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Our goal
Qis a C? bounded convex domain in R”,

Ou—Au=0 inQx(0,7T),
u(,0)=uy €L?*(Q),
w is a non empty open subset of ) .

Observation at one point in time

[ (1)l g2y < CeT J[u (- 0) 1920 1 (- T 2y
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What does it imply?

u(T)=0inw=u(-,0)=0
Observability for the heat with a positive measurable set in time

Lebeau-Robbiano spectral inequality (and conversely)

2

> aiei (z)| dz

Ai<A

al
> Jai® < ceY’ /

Ai<A
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This inequality is also true from Lebeau-Robbiano for

Bilaplacian 9; + A? (Le Rousseau-Robbiano (JEMS 08) )
Stokes operator ( ChavesSilva-Lebeau (2016) )

1d degenerate operator 9; — 9, (x70;) with v € (0, 2)
( Buffe (2018) )

Time varying fractional Laplacian 9y — AY® with « () > v, > %
( Liang Zhang-Xin Yu (2018) )

with many applications in control theory and inverse problems
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What are the known extensions from the proof here

Drop the convexity of ) by localization and propagation of
smallness

Add space-time coefficient
Oru—div(A (z,t) Vu) + a(z,t) u+b(x,t) - Vu=0
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State of art for unique continuation

Log convexity for backward: Agmon-Nirenberg (67), Bardos-Tartar
(73), Ghidaglia (86), FanHua Lin (90),...

Carleman estimates for observability: Lebeau-Robbiano (95),
Fursikov-Imanuvilov (96), ...
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Log convexity

Claim :
t— Influ (- t)[|72(q) is convex
Indeed,
2 — —
o I GO + = A w) =0
—A d
N (t) = fl;;;;}fl}%; satisfies — N (¢) <0
[Jw (-, 2] dt
because

d N2 d )
EN @) (1) = & 9wl ful? ~ [ FulP & fu)?
= 2| Auf® Jul* + 2| Vul* < 0
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Since
t— Infju (-, )HLg(Q is convex
we have
Influ (-, 661 + (1 — 6) t2)[|* < Onlu (-, t2)[|* + (1 — 9)|nllu t2)|”

sm((nu(-,mu) (lutel?) ™)

in order to conclude that for 0 <t < T
0 1-60
(5 8)2 < (e (5 0)112) (Il (1P

A win for time at the left will allow a win for space at the right
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Carleman commutator
Do the same with a weight function

f(z,t) =u(x,t) e2(:1)/2

Then it solves ( Escauriaza-Kenig-Ponce-Vega (JEMS 08) )
of-Af—if (a0 +3VOP) + Vo.Vi+iaef =0

Sf with <Sf,g>:<§g,f>+faQ Onfgdo ~ —AT with (Af,9)=—(Ag,f)

hf+Sf=Af inQx(0,T),
f=0 onoQx(0,T),

(Af, f) =0
1d ) -
Sdq £ )7+ (Sf, f) =0

(SED)
NO=1ror
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d
Next te =N (t
ext, compute — (t)

CASEF) = (SF.0) + (ST 1)+ (S1.7)
(S'F, f) +2(SF. ")
(S'F. 1) +2(Sf,~Sf + Af)
=2 S|P+ (S'f, ) +2(SF, Af)

Therefore 4 N (t) <|]fHQ>2 = S (SEDIP = SH D & 117

= <2|SFIPIFI? +2((Sf )+ (S'f, f) +2(Sf, Af)

LN O O < (ST 1) +2(SF, Af)

II: PROOF
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Choice of the weight function

4
Take the heat kernel ® (z,t) = m —5In(T —t+h)
or take it of the form & (x,t) = T_S(’D()hsuch that
. o S f)
S’ 2(Sf,Af) < CH
(1, £) + 2485, A < 22

that is dN( t) < ﬁN(t) . Next, solve an ODE
24f ()P +1N(t) If 01> =0
N () <y N 0

to have for t1 <ty < T

I Cot) I < NGt I D
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The localization for space is given from || f (-, 7")|| as follows:

|33—300| /4
f T /|U33t T—t+h dewitht=T
—|z—xg|2
S/ lu(z,T)e = 0‘ 2 +/ ]u(a:,T)\Qe N
Q\B(r,x0) B(r,xo)
<e Z/ u (x,T)|2da:+/ lu (2, T))? dz
c Q\B(r,z0) B(r,z0)

geh/ \u(w,0)|2d:c+/ lu (z,T)| dz
QO B(r,zo)
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The left hand-side || (-, £2)[|*™ with a win for time implies:

Take to closed to T,

(/ﬂ|u(:p,T)|2d:E>1+M < (/Q|u(:n,t2)|2dz>1+M ,

—lo—apl2/4 |z—=gl?/4 )HM

< |u (x,t2)|26 T—ta+h o T—ia1h (o
Q
C(1+M)
- 9 1+M
<eT—tath (|f(,8))2)

in order that
C(1+M) ¢ K

T —ts+he h<e h

to conclude

i (T < e fu (00

(T, H




I[: MAIN RESULT WE SHALL PROVI II: PROOF
o

UCP with space-time potential

u(-,0)=ug €L*(Q),

Ou—Au+a(z,t)u=0 inQx(0,T),
w is a non empty open subset of §2 .

ODE

4 (af.f)
ar (8) < O+ a0

{ L4 COIR+ N @ T O] = 10f, D] < lalle 1 DI

T—t+h



I[: MAIN RESULT WE SHALL PROVI II: PROOF
o

UCP with space-time potential

ou—Au+a(z,t)u=0 inQx(0,7),
u(,0)=uy €L?*(Q),
w is a non empty open subset of 2 .

Observation at one point in time

lu (- )l 2@y < CeT Jlu (-, 0)l32q llu (- T)lI2(,

What about e0?u — Au + dyu + a (z,t)u = 0 for very small ¢.
Can we have u (+,7) =0inw = u(-,0) =0
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