smooth and compactly supported functions, say f =g =10
for |x| > R for some R > 0, then u (x,t) =0 unless t — R < |z| < ¢+ R.

The above result is still true for N > 3 odd. A weaker version also exists for N > 2 even.

2.1.3 Russell’s method of controllability by acting on the whole boundary

It is one of the first results on control for the wave. Russell [ Ru] uses Huygens’ principle to give a
control result for the wave equation when the control acts on the whole boundary (see also [ L]).

Let Q be a bounded set in R?, with boundary 92 of class C*°. Let T, >diam{. Let vy € C3 (ﬁ)
and v; € C? (ﬁ) Now we introduce > 0 such that T, > 20+diam(2, and

Qs = {z € R* 3T € Q with |z —Z| <4} .
Consider f5; € C3 (Rg) and g; € C? (IR3) be such that

fSZ'UO iHQ, fJ(m):O fOI‘QL’¢Q5,
gs=v1 InQ, gs(x)=0 forax¢Qs.

Therefore, the solution us of (2.1) with initial data (f5,gs) satisfies us (z,¢) = 0 for (z,t) € Q x
[Ty, +00). Indeed, we only need to see that for x € Q and t > T,, we get z + ty ¢ Q5 Vy € S%. (Let
zeN,
T, <t=tlyll = [tyl
<ty +z— 3|+ o — 7
< Ity + = — Z|| + diam$2

Thus 20 < T,—diamf? < ||ty + = — Z||, which implies = + ty ¢ Qs).
Finally, consider v the restriction to us on € x (0,7,). Then for any smooth (vg,v1), there exists x

such that
Pv—Av=0 inQx(0,T,) ,
v=yx ondQx(0,T,),
(U (aO) 76tv (70)) = (U07U1) in ’

and UItETo =0.



2.2 Wave equation in bounded domain

Let Q be a bounded open set of R, N > 1, with boundary 952 of class C? (or € be a convex domain
in order that H?(Q) N Hg (Q) = {u € H§ (Q), Aue L?(Q)}). Let T > 0.

2.2.1 Wellposedness (semigroup theory, spectral theory)

o V(up,u1) € L* () x H1(Q) JueC(R;L*(Q) NC* (R; H* (Q)) weak solution of

u=0 ondQ xR,

Pu—Au=0 inQxR,
(u(-,0),0u(-,0)) = (up,u1) in 2,

in the distribution sense (see also weak solution in the transposition sense when w = f on
90 x (0,T) for some f € L' (0,T; L* (89)))

0=(0}u—Au, ¥ (t)®(z)) VYV eC](R),VPeCy(Q),
+oo

/ U (t)u(-t)dt € Hy (Q) YV eCj(R),

(uf'ovo),atu(y())) = (ug,uy) in .

o Vfe Ll (O,T; L? (Q)), V (ug,u1) € HY (Q)xL?(Q) JueC ([O,T} s HE (Q))ﬂCl ([O,T] L2 (Q))
solution of

u=0 ondQx(0,7T),

{ Pu—Au=f inQx(0,7T),
(u(-,0),0u(-,0)) = (up,u1) in,

Moreover, 3¢ > 0

||“||Loo(o TiHE() T [0ull oo (0,7 L2(02)) < (H(u07u1)||H1(Q)><L2 @t HfHLl(O,T;L?(Q))) -
Also,
u(ac,t):Z{a cos (t +a ——sin (¢ / sin t—s Aj) £ (s)ds}ej (x)
5 i () b () [ ()
where

uo (z) = Za?ej(x), Z)\ ‘aol < 400,
up (x) = ZaeJ(x), Z|a1| < 400,
[, t) = ny() (),

j>1
the {e;},5, is a Hilbert basis in L? (Q) formed by the eigenfunctions of the operator —A, i.e.,

7A6j = )\jej in Q 5
e;j =0 ondf.

o V(ug,u1) € H> (QNH} (Q)xHE (Q) Fuel (R; H? ()N H} (Q))ﬁC’1 (R; H} (Q))ﬁ02 (R; L? (Q))
strong solution of

u=0 ondQ xR, (2.2)

Pu—Au=0 inQxR,
(u(-,0),0u(-,0) = (up,u1) in .



Properties of the eigenvalues of the operator —A on the open, connected bounded domain Q with
dirichlet boundary conditions, are stated in the theorem below.
Theorem (Eigenvalues of the Laplace operator) .- The boundary value problem

—Au=Au in Q,
u=0 on N,

has a nontrivial solution u # 0 if and only if A € ¥, in which case A is called an eigenvalue of —A, u a
corresponding eigenfunction.

(i) Each eigenvalues of —A is real.

(i) Furthermore, if we repeat each eigenvalue according to its (finite) multiplicity, we have ¥ =
{)‘j}jzl,l--- where
{ 0</\1§>\2§)\3§...;

Aj —o0asj—o00.

(#11) Finally, there exists an orthonormal basis {e;};
function corresponding to A;:

_1o  of L*(Q), where e; € Hj (Q2) is an eigen-

—A(ij = )\jej in y
e;j =0 ondQ,
for j=1,2,....

2.2.2 Energy estimates

Denote by E (u,t) the energy of the solution u of (2.2) with initial data (ug,u;1) € Hg (Q) x L? (Q):

E(u,t):%/ﬂ(\8tu(x,t)|2+|Vu(3:,t)|2) dz .

Proposition 1.- E (u,t) = E (u,0) Vt € R .

Proof.- First, we consider a smooth solution with initial data in (ug,u1) € H? (Q)NHE () x HE ().
Therefore, for any T > 0, u € C* (0, T;H} (Q)) and Au € C (0, T; L? (Q)) Clearly, by integrations by
parts,

%E(u,t) =0in [0,T] .

Then, in the general case (ug,u1) € H} () x L?(Q) and by density, there exists (ugm,u1,m) €
H? (Q)NH; (Q) x H (Q) such that (g, m, u1,m) - (ug,u1) in HY () x L2 (Q). Thus, u,, — u

+oo
in C(0,T;Hg () NC*(0,T; L*(Q)) where u,, is solution of (2.2) with initial data (g m,,u1,m).
Finally, E (upm, 1) - E (u,t) in C ([0, T7]).

Another proof consists to compute it from the formula

u(a@t):Z{a cos(tf)ﬂz \Fs1n(tf>}

Jj=1

Proposition 2.-

[0 (-, )”H 1oy +lu(, )||i?(ﬂ) = ||(u07u1)”i2(ﬂ)><H*1(Q) -

Proof.- Recall that ||u||§1,1(9) = ((—A)_1 u,u) ()

10



2.2.3 Normal derivative

Let Q € RY be a bounded open domain of class C*, k > 1. Let n = n (x) denote the outward unit
normal vector to the point z € 99.

Lemma .- There exists a vector field H : Q@ — RY of class C*~1 such that

H =mnon 0N .

Proof .- Since Q is of class C*, for every fixed 2° € 9Q there is an open neighbourhood V of z° in
R and a function ¢ : V — R of class C* such that

Veo#0onV;
p(z)=02eVNoN.

Replacing ¢ by —¢ if needed, we may assume that
n(z°) Ve (x®)>0.

Choosing V sufficiently small we may assume also that ¥V N 9€) is connected. Then the function
1 :V — RY defined by ¢ = Hg—i” is of class C*~! and ¥ = n on V N ON.

Since € is bounded, T’y is compact. Therefore it can be covered with a finite number of neighbour-
hoods Vi, ..., V,, of this type. Denoting by 11, ..., ¥, the corresponding functions we have

I'oyCViU...UV, ;
Yi=nonV;NIN ,forj=1,..,m.

Next, we fix an open set Vy in RV and define 1 : Vo — R such that

QCcvin..NVy,;
VoNnoQ=0;
¢0=00DVO.

Let £, ..., £, be a partition of unity of class C*, corresponding to the covering Vy, ..., V,, of Q that is
G eCEWV;) forj=1,..,m;
0<¢; <1 forj=1,..,m;
bo+ ...+ 4y, =1o0n .

Therefore,

H(@)= ) @i Yeel

§=0,...,m

has the desired properties.
Exercice .- trace theorem.
For the solutions of the wave equation, we have a better result than the classical trace theorem.

Proposition 3.- For any (uo,u1) € H§ (Q) x L? (), the unique solution u € C ([0,T7]; Hg (22)) N
C' ([0, T]; L* () of (2.2) satisfies dpu € L* (9Q x (0,T)) and

T
Je> 0 / / (Ot (2, 1) 2 dodt < c (a0, ) By ooy ¥ (tiosur) € HY (@) x L2(9) .
0 oQ
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Proof.- Let H € C! (ﬁ) be a vector field. For a strong solution u, we multiply the equation
0?u — Au = 0 by H - Vu and integrate over  x (0,T). It comes by integrations by parts

/ / 82u—Au H-Vu
[/ OpuH - Vu] +3 / /leH |0yul? |Vu| / /&hu@mH@ T (2.3)
/ / OpuH -Vu+ = / H - n|Vu|
a0 o Joo

We choose H such that H = n on 09). And recall that Vu = 9,,un on 99 because u = 0 on 9f2.
Consequently,

T
1/ / |0pul? = [/ atuH-Vu] / /leH |8tu| |Vu| / /8x1u8le Oz, U .
2Jo Joa Q

Now, by a density argument, the above equality is still true for any (ug,u;) € H} () x L? () which
gives the desired inequality where ¢ > 0 depends only on £ and T > 0.

2.3 Exact controllability for the wave equation

Two methods allow to get both internal and boundary exact controllability for wave equations from
an observability inequality: the HUM method (Hilbert Uniqueness Method); the variational approach.

2.3.1 Preliminary properties

Here, we establish three properties concerning the observation for the wave equation. Proposition 4
below shows that observability holds for different norms. Proposition 5 below says that observability
can deal with a term in a lower norm. Proposition 6 says that it still has a interest to get an observation
with a small term in a higher norm.

Proposition 4.- . Let w C Q be a nonempty open subset of Q. Let u be a solution of (2.2) with
initial data (ug,u1). The following two statements are equivalent:

i) there exists ¢ > 0 such that

T
0l < [ [ ulan)P o

for any (ug,u1) € L2 (Q) x H=1(Q) ;

it) there exists ¢ > 0 such that

T
w0, By oysrmiay < ¢ [ 100 (ont)? o

for any (ug,u1) € H} () x L* () .
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Proof of i) = 4i).- We fix (ug,u1) € Hi (Q) x L? (Q). Then, we apply i) to ¢ (x,t) = dyu (z,t).

¢
Proof of i) = i).- We fix (ug,u1) € L? (Q)x H~1 (). Then, we apply i) to ¢ (z,t) = / u(z,s)ds—
0
(=A) g (2).

Lemma .- Let X, Y, and Z be Banach spaces, let A : X — Y be a closed linear operator with
domain D(A), and let K : X — Z be a compact linear operator. Suppose that

Ifllx < CUASy +IEfllz) Ve D(A) . (2.4)

If A is injective, then
Iflx <ClAfly  VfeD(A).

Proof. We show first that one can assume that A is bounded. Indeed, let ||-[[ (4, denote the graph
norm given by

) 5\ 1/2
1 0oeny = (115 + 1451
Note that A : X — Y with the norm ||-[| 4y on X is bounded since

1/2
147y < (U715 +1AF13) " = 1f gy -
Furthermore, (2.4) implies that
1fllpay < CUASy + 1K) Vf e D(A).

