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Our goal

Qis a C? bounded domain in R",

Ou—Au=0 inQx(0,T),
w(-,0)=ug € H(Q) ,
w is a non empty open subset of {2 .

Can we recover ug from a noisy knowledge of w (-, 1) restricted to
w?

Our method also applies to d;u + Pu = 0 where Pu = —div(AVu)
with D (P) = H? N Hg ()

and A € C' (Q) n x n symmetric positive-definite matrix,

or Pu = A%y with D (P) = H*n HZ (Q),
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Our tools

Eigenfunction expansion
Impulse control

Backward inverse problem
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{ —Aei = )\iei

IT: PrROOT

Eigenfunction expansion

in Q,
e € H*NHy (), 0<M<Ag<A3<--o, Aj— o0 .

Multiply dyu — Au = 0 by e;, we solve an ODE and get

w(-t) = (ug,ej)e Nle; Vt>0

Jj=1

u (-, tg)

2 (ut), ) e Mo Yy > 1y
J=

False for t9 < t1
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Impulse control for each eigenfunction

For any e; there is an impulse control f; € L*(Q),

Otcpj - ASOJ' = 1wfj & 6t:T in {2 x (072T) !
Oi—r is the Dirac measure at time ¢t =T,
¢;(,0)=¢; inQ,

HQDj ('72T>HL2(Q) <c¢and ||f.jHL2(w) = 5%6%

We will make an expansion with ¢;
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Impulse control for each eigenfunction

For any e; there is an impulse control f; € L*(Q),

drp; — Ap; =0 in @ x (0,27)\{T}
0; (Th) =@ (T-) + Lufjin @,
80] (’O):ej |nQ|

(e}
T

HSD‘] ('QT)HLQ(Q) <e and ||fj||L2(w) < 6%6

We will make an expansion with ¢,
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Impulse control for each eigenfunction

H(foj (QT)HLQ(Q) <c¢and ||fJHLZ(w) =

Multiply yu — Au = 0 by ¢; (21" —t), and integrate over (7', 27)
and over (0,7) to get

(20 ) = (u,0) 5 (21) + [T

w
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Backward inverse problem (filtering)

lu (- L) = yll 2y < wand @ < 3V ol o

Then

V| |uo)|
[ (-,0) = Vallp2q) < 1/3 0l ()

2 1
J In (uﬁumu{é(m)

. 1
Vo = Z min <6AJL,5) (y,ej) ej and B is a function of ﬁ\/EHUOHHé(Q)
i>1
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State of art

1. Usual controllability is:

Vug € L2(Q) there is a control localized on w x (0,7 such that
u(-,T)=0.

See Lebeau-Robbiano, Fursikov-Imanuvilov (1995)

2. Impulse output rapid stabilization for heat equations.
See Phung-Wang-Xu, JDE (2017)

3. A spectral inequality for degenerated operators and applications.
See Buffe-Phung, (CRM 2018)

4. Optimal filtering for the backward heat equation.
See Seidman, (SIAM 1996)

5. The local backward heat problem.
See Vo, (arXiv 2017)
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New result

||u (’T) — ZHLQ(w) < 0 and § <€ CT HU‘OHH(}(Q)

Then

VIFT luol|
Ju(0) = Vil oy < ¢ ~ @)

° | 1
n SCTHUOHHS)(Q)

V= me( 5 (2T+1) ﬁ) e_Af/z(:v) [ (z) dze;

7j>1 w

1
and (3 is a function of SCT HUOHHé(m
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Proof

One start with

(w(-2T) ej) = (u(-,0) ¢, (- 2T)) + /U(uT) ;

w

that is

(u(-2T)  ej) — /ng (w(,0)0; (2D) + [ WD) =21,

w

Then one uses

u(,2T+1)= > e (w(-,2T),e;5)€;
j=>1
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A

Multiply by e~ and sum over j,

w2 1) =Y e e -
Jj>1 «
SN a0y 2 e+ e [ @) =) e

Jj=1 Jj=1

Next, compute the norm

w2041 = e [agie

<C (||u0H5+ %e%a)
j>1 €

Choose [|ugl| e = %6%6 thatis ¢ = (ce75

Backward inverse problem.
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Proof of backward (filtering)

