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The parabolic equations

) smooth bounded domain in R?, T' > 0,
A€ C?(Qx[0,T]) n x n symmetric positive-definite matrix,
b= (bo, b1) € (L (2 x (0,T)))"*,

Ou —div(AVu) + by - Vu+bou=0  in Qx(0,T) ,
u=0 ondQx(0,T),
u(,0)=uy €L?*(Q),

echtCCht

[l () 2y < uol| 12 (q)
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Observation at one point in time

Q smootPLbounded domain in R™, T" > 0,
A e C?*(Qx[0,T]) n x n symmetric positive-definite matrix,
Crr =1+ eT | w non-empty open subset of ©,

Ou—div(AVu) +by - Vu+bou=0  inQx(0,7T),
u=0 ondQx(0,T),
u(-,0)=uy €L*(),

c 0 1-6
o (T 2y < (CeF (5 Tl o) (Cor luoll ey
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Plan of the talk

I. Applications to control problems and inverse problems
Il. Links with known inequalities
I1l. Proof by Log Convexity and Frequency Function

IV. Proof by Carleman Commutator
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Strategy for applications

To have in mind that for the model wave equation

Observability estimate <~ Controllability

<= Stabilization = Inwverse Source
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Application 1 : Pulse Control and Cost
VI <Ty<T3 Ve>0 Vy.€L*(Q) 3feL?(Q)

Oy —Ay=0 in Q x (17, T3) \{T>} ,
y=0 ondQx(T1,T3) ,
y(.T1)=ye inQ,
y(,12) =y (To—) + xuf in &,
Ya =y (- T3) in €,

HLZ(Q) and HdeL2 <e Hye”LZ(Q

1FllE2) < =

Minimize J (o) = <5 [ o (z, Ts + T1 — Tg)] dx
+5 fQ |900 | dx — fQ ye ($7T3) dx
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Application 2 : Inverse Source problem
Let f € L? (w) and 0 < § < 1 be such that

Ou —Au =0 in Qx (0,7) ,
u=0 ondQx(0,T),
u(-,0) € H; (),

(1) = Fll gy < 8 (-, 0)ll 20y

= Jg € L*(Q)

1

Il (50) = gll 20y < C—=llu (. 0l (e

|ng
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Application 3 : Fast Impulse Stabilization

Vy>0 3F:L%(wy) — L?(w) Vyo € L2(Q)

Oy —Ay=0  inQx(0,+00)\{T + TN} ,
y=0  ondQx(0,+00) ,
y(0)=y InQ,
Vn € N
Lyt DT) =y (4 1) T=) + xoF (X (- (0 +3) 7))

ly ('vt)HL?(Q) < Ce™ HyOHLQ(Q) and ||F|| < Ce®Y
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Observability

Cy 0 1-9
oDl < (Ce u Dl ) (I (0o

T
C
lu (T 2y < Ere ook ; [l (5 D)l 2y
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Proof of observability and cost

0
) ot (-, 0) 1

1 Gy
= Cre? [u( 1), || +2lu (0]
g 0

Ca
oDl < (€ [ucm),

= [lu(, T <

T
0 < Tygo < Tns1 <t < T <+ < T with Ty = —— and z> 1
z

= [lu (Tl < flu (s )H <

1 R
=7 Crel e fu (), || + 2 u(, Tsa)]|
£ 0

Next, integrate over (Th11, i)
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Proof of observability and cost

] < (C’lezc“% Hu("T)|w H)" e (-, 0)]|*

1 Oy
= Cre? [u( 1)y, || +<lu (0]
£ 6

= [lu (T <

T
0 < Typo < Tns1 <t < T <+ < T with Ty = —— and z> 1
z

= [lu (Tl < flu (- )H <

1 R
=7 Crel e fu (), || + 2 u (, Tsa)]|
£ 0

Next, integrate over (Th11, i)
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Proof of observability and cost