Assuming the lemma is true for bounded operators, we then have || f| 5 4) < C [|Aflly-. Since [|f[[x <
[fllp(ay, the result follows.

For bounded A, assume on the contrary that such an estimate does not hold. Then there exists a
sequence fr, in X with || fn,||y =1 and Af,, — 0in Y. Since K : X — Z is compact, there exists a
subsequence, which we still denote by f,,, such that K f,, converges in Z, and is therefore a Cauchy
sequence in Z. Applying (2.4) to fi, — fp, we have that || f,, — fyl|y — 0 as m,p — oco. That is,
fm is a Cauchy sequence in X. Therefore, there exists f € X such that f,, — f, which implies that
[l f|lx = 1. Since A is closed, we have Af,, — Af = 0, which contradicts the injectivity of A.

Proposition 5.- “a standard uniqueness-compactness argument”. Let T > 0. Let w C Q be a
nonempty open subset of Q. Introduce

N uc HY (2% (0,T)) being a solution of the wave equation (1.1)
N such that Oyu =0 on w x (0,T) ’

Let uw be a solution of (2.2) with initial data (ug,u1). Suppose that N = {0}. The following two
statements are equivalent:

i) there exist ¢ > 0 and d > 0 such that

T
0.0 g aysacar < ¢ [ 10w dad + o) -1
for any (uo,un) € HE (9) x L2 (%) ;

i) there exists ¢ > 0 such that

T
10, 1) gy ) 20y < C/O / O (, )| dadt

w

for any (ug,u1) € H () x L? (Q) .
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Proof.- Suppose that i) is false. Then there exists a sequence (o, m,u1,m),,en € Hp (€2) x L? ()
such that

T
2 2
‘|(u07m’ul,m)HH(}(Q)xm(Q) =1 and /0' /w |8tum| dxdt m_>~>+oo 0 s

where u,, is the solution of (2.2) with initial data (ugm, u1,m ). By Rellich compactness theorem, there
exists a subsequence still denoted by (uo,m,u1,m),,cn € Ho () x L? () such that

2 2
||(“0,maUl,m)HLZ(Q)fol(Q) oo ||(u07u1)||L2(Q)><H*1(Q) )

where (ug,u1) € L? () x H™1 (Q). (uo,m,u1,m) is a Cauchy sequence in L? () x H~! (). Applying
i) to (wo,p — Uo,m, Ut,p — Utm), men € H} (Q) x L? (Q), (ug.m,u1,m) is a Cauchy sequence in H} () x
L?(Q). Therefore, (ug,u1) € H () x L?(Q) and ||(u0,u1)||?qé(me2(Q) = 1. Further, d;u = 0 on
w x (0,T).

This contradicts N' = {0}.

A method to get N’ = {0} is as follows. We check that N is finite dimensional and prove that A/
is stable by 0.

Recall that by Riesz Theorem, if X is a normed space and the closed unit ball centered at zero
is compact, then X is finite dimensional. Let B be the closed unit ball centered at zero that is

B = {u € Nilull p2ax o,y < 1}. By i) and Rellich compactness theorem, B is compact. Therefore
N is finite dimensional.

Then, if N # {0}, there will exist an eigenfunction u for d; on N associated to the eigenvalue .
In other words, there is £ such that £ # 0, £ € N,

Finally, we get a contradiction using uniqueness theorem for second order elliptic operator in a
connected domain €2 with w C €.

Proposition 6.- Let w C 2 be a nonempty open subset of Q. Let u be a solution of (2.2) with initial
data (ug,u1). The following two statements are equivalent:

i) there exists ¢ > 0 such that

T
2 c 2 2
0wl gerr-scan < €7 [ [ @) dodt+ <l a0, un) sy

for any € > 0 and (ug,u1) € HE () x L2 (Q) ;

ii) there exists ¢ > 0 such that

2

10131 0y 1200

c T
(05 ) 12 0y £y < e 1C0 w2 ) —10) /|u(x,t)|2dxdt,
0 w

for any (ug,u1) € H} () x L? () .

. .. Il (wo,u)ll3 2 -1
Proof of i) = ii).- We chose € = T )|L2 (DX HZ(D)
[(uo,us ‘Hé(Q)XLZ(Q)

Il (wo,u1) 151 2
Proof of 4i) = i).- We distinguish two cases: when Ho(@x2"@

1 2
Mo oy~ 2 0O 0, )20y pr 20 <

T 2
ll(wo,u1)ll7; 1 « L2
CeC/s/O /|u(x,t)|2dxdt; when PO > L then |[(uo, wn) |72y 1) < € 10, u) 72 ) x 220
w

a0, )22 0 111 cen
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2.3.2 Gaussian beam

We present a numerical approximation of a solution of the wave equation in a square domain in
R? with the Dirichlet boundary condition. From the computations done by Ralston, the solution

u (1, T2,t) = ag (x1, x2,t) e**@0220) given below solves 2u — Au = O (1/\/E> and is concentrated

on the curve v = {(m?,x% + t) 1> O} where (m?,xg) € R2%: for a >0, 3> 0,

1
Qg (9517352,15) = m )

1 0 r — ) 1 x — Y % 0 0 r — )
<I>(x17w2,t):§ 1 | oz -2y |+ | -2y |- 0 i —if || w2— 2 ,
-1 ; t 0 —iB B t

therefore )

w(wr, o, t) = bexp (Zg [(w2 — 29) — 1] +ipEaty (21 — af) )
exp (= vty (o1 = a8)” = % [(o2 =) ~°) |
By taking its real part, we get
wtonant) = (re) o~y o =)’ = 4 (w2 = a8) ~ )
cos (252t (w1 — af)” + § [(w2 — 28) — ¢] — Jarctan (2at)) .

Now, the initial data are

up (w1,02) = exp (=5 (21— 29)" = % (25— 29)") cos (§ (w2 — 2§))
uy (z1,72) =exp —%a (;[;1 — x?)2 — % (902 _ x8)2

[kﬂ (.’132 - xg) cos (% (ch — ch)) — (ka? (ml — x(l))2 — g — a) sin (g (332 — 958))} ’

and using a Galerkin approximation, we may get a visual idea of a localized solution of the wave
equation for (z,t) € (0,1)% x [0,0.8] ...(to be completed)...

2.3.3 HUM method

We apply the HUM method to get boundary controllability for the wave equation.

Step 1.- Let us introduce the operator
C:feL?>Tx(0,T) — (0w (-,0),—v(-,0) € H(Q) x L*(Q) ,
where v € C ([0, T],L? (Q)) NC* ([0,T],H~* (Q)) is the solution of
Zv—Av=0 inQx(0,7T),
v = f\FX(O,T) on 082 X (O,T) s
(v(,T),0v(,T))=(0,0) inQ.

Then C is a linear continuous operator. We define H~! (Q) x L? (Q) D F =ImC, be the range of C, the
space of exact controllable data at time T by acting on I'. Now, we will need to construct the dual
operator of C. Let us introduce the operator

K¢ (ur,up) € Hy () x L* () — Onuyrx(o,m) € L7 (L' x (0,T)) ,
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where u € C ([0,7]; H} (2)) N C* ([0,T];L? (Q)) is the solution of
Zu—Au=0 inQx(0,T),
u=0 ondQx(0,T),
(u(-,0),0:u(-,0)) = (ug,u1) in .
Then K is a linear continuous operator.

Step 2.- We have the following duality result between C and K.

Theorem 1.- For all f € L? (T x (0,T)) and (ug,u1) € H} () x L? (),
T
/0 /Ff’C (UO, ul) dodt = <(UO,’U,1) ,C (f))Hé(Q)xLQ(Q),Hfl(Q)><L2(Q) 3

where ((uo,u1),C () L2(0) w3 (2).L2( @) x H-1(2) = <u('70)’atv('aO»Hé(Q),H*l(Q)_/Q Oyu (- 0)v (-, 0)dz.
Step 3.- Now we have the following approximate controllability result.
Theorem 2.- F =ImC is dense in H~'(2) x L? (Q) if and only if KerK = {(0,0)}.

Proof.- We use the formula ImC = H~! (Q) x L?(Q) & F+ = {(0,0)} and F+ =KerK where F*
denotes the orthogonal to F in H~! (Q) x L? (Q2).

Step 4.- Now we have the following exact controllability result.
Theorem 3.- The following two statements are equivalent.
i) F=ImC=H"1(Q) x L?(Q) ;

T
ii) there exists ¢ > 0 such that ||(u0,u1)||?{é(9)xm(m < c/ / |0 (z, t)|* dodt for any (ug,u) €
o Jr
H} () x L? () where u is the solution of (2.2).

Proof of i) = ii).- First, remark that by a classical functional analysis theorem, if ImC = H~* (Q) x
L? (), then 3n > 0 such that

B(0,m) g-10)xr2(0) CC (B (0, 1)L2(rx(o,T))) :
Next, let (ug,u1) € Hg (Q) x L? (). We construct (vo,v1) € L% (Q) x H~! () such that

H(UOavl)HL?(Q)xH*l(Q) =1
(w0, v1) g3 (). m-1() — Qulvodﬂf = (o, u)ll g2 (@) xL2(02)
Then, we take f € L% (T x (0,T)) be such that C (f) = (vi, —vg) and 1l 22 o,y < % in order to
get
(o, ut)l gy @y x 2y = (0, 0 (+,0)) g1 ), 1) — /QUW(-,O) dx
T
= /f/C (ug,uy) dodt

0 T
< Il z2@x 0,1y 1K (o, un)l| p2rx 0,7y
< % ||K(u07u1>||L2(F><((),T)) :
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Proof of ii) = 7).- We look for a control function f in the following particular form. Denote
B = CoK and suppose that f = K (¢o, 1) for some (@, ¢1) € Hi () x L? (), then for all (¢g, 1) €
H§ () x L? (Q) and (ug,u1) € Hg () x L? (Q),

T
/O /FK:(SOOMDI)’C(UOaul)dUdt:<(u07u1)vB(@07901)>H(%(Q)><L2(Q),H*1(S2)><L2(Q) :

In particular,

T
/0 /r 1K (uo,un)|* dodt = ((uo, uy) s B (w0, 1)) gy L2(), 51 (@)% L2(Q) -
If we can prove that the bilinear form given by
((uo,u1) s (w0, 1)) = ((uo, u1) , B (%0, 01)) g1 () x £2(02), H-1 (@) x L2(2)
is coercive then by Lax-Milgram theorem, V (v1,v9) € H=1 () x L2 (Q) I (o, 1) € H} () x L2 (Q)

such that B (¢g,p1) = (v1, —vg) that is (v (+,0),0:v (-,0)) = (vo,v1). Now, it is sufficient to see that
the coercivity of the bilinear form is deduced from the observability estimate ii).

2.3.4 Variational approach

We apply the variational approach to get the internal controllability for the wave equation.

Step 1.- Let us define the duality product between L? () x H~1(Q) and H} () x L? (Q) by

(1), (00,02)) = (1,00 -, sy — | 0 ()01 (o)
)
for all (ug,u1) € L?(Q) x H=1 () and (vo,v1) € HE (Q) x L? (). Then we have the following result.

Theorem 4.- The initial data (vo,v1) € Ha (Q) x L2 (Q) may be driven to zero at time T > 0 if and
only if there exists f € L? (w x (0,T)) such that

T
0= [ [ utet)f (.0)dedt ~ (o) o 00)
0 w
for any (ug,u1) € L? (Q) x H=1 (), where u is the corresponding solution of (2.2).

