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White adipose tissue, composed of adipocyte cells, primarily stores energy as lipid droplets. The size of adipocytes
varies significantly within the tissue according to the amount of stored lipids. A striking observation is that the
adipocyte size distribution is bimodal, and thus, this tissue is lacking a characteristic size.

We propose a novel dynamical model, based on a partial differential equation, to represent the adipocyte
size distribution. The model assumes continuous adipocyte growth, with a velocity dependent on cell radius and
extracellular lipid availability, together with constant rates of cell recruitment and death.

We prove the existence and local stability of a unique stationary solution for a broad range of growth velocity
functions. Choosing a parcimonious formulation, we show that only three parameters are enough to describe
adipocyte size distributions measurements in rats. These parameters are robustly estimated through approx-
imate Bayesian computation, and the model demonstrates excellent agreement with experimental data. This
mechanistic, three-parameter framework offers a new and interpretable approach to characterizing adipocyte

size distributions.

1. Introduction

The global public health challenge posed by obesity has drawn sig-
nificant interest from the scientific community. Defined as an excessive
accumulation of white adipose tissue, obesity is associated with an in-
creased risk of comorbidities such as type 2 diabetes, cardiovascular dis-
eases and certain cancers Lim and Boster (2025). These obesity-related
diseases are the consequences of white adipose tissue dysfunctions. A
chronic energy imbalance results in lipid accretion in cells dedicated to
storage, i.e. the adipocytes. This accumulation is enabled by two mech-
anisms, which are the increase of adipocyte number (hyperplasia) and
the increase of adipocyte size (hypertrophy). In fact, adipocytes exhibit
singular size properties with radii ranging from 7 ym to 150 ym and dis-
playing a bimodal size distribution with a peak around 10 — 12 ym and
a second one around 50 — 60 ym McLaughlin et al. (2007).

An abnormal size of those cells may be the onset of a complete
tissue impairment as it correlates with drastic physiological changes.
First, at the cell scale, lipolysis, lipogenesis activity, adrenoceptor ex-
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pression, insulin sensitivity and senescence are altered Hansen et al.
(1974), Lafontan and Berlan (1995), McLaughlin et al. (2007), Wan
et al. (2024). Then, at the tissue scale, through permanent crosstalk
and interactions with the stroma-vascular fraction, macrophages infil-
tration, reduced angiogenesis, hypoxia and fibrosis take place Trayhurn
(2013), Turner et al. (2022). Finally, alterations are observed at a sys-
temic scale, such as low-grade inflammation, glucose metabolism im-
pairment, altered adipokine secretion and liver steatosis Santoro et al.
(2010), McLaughlin et al. (2007), Le Lay et al. (2001), Liu et al. (2010),
Skurk et al. (2007). The size and number of adipocytes are key param-
eters in obesity. Whether they are drivers leading to the pathological
state or indicators of it is not yet clear. However, it is widely accepted
that they play a pivotal role in the emergence and persistence of obesity.

Several mathematical models have been proposed to better under-
stand adipocyte size dynamics. In Jo et al. (2009, 2010, 2012), authors
have proposed models based on partial differential equations to rep-
resent adipocyte size distributions in rats under various dietary condi-
tions. They assumed cell turnover and a size-dependent growth rate.
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$w$


\begin {equation}\begin {cases} L(\tau ) = L_0 - \int _{0}^{\infty }k(x)w(\tau ,x) \mathrm {d}x, \quad \tau > 0,\\ \partial _\tau w(\tau ,x) + \partial _x w(\tau ,x) + \left ( m(x) + \frac {\sigma }{f(L(\tau ))} \right ) w(\tau ,x) = 0, \quad x > 0, \tau > 0,\\ g(\rmin )f(L(\tau ))w(\tau ,0) = \rho , \quad \tau > 0,\\ w(0,x) = w_0(x), \quad x > 0,\\ \end {cases} \label {eq:modele:sx}\end {equation}