] < (C’lezc“% Hu("T)|w H)" e (-, 0)]|*

1 Gy
= Cre? [u( D)y, || +<lu 0]
g 0

= [lu(, T <

T
0 < Tygo < Tns1 <t < T < -+ < T with Ty = —— and z> 1
z

= [lu (Tl < flu (- )H <

1 R
=7 Crel e fu (), || + 2 u(, Tsa)]|
£ 0

Next, integrate over (Th11, i)
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Proof of observability and cost

] < (C’lezc“% Hu("T)|w H)" e (-, 0)]|*

1 Gy
= Cre? [u( D)y, || +<lu 0]
g 0

= [lu(, T <

T
0 < Tygo < Tns1 <t < T <+ < T with Ty = —— and z> 1
z

= Jlu (T | <l )H <

1 2
=7 CreCTmed |fu (), | + e llu T
70

Next, integrate over (Th11, i)
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Proof of observability and cost

] < (C’leg% Hu("T)|w H)" e (-, 0)]|*

1 Gy
= Cre? [u( D)y, || +<lu 0]
g 0

= [lu(, T <

T
0 < Tygo < Tns1 <t < T <+ < T with Ty = —— and z> 1
z

= [lu (Tl < flu (s )H <

1 R
=7 Crel e fu (), || + 2 u(, Tsa)]|
£ 0

Next, integrate over (Th11, 1)
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1

Tl < g Cre® e a8 | + € - Do)

9

T €
— / (- Tl dt
'm+1

m —C2
— Cl/ e(thm+2)ﬁ Hu( )|w
0 Tm+1
[l (-, Ton) |
1 Ch

1—-6
e 7 Im—Tmi1

Tm
dt+€/ lw (-, Trnyo)|| dt
Trm+1

Ca

P Tm
e Fri—Tnsa? /T || + € (-, Ton2) |
m+1

I/\HI/\
™

T
0 <Tmto <Tmp1 <t <Thy < <T withT);, = — and z> 1
z

= Jlu (-, Tn)| <

1 Cp —2C2,60m+2) (Tm
_ e @—1)BTPR / U, || dt + € ||u (-, Tint2) ||
T e
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LG fu ot |+l Tl

<=0 el gy fae [ Tl @
m—+1

g0 Tm+1

— Ju (- T

1 C; 2y [Tm

< il [ | dt+ e fu - T
0 Tm+1

T
0 <Tmto <Tmp1 <t <Dy < <T withT);, = — and z> 1
z

= Jlu (-, Tn)| <

1 Cl &ZB(erQ) Tm
6(1—1)BT6 / U dt + ¢ ||
158 280y Ton [ | (s Trmg2) |
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+ellul, Tni2)l

t|w

<=0 el gy fae [ Tl @
m—+1

g0 Trm+1
= T )
1 1 2
<

- & @ T’Iﬂ
3 it —Tmi2)? / e || dt + ¢ Ju (-, Tonga) |
R e el m

T
0<Tm+2<Tm+1§t<Tm<---<TwithTm:—mandz>1
z
= [lu (-, Tl <

1 Cl &ZB(erQ) Tm
6(1—1)BT6 / U dt + ¢ ||
158 280y Ton [ | (s Trmg2) |




[: MAIN REST [I: A=1I4AND b =0 III: LINKS IV: LOG CONVEXITY VI: CARLEMAN COMMUTATOR

LG fu ot |+l Tl

<=0 el gy fae [ Tl @
m—+1

g0 Trm+1
= T )
1 1 2
<

- & @ T’Iﬂ
3 it —Tmi2)? / e || dt + ¢ Ju (-, Tonga) |
R e el m

T

0 <Tmto <Tmp1 <t <Thy < <T withT);, = — and z> 1
z

= |lu (-, Tn)[l <

1 Cp —2C2_,8m+2) (T
;QZBCQe(z OPTP /anHudet—i-gfu( Trio)||
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o —_ 202 _B(m+2)
5l e @nPTP” Hu( )|
__ 203 __p(m+ C
—ebe @t (T < — [Emirs
C m+1
&ﬁ@mﬂ)
— clile @UITP [u (Tom) |
72,(3(2771-4- )
—efe @iT? lu (Tem2)ll < 54 / g ||t
Cy
27n+1
__ 20y _p(2m+2) — 29 _26m
e—¢ G-1PTP and 4,, = e @ nBTB —
Xm Xm+1