Step 2.- Introduce the functional J : L? (Q) x H~! () — R, defined by

T
j(uo,ul):%/o /\u(x,t)ﬁda;dp<(u0,u1),(vo,u1)> ,

where (vo,v1) € HE (Q) x L?(Q) and u is the solution of (2.2) with initial data (ug,u1) € L? () x
H~1(Q). Then we have the following result.

Theorem 5.- Let (vg,v1) € Hj (Q) x L2 (Q). If (o, 1) is a minimizer of J, then f = @ux(0,1)
is a control which leads (vo,v1) to zero at time T, where @ is the solution of

RZo—Ap=0 in AxR,
=0 ondQ2xR,
(@ (0),900 (-, 0)) = (po, 1) in Q.

Step 3.- It remains to prove that
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Theorem 6.- . If we have an observability estimate, that is

T
3> 0 o) vy < | [ et dod,
0 w

for any u the solution of (2.2) with initial data (ug,u1) € L? () x H=(Q), then the functional J
has an unique minimizer (po,¢1) € L? (Q) x H~1(Q).

Step 4.- Moreover, we have

Theorem 7.- Let [ = ¢jux(o,r) be the control given by minimizing the functional J. If g €
L? (w x (0,T)) is any other control driving to zero the initial data (vo,v1) € Hg (Q) x L? (), then

”fHL?(wX(O,T)) < ||9||L2(wx(0,T)) :

2.4 Stabilization

...(to be completed)...

2.5 Inverse source problem

Two methods allow to reconstruct the initial data of a wave equation from the point of view of
controllability: the forth-back algorithm; the iterated time reversal method.

Let © be a open bounded connected set of RV with boundary 92 of class C2. Let w be a nonempty
open subset of Q. Let given u = u (z,t) the solution of the wave equation with Dirichlet boundary
condition

u=20 on 0N x R |

with initial data (u (-,0),0pu (-, 0)) = (ug,u1) € HE () x L?(Q). Denote w = w (z,t) the solution of
the damped wave equation

{8t2u—Au:0 in QxR

02w — Aw + 1,00w =0 in  x (0,400)
w=0 on 90 x (0, +00)

with initial data (w (+,0),w (+,0)) = (wo,wy) € HE (Q) x L? (Q). We define the energy by

t
Consequently, E (u,t) = E (u,0) (i.e., energy conservation) and F (w,t)—FE (w, 0)—|—2/ / |Byw|” = 0.
w JO

Let us make the following assumption (O):

T T
3C,T >0 / / u (2, 1)|? dedt < c// u (a2, t)|? dadt
QJ0 w JO

for any solution u of the wave equation with Dirichlet boundary condition.

The above observability estimate holds under suitable geometric condition on w and 2. Under such
assumption (O), we have:
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i) fu=0onwx (0,T), then u=0sur Q xR .
i) 3C,T >0,V (ug,u1) € Hy (2) x L2 (Q), E (u,0) < C'l|0t] 72 (0.1 -
iii) 3C,T > 0, ¥V (wo,w1) € HE (Q) x L2 (Q), E (w,0) < C ||8tw||i2(w><(0,:r)) .
iv) There is 0 < € < 1, precisely € = 1/(1 4 2/C), such that

E(w,T) <eE(w,0) .

2.5.1 Algorithm of forth-back

Let u be the solution of the wave equation with Dirichlet boundary condition and initial data (ug,u1) €
H{ (Q) x L? (€2). The algorithm of forth-back to reconstruct (ug, u1) from the knowledge of 1, (o, 7)0su

is as follows.
Let
(/UOBJ atv%) ('7 O) = (07 0)

and for any m > 1,

02 — AvP + 1,007 = 1,00u in Qx(0,7T) ,
v =0 on 90 x (0,T) ,
(v, 0wP) (,0) = (v~ 0wl ') (,0)  inQ,
02 — AvB — 1,007 = —1,0,u in Qx(0,7) ,
vy =0 on 90 x (0,T) ,
(g, 0vE) (-, T) = (v, 0d) (-, T) in Q.

Theorem 8.- Under the assumption (O), there is € € (0,1) such that for any K > 1,

2 2
[ (v5, 85 ) (-,0) — (UOaul)HH&(Q)xL?(Q) < & (o, ) [y ey x 2oy -

Proof .- Introduce
wi (t) =vE (,t) —u(,t) and wg (,t) =vg (T —t) —uw(-, T —1t) .
We obtain that for any m > 1,
2w — Aw® + 1,0,w% =0 in Qx(0,T) ,
wp =0 on 002 x (0,T) ,
(w?,@twﬁ) (70) = ('Ugbilaatvgil) (70) - (u07u1) in Q )
(w?, 8{(1}71?) ('7 T) = (U?’atvg‘l) ('vT) — (u, atu) ('7T) in €2,
2wl — Aw + 1,0wh =0  in Qx(0,T) ,
wh =0 on 002 x (0,T) ,
(wg, dwg) (+,0) = (vi', =0pv) (- T) — (u, =) (-, T)  inQ,
(wg, Owy) (- T) = (v, —0wg) (-, 0) = (uo, —u1) ~ In 2.
The sequence (Wi, dw'y) (+,T) is bounded H} () x L? (). Further, under the assumption (O),
[(wg, Orwi) ('DT)||§—16(Q)><L2(Q) <el(wg, Owy)

= e|l(wi, dwi)

< e ||(’UJF, atw?

(O3 ) 220

('7T)Hi101(9)><L2(Q)
) GO 0y 220
= &) o E ) (D) sy oy -
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Therefore,

2 2
[ (i, 0w ('?T)HH(}(Q)xL?(Q) < || (wy, drwi) ('7T)||H3(Q)xL2(Q) ‘

Finally,

2 2
(05 Brv5) (50) = (o, )l g3y 2y < € M0w0r 1) gy 2200 -

2.5.2 Time reversal focusing

Let u be the solution of the wave equation with Dirichlet boundary condition and initial data (ug,u1) €
H} () x L? (). The iterated time reversal method to reconstruct (ug,u;) from the knowledge of
lyx(o,m)u is as follows.

Introduce the time reversal operator

Tg(z,t)=g(x,T—t) VYgeC([0,T];L*(Q)).

Let
2200 — Av©® 41,000 = 1,7 (du)  in Q x (0,T)
v® =0 on 90 x (0,T)
v® (-,0) = 0w (,0)=0 inQ.
and

w® =0 — Ty inwx(0,T) .

For any j > 1, v\9) = v (z,t) solves

o) — Avl) + 1,000 = —1, 27 (w~=Y)]  inQx(0,7)
vl =0 on 09 x (0,7
v (-,0) = 9w (1,0)=0  inQ

and we consider w) = w() (z,t) given by

wd) — @ T (w(j,1)> inw x (0,7) .

Theorem 9.- Under the assumption (O), the initial data satisfies the formula

+oo “+o0
(Vu (-,0),0pu(-,0)) = (Z Vo) (T, — Zatv(%) (.j))
k=0 k=0

Further, there is § > 0 such that for any K > 0,

K K

(Z VolR) (. T) = Vu(-,0), 3 0,038 (-, T) + dsu (~,O))
k=0 k=0

< e_BK H(VU‘ ('7 0) 7815” ('7 0))“

(L2(2))*

(r2@)?

Proof.
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step 0.- Let w(g) (z,t) = v (z,t) — u(z, T —t). It solves

{ 8t2w(0) — A’LU(O) + 1w8tw(0) =0 in Qx (0,T)
wi) =0 on 092 x (0,T) .

Under the assumption (O), we have, w(g) = w® (because w(y) = w® in w x (0,7)) and for some
€(0,1),
E (w(o), T) <ek (w(0)70) .

Since (w(O) (70) ) 3t’w(o) ('7 0)) = (71}, (7T) ) Oru (7T)) in Q7 we get
E (w(),T) <eE(u,T) =€E (u,0) .

step 1.- Let w(y) (z,t) = v (z,t) — wo (z,T — t). It solves

8t2w(1) — Aw(l) + Lﬁtw(l) =0 in Q x (O,T)
w(y =0 on 092 x (0,T) .

Under the assumption (O), we have, w() = w® (because w;) = w) in w x (0,7)) and for some
€ (0,1),
) (U)(U,T) < ek (w(l),O) .

Since (w() (+,0), dw() (-,0)) = (—w) (-, T) , hwoy (-, T)) in Q, we get
E (w1, T) < ¢E (w(), T) -

Next, by induction for any j = 2,3, - -,
step j.- Let wj) (x,t) = o) (z,t) — wej—1y (x, T —t). It solves

wejy =0 on 90 x (0,T) .

Under the assumption (O), we have, w(;) = w9 (because w) = wY in w x (0,7)) and for some
€ (0,1),

E (w(;), T) < B (w(;),0) -

T)

Since (w(;) (- 0), dhw) (+,0)) = (=w—1) (5 T), Fpwiiay (-
E (i), T) < e (w-),T) -

) in 2, we get

We conclude by induction that
B (wg), T) < 2B (u,0) .
It remains to compute wan) (2,t). Recall that
wa)y (z,t) = oW (z,t) —v (2, T —t) + u(z,t) ,

Vi>2, wy)(x,t) = v (z,t) — w—yy (z, T — 1)
=) (z,t) — =1 (2, T —t) +w(j—g) (x,t) .

Therefore, by induction, for any K > 1,

wiek) (T,t) = k_QZ B [0CF) (z,t) — D) (2, T — )] +wo) (z,t)
= k_QZ“ . [v(%) (z,t) — v (2, T — t)] + 0@ (z,t) —w) (z,T —t)
= > [v®) (z,t) = vV (2, T — )] + 0P (z,8) — v (2, T — t) + wp) (2, 1)
k=2, K
= [U(%)(%t) v (g, T—t)]—i—vxt —u(z, T —1),
k=1, K
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ek (1) = v (28) —weg) (2,7 — t)
p(2K+1) (z,t) — Z [v(%) (x, T —t) — p(2k=1) (, t)] —v(z, T —t)+u(z,t)

= 12 . [v(2E+D) IZJ: t) —v(%) (2, T —t)] + oW (z,t) —v (2, T — t) + u(z,t) .
In particular, at time ¢t = T,
woerk) (z,T) = v (2, T) +v (x,T) — u(z,0) ,
k=1, K
drwery (2,T) = o) (z,T) 4 dyv (2, T) + dyu (z,0) .
k=1, K

This completes the proof because wx) = wK),

2.6 Observability for the wave equation

2.6.1 Multipliers method

Let 2° € RN, T'(2°) = {x € 0Q; (z — 2°) - n(z) > 0} and R (2°) = max|z — 2°| .
€N

Theorem 10.- Assume that T > 2R (z°). Then there exists ¢ > 0, such that any solution u of (2.2)
with initial data (ug,u1) € HE () x L% (), satisfies

T
2 2
||(uo,u1)||Hé(Q)XL2(Q)gc/o /F( )|8nu(x,t)| dodt .