Write
Vo =3 min (%%, 8) (y,¢)) ¢
j>1
and
W =3 min (M, B) (u(- L), ej)e;
j=1
Then

[u(-,0) = Val| < [lu(-,0) = W[+ [[Vo — W/
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Proof of backward (filtering)

Write
Vo =3 min (%%, 8) (y,¢)) ¢
j>1
and
W =3 min (M, B) (u(- L), ej)e;
j=1
Then

[u(-,0) = Val| < [lu(-,0) = W[+ Bu



I: MAIN RESULT II: PROOF

Proof of backward (filtering)

Write
Va = > min (e)‘J'L,B) (y,€j) €j
i>1
and
w=> mln( AL 6) (u(-,L),ej)ej
j=1
Then

lu(-,0) = Val| <
> (u(0),e5) e — 32 min (M, 8) (u (-, L) e5) ¢

j>1 j>1

+ B
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Proof of backward (filtering)

Write
Vo =Y min (eNL,B8) (y,e;) e;
j=1
and
W = 3" min (eMb, 8) (u (-, L), ¢;) e
j>1
Then

lu(,0) = Vo <
> (1 —min (e)V'L,B) 6_’\'7L) (u(-0),¢5)e;

Jj=1

+ B
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Proof of backward (filtering)

Next
[u(-0) = Vol <
< Z (l—mln (e)‘fL,ﬁ) e_AjL) <u(70)7€]>6.7 +6H’
j>1
<| X (X=Be M) (u(,0),¢5) ¢4 + B
B<etit
) 1/2
< = [(-BevE) | L0, e |+ Bu
B<etil )\JL

<

sup [(1 — Be_)‘L) \/iilj \EHUOHH(}(Q) + Bu

A>0
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Proof of backward (filtering)

Finally
Ju(-,0) = V| <
< |(1-pe) r]f ol g ey + 51
S(l—ﬁe*n) =V ol oy + (B ) X
— Vol g0y with <=V oy = i
f

||u0\|H&(Q) with X is a function of 3

1 VE ol g
| (Mﬁu0||H6<Q)>
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Link with log convexity

Suppose
Ou—Au=0 inQx(0,7T),
{ uw(-,0)=uy € H}(Q) .

Then

d |Vu (0]

dt fu (-t )H2 a
and

[V (., )H

ol <e RGOF (1)

or equivalently

1
Ju (- 0)[ < VT [fuoll 113 c
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Same with a weight function
To prove observation at one point in time, introduce

f ({E, t) =u (:L'7 t) e@(z,t)/2

Then
of+Sf=Af inQx(0,7T),
f=0 ondQx(0,T),
(Af, f)=0
(Sf fy=_{f,5f)
and L4
2 _
5@“.)0('%)“ +(Sf, f)=0
(Sf, )
N (t) =
() £ ¢ o)1

AN @GN COIP < ((LSF ) +2(Sf, Af))
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Instead of %N (t) <0, we choose the weight function

O (z,t) = 7% such that

IN@)[IfCOl* < (LSF, f)+2(Sf, Af)
(St f)

—T—t+h

that is %N(t) < N (t) . Next, solve an ODE

T—t+h
TN COIPENOIFGDIP =0,
GNO<S N0 -

to have for t1 < t9 < T

If Cot) M < el f Coe)l™ If G|
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The localization is given from || f (-, T")| as follows:

_plz)
wwﬂvﬁthumw%ft+mhwmt=T,
Q
o () @ ()
u\xr 2€T T u\xr 26 hf T
Séwbﬂl d+Alhﬂ| a

ge_h/ \u(a;,T)|2da:+/|u(a:,T)]2d:1; with ¢ (z) <0,
QN\w w

K
Se_h/ ]u(m,0)|2dm+/\u(a:,T)Fda:,
Q w

in order that

w(- DM < /T |lu (-, 0)|M |u(-,T
|w
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