(A5 | - Tom) | = (Amg )7 [ (- Tagman)) |
< G /TQm w(-t) Hdt
- ZBCZ Tomi1 7 |w

Next, take zwé = 0 + 1 and sum the telescoping series from

m = 0 to +00 to complete the proof.
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1— — &ZB(m+2)

g9 e @DITP HU( T |
_ 20y  _B(m 1 T
—896 (o— 1)BT@Z HU( m+2 S / Hu Hdt
20 ZfBCg Tm+1 “"
-~ __2Cs _B(2m+2)
— o e TP’ [ (Tom) |
120y _p(2m+2)
b T D < S [
Co
2m+1
__ 20y _p(2m+2) - 29 _,26m
e—¢ G-1PTB and 4,, = e @ nBTB —
Xm Xm+1

(A0 [ - Tom) | = (Amg )7 [ (- Tagman)) |
< U /TQm u(-t) Hdt
- ZBCZ Tomit1 7 |w

Next, take zwé = 0 + 1 and sum the telescoping series from

m = 0 to +00 to complete the proof.
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19 —_ 202 _B(m+2)

g9 e G-PTP HU( )|l
__ 20y _B(m 4
—ebe T 4 (T < 70 "l ]t
16 _$26(277L+2) m+1
—c 7 e DITP [ (Tom) |
7{3[32,{3(2771-4- )
b o T2l < g5 [ ]
27n+l
___ 20y _p(2m+2) _ 203 28m
e—¢ G@-1PTB and 4,, = e @ nPTB? —
Xm X7n+1

(A0 [ - Tom) | = (Amg )7 [ (- Tagman)) |
< U /TQm u(-t) Hdt
- ZBCZ Tomit1 7 |w

Next, take zwé = 0 + 1 and sum the telescoping series from

m = 0 to +00 to complete the proof.
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_p ——29 _ B(m+2)
N S Tm>u

2B(m+2) cy [Tm
m 2/802 Ty H |w H

20y ,B(2m+2)

— ¢ e“’ecm [ (Tom) |
1 —— 2% _,8@m+2)
b T Tl < S [
27n+1
__ 20y _p2m+2) — 29 _,26m
e—¢ G@-1PTP and 4,, = e @ nATA? —
Xm X7n,+1

(A0 [ (- Tom) | = (Amg) 7 [ (- Tagman)) |
< G /TM w(-t) Hdt
— ZﬁCQ T2m+1 Y ‘w

Next, take 225% = % + 1 and sum the telescoping series from

m = 0 to +00 to complete the proof.
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_g —— 292 B(m+2)
* O Tm>u

2B(m+2) cy [Tm
m Z’BCQ Ty H |w H

20y ,B(2m+2)

— e @PT? [u (Tom) |
__2Cy _pem+2)
b T Tl < S [
27n+1
__ 202 _p(2m42) __ 203  28m
e—¢ G@-1PTP and 4,, = e @ nPTB? —
Xom KXm+1

(A)?"7 [ (- Tom) || = (Ams) 7 || (- Tomsny) |

Cl /T2m
< w (- 1) H dt
2P Cy Tom+1 o
Next, take 2255 = 9 + 1 and sum the telescoping series from

2(140)

m = 0 to +oo to complete the proof with Cy = . 7.
9{(1+9)W71]
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Lebeau-Robbiano sum of eigenfunctions

—A€2‘:/\i€i inQ,
eiEH(%(Q), D<M << Ag<- A\ — +00

2

> aje; (z)| dx

Ai<A

S Jaif? < cecf/

<A

Reference: Jerison-Lebeau (1996)
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Observation at one point in time implies LR