Proof.-

Step 1.- We apply the identity (2.3) in the proof of Proposition 3 with H (z) = « — 2° in order to

get
f/ / |Bpul? |Vu| / /|Vu| + [/ O (z — x° Vu
/ / z—2°) - n|d,ul?
0
“/ / Ol
T'(z°)

Step 2.- We multiply the equation 0?u — Au = 0 by u and integrate over © x (0,7)). It comes by

integrations by parts
T

T
/ /(|8tu|2—|Vu|2> - U 8tuu] .
0 Q Q 0
Consequently,

f;[/ 3tuu} / /|Vu| + 5 / /\atu\ U atuu] [/ Ou(x — 2° Vu
< R(mo)/ /m Oyl

22



From the conservation of energy, we finally get

T'||(uo, u1) ||H1(Q xL2(Q

<R / /W)w u| (V1) [/@uu}:—Q[/Qatu(a:—ac;)-Vu]:
ol [t (5]
@ [ ol

N -1
+‘2f98tu (%u—&—(az—xo)-VU) |t_T’+‘2/ 8tu< u+(ac—x°)-Vu) lt=o0
Q

2
’2/Qatu<N_ +(x—a:°)-Vu>

SR(xO)/Q|8tu|2+R(1 /’N_lu—l—(x—x“)-Vu
R(:c")/ﬂ|6tu|2+R( ( _1) /|u| +/|x—:r ) Vul? + (N —1)/ (m—m)-Vu)
R(x")/ﬂ|8tu|2+R( ( )/||+/|x—x V|+—/VU2 x—av))

R(:co)/|8tu|2+ ( ) /| 2 +/|x—x ) vt - Y& )/Q|u|2>
R (z°) </ |8yul? —|—/|Vu|> because (NT) 2 ) <0,

R(2°) || uOvul)”Hl(Q)xL?(Q)

2

Therefore,

T
o 2 o 2
. ) g oysren < R [ [ el 4 2R G 0 20

which implies, for 7' > 2R (z°), the existence of ¢ > 0 such that

T
2 2
H(uoaul)||Hg(Q)xL2(Q) < C/O /r(xo) |Onul

Theorem 11.- Assume that T > 2R (z°). Then there exists ¢ > 0 such that any solution u of (2.2)
with initial data (ug,u1) € H (Q) x L? (Q), satisfies

T
o un) sy < [ [ 1ovua 0 dade
0 w
where w =9 (x°) N Q and 9 (z°) is a neighborhood of T (z°) in RY.
The choice of T may be improved, depending on 9 (z°).

Step 1.- If g > 0 is such that T'— 2y > 2R (2°), then we also have
2 T=n 2
o, un) rgarre < [ [ jowad
n I'(xz°)
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Step 2.- It remains to prove that

T—p T
2 2 2
/ / |0 SC/ / [0 (2, )" + d | (uo, u) [ 20y xrr-1(0) >
" T'(xz°) 0 d(x2)NQ

by reproducing a identity like (2.2) with a suitable H (z,t) € C* (Q x (0,T)) such that H (z,pn) =
H (z,T — p) = 0. We will also need to check that

/ / ) Vu (2, 8) dodt < ¢ / | o )P dodt+ dl o) ey
I (x°) d(xz°)N

for some suitable ® € C§° (0,T).
Step 3.- We conclude by using the uniqueness-compactness argument.

2.6.2 Geometric control condition [ BLR]

Preliminary definitions We begin to recall some definitions.

Definitions.- Let P (x, D) be a differential operator in RY with a real principal symbol p (z,¢). The
Hamiltonian vector field of p is given by

op 8p
081 rEY

A Hamiltonian curve of p is an integral curve of H,, that is a curve

(@i g (06— (0))

8xN

Hy (@, = (2 @.6). -

_ [ =(s) a
o= () v e = )
z (s) and £ (s) are solutions of the system of ordinary differential equations

{ e z(s) = Vep(z(s),£(s))
258 (8) = =Vap(z(s),£(s)) -

The integral curve on which p (2 (s),£(s)) = 0, are called bicharacteristic of p. v (s) may be written
as e*fr(0) .

Application to the wave equation.- P = 92 — A, its principal symbol is p (z,t,&,7) = |§| —72. The
bicharacteristics associated to the wave equations are

Lai(s)=26(s), forj=1,---,N,

Cfi‘? B
7£J(8): fOI‘j:17"',N7

which gives for any initial data (z°,°,£°,7°) € Q x R x RY x R\{0} such that |¢°|* = (7°)?,

We end by giving an intuitive definition of a ray of geometric optics.
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Definition.- A generalyzed bicharacteristic ray associated to 92 — A is a continuous trajectory

s — ( f((;)) > satisfying z (s) € Q, ¢ (s) = s and

when z (t) € Q then it propagates in straight line with speed one until it hits 9Q at time to. If it
hits 02 at time ¢y transversally, then the reflection off the boundary is subject to the optic geometric
rules (the angle of incidence equals the angle of reflection) as light rays or billiard balls. If it hits 9
at time ¢ tangentially, then either there exists another trajectory Z (t) such that z (t9) = Z (to) and
43 (to) = L% (to) living in Q and then z (£) = Z (t) for ¢ > ¢, until it hits the boundary; or there is no
such kind of Z and then it glides along the boundary until it may branch onto a trajectory Z (¢) in .

The existence of a unique generalized bicharacteristic ray holds under one of the following assumptions:
09 is analytic; 0Q is C* and 92 has no contacts of infinite order with its tangents; 9 is C* for some
integer k£ > 3 and 0f2 has no contacts of order k — 1 with its tangents.

Necessary and sufficient condition Here, we begin to describe the result of [ BG].

Let © € Cy (09 x (0,T)) a compactly supported continuous function. We say that © exactly controls
Q if for any (vg,v1) € L? () x H! (), there exists g € L? (92 x R) such that the solution of

Pv—Av=0 inQxR,
v=0g ondQd xR,
(v(-,0),0v (-,0)) = (vo,v1) inQ,

satisfies vj;>r = 0. We say that © geometrically controls €2 if any generalized bicharacteristic ray
meets the set {(x,t) € 9Q x R; © (z,t) # 0} on a non-diffractive point.

Theorem ([ BG]).- Assume that Q is of class C> and 0 has no contacts of infinite order with its
tangents. Then the following statements are equivalent.

i) the function © exactly controls Q ;
it) the function © geometrically controls Q0 ;

iii) there exists ¢ > 0 such that

2 2
0, YL HY(Q)x L2(Q) = n ) )
Il (wg, u1)|] 1 <c |00, u (z,t)|” dodt
0N XR

for any (ug,u1) € HE (Q) x L? () where u is the solution of (2.2).

Previously, Bardos, Lebeau and Rauch proved that

Theorem ([ BLR]).- Assume that Q is of class C*° and 9 has no contacts of infinite order with its
tangents. Let T > 0 and I' C OS2 be a nonempty subset of O such that any generalized bicharacteristic
ray meets I' x (0,T) in a non-diffractive point, then there exists ¢ > 0 such that

T
o)y ey < [ [ a0 dod
for any (ug,u1) € HE (Q) x L? (Q) where u is the solution of (2.2).

A similar result holds for internal observability.
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Theorem ([ BLR]).- Assume that Q is of class C* and 0§ has no contacts of infinite order with
its tangents. Let T > 0 and w C Q be a nonempty open subset of € such that any generalized
bicharacteristic ray meets w x (0,T), then there exists ¢ > 0 such that

T
2 2
H(u07u1)||L2(Q)><H*1(Q) < C/O / |U‘ (.’E,t)| dxdt

for any (ug,u1) € L? (Q) x H=*(Q) where u is the solution of (2.2).

2.7 Comments on BLR’s geometric control condition

There are in the literature two ways to get an observability estimate for the wave equation in a bounded
open set Q in RV, N > 1, with boundary 992:

e multipliers method [ Li] (see also [ Li2])-[ K] (992 of class C?);

e geometric optics [ BLR] (see also [ Le])-[ BG] (992 of class C*°, later reduced to C* domains by
Burq).

The above two techniques come from scattering problems (study of hyperbolic systems in exterior
domains) (see e.g. PhD of Pauen). The multiplier techniques can be seen as a generalization of the
Morawetz energy method. The geometric optic techniques are based on microlocal analysis and the
theorem of propagation of singularities of Melrose and Sjostrand which allows to answer the conjecture
of Lax and Phillips. More recently, using defect measure, Burq and Gérard established that the
geometric control condition of Bardos, Lebeau and Rauch is a necessary and sufficient condition for
the exact controllability of the wave equations with Dirichlet boundary conditions.

When no geometric condition is required, Robbiano | R] proves a quantitative unique continuation
estimate for hyperbolic equations from a local Carleman inequality for elliptic operators and a Fourier-
Bros-Tagolnitzer transform. Then, the cost of the approximate controllability for hyperbolic equations
is deduced. Application to boundary stabilization without geometric control condition is established
in [ LR]. The optimal result without geometrical hypothesis is given in [ BJ.

2.8 Comments on approximate controllability

The approximate controllability can be established by a variational approach as follows. Let ¢ > 0
and (z9,21) € H} (Q) x L? (). By time-reversibility, we are reduced to look for a control function
f- € L? (w x (0,T)) such that

||(’U ('aT)’at'U ('7T)) - (zOle)HHé(Q)XLQ(Q) <e,

where
ORv—Av= fiuxor) MAXR,
v=0 ond xR,
(v(,0),0v(-,0)) =(0,0) inQ.

Introduce the functional 7. : L? (2) x H~1 () — R, defined by

1 T
Teunsun) = 5 [ [ ul® dode+- 0,00 s ey = (o) o 20)
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where u is the the solution of (2.2) with initial data (ug,u;) € L?(Q) x H~! (). Then under UCP,
the functional 7. has a minimizer (g, ¢1) € L? () x H™' () and f. = @pux(0,7) is an approximate
control which leads the solution of

af’U*A’U:fde(ojT) in Q2 xR s
v=0 ondN xR,
(v(-,0),0v(-,0))=(0,0) inQ.
to (v(-,T),0wv (-,T)) such that
(v (-, T), 0 (-, T)) = (20, 2) | a0y xL22) S € 5
where ¢ is the solution of

Zo—ANp=0 inQxR,
p=0 ondQ xR,
(©(-,0),0e0(-,0)) = (00, 1) nQ.

2.9 Comments on weak stabilization

...(to be completed)...
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3 The heat equation in bounded domain of R

We consider the heat equation in the solution u = u(x,t)

Oy — Au =0 in Q x (0,400) ,
u=0 on 0§ x (0,400) ,
u(0)€L*(Q)

living in a bounded open set Q in R?, d > 1, either convex or C? and connected, with boundary 9. It
is well-known that the above problem is well-posed and have a unique solution v € C ([0, T); L? (Q)) N
L2 (0,T;Hg () for all T > 0.

3.1 Wellposedness
3.1.1 Spectral theory

Properties of the eigenvalues of the operator —A on the open, connected bounded domain £ with
dirichlet boundary conditions, are stated in the theorem below.
Theorem (Eigenvalues of the Laplace operator) .- The boundary value problem

—Au=Au inQ,
u=0 onJdf,

has a nontrivial solution u # 0 if and only if A € 3, in which case A is called an eigenvalue of —A, u a
corresponding eigenfunction.

(i) Each eigenvalues of —A is real.

(i) Furthermore, if we repeat each eigenvalue according to its (finite) multiplicity, we have ¥ =
{)‘j}j:I,Q,... where
0</\1§/\2§)\3§...;
Aj —o00asj— 00.
i1¢) Finally, there exists an orthonormal basis {e; of L?(Q), where e; € Hj () is an eigen-
¥ j J 0 g
function corresponding to A;:

j=1,2,...
—Aej = )\jej in y
e;j =0 ondQ,

for j=1,2,....

