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Our PDEs today

Q2 is a C? bounded open connected set in RV, w is a non empty
open subset of {2

Ou—Au+1,0u=0 inQx]0, —I—oo[,
u=0 on 9Q x]0,+o0] ,
(u, Opu) (+,0) = (ug,u1) € HE (D )><L2 Q) .

Damped wave equation

oa —diAa =1y, (b—a) inQx]0,+o0[ ,
Oib — daAb = —1y, (b—a) in Qx]0,+o0[ ,
Opa = 0pb =0 on 09 x ]0,+o0] ,
(a, b) (-./0) = (ag,bo) e L? (Q) x L? (Q) .

Reaction-diffusion coming out of reversible chemistry with
0<di <dy

Recall u = u (z,t) = u(x1, -, xN, 1) and
Auz@%lu—i---—ka%]vu— 22u+ +3 2 °_u and Opha=Va-n
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Main results

Theorem 1. Under Geometrical Conditions

[ (u, Opur) ('7t)HHé><L2(Q) < Ce P (u, Opu) (-, O)HH&XLQ(Q)

Theorem 2. Suppose [ =1 and [, ag + by = 2

la—1,6—1) (. 8)ll o 2@y < O™ (a0 — 1.bo — Dl p2(c)
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Integration by parts

/Au@tu— —/ Vu@tVu—F/ Opudiu = — /|Vu\
Q Q 00 2 dt

/Aaa:—/ |Va\2+/ Onaa ,
Q Q onN
/Aa:/ opaa ,
Q o0

f—|(12|/ﬂf2

Poincare inequality

J

< cp/ V12
Q
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E(t)=/QIVU(x,t)I2+|atU(x,t)l2d$ = | (u, 0) (Ol w1200 -

Multiply 02u — Au + 1, Oru = 0 by O¢u and integrate by parts

1 d ,
OB+ /w\@tu(:c,t)\ dz =0

Integrate over €2, 9ya — d1Aa =1}, (b— a) and
8tb - dgAb = —1‘0_, (b - CL)

and multiply by (a,b) and integrate by parts
th/a (z,t)]* + |b (z, 1) dz

+/d1]Va(cc,t)] +do | Vb (x, 1) d:1:+/ (b—a) (z,t)]*dz =0
Q w
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Control estimate and observation

Observability theorem . Under Geometrical Conditions

E(T) SK/OT/W\atu(x,t)\?dx.

Observation at one point in time theorem . V¢ > 1

. . 0
/Q ’(avb) ({L‘,t)|2 dx <C </w |(a7 b) (x7t>‘2 dl’) ”(QO;bO)Hi(zlx_gg(Q) .
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Stabilization for the damped wave equation

From
f—E /|8tuxt\dm—0
and
T
T) gK/ /|8tu(:v,t)|2daz
0 w
we have

E(T) <K (E(0) - E(T))

which implies

E(T) < K/2

< 1y 702 0) =08 (0) with 5 €10,1]

WavE & HEAT
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Similarly for any integer n > 0
E((n+1)T) <6E(nT) with 6 € ]0,1]
and by induction
E (nT) <0"E(0) with 6 €]0,1] .
Lett >0, thereare nT <t < (n+1)T
E(t) < E(nT) and §" < e~ m3l(£-1)

which implies
E(t) < ce P'E(0) .

& HEA
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Stabilization for reaction-diffusion system
Letugy =a—1landug=b—1.If [5ao+ by =2, then

/u1 (z,t) +ug(x,t) =0
Q

and let

y (t) —/Q!ul (&, )1+ uz (2, 1) dz = [|[(a — 1,b = 1) (- 1) |72 p2(q) -

1d
5 (1) +/d1 Vur (z,8)]% + da [V (z, 1) da

+ [ |(ug —u1) (m,t)]Qdaj =0

w

0
y(t) < C </ (w1, us) (a:,t)Qda:) (y (0 whent>1.
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\(ul,u2>12s/ru1+u2\2+/\ul—uzﬁ

w w
/’U1+U2‘2+/‘U2—U1’2

<Cp |V(U1+'LL2’ +/U2_U1|

SC(/dﬂVuﬂ +/d2’VU2| +/|U2—U1‘>

<C <—;$y(7ﬁ)>

1/0
y /" () 2
nyl/e_l(o)g/w|(u1,ug)($,t)‘ dr whent > 1

w

implies
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Integrating over [1, 7] gives
y(T) <y (0) with § €]0,1]
and we conclude that

y(t) < ce 'y (0)