$m = g' \circ \chi ^{-1}$


$w_0 = u_0 \circ \chi ^{-1}$


$k = (l \circ \chi ^{-1}) \times (g \circ \chi ^{-1})$


$\mathrm {L}^1((\rmin ,+\infty ),(1+l(x))\mathrm {d}x)$


$u^\star $


$\mathrm {L}^1((0,+\infty ),\omega (x)\mathrm {d}x)$


$w^\star $


$w^\star = u^\star \circ \chi ^{-1}$


$\omega $


\begin {equation}\label {poids} \omega := g(1+l)\circ \chi ^{-1}.\end {equation}


$X:= \mathbb {R} \times \mathrm {L}^1((0,+\infty ),\omega (x)\mathrm {d}x)$


\begin {equation}\norme { \begin {pmatrix} a \\ \psi \end {pmatrix}}_{X} := \abs {a} + \frac {1}{\omega (0)} \norme {\phi }_{\mathrm {L}^1((0,+\infty ), \omega (x)\mathrm {d}x)} = \abs {a} + \frac {1}{\omega (0)}\int _0^{\infty } \omega (x)\abs {\phi (x)} \mathrm {d}x. \label {eq:norm:banachspace}\end {equation}


$u^\star \in \mathrm {L}^1((\rmin ,+\infty ),(1+l(x))\mathrm {d}x)$


$w^\star \in L^1((0,+\infty ),\omega (x)dx)$


$(0,w^\star )\in X$


$A: D(A) \subset X \rightarrow X$


\begin {equation}A \begin {pmatrix} 0 \\ \phi \end {pmatrix} = \begin {pmatrix} - \phi (0) \\ -\partial _x \phi \end {pmatrix}, ~ ~ D(A) = \left \{0\right \} \times \left ( \mathrm {L}^1((0,+\infty ), \omega (x)\mathrm {d}x) \cap W^{1,1}((0,+\infty ),\mathrm {d}x) \right ) \label {eq:defA}\end {equation}


$G: \overline {D(A)} = \left \{0\right \} \times \mathrm {L}^1((0,+\infty ),\omega (x)\mathrm {d}x) \rightarrow X$


\begin {equation*}G \begin {pmatrix} 0 \\ \phi \end {pmatrix} = \begin {pmatrix} R( \phi ) \\ M(\phi ) \end {pmatrix},\end {equation*}


\begin {equation*}R(\phi ):= \frac {\rho }{g(\rmin )f(L_0 - \int _{0}^{\infty }k(x)\phi (x) \mathrm {d}x)} \,\end {equation*}


\begin {equation*}M(\phi ) = - m \phi - \frac {\sigma }{f (L_0 - \int _{0}^{\infty }k(x)\phi (x) \mathrm {d}x)} \phi .\end {equation*}


\begin {equation}\begin {cases} \frac {d \mathbf {w}}{d\tau }(\tau ) = A \mathbf {w}(\tau ) + G(\mathbf {w}(\tau )), \quad \tau > 0,\\ \mathbf {w}(0) = \begin {pmatrix} 0 \\ w_0 \end {pmatrix} \in \overline {D(A)},\\ \end {cases} \label {eq:modele:sabstract}\end {equation}


$\mathbf {w} = \begin {pmatrix} 0\\ w \end {pmatrix}$


$A$


$X$


$\overline {D(A)} \neq X$


$L \in \mathcal {L}(X)$


$\overline {D(A)}$


$L_{\overline {D(A)}}$


\begin {equation*}L_{\overline {D(A)}} : D(L_{\overline {D(A)}}) \subset \overline {D(A)} \to \overline {D(A)}, \quad L_{\overline {D(A)}} x := Lx,\end {equation*}


$x \in D(L_{\overline {D(A)}}) := \{ x \in D(L) \cap \overline {D(A)} \mid Lx \in \overline {D(A)} \}.$


$G$


$\ws = \begin {pmatrix} 0 \\ w^\star \end {pmatrix}$


$\ws $


\begin {equation*}\frac {d\mathbf {w}}{d\tau }(\tau ) = A \mathbf {w}(\tau ) + DG( \ws ) \mathbf {w}(\tau ), ~ \tau \ge 0, ~ \mathbf {w}(0) = \mathbf {w_0} \in \overline {D(A)}.\end {equation*}


$DG(\ws ) \in \mathcal {L}(\overline {D(A)}, X)$


$G$


$\ws $


\begin {equation}DG(\ws ) \begin {pmatrix} 0 \\ \phi \end {pmatrix} = \begin {pmatrix} \frac {\rho }{ g(r_{\min }) } \frac {f'\left ( \Ls \right )}{f\left ( \Ls \right )^2 } \int _0^\infty k(x) \phi (x) \mathrm {d}x \\ \left ( -\sigma \frac {f'\left ( \Ls \right )}{f\left ( \Ls \right )^2 } \int _0^\infty k(x) \phi (x)\mathrm {d}x \right )w^\star - \left (\frac {\sigma }{f\left ( \Ls \right )} + m \right ) \phi \end {pmatrix}, \label {eq:FrechetderivativeofG}\end {equation}