When ug € L?(2) and ug () = 3 aje;j (z) with Y \aj|2 < 400 , then

j>1 i>1
u(z,t) = Zaje_)‘jtej (z)
j>1

solves
Ou—Au=0 1in Q x (0,+00) ,

u=0 on 082 x (0,400) ,
u(,0)=uy in.
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3.1.2 Semigroup theory

Let A be the operator on L? () defined by

{ D(A) = {UO € H& (Q),AUO eL? (Q)}
Aug = —Aug Vug € D (A) .

When the bounded open set © in R%, d > 1, is either convex or C? and connected, with boundary 9%,

then D (A) = H? N H} (Q2) and A is maximal monotone on L? (). By Hille-Yosida theorem, —A is
the generator of a semigroup of contractions on L? (), which we denote by (e’tA)DO. If up € L? (),

then the solution u (-,t) = e 'uy = e"®ug solves the heat equation and u € C ([0,77];L* () N
L?(0,T; Hj (€2)) for all T > 0. Moreover, if ug € H* N H{ (Q), then the equations

Ou—Au=0 in Q x (0,400) ,
u(,0)=up inQ,

are satisfied in L? (Q) for any ¢ > 0 and uw € C* ([0,7]; L*(Q)) N C ([0,T]; H* N H} (Q)) for all T > 0.

3.2 Energy estimates

The following inequalities hold

1
/|u(-,t)|2dx§/ o |? dar and / |Vu(-,t)|2da:§—/ o ? dar
Q Q Q 2t Jo

The LP — L7 regularization effect for the heat equation gives: for allt > 0 and 1 < p < g < 400,

tA _%(1 1) »
He UOHLQ(Q) < (47Tt) P ||u0||LP(Q) Yug € L (Q) .

3.3 Backward estimates

3.3.1 Initial data in H} (Q)

We look for an estimate of the form
2 2
l[u (- 0) |z () < constant [lu(-,T)|[L2q) >

where u solves the heat equation and 7" > 0. Here the “constant” will depend on initial data. This is
a backward estimate for the heat equation. To do this, we apply the ideas in [BT] : Let us consider
for almost all ¢ € [0,T] such that u (z,t) # 0 the following quantity :

2
& (1) = llw (5 )l g2 ) .
||u('7t)||2L2(9)
We first prove that
—® (1) <0.
dt () =
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Indeed we have the two following energy equalities:

1 2 2
BPT, [l )220y + w0 ) =0

1d 2 2
BYT, [l (5 )l ez ) + 1Aw (D) 1720 =0 -
Then we get
d 2 4
@@ t)=—75— (* ||AU||2L2(Q) ||u||2L?(Q) + HVUHL2(Q)> :
||U||L2(Q)

By Cauchy-Schwarz, we get the desired inequality. Consequently, we obtain for all ¢ € (0,7,
O(t) <P(0) .
Secondly, remark that

& ”u('at)”z?(ﬁ) +o (1) ”u('at)”QI;(Q)
1w GOl ) + 2 0) u () lz2q) -

Consequently, integrating on (0,7"), we get the desired estimate :

(- 0)[| 2y < exD (@ (0)T) (-, Tl 2y -

3.3.2 Initial data in L? (Q)

We look for an estimate of the form
2 2
”u("O)HHfl(Q) < constant Hu('vT)||H*1(Q) )

where u solves the heat equation and 7' > 0. Here the “constant” will depend on initial data. This is
a backward estimate for the heat equation. To do this, we apply the ideas in [BT] : Let us consider
for almost all ¢ € [0, 7] such that u (z,t) # 0 the following quantity :

2
)
e D) e

W (t)
We first prove that

d
— <0.
S () <0

Indeed we have the two following energy equalities:

1d 2 2
GPT [l )220y + w0 ) =0
1d 2 2
BYT, [ (Ol r-10) + w20y =0 -
Then we get
d 2 2 2 4
S (1) = ——— (= el a2y + Nl Eay) -
dt ”u”;lﬂl—l(ﬂ) 0 () () ()

By Cauchy-Schwarz, we get the desired inequality. Consequently, we obtain for all ¢ € (0,7,

U (t) < U(0) .
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Secondly, remark that

1 ||u(-,t)||z{—1(g) + (1) ||u(~7t)||§21—1<n>
< i I (Do) + ¥ 0) (- OlFa ey -

Consequently, integrating on (0,7"), we get the desired estimate :

[w () 1) < exp (W(O)T) flu (D)l 10y

3.3.3 Application: Nash inequality

Let f € Hi (Q). Consider the heat equation with Dirichlet boundary condition and initial data f. The
backward estimate says that for any ¢ > 0,

1£ 1124 o
1f1l L2y < exp < 5t HetAme(Q) :
111220

The LP — L9 regularization for the heat equation gives when p =1 and ¢ = 2,
_d
||etAf||L2(Q) < (47Tt) 4 ”fHLl(Q) :
Therefore, for any ¢ > 0,

2
1 12z )

_4d
[f1lL2 @) < exp < t) (mt) [ fll e -

2
11220

17122

Now, choose t = . Then,

2
T )

Lo\
Hj ()

1l < ( ) e fll e
@ =\ |1£122 ) @

that is the Nash inequality

2
35a 1
11z < (1) (2 ﬁiflngm))

d

2+d

3.4 Logarithmic convexity method

Recall that if ¢ —logf is a convex function, then for any ¢; < to and any 6 € (0, 1),

logf (0t2 + (1 — 0)t1) < Ologf (t2) + (1 — 0)logf (1)
which implies
F(Ota+ (1= 0)t1) < [f (22))° [F (1)) 7

e (pr\2
Further, when f € C2, logf is a convex function if and only if (logf)” = fff# > 0.
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Now take t = 0T, t, =0, ty =T and f(t) = [, |u (2,t)|* dz. Therefore,

2
(logf (£))" = 4 [4 Jo 18w @, 0) de fo lu(2,0) do — (<2 [, [Vu (2, 1) do) }
>0 by Cauchy-Schwarz inequality,

/Q|u(m,t)|2dx§ Uﬂ |u(:z:,T)2dm]t/T UQ |u(w,0)2dz]

This estimate has similar form than a quantitative Holder continuous dependence.

which implies
1-¢/T

3.5 Observability

Denote u (,t) = e'®ug () the solution of the heat equation
Ou — Au =0 in  x (0,400) ,
u=0 on 09 x (0,400) ,

u(-,0)=wug € L*(Q) .

Theorem .- Let Q be a bounded open set in RY, d > 1, either convex or C? and connected.
Let w C Q be a non-empty open subset. Then, there exist C > 0 and p € (0,1) such that for any
up € L? () and any T >0 ,

)
HBTAUOHLQ(Q) < %60(1+%) ||€tA“0HL1(wX(0’T)) '
i)
€780l 2 0y < €0 e a5 Tl ity
i)

N luoll L2 gy 2
HuOHLZ(Q) < Tl/l(mec<1+%+T(uoH1(m> ) HeTAuOHLl(w) _when ug £ 0 .

Remark 1 .- The above theorem describes three type of estimate which give a quantitative unique-
ness result for the heat equation: 4) is an observability estimate; i¢) is a Holder estimate; i) is a
logarithmic estimate.

Remark 2 .- 7) is a direct consequence of i) by the telescoping series method. We will give a very
simple and self-contained proof of i7) when 2 is convex. Another proof of i7) can be done using a
uniqueness result for elliptic equation and a standard transformation. 4ii) is obtained by combining
11) and the backward estimate

ol
o]l 110y < exp [ 52T ) ||| 1 g -
||U0HH—1(Q)

More recently, in [AEWZ] the authors show that the above theorem still holds when € is a bounded
lipschitz and locally star-shaped domain and w C € is a measurable set of positive measure.
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3.5.1 Observability estimate (proof of ii) = 1))

Observe that
1
||6TAU‘0HL2(Q) < C0+7) ||€TAUO||L1 )||uo||L2(Q
implies by Young’s inequality,

1 ec(1+%)/u HeTA

le™ %ol 20y < a7 wl| 1y € luoll 2y Ve >0

Let z > 1. Introduce the decreasing sequence {/,,},. ., which converges to 0, given by £,;1 = T/z™
Thus B

1
b = b = = (z=1)T>0.

We start with the following interpolation estimate which is given by 4i) and the above observation.
There exist three constants Cq, Ca,y > 0 such that for any 0 < t; <ty <T,

Cl Ca
[l (-5 82)l 2y < . G )l ey Felluta)ll g2 Ve>0.

Let 0 < lppyo < i1 <t < {,, <T. By applying the above estimate with to = ¢ and t; = {,,, 2, we
get

o) e

[ (D)l 2 () < e lu (Ol g1y F el bma2)llp2) Ve>0.
Recall that
[l (s )l 2y < Ml (58] p2(q)

Therefore,

C L
[ (5 €m)ll L2 () < Tz flu ()| ey Fellu (s bni2)ll o) VE>0.

)

Integrating it over t € (byyt1,lm), it gives

= ) Wty < G [ a0l
e (b = ) [0 (o b)) ¥e >0
Therefore,
e () | 2 g%%%e%&[%%] /em () 10 dt
e fu (bl ey Ve >0

Denote o = 2Cy [T = 1)] It gives

e u ()l gy — €77

Y Hu( m+2)||L2(Q
<18 [7 Ol de ve>0.
m+41

___m+2
Take e = e~ 7% | then

e_m“)zzmﬂ o o )l 20y — € FF7 7 () b2 2
<18 [ Ol
L1
Take z = \/% , it implies
ef(ﬁw:zyn G o)l 20y — €7 (- lan2) | 2
<18 [ 0l e
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Change m to 2m’ and sum the above from m’ = 1 to infinity give the desired result. Indeed,
e~ (22021 =En] g, (-
< em N7 u (., &)llL2@)

O_sz _ UZQm/+2
< o (€77 s o) 2y = € FF07 T u (o)l e

62771
C
< 28 [ Il

22771’4»1

2
< %/ ot Dl g o

Dl 20

Finally, with Dy = , /%% and Dy =2C5 (2+7) V7 + 2 [V + 2+ v/ F 1], we have for any T > 0,

T
1
ot (s Tl oy < DaePs / (o8l oy -

In particular, for any integer number m > 1,

ol < Dre® [ Ol -

m—1

Now, take T' > 1 such that M <T < M + 1 for some M > 1,

Sl (Do) <M (M)l
< S e Cm)ll oy

< D16D2 Zrn 1 ||,u ('7t)HL1(w) dt

m—1

M
<D [ )l
T
< DyeP2 lu (o) 1 dt -
0
We deduce that "
2
VT 1 T < 701 [ Gl
Since
1 poa [T
VI <1, |lu(D)lpe(q) < 7Dre™T ; [l ()l Ly dt
by combining the case T' < 1 and the case T > 1, we get the desired observability estimate
2 1 T
ot Ty < 7 Dre D) [ )

for any T > 0.

3.5.2 Holder estimate (proof of ii) when € is convex)

Let A > 0 and zy € Q. Denote for ¢ € [0,T],

1 lz—wq|?
Gy (z,t) = ——————¢ T+ |
(T —t+\)"?