<y 0 1-6
oDl < (Ce™ Fu Dl ) (I 0)lzao)

=
1 3 B 2
I
Y Jail? < €207 (199)1*“1”/ S aie; (z)| do
)\Z'S/\ w )\ig)\

Example : 3 = 1/3 for the bilaplacian.
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Proof of Lebeau-Robbiano

) < <Cleqc¢23 Hu("T)Iw >9 o (-, 0)]|

u(-t)= > a;e’(T—te, (z)

<A

ut |w”>< COl)
2

2 2
:>AZ Jail™ = {lu (-, T <

i<

2Co
< (Cl eTh

0

2, 2% AT |2 o
= CleTﬁ/ > aje; ()| dx > |aie g |
w [ XA A <A

0

IN
Q

=
®
3

Ai<A A <A

IMUTATOR

20y 2 1-6
/ S aiei (@) de | ATO0 [ T |0
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Proof of Lebeau-Robbiano
Co 0
oDl < (€ .1 ]) a0

uw(-t)= 3 a;eNTNe; ()

<A

) (o)
e 2 o 1-6
) (C%STE/OJ Agxaiei @ dx) (A;A|ai€AjT|2>

2 0 1-6
9 22 p2XT(1-0)
Cier > aiei (z)| dv > laif?
w [A<A Ai<A

2 2
:>AZ Jail™ = {lu (-, T <

i<

2Co
< (Cl eTh
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Proof of Lebeau-Robbiano
Co 0
oDl < (€ .1 ]) a0

u(-t)= > a;e’i(T—te, ()

<A

) (o)
e 2 o 1-6
) (C%STE/OJ Agxaiei @ dx) (A;A|ai€AjT|2>

2 0 1-6
9 22 p2XT(1-0)
Cier > aiei (z)| dv > laif?
w [A<A Ai<A

= AZ jail* = fJu (- T)|* <

2Co
< (Cl eTh




I: MAIN RESULI I[I: A=I,AND b =0 III: LINKS IV: LOG CONVEXITY VI: CARLEMAN CO

Proof of Lebeau-Robbiano
Co 0
oDl < (€ .1 ]) a0

u(-t)= > a;e’i(T—te, ()

<A

3%mmwﬂke
2

2 2
:>AZ Jai™ = {lu (-, T <

i<

20,
< | C?er?

0

2, 2% AT |2 o
= CleTﬁ/ > aje; ()| dx > |aie g |
w [ XA A <A

0

IN
Q

=
®
3

A <A

IMUTATOR

20y 2 1-6
/ S aiei (@) de | ATO0 [ T |0
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Proof of Lebeau-Robbiano
Co 0
oDl < (€ .1 ]) a0

u(-t)= > a;e’i(T—te, ()

<A

ut |w”>< COl)

2 2
:>AZ Jai™ = {lu (-, T <

i<

2Co
< (Cl eTh

0

2, 2% AT |2 o
= CleTﬁ/ > aje; (z)| dx > |aiet }

0

IN
Q

=
®
g

Ai<A A <A

IMUTATOR

20y 2 1-6
/ S aiei (@)] de | ATO0 [ T |0,
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Proof of Lebeau-Robbiano
Co 0
oDl < (€ .1 ]) a0

u(-t)= > a;e’i(T—te, ()

NiZA
2 _ 2
:>AZ lail” = [lu (-, T)|I" <

ut |w”>< COl)
2

0

2, 2% AT |2 o
= CleTﬁ/ > aje; ()| dx > |aie g |
w [ XA A <A

0

2 1-6
20
C%eTﬂQ/ > aje; ()| dz e2AT(1-6) (Z |a;] )

Ai<A A <A

2Co
< (Cl eTh

IN
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Proof of Lebeau-Robbiano
Cs 0
1l < (e [y |) o

u(-t)= > a;e’(T—te, (z)
A <A

2C. _
— 3 |ai* < ClzeT/3262190)‘T/ dx
w

<A

> aiei ()