$L^* = L_0-\int _0^\infty k(x)w^*(x)dx$


$A$


$(H1)-(H4)$


$A$


$\ws $


$\left (A+DG(\ws )\right )_{\overline {D(A)}}$


$A$


$\lambda \in \mathbb {C}$


$\Re (\lambda ) > 0$


$(a,\psi )\in X$


\begin {align*}\left ( \lambda \mathbb {I} - A \right )^{-1} \begin {pmatrix} a \\ \psi \end {pmatrix} = \begin {pmatrix} 0 \\ \phi \end {pmatrix} & \Leftrightarrow \begin {cases} &\phi (0) = a \\ &\phi ' + \lambda \phi = \psi \end {cases} \\ \Leftrightarrow \phi (y) &= ae^{-\lambda y} + \int _0^y \psi (s) e^{- \lambda (y-s)} \mathrm {d}s, ~ y \in [0,+\infty ).\end {align*}


\begin {align*}\norme { \left ( \lambda \mathbb {I} - A \right )^{-1} \begin {pmatrix} a \\ \psi \end {pmatrix} }_{X} & = \norme { \begin {pmatrix} 0 \\ \phi \end {pmatrix} }_{X} = \abs {0} + \frac {1}{\omega (0)}\int _0^{\infty }\norme {\phi }_{L^1\left ((0,+\infty ), \omega (x)\mathrm {d}x \right )} \\ & \le \frac {1}{\omega (0)}\int _0^\infty \abs {a} e^{-\lambda y} \omega (y) \mathrm {d}y \\ &+ \frac {1}{\omega (0)}\int _0^\infty \omega (y) \int _0^y | \psi (s) | e^{-\lambda (y-s) } \mathrm {d}s \mathrm {d}y , \\ & \le \frac {\abs {a}}{F(\lambda ,0)}\int _0^\infty F(\lambda ,y) \mathrm {d}y \\ &+\frac {1}{\omega (0)}\int _0^\infty | \psi (s) | \omega (s) \frac {1}{F(\lambda , s)} \int _s^\infty F(\lambda , y) \mathrm {d}y \mathrm {d}s,\end {align*}


$F(\lambda , x):= \omega (x) e^{-\lambda x}$


$\omega : [0,+\infty ) \to \mathbb {R}^+$


$\lambda \in \mathbb {C}$


$x \ge 0$


$F(\lambda ,x) :=\omega (x) e^{-\lambda x}$


$\lambda _1>0$


$x \mapsto F(\lambda _1,x)$


$[0, + \infty )$


$\lambda > \lambda _1$


$s\geq 0$


\begin {equation*}\displaystyle \frac {1}{F(\lambda ,s)} \int _s^\infty F(\lambda , y) \mathrm {d}y \le \frac {1}{\lambda -\lambda _1}.\end {equation*}


$\displaystyle \frac {F(\lambda ,y)}{F(\lambda _1,y)}=e^{-(\lambda - \lambda _1)y}$


$F(\lambda _1,\cdot )$


$y \ge s \ge 0$


$\displaystyle \frac {F(\lambda _1,y)}{F(\lambda _1,s)} \le 1$


$\lambda > \lambda _1$


$s\ge 0$


\begin {align*}\frac {1}{F(\lambda ,s)} \int _s^\infty F(\lambda , y) \mathrm {d}y & ~= \frac {F(\lambda _1,s)}{F(\lambda ,s)} \int _s^\infty \frac {F(\lambda _1,y)}{F(\lambda _1,s)}\frac {F(\lambda , y)}{F(\lambda _1, y)} \mathrm {d}y \\ & \le e^{(\lambda - \lambda _1)s} \int _s^\infty e^{-(\lambda - \lambda _1)y} \mathrm {d}y= \frac {1}{\lambda -\lambda _1}.\end {align*}


$x \mapsto F(\lambda _1,x)$


$\lambda _1>0$


$\partial _x F_1(\lambda _1,x) = \left ( \omega '(x) - \lambda _1 \omega (x)\right ) e^{-\lambda _1 x}$


$\partial _x F_1(\lambda _1,x) \le 0$


$\lambda _1 \ge \frac {\omega '(x)}{\omega (x)}$


$x \ge 0$


$\omega $


$\chi $


\begin {align*}\frac {\omega '}{\omega } = \left ( g' + g\frac {l'}{1 + l} \right ) \circ \chi ^{-1}.\end {align*}