Define for t € (0,71,

/|Vuzt)\ Gy (z,t) dzx
/\uxt|G>\ (z,t) dzx

, whenever / lu(z,t)|*de #£0 .
Q
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Here, recall that u (z,t) = e'®ug () and in particular, ujpg = 0.

We divide the proof into two steps. In the first step, we study the monotonicity of the function
N (t) in order to bound Ny (7). In the second step, we make appear [u (-, 1)l 7z,

Step 1 .- Get good sign for a derivative. We claim that if Q is convex or star-shaped w.r.t. z,

then
1

d
a0 = T—t+A

= Ny () .

That is

LIt NM ] <0.

Consequently, after integrating over (¢,7T), it gives that for all ¢ € (0,7),
ANN(T) < (T + M) Ny (t) .

Recall that by a simple application of Green formula using the fact that 9;Gx+AG\ = 0 and ujpq = 0,
the following identity holds

2dt/m @ DG (&, t)dx+/|Vu(x DGy (@) de =0 .

In other words,

2dt/| (2,8)]> G (z,t) dz + Ny (¢ /|uxt|G)\(:ct) =0.

Therefore,
d 2)\N.
@/ |u(x,t)\2G,\(x,t)dx++/| (z,)]> G (z,t)dz <0 .
Q

2tAN, (T)

Consequently, after multiplying by e 7+x and integrating over (0,7/2), it gives

TAN, (T)

o o7 /|u(a;,T/2)|2GA (x,T/?)dmg/ lu (2, 0)[2 G (,0) da
Q Q

But
/|u(:c,T)|2d:c g/ lu (z,T/2)|? da:
Q Q 5
mg 9 _ lz—=zql
<ezx [ |u(z,T/2)|" e 3TN dx .
Q

2
where mg = mag}zc x — zp|”. Therefore,
pAS

lu (x,0)]° Gy (z,0) dz

TAN (T)
e T+ < Q
|u 2, T/2))* Gy (z,T/2) d
/ |u (z,0))? da
<
lu(z,T/2)) e 4<T/2+A>dx
e%/m(m,O\ dx
< Q
/|u(x,T)|2dx
Q
That is
/ |u (z,0))? da
AN (T) < < )1og
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On the other hand,
1"‘mo/|u (z,0)? dz

d<d< >log
44 /|ua:T|da?

Finally, the two above estimate lead to

1+2T/|ux0|d$

AN (T) < <j+1)< >1°g /|ux:r|dx

Now, we prove the claim saying that if ) is convex or star-shaped w.r.t. g, then

d 1

— Ny (t) < mNA (t) :

First, by an integration by parts and by using VG, (z,t) = —%GA (z,t), we have

/|Vu|2G>\dx = —/ (AuuGy + VuuVGy) dx + O, uuGrdo
Q Q a0
T — T
=— . (atu— 72(T7t+)\) Vu> uGydx .

We have denoted v the outward unit normal vector to ). Next, we compute % Jo |Vul® Grdz.

%/|Vu|2G>\d1: :/ (2Vu8tVuGA—|—|Vu|28tG,\) dx
Q Q

= -2 [ (AudwuGy + VuduVG)) dx — / \Vu\2 AG dx
Q Q

=—2/ |Oyul? GAdx+/8tuﬁ~VuG>\dx
T — o

T ity VO

+/ (|Vu| )VG,\dx+/ IVl
Q oQ

But, using standard summation notations,

/QV(|Vu|2) VG,\daz:/Qai (\ajuf) 8;Grda

—2/ ajuafjuaiGAdx
Q

= —2/ (afuaiuaiG,\ + @u@iu@?jG;\) dx

+2/7 ajuﬁiuyjﬁiGAdo
o

- / <AuVuVGA + Oyudyu |~ 22T = Toi) (@i Too) (@ — Toy)
Q

C2(T —t+ )\ 4(T —t+\)?

GA) dx

/ |0, u)? (736 vGdo

t+A)
Tr — X 2
S - 20 . d
/atu T VUGAdz+( t+A /|vu| Gidz — /Q<2(T—t+)\) Vu) Gidz
— X9
— | 1l " vGdo
m'a“' (T—t+)\) vGrdo
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Therefore,

%/ |Vu|® Grdz

= —2/ |8tu| G,\dx+2/ Btu - VuGdx — A<m~Vu)2G)\dx
TR /Q Vul? Grda
/ |8, u)” ﬁ VG)\da—l—/ Vul|® (_7:;)\) vGyrdo .
That is )
(%/Q|Vu|2G>\dx :72/Q 8tufﬁ~Vu N

+ T / |Vul? Grda

— X
/'6Q |8 ’LL| m Z/G)\do'

Finally, we compute %NA (t)

dt/ Vul? GAdx/ |ul® G,\dx—/ |Vu\ GAdx—/ |u|® Gada
G (1)

|
VRS
e}
=
N
9]
>
IS8
)
N———
|
/N
[\)
S~

+ 21 - <(T1H) / |Vul|® Grd / |u|2G)\dx>
( |ul G;ﬁlm) @ @
Q
x —
+ 1 2( / |81/ | N I/G)\dO'/ |’LL| G)\dﬁE)
( |u|2G>\d:c> o9 2(T'—t+A)
Q
2
+ L 2< |Vu|2G>\dx>
( |u|2G)\dz> @
Q
2
- 1 5 _2/ atu_&.Vu GAdac/u|2G)\dx>
(/ |u|2G>\d$> < @ 2(T—t+2) Q
Q

/ |8u|2 T — T

Ny (1) — J20 2T —t+ N
/|u\2G>\dx
Q

(/ |u| G dx) </Q (atu % : VU> UG,\d:p>2

S Ton t+)\) N (?)

-vGydo

1
R GE==y)

by Cauchy-Schwarz inequality and the fact that (z — z¢) - v > 0 for convex domain Q.

Step 2 .- Make appear B, = {x € R |z — 20| < 7’} C Q. We start to choose zg € Q@ and r > 0
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such that By, = {2 € R% |z — 20| < 2r} C w. Next, notice that
/ (2, ) e =5 g

</a fu (2, T e 55 dx+/ (2, T)|? e = da
B 1 Q\ B, .
S/ IU(w,T)IQdH;g/ iz — o) Ju (2, T)| e~
Q

By

dz .
On the other hand,
& — o[ fu (&, T)|? e 25
Z (z — o) |u(z,T))* - (=2)\) Ve~
= -2\ ((x — z0) )|u(x,T)|2e_

Q
+4)\f(ac—m0) (x,T)-Vu(z,T)e”

9 _lz— TO\

= de

|z — TO\

dx

T—x

T2 e

dm

<2M | |u(z,T)|"e

%/:16)\2|Vu(x e

by Cauchy-Schwarz inequality. Therefore,

dz

1 |z—zq|?
5 [le el lu@ )P e,
Q

+1 [4/\d/| (z, 7)) e 16)\2\Vu(x )2 e =5 da

Q
/|u(acT)|d —l—m)\{ —&—)\N,\T}/M:ETQ_J:UId

T

By step 1,

2 7\1 zq?
In

|u(x,T)|

f|u ) d

1+2T/\um0|dx -
+32 [(§+1) (1+ 7) log /\u:cTz —lese

2
/|u:z:T\d:L“

dx

dz .

Take

A= T+ T2+41—6
1+2T/|ux0\ dx

2 +1log
/|uxT|dx

in order that

1+
16X | (d ”/‘““”dx 1
— |+ +1 log R

2
" 4 /|uxT\dm

38



Therefore,

Q
< 2en lu (z,T)|? da
B,
But ) I
mo —mo | g | T2 440 T
el+%%/ lu (,0) da
2(441)log £
lu (z,T)|? dx
Y A3 u(x,0) do
<";o<(1+(d;4)m0) +1)22(d+4)10g‘ 2
u (2, T)|* dz
Finally, one obtain with
d r2 1/2 2mo
(f+1) (1 + (d+4)m0) +1) 520
o =

d r2 1/ 2mg ’
+ (7 + ) ( + ( )mo) _l’_ >
the fOHOWing Holder type estimate

1(14+™0 « 1=
(D)l < (2O F) (- 0) 2y (V2H0 G T o))

On the other hand, by Nash inequality and Poincaré inequality,

2 d
a+2 a+2
(s D,y < e (D)™ (1966 D) ™
Further, by an energy method,
1
ﬁ ”u('aO)HL?(Q) :

We conclude, by combining the last three above inequalities, that

IVu (T 20y <

d(1—a)

2(1+29) l—a (1 a¥2 s S
oDy < H 08 (vae) T () T (1 0ll@) (10 Dlsis)
This is the desired estimate with y = 2(;;2&) since Ba, C w.

3.5.3 Logarithmic estimate (proof of i) = iii))

Define for almost all ¢ € (0,71,

DB
e OBy

v (t)

, whenever u (z,t) # 0 .

Here, recall that u (z,t) = e'®ug (z) with ug € L? (Q). We first claim that

a0l 4110y < ex0 (2 () T) [[" 0] -1 -
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Now, we apply HeTAuoHLQ(Q) < C(1+7) |eT4

1—
UOHZI(W) HuoHLQéLQ) to get
1 " 1—
”uOHH*l(Q) S eXp (\II (O) T) ec<1+T) HeTAUOHLl(w) ||UOH(L2(5; .

In other words,
ES H
ol 20y < VT O)exp (¥ (0)T) eCCHH) [[eT2ug |, .
Finally, we have the desired estimate

L c(i+x+v0)7) Y A
ol ey < | e le™uoll o -

This completes the proof. Notice that the term involving ¥ (0) can be improved as follows.

1 c(1+ \11(0)(T+%)) ||etA

[uollz2(q) < ¢ UOHLl(wX(O,T)) :

Indeed, let us denote A\; > 0 a constant such that A\; < ¥ (0). Now, we choose

Mg

F=New ="

and recall that the solution w of the heat equation satisfies if u (z,t) # 0 for almost all ¢ € [0,T7] :

A
o]l -1 () < exp (\/M\P—(O)T) ’e(Tm>Au0

L2(Q)

Finally, we apply HeLAu0||L2(Q) < %eC(H%) He to get the improved estimate.

Bug || L' (wx(0,L))

3.6 Null controllability

3.6.1 Functional analysis via Hahn-Banach theorem

The characteristic function on a set X will be denoted by 1x.

Let © be bounded open connected set in R%, d > 1, with a C? boundary 02. Let w be an open subset
of Q.

Let T > 0 and E C (0,T) be a subset of positive measure.
The main result is as follows.