<A

Next, optimize w.r.t. T by choosing T = (%%) "7 to conclude
- I 2

> |ai\2 SC’1264C2 <9)1+ﬁ)‘1+ﬁ/ >, aiei(z)| dz

)\ig)\ w )\ig)\
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Proof of Lebeau-Robbiano
Cs 0
1l < (e [y |) o

u(-t)= > a;e’(T—te, (z)
A <A

200 g
— 3 |a;]* < C2e7? 62190)\T/ dx
w

XA

> aiei ()

Ai<A

Next, optimize w.r.t. T" by choosing T = (%%) 7 to conclude

1
5 il < C%e“czm(lf)lf“lfﬁ/
(2 =
Ai<A w
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Proof of Lebeau-Robbiano
Cs 0
1l < (e [y |) o

u(-t)= > a;e’(T—te, (z)
A <A

200 g
— 3 |a;]* < C2e7? 62190)\T/ dx
w

XA

> aiei ()

Ai<A

Next, optimize w.r.t. T" by choosing T = (%%) "7 to conclude
- I 2

> Jail? < C3e*e (G)Hﬁ)‘wﬂ/ > aiei(z)| dz

/\ig)\ w )\Z’S)\
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Conversely
. 2
arlonf <00 [ 9, e @] @
—
E0.)
cl1 L 1-6
a1 < e i ) a0 a1 |

lu (T < ()T (i (i) Hu(-,T)‘w H

See Yubiao Zhang (CRAS 2016) for the Kolmogorov equation.
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Estimate with weights implies desired observation

_ —In(T—tz+h)+In(T—t2+h)
Let 0 <t; <t9 <t3 <T. Denote M = _|n(T_t2+h)+|n(T_tf+h)

—|T—X 2 n
and ® (z,) = gr—ichs — 3In(T = t+ h)

1+M
([ uto ) ereac )
Q

M
S/Q|u(x7t3)|2eq>(x7t3)d$ </Q ’u(xatl)Qe(I)(I7tl)de‘>

—

Ju G 1) < €05 a1 | 0

|w
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Proof of "weights imply observation”

_ —In(T—ts+h)+In(T—ta+h)
Let 0 <t <ty <t3 <T. Denote M = —|n(T—t2+h)+In(T—t?+h)

2
and ® (z,t) = =2k — 2In(T — ¢ + h)

1+M
</ |u<rv7tz>|26‘1’“’”)dx>
Q

< / lu (z, t3)|2 2@:t3) g, </ lu (z, tl)‘Z e@(z,tl)dx)
@ Q
Choose t3 =T, ty = T — (h, t; = T — 2Ch, then M, = 2 and

In(2€+l)
14+ M,
(/ lu(z, T — Eh)]Q e‘b(%T—fﬁ)dx)
Q

+1
M,
< [ D ([ fua, - 2emy? e,
Q Q

M
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Proof of "weights imply observation”

_ —In(T—t3+h)+In(T—ta+h)
Let 0 <) <t9 <t3 <T. Denote M = _|n(T—t2+ﬁ)+|n(T—t?+h)

2
and @ (2,1) = r2s — BIn(T — ¢ + h)

1+M
(/ |lu ($;t2)|2 €¢(I’t2)dx>
Q

M
< / u (2, t3)[* e @13 dx; </ \u($,t1)|2e‘1’($7t1)d$)
e Q
Choose t3 =T, ty = T — (h, t; = T — 2Ch, then M, = 2EH) and

14+ M,
(/ lu(x, T — Eh)]Q e‘1>(x7T—£h)dx>
Q

M,
< / |“(957T)\26‘I’(M)dx </ (2, T — 2€h)|2 efb(m,T—QZh)dx>
Q Q
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Proof of "weights imply observation”

Let 0 <t; <ty <t3 <T. Denote M = :::g:i;igﬂ:g:ﬁig

2
and @ (2,t) = irpely — 3In(T — t + k)