I1
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Wave equation

Gaussian beams=solutions of the wave equation localized around
curves: moviel.mpg and movie2.mpg

Babich (1968)

Ralston (1982)

Ziolkowski (1985)

Propagation of the microlocal regularity (Fourier analysis)
Hérmander (1970)
Melrose and Sjéstrand (1982)

Measure, defect measure
Lebeau (1996)


movie1.mpg
movie2.mpg
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Microlocalization

Under Geometrical Conditions saying every ray meets w x |0, 7]

2
D,u| dedr

2 2 ~
lullz2(x1s,r—sp < Z /R |®u|” ddt ~ Z /RNH

finite Ffinite
<y ¥ / ‘@%gch
Fimite fimite ) Conical set V;
<c > HUH%E+d||u”§{*1((2><]0,T[)
p=(Z,L.87)

< CllulZ2guxjorp + 4l -1 (@ugo.1p

N+1
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Heat equation

2
Heat kernel: t]\,%e“x_“' /4

Logarithmic convexity of the energy
Agmon-Nirenberg (1963)

Cours de P.L.-Lions (2014): Equations paraboliques et ergodicité
Cours de L. Desvillettes (2017): Collisions in plasmas



II1: WAVE & HEAT

Log convexity

Oru—Au=0 inQx]0,+o0[ ,
Opu =0 on 909 x ]0,+o0] .

f t— [ \u :(;,t)\2 dx is a log convex function that is

dt2 |nf( ) >

Indeed, M o lul?dz + [, ]Vu\de = 0 that is
2dth|u| dx + N (¢ fﬂ|u| dr =0

fQ|Vu\2dJ:

where N (t) = T P
N(t)=—34Inf ().

is the frequency function.

%f [Vl dw+fQ|Au| dz = 0 and
N (@) ul* = =2 || Au|® ul® + 2| Va]* <0
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Log convexity

O —Au=0 in§x]0,+o0[ ,
Opu =0 on 9dQ x]0,+o0] .

f t— [q |u t)|* d is a log convex function that is

dt2 lnf( )

Therefore, Inf (0t; + (1 — 0)ta) <
OInf (t1) + (1 = O)Inf (t2) =Inf? (t1) f17° (t2)

that is [, [u (z,0t1 + (1 — 0) t2)|* dz <

9 0 9 1-60
(Jolu (e t)P o) (folu(w,t2)Pdz) .
Choose t1 =T and to = 0 and ¢t = 0t1,

(82 < [l G ) Yoty Nl (- 0) gy
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Log convexity and weight function

O —Au=0 in§x]0,+o0[ ,
Opu =0 on 9dQ x]0,+o0] .

fite [olu (z,t) e2@Ddz is it a log convex function ? we

deform u to ue®/? .

Can we replace
T 1-t/T
D)2y < 1) Faggy e (- 0) 1 gy

by

0
/Q ru<x,t>12e¢<@t>dxsc( /Q ru<x,T>\2e¢’<x»T>dx) e 0) 750

in order to make appear L? (w) . ok if e®/2 looks like the heat
kernel
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Comments and open problems

Q2 is a C? bounded open connected set in RV, w is a non empty
open subset of {2

Ofu— Au+k(z,t)11,0u=0 inQx]0, +oo[,
u=0 on 92 x]0,+o0[ ,
(u78tu)('70):(u07u1) eI_IO( )XL2( )

Damped wave equation

oa —diAa =k (z,t) 1, (b—a) inQx]0,+o00[ ,
Oib — da Ab = —k (x,t) 1), (b—a) in Qx]0,+o0[ ,
Opa = 0pb =0 on 90 x ]0,+o0] ,
(a,b) (-,0) = (ag,bp) € L?(Q) x L?(Q) .

Reaction-diffusion coming out of reversible chemistry with
0< d1 < d2
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