Theorem .- Let k > 0. The following two statements are equivalent.
(C) For any yo € L? (), there is a control v € L> (2 x (0,T)) such that the solution y =y (x,t) to

Oy — Ay =1gl,v in Qx(0,T) ,
y=0 on 00 x (0,T) , (3.6.1)
y('vo):yO Z"IZQ,

satisfies y (-,T) = 0 in Q. Moreover,

1ol Lo (ax 0,7y < K l10ll p2(q) - (3.6.2)
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(0) For any ug € L? (), the solution u = u(z,t) to

Ou—Au=0 1inQx(0,T),
u=0 on 0 x (0,T) , (3.6.3)
u(-,0) =ug m Q

satisfies
T
lw (D)l p2gq) < n/ / 1gly |u(z, T —t)| dedt (3.6.4)
0o Ja
that is
T
(Dl < [ [ 10T =)L fula,t) dodt
0o Jo

Proof of (C) = (O) .- The goal consists to prove (3.6.4). To this ends, we multiply by u (z,T — )
the equations in (3.6.1) solved by y and integrate over 2 x (0,7"). It gives

T T
/ / O —A)y(z,t)u(z, T —t)dedt = / / 1glyv (z,t)u(x, T —t) dedt . (3.6.5)
0 Jo 0 Jo
On another hand, by integration by parts, we also have using the homogeneous Dirichlet boundary
condition and y (-,7") = 0 in Q, that
T

/OT/Q(Bt—A)y(m,t)u(x,T—t)dmdt = [/Qy(x7t)u(x,T—t)dx

—/ Yo () u (z,T) dx
Q

0 (3.6.6)

and this for any yo € L? (©2). Now, we choose yo = u (-, T) which belongs to L? () because (3.6.3) is
well-posed with ug € L? (2). Consequently,

/Q|u(z,T)\2dz

T
7/ / 1glyv (z,t)u(x, T —t)dxdt from (3.6.4) and (3.6.6)
0 Q
||U||Loo2(§zx(o,T)) lplou(z,T — t)||L1(Q><(O2,T)) (3.6.7)
% ”””Lw(ﬂx(o,T)) + 5 |[1plou (2, T — t)HLl(Qx(O,T)) for any € > 0

2 2
im HyOHLQ(Q) + 5 Nelou (2, T — t)”Ll(Qx(o,T)) from (3.6.2) .

(VANVANVAN

Since yo = u (-, T), we get the desired inequality (3.6.4) by taking ¢ = x2.

Proof of (O) = (C) .- Let yo € L? (). It is enough to prove the existence of v € L> (2 x (0,7))
with (3.6.2) such that the solution y = y (z,¢) to (3.6.1) satisfies

T
—/ng (x)u(a:,T)dx:/O /Qv(a:,t) 1glyu(x, T —t)dedt Yug € L (Q) . (3.6.8)

Indeed, by multiplying by y the equations in (3.6.3) solved by u (z, T — t) and integrate over Q x (0,7,
it gives

T
/ y(z,T)uo (z) de — / yo (@) u(z,T)dx = / / v (z,t) 1plyu (z, T — t) dedt (3.6.9)
Q Q 0o Jo
and the fact that [,y (z,T) uo (z) dz = 0 for any uo € L* (Q2) means y (-,T) = 0 in Q. Now, let
Z={1plyu(z,T —t);uo € L* () and u solves (3.6.3)} . (3.6.10)

Z is a linear subspace of L' (Q x (0,T)). We define a linear functional F : Z — R by setting

F(plyu(z, T —1)) = —/Qyo (x)u(z,T)dx . (3.6.11)
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Then F is a continuous linear functional on Z. Next, it follows by (3.6.4)

F (Lelou (2,7 — 1)) g/ 1o () u (z, T)| de

Q
< lwoll 2y lle (- Dl 12 (0 (3.6.12)
<K Hy(J”LZ(Q) Ileglyu(z, T — t)”Ll(Qx(O,T))
that is
IFlleczm) < Fllbolla) - (3.6.13)

By Hahn-Banach theorem, F can be extended to G : L' (2 x (0,T)) — R, a continuous linear functional
with the same operator norm [|G|| 211 (ox(0,7))r) = IF [l £(zr)> Such that G = F on Z. Therefore,

G(1glyu(z, T —1t)) = —/ yo (x)u(z,T) dz (3.6.14)
Q
and
191 221 @x ) < EllYoll L2y - (3.6.15)
By Riesz representation theorem, there exists v € L (2 x (0,7)) such that
T
G (f) =/ / v(z,t) f(z,t)dedt Yf e L (Qx(0,T)) (3.6.16)
0o Jo
and
vl e (ox 0,my) = 191l 221 @x 0,7))R) (3.6.17)

In particular, by (3.6.17) and (3.6.15), it holds

[0l Lo (ax(0,7)) < B 190ll p2(q) - (3.6.18)
Further, by (3.6.16) and (3.6.14), we have

/T/ v(z,t) 1glyu (z, T — t) dedt = —/ yo (2)u (z,T)dx Yug € L*(Q) . (3.6.19)
0o Ja Q

This completes the proof.

3.6.2 Semi-group and variational approach

We consider the abstract differential equation

%u(-,t) + Au(-,t) =0 fort>0,

u(-,0) =up € H
where —A : D(A) C H — H is the generator of a strongly continuous semigroup (e~'4) 40 ON &
Hilbert space H. The solution is u (-, t) = e~ *uq.
We also consider a bounded observation operator B € L(H, F'), i.e. B is a continuous operator from
H to another Hilbert space F'. Let A* be the adjoint of A (and we will suppose that A is self-adjoint,
i.e. A* = A, and accretive. We have in mind that A is the operator on L? () defined by

{ D(A) = {ug € HY (Q); Aug € L2 ()}
Aug = —Aug Yug € D (A) .

with © a bounded open set in R?, d > 1, which is either convex or C? and connected). Let T' > 0. We
introduce the following abstract differential equation

%y('ﬂt) + A*y('at) = B*U('7t) for t € (OaT] 5
y(ao) =1Yo € H
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where v € L% ([0,T]; F) is the input, B* € L(F, H) is the control operator (here it is the adjoint of B).
The solution is

t
y(t) = e Ay + / e DA B E (. 5)ds .
0

The main result is as follows.
Theorem .- Let k,e > 0. The following two statements are equivalent.
(C) For any yo € H, there is an input v € L? ([0,T]; F) such that the solution y (-,t) to

{ %y(-,t) + A*y(-,t) = B*v(-,t) for t € (0,T] ,
y(70) =y € H

satisfies

1 T
+ [ Ol e S Iy < ol

(O) For any uy € H, the solution u (-, t) to
d
d

su(-,t) + Au(,t) =0 fort>0,
u(-,0) =up € H

satisfies

T
2 2 2
[u( D)l < H/O 1Bu (-, T = )|l di + & fJuolly -

Proof of (C) = (O) .- We multiply the equations of (C) by u (-, T — t) to get

<%y('at)>u('aT_t>> :<_A*( )+B* (’t)v (7T >>
=(y ,t, Au(,T t)) + (v(-,t), Bu (-, T —t))
t)>+<’l}(,t)7 (7T_t)>
—t))) + (v(-,t),Bu (-, T —t)) .

On the other hand,

d d
(0T =0) 4 (0 (T = 0) = § etk u (T =)
Therefore, integrating over (0,7,
T
W T)0) = (0w (D) = [ (0t). Bu (T =) .
The above computation are allowed for (u(-,0),y(-,0)) € D(A) x D (A) and the last equality holds

for any (u(-,0),y(-,0)) € H x H by density arguments. Choosing y(-,0) = u(-,T), we obtain by
Cauchy-Schwarz inequality and using the inequality in (C)

||u(ﬂT)||iI SA ‘<U(7t)78u(7T_t)>|dt+‘<y(JT)7U(7O)>|
T
< [ IO 1B (7 = )1 + e T - 0)
é/u (Ol dt + 57 I DI
F3n [ BT - Dl e a0

T
2 2 2
< 3 lvolla + 3 (“/0 [Bu (T —1)|[pdt+e ||U(',0)|H>

43



which gives the desired estimate since yo = u (-, T).

Proof of (O) = (C) .- Let yo € H. Consider the strictly convex C! functional J defined on H given
by

T 2
K (T g _
J (ug) = 5/0 HB@ (T t)AuoHth—i— 3 ||u0||§{ + <y0,e TAu0> )

Notice that J is coercive and therefore J has a unique minimizer zo € H, i.e. J(z9) = mi% J(up). Let
ug€

z(t) = etz and h (-,t) = e *4hg. Since J'(z9)ho = 0 for any hy € H, we have

T
/ </€Be_(T_t)Az0, Be_(T_t)Ah0> dt + {ezp, ho) + <yo, e_TAh0> =0 Vhoe H.
0

But
T
<y(7 T)? U ('a O)> - <y(v 0)7 U ('a T)> = /0 <U('a t)v Bu ('a T - t)> dt Vu ('a O) €H
means .
/ (vt), BeT=04hg ) dt — (e~ Ty, ho) + (yo, e~ ho) =0 Vho € H .
0
By choosing v(-,t) = kBe™(T=Y4 %, we deduce that the solution y (-,t) to

{ %y(ﬂt) + A*y(7t) = B*’U(',t) for t € (OvT] )
y(,0)=w e H

satisfies
e*TAyO = —€29 .

Recall that y(-,T) = e~ T4yy. Moreover, taking ho = o,

e 2 1 2 -
© [ IOl e 2 Iy T + e ™20 =0

Now, (O) implies

1
(- )% dt + = y(, D)%

T T
0 9

2 1
||e*TAzo||i{ < n/ HBe*(T*t)AZOH dt + ¢ ||20||2H < 7/
F K Jo
We conclude by Cauchy-Schwarz that

1 [T 2 1 2 2
© [ e+ 2 DI < ol

A direct application is given as follows.
Theorem .- Let k> 0. The following two statements are equivalent.
(C) For any yo € L* (), there is a control v € L? (Q x (0,T)) with
HU||L2(Q><(0,T)) Sk ||y0||L2(Q) )

such that the solution y =y (z,t) to

Oy —Ay=1,v in Qx(0,T) ,
y=20 on 9Q x (0,T) ,
y(-0) =wo in
satisfies
y(,T)=01in Q.

44



(0) For any ug € L? (), the solution u = u(z,t) to

Ou—Au=0 1inQx(0,T),
u=20 on 9Q x (0,T) ,
u(-,0) =ug m Q
satisfies
Hu(‘vT)”LQ(Q) <K ”u”L?(wx(O,T)) :

3.7 Inverse source problem
Recall that when ug € L% (2) and ug (z) = > j>1 0565 (z) with

a; = / uo () e; (z) dz and Z la;|* < 400 ,
Q

j>1

then

7
E :a] ej (z

j>1
solves
Ou—Au=0 in Q x (0,400) ,
u=0 on 082 x (0,400) ,
u(,0)=up inQ.

On the other hand, by the null controllability for the heat equation, we have that for any e;, there is
a control function f; € L(Q x (0,7})) such that

C .
||fj||L2(Q><(07Tj)) < Qe

for some C' > 0 and
Oz + Az = fjluxo,r) nQx(0,T;),

z=0 on 002 x (0,Tj) ,
z(~,Tj):ej inQ,
2(,0)=0 in Q.

We deduce the following formula.

T
ug (z) = Z (eAjTj / A u(z,t) fj (z,1) dmdt) ej(x) .

Jj=1

Indeed, by multiplying the previous equation by u and integration over Q x (0,7Tj), we get

/Q/OTj Ufjlwx (0,1;) // (8iz + Az) ) )
f) (,Tg>z(~,Tj>—/Qu(~,o)z(~,o)—/g/oJatuz+/9/0’Auz

= u(, Tj) €j
But
Z e AT (/ ug () e (x) dx) er (z) .
k>1
Therefore,

// (2,t) f; (z,t) dedt = e~ 7T /Quo(x)ej(m)dx
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Finally,
Tj
ug (x) = Z (e/\jTj / / u(x,t) fj (z,t) dxdt) e; (z)
i>1 w0
and
2

2 T
HUOHLZ(Q) = Zj21 2T

/w/OTj u(z,t) fj (z,t) dzdt

2
T;
< 2j>1 27Ty (/ / Ze_)‘kt (/ uoekdx> ek da:dt) CeC/Ti
- w J0 Q

k>1

2
1/3/%;
C )‘j — At . L 1
SCZjZIe \ (/w/o E e Mk (/Quoekdax)ek dxdt) 1fT]_—\/)\7.

k>1
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4 Quantitative uniqueness for the Laplacian operator

4.1 Doubling method for the Laplacian

see freephung.free.fr\kimdang\phung n.pdf

4.1.1 The approach of Garofalo and Lin
Define for r € (0, R], B, = {z € R% |z — 2| < r} and

r/ \Vu (2)]? dz
N (r) = —E= , whenever / lu (x)|* dz #0 .