1+M
(/ |u (:U,tg)|2 e¢(x7t2)dx>
Q
< / |u (:L‘, t3)|2 e@(w,t?,)dx </ ‘u (:E, t1)|2 eq)(:c’tl)d:):)
Q Q
Choose t3 =T, ty = T — (h, t; = T — 2¢h, then M, = |n($)) and

14+M, (e
</ lu(z, T — ¢h)? eq)(x’T_m)dx> Z
Q

M,
S/ Iu(x,T)|2 2@ T) 10 </ u(z, T — 2£ﬁ)|2 e@(x,T—Qﬁh)dx>
Q Q

M
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Proof of "weights imply observation”

Here h<1,4>1,20h < T, My ~Inf and

® () = s — 3In(T —t+h)

1+ M,

/|u (z,T))? @D dy </ lu (z, T — 20R)|? e®@T=260) gy >

—lz—zq |2 1+M,
(/ lu(z, T — th)*e EGa d:r:) W

—o—agl? Mt
da: (/ lu (z, T — 20h)|? e TFFLE da:)
Q

M,
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Proof of "weights imply observation”

Here h<1,4>1,20h < T, My ~Inf and

® (2,t) = oty — 3In(T —t+ 1)

14+M,
([ e.r -y erer=ma)
M,
S/ lu (z, T)[? 2@ D dy </ u (2, T — 208)|2 6<I>(z,T2£h)dx>
Q

—|z—aq |2 1+Mg
(/ lu(z, T — th)*e @ dm) W

—|z—zq ‘ M,
d:c </ lu (2, T — 20h)|* e 1Grr da:)
Q
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Proof of "weights imply observation”

Here h<1,4>1,20h < T, My ~Inf and

—|T—T 2 n

1+M£
(/ lu (2, T — ¢h)|? eq)(m’T_m)da:>

M,
/|u (z,T))? @D dy (/ lu (z, T — 20h)|? 2@ T 2ﬁl)al:t:)

—Jz—zg 2 1+M,
1
(/ |u x, T — Eh | € SA(Eh f dm) W

—|z—zg?
S/ lu(z,T)? e o dn </ |u(ac,0)|2dx> M,
Q Q
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Proof of "weights imply observation”

Here h<1,4>1,20h < T, My ~Inf and

2
[0} t) = —|z—x0] — (T — ¢ i dD = -
(,1) AT—t+h) 2 n( + h) an Teaé T — o

14+M,
(/ 0 (2,7 — th)? e¢<va—4ﬁ>dx>
Q "
S/ ju (2, T)? e*@ D da (/ |u(x,T2€h)|2@‘1’(%T—24h)dx>

M,
</ ‘“(%T—%)de> e (M) 1
Q

(€+1)71,/2

9 —le—=zgl? 9 M,
S/ lu(x, T)|" e 4 dx </ |u (z,0)] dx)
Q Q
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Proof of "weights imply observation”

Here h<1,4>1,20h < T, My ~Inf and

2
) t) = _\x—:l:0| —2n(T — ¢t #i dD= B
(z,1) AT—t+h) 2 n( + h) an ?eaé T — o

1+ M,
(/ lu(z, T — Zh)|2 ecp(w’T_Eh)da:)
Q

M,
< / lu (z, T)[? 2@ dy </ u (z,T — 2h)[? 6<I>(x,T—2Zh)d$>

14+M, b
lu (z T)]2d:5 e IHMe) 1
Q ) (€+1)7L/2

—lz—=q|? M,
S/ ’u(x,T)‘Qe mdx </ ]u(x,O)‘de>
Q Q
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Proof of "weights imply observation”

Here h<1,¢>1,20h <T, My ~Inf and D = ma(>2<|:c — x|
xe

—|z g2
/|u(x,T)\2 o dr
Q
—lz—zg|?