/ fu ()2 de o5,
OB,

Our aim is to get good sign for the derivative of N'= N (r).

First, we compute the derivative of / u ()| dx.

9B,
d d
ar Jop, lu(z)?de = ar Jous lu (zo + rs)|* r¢'ds
d-1 ) 2
= lu ()| de + = u(z) Vu (x) - (. — zo) dz .
T Joa, rJom,

Notice that

/aBru(x)Vu(x)-(x—:zro)d:z:—r/BT|Vu(x)|2dx+r/ u(x) Au(z) dx

Br

using the fact that

/aBru(x)Vu(as).(a;—xo)dx:T/ u (2) dpu (z) dz .

OB,

Second, we compute the derivative of r / \Vu ()] de.
B

dir (r/BT [Vu (z)[° dm) = /BT \Vu (z)|° dm—l—r/aBT \Vu (z)|* da .

Now, / div(|Vu ()] (z — xo)) dx gives r/ |Vu (2))* dz by Green formula. On the other hand,
B, 4B,

/ div (|Vu (@) (z — x0)> dx
B
= d/ \Vu (z)]? do + / 25miu8£jxiu (xj — zo;) dx

r By
:d/BT [Vu ()| da?—l—/aBr 2Vu (z) - (x — xg) Vu (x) - ndx
= 2Au (x) (x—xo)~Vu(x)dx—/ 2|Vu () dz
B, ) B,
:(d—2)/B |Vu(x)\2dx+;/83 V(@) - (@ — a0) 2 do
—/B 2Au (z) (v — zo) - Vu (x)dz .
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Therefore

L f IVu@)f ) = (d- 1)/T Vu <:c>|2dx+i/3& [V (2) - (@ = 20)|” da

2Au (z) (z — o) - Vu (x) dz
B,

Combining the above equalities, the computation of the derivative of A= N (r) gives

(fon, @) az) w7y =@ [
+% /BBT V() - (& — )| dz /aBT |u (2)]? dz

- 2Au (x) (x — o) - Vu (z) dx /aB lu () da

—dBfl /aBT lu (2)|? da (7‘ /B Vu (x)|2dx>

_g/ u(@w(x).(m_xo)dx(r/ |Vu(x)|2dx>

T JoB, B,

Vu (x)\zdx/ . (2)|? da

T

that is

(fop, lu@)de) W) =2 [ Vuta)- @ —ao)de [ ju(o) da
- 2Au (z) (z — x0) - Vu (x) dx/ u (2)|? da

B, Br

/ u () Vu (x) - (x — o) dz
OB,

+2/ u(m)Vu(x)-(w—xo)dx/ uw(x) Au(z)de .

8B, B

By Cauchy Schwarz,

2

2 2 2
Ogr/aBr|Vu(x)-(x—xo) d:c/aB |u(2)]” do —

s

/ u(x) Vu (z) - (x — xo) dz
9B,

which implies

0§<6B Idx)/\f'()
+/B 2Au () (& — w0) - Vu (& )da:/aBT fu ()2 do
—2 u(m)Vu(x)'(x—mo)dm/ u(z) Au(x) d
4B, B,

Application: When Au =0 in B;, one has N’ (r) > 0 which gives N (r) < N (1) Vr < 1. By

i/ |u(:c)\2dx:d_1/ \u(x)|2dm—|—2/ IV (2)2 da
dr B, r B,

r

we deduce that

d d—1 2
4 (@) de = / (@) de + 2N (r) / fu ()2 d
dr 8B, T 8B, r B,
which gives Vr <1
d ) 1 .
7111/ u ()P e~ (d—1) - <2 (1)
d?" 9B,

T
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By integrating between R > 0 and 2R > 1, one finds

) (faBQR u@Pde 1

Jon, lu (z)|? do 2471

) < (22N (1)
that is VO < R < 1/2,

/ |'LL (QEO + 2R8)|2 (2R)d71 ds S 2d—1eN(1)1n4/ |u (1.0 + RS)|2 Rd—lds i
Sd_l Sd—l

One conclude that for any M < 1/2,

2M
[ w@Pa = [ [ ot rafetanas
Baom 0 Sd-1

M
:2/ / lu (2o + 2Rs))* (2R)*" dRds
0 Sd—1

M
< 24N (1)ind / / lu (xo + Rs)|* R"'dRds
0o Jsi1

/ IV (2) 2 da
< QdeN(1)1n4/ lu(2))® do with N (1) = =B
B G
OB,

4.1.2 The approach of Kukavica

Define for r € (0, R], B, = {z € R% |z — x| < r} and

/ |Vu (z)? (7"2 — |z — xo\2> dx
Br , whenever / lu(x)|* dz £ 0 .
/ u (z)|* da B
B,

Our aim is to get good sign for the derivative of N = N (r).

N(r)=

First, we compute the derivative of / lu ()| da.
B

a
d?" B,

2 = ’LLQ:QCL'.
u () d"””‘/aB' (@) d

r

Now, / div(|u ()] (z — a:o)> dx gives by Green formula r/ lu(2))* dz. On the other hand,
B, aB,

/Br div (Ju (@) (x — 20) ) dz = d/BT |u(w)|2dx+/Br 2 (2) Vau () - (z — 20) da .

Therefore p p )
9 @) de = 7/ ()2 da + 7/ 2u(x) (x — 20) - Vu () da .
dr B, T JB T JB

r T

Notice that

/BT 2u (x) (x_%)'Vu(x)dx:/

B’V‘

|V () (r2 — |z — x0|2) dac—i—/

B,

u(z) Au (x) (r2 — |z - x0|2> dz
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using the fact that
/BT 2u(z) (x —x0) - Vu(z)de = /B 2u (x) (—%)V (T2 — |z — a:0|2) -Vu (z) dz

= /B: div (u (x) Vu (7)) (73 — |z — :c0|2) dx

Second, we compute the derivative of / |Vu (z)]? (7‘2 — |z — :130\2) dx
B,

d

2 2 2
Y/ — |z — dr =2 \Y, dz .
p | u(x )\ (r |z — o] ) T T/B,,| u(z)|” de

Now, / div(|Vu (z)? (7"2 — |z — x0|2) (x — xo)) dx gives zero by Green formula. On the other hand,
B

/ div (|Vu( )2 (7“2 — |z — x0|2) (x — mo)) dx

|Vu (7‘ ~ |z — | )dz+/B IV ()] (=2 (& — 20)) - (z — @0) da

+

w\m\»

28m1u8§ﬂ1u (r2 _ ‘{17 — :L‘Olz) ({I;j — {I,'()j) dx
IV () (7’2 — |z — z0|2> dz — 2/ IV (2))? & — 2ol da
B
2Au (z) (z — x0) - Vu (x) (7“2 — |z — a?0|2) dx — / 2(=2) |(z — x) - Vu ()] da

B,

=d

T

S—

)

r

2|Vu (z)[* (7’2 — |z — :170|2> dx

|Vu () (r2 — |z — $0|2) dx —&—/B 12 (x — o) - Vu ()] do — 27“2/ \Vu (2)]? dz

T T

\
S

|
.

\Pﬂ\

&

2Au (z) (z — o) - Vu (x) (7"2 — |z — x0|2) dz

Therefore

g‘fﬁf& Vu (@) (12~ [ - zof?) do

= [, [Vu (@)’ (72 — |z — x0|2) dx + % [, 12(@ = 20) - Vu ()| do
L, 280(@) (2~ 20) - Vu(2) (2 — [z — wof?)

Combining the above equalities, the computation of the derivative of N = N (r) gives

(S, lu @) d:c) N’ (r) :g/ Vu (@) (2~ o — a0 ) dx/v|u(:c)\2dx

/B|2(37—xo)-Vu(33)|2dm/ u (2)]* da

r

2Au (z) (z — x0) - Vu (x) <r2 — |z — m0|2> dx/Bw |u (z)]? dz

|Vu( )| (r2—|x—x0|2) dx/B lu ()| da

r

IV (z))? (T2—|x—z0|2) dx/B 2 (z) (x — o) - Vu (2) do

s

T

‘E\Hﬁ\&ﬂ\l—"i >—~

ou\pu\m\ﬂ

3

S|

‘|2(33—a:0)~ u(x)|2dx/ lu () da

B’V‘

2Au (z) (z — o) - Vu (x) (7’2 — |z — x0|2> dz/ u ()] da
2u(x) (x — x0) - Vu (z) doe — /

‘E\H\
_—

3

. u () Au () (7‘2 — |z — x0\2> dm)

|
S| =
N\
S
3

2u(x) (x — xo) - Vu (z) dx

X
Sl
g
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that is

1
(/ |u(z)|2dx> N'(r) ;/ 12 (z — z0) - Vu (z)? dx/ lu (z)|? d
B,

/ 2Au (z) (x — z0) - Vu (z )(r |z — 20 )dac/B |u (2)]? dz

7 (z — z0) dx2
/ r — |z — x| )dm/Br 2u (z) (x — m0) - Vu () dx .

/|2:1c x0) Vux\dm/m )P da

7/ 2Au (z) (z — o) - Vu()<2 |z — @o|? dz/ lu (2)]? dz

B,
dr — /
B

1
r
1

2(96 x0) - Vu (z) — %Au(x) (r |z — o] )

—Au(x) (7“2 — |z — x0|2)

2
dx)

and

which implies

! / 7’
T B, 2
Application: When Au = 0, one has N’ (r) > 0. By

7/ lu(2))* do = = / lu ()| da + - / [Vu (x 7“ |m—x0|2>dx

we deduce that
d 2 d 2 1 / 2
_ == -N .
- /BT |u(z)|” dx . /BT |u(2)|” dz + - (r) . |u(2)]” da

o1

Ay (x) (r — |z —x0|

dm/ lu ()] da .
B’V‘



For ry <r <,

d ) d d
—1 = N —Inr < N —1
4 n/BT u (@) de = (d+ N (1)) oy < (d+ N (12)) ~hor
which implies
f (2)? da
Bz < (d+ N (r2))In2
fB (z)|* dz 1

For ro <r <rg,

which implies

/ 2)|? dz
(d+ N (r5)) In=2 <n B—
2 fB (2)|*dz
Therefore
fB (2)|? da fB (z)|? d
<
1n7'1 fB 33 | dx 1117,2 fB :L' ‘ dx
that is

-«

T2

4.2 Comments on Carleman inequalities

...(to be completed)...

4.3 Applications to wave and heat

...(to be completed)...
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2 d d
ln/BTu(:c)| de =—(d+ N (r)) alnrg —(d+ N (r2)) o

/B, [u @)l d < (/B |u<:c>|2dx>a</% |U(x)2dx> with o —

rs
T2

In

T3 T2
lnr2 + lnT1
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