:/ +/ lu(z,T)|*e™ o da
|e—zo|2<r |e—zo|?>r

14+M,

£ -D

(x, ) da eanr (HMe)__1
<

I
</|x rol? <r|u(x’T)’2d“€4f7/Qlu(x,o)Pdg;)
(]

lu (2, 0)? dm>MZ
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Proof of "weights imply observation”

Here h<1,¢>1,20h <T, My ~Inf and D = ma(>2<|:c — x|
xe

—|z—=z \2
/ lu(z,T))? e 7 dn
Q
- O IRl
/|zx02<r |z—z0|2>r

—
1+Mz D
(2, T) da e (HHMe)__1
(€+1)7L/2
<

I
</|x rol? <r|u(x’T)’2d“€4f7/Q\u(:c,o)Pdg;)
(]

lu (2, 0)? dm)MZ

*II Zo\

dzx
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Proof of "weights imply observation”
Here h<1,0>1,20h < T, My ~Inf and D = maS>2<|x — x|
xre

g/ﬁ |u(:v,T)|2dx> o

(¢+1)"/? (aﬁm(HM[)

« </Q \u(a:,O)]de>MZ

Choose ¢ > 1 such that ﬁ(

E/Q |u(a:,T)|2d:c> o

£+ 1)n/2 (e;h

2 D _r
e |+ B 0

1+ M) 1+1Inf) = &

~ _ D
= I+ Dh (

2
w(, )y, | +es

o) ([eeora)”
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Proof of "weights imply observation”
Here h <1, ¢ > 1, 2¢h < T, My ~Inl and D = max|z — x|

xeQ
14+M,
(/ u (:c,T)|2dx>
Q
<

(€+1)"? (wfmmMﬁ

« </Q|u(a:,0)]2da:>Me

Choose ¢ > 1 such that m (14 My) ~ m (1+4+1Inf) = g

£/§2|u(a:,T)|2d:c>l+Ml
w(-,T \wH e )(/ lu (2, 0) 2 da:) .

£+ 1)n/2 (esTh

2 D _r
e | B 0
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Proof of "weights imply observation”
Here h<1,0>1,20h < T, My ~Inf and D = maS>2<|x — x|
xre

(/Q \u(x,T)Fdx) o

<

(0+1)"? (e&t(éfm(HM@

« </Q|u(a:,0)]2da:)M£

Choose ¢ > 1 such that ﬁ (1+ My) ~ m (1+1nf) = =

</Q \u(a:,T)|2dx> o

<
u("T)\wHZ‘i‘egTT ||u(,70)‘|2) (/ﬂ|u($70)2dx)m

2 D _r
e | B 0

(+1)"/? <68sz
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Proof of "weights imply observation”
Here h < 1, 2¢h < T,
1+K
(Il ¢, 1))

2, K
<o (et fut | + o 10k (lut0lR)
Also true for i >min(1, T/ (20)) with C' = Ke&/T.

Optimize w.r.t A > 0 such that

(R

< K07 (2 u T | o)1) (Ju0)

This completes the proof.
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Proof of "weights imply observation”
Here h < 1, 2¢h < T,
1+K
(Il ¢, 1))

2, K
<o (et fut | + e 1 C0lR) (jut0lR)
Also true for i >min(1, 7T/ (2¢)) with C = Ke&/T.

Optimize w.r.t A > 0 such that

(R

< K07 (2 u T | o)1) (Ju0)

This completes the proof.
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Proof of "weights imply observation”
Here h < 1, 2¢h < T,
1+K
(Il ¢, 1))

2, K
<o (et fut | + e 1 C0lR) (jut0lR)
Also true for i >min(1, T/ (20)) with C' = Ke&/T.

Optimize w.r.t h > 0 such that

(R

< KeRIT (2 lu (T | I (5 0)1) (Ju - 0)12)"

This completes the proof.



I: MAIN RESULT II: A=I5;AND b =0 ITI: LINKS IV: LoG CONVEXITY VI: CARLEMAN COMMUTATOR

ODE implies Estimate with weights

SV (0 + N By () =0

, 1
N < 7N @

[y (t2)]" M <y (t) [y (b)) with M = Zp(tebipntitat)

TRUE with y (¢ /\u z,t)|? e®@ N dg

\Vu (z,t)|? e®@Ddz
and N (t) = 22 when € convex

/| (ZIT t)|2 @(mt)d
Q
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Resume
|z —xg|?
When Q convex, take e®(@t) = me‘l(’f—t%)
1
then y (¢ / u (z,8)? 2@ da

/|VU$t‘2 <I>£t

and N (¢
/‘U J,t 2 <I>:rl‘)d

soIve the ODE

SV (0 N () (1) =0
, 1
N0 < 7N )

which implies the "estimate with weights”
which implies observation in one point in time
then, Lebeau-Robbiano inequality and observability
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General case

When Q € C?, localize with x € C§° (Byy.r), Xu solves a
parabolic equation with a second member g .
Replace |z — x| by the geodesic distance d (x, o) .

Then y (t) = / Ixu (z, )2 2@ dg

IV (xw) (z,0)* * D da

and N (t) = 2 solve an ODE
Ixu (2, )]? e®@D dy
Jo

1y’(t)—l—N(t)y(t) < L#—C y(t)+‘f (xu geq’d:c‘

2 “\T'—t+h @
1+CR Jo |9l e®dx

! < o Q
N(t)_<Tt+h+C>N(t) o)

which implies the "estimate with weights”" (ok if CR < 1).

Next propagate the balls to conclude the observation at one point
in time.
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Carleman commutator
Another way to get the ODE for Log convexity :
Write y (1) — / (2, 1)|? P D gy / \f (2,0)] da.
Q Q

@/

f = ue®/? solves

1 1 1
8tf—Af—2f<6t<I>+2|V<I>2> + VO Vit ARf =0
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Carleman commutator
Another way to get the ODE for Log convexity :
Write y (1) — / (2, 1)|? P D gy / \f (2,0)] da.
Q Q

@/

f = ue®/? solves

1 1 1
8tf—Af—2f(6t<I>+2|V<I>\2> + V- Vit ARf =0

—Sf with (SF,g)=(Sg,f)+ [y I fodo ~ —Af with (Af.g)=—(Ag.f)
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Carleman commutator
Another way to get the ODE for Log convexity :
Write y (1) — / (2, 1)|? P D gy / \f (2,0)] da.
Q Q

@/

f = ue®/? solves

1 1 1
@f—Af—2f<&¢+¥ﬂv¢2><+ V@-Vf+§A®f -0

—Sf with (SF,g)=(Sg,f)+ [y I fodo ~ —Af with (Af.g)=—(Ag.f)
Computations done by Escauriaza-Kenig-Ponce-Vega (JEMS 08)

—
S ()~ (S1.) =0
N (t)y(t) =—(Sf, f) o
N (£) € — (— (8 + S, A]) £, f) — Joo OnfAfdo

y(t) y(t)
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Applications

For Q) convex, by Log convexity, it works
2
with ® (z, ) = A=l — 2in(T — ¢ + )

A(T—t+h)
1
. o I
in order to have — (S + [S, A]) f T—t+h( Sf)
and N’/ (1) < éN(t) :
~T—t+h
_ —le—=o?

But it also works with @ (z,t) = TT—t+h)
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Lebeau-Robbiano for convex domain

—AeZ':/\iei inQ,
eiEHé(Q), D<A <A< A<+ N\, — +00

2

1
> aif’ < 4605\&”“(5)/ dz

Ai<A |x—zo|<r

>, ae;(z)
Ai <A
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Lebeau-Robbiano for Schroedinger operator

—Ae; +V (z)e; = Nie; in Q)
G EHF(Q), M<A<-<AN<0<Ayg <o

2

> aie (x)| dx

/
> ai® < C’eC(VlioSJrﬁ)/
w (A <A

Ai<A
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Lebeau-Robbiano for Schroedinger operator

{ Ael—Hzez—)\el in Q u<(" 2)” . n >3,

eZ-GHO(Q), )\1§)\2_ ,)\1—>+OO.
2
> \ai|2 SCeCf/ > aie; (z)| dx
A <A A <A




Thank You
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