$g'$


$g\frac {l'}{1 + l}$


$\lambda _1$


$\lambda _1 \ge \sup \limits _{x \ge 0 } \frac {\omega '(x)}{\omega (x)}$


$F(\lambda _1,\cdot )$


\begin {align*}\norme { \left ( \lambda \mathbb {I} - A \right )^{-1} \begin {pmatrix} a \\ \psi \end {pmatrix} }_{X} & \le \frac {1}{\lambda - \lambda _1} \left ( \abs {a}+ \frac {1}{\omega (0)}\int _0^\infty | \psi (s) | \omega (s) ds\right ) \le \frac { \norme {\begin {pmatrix} a \\ \psi \end {pmatrix}}_{X} }{\lambda -\lambda _1}.\end {align*}


$\lambda > \lambda _1$


\begin {equation*}\norme { \left ( \lambda \mathbb {I} - A \right )^{-1} }_{\mathcal {L}(X)} \le \frac {1}{\lambda - \lambda _1},\end {equation*}


$n \ge 1$


\begin {equation*}\norme { \left ( \lambda \mathbb {I} - A \right )^{-n} }_{\mathcal {L}(X)} \le \norme { \left ( \lambda \mathbb {I} - A \right )^{-1} }_{\mathcal {L}(X)}^n \le \frac {1}{(\lambda - \lambda _1)^n}.\end {equation*}


$A$


$DG(\mathbf {w}^\star )$


\begin {equation*}DG(\ws ) \begin {pmatrix} 0 \\ \phi \end {pmatrix} = B \begin {pmatrix} 0 \\ \phi \end {pmatrix} + C \begin {pmatrix} 0 \\ \phi \end {pmatrix}\end {equation*}


$B : \overline {D(A)} \rightarrow X$


\begin {equation}\label {def:opB} B \begin {pmatrix} 0 \\ \phi \end {pmatrix} = \begin {pmatrix} 0 \\ - (\frac {\sigma }{f(\Ls )} + m) \phi \end {pmatrix},\end {equation}


$C : \overline {D(A)} \rightarrow X$


\begin {equation}\label {def:opC} C \begin {pmatrix} 0 \\ \phi \end {pmatrix} =P (\phi ) \begin {pmatrix} \frac {\rho }{ g(\rmin ) } \frac {f'\left ( \Ls \right )}{f\left ( \Ls \right )^2 } \\ -\sigma \frac {f'\left ( \Ls \right )}{f\left ( \Ls \right )^2 } w^\star \end {pmatrix},\end {equation}


$P : \mathrm {L}^1((0,+\infty ),\omega (x)\mathrm {d}x) \rightarrow \mathbb {R}$


\begin {equation}P (\psi ) = \int _0^\infty k(x)\psi (x) \mathrm {d}x, \quad \forall \psi \in \mathrm {L}^1((0,+\infty ),\omega (x)\mathrm {d}x). \label {eq:defP}\end {equation}


$P$


$A$


$B$


$C$


$(A+DG(\ws )) _{\overline {D(A)}} = (A+B+C)_{\overline {D(A)}}$


$(A+B)_{\overline {D(A)}}$


$(A+B)_{\overline {D(A)}}$


$(A+B)_{\overline {D(A)}}$


$(A+DG(\ws ))_{\overline {D(A)}}$


$(A+B)_{\overline {D(A)}}$


$(A+B)_{\overline {D(A)}}$


$C^0$


$\{ T_{(A+B)_{\overline {D(A)}}}(t) \}_{t \ge 0}$


$\overline {D(A)}$


\begin {equation*}T_{(A+B)_{\overline {D(A)}}}(t) \begin {pmatrix} 0 \\ \phi \end {pmatrix} = \begin {pmatrix} 0 \\ \hat {T}_{(A+B)_{\overline {D(A)}}}(t) (\phi ) \end {pmatrix},\end {equation*}


\begin {equation*}\hat {T}_{(A+B)_{\overline {D(A)}}}(t) (\phi ) (x) = \begin {cases} \phi (x-t)e^{-\int _{x-t}^x (m(y) + \frac {\sigma }{f(\Ls )}) \mathrm {d}y} & \text {if } x \geq t, \\ 0 & \text {otherwise}. \end {cases}\end {equation*}


$T_{(A+B)_{\overline {D(A)}}}(t)$


\begin {equation}\label {lemma:calcul:integral} \exp {\left (-\int _{\xi }^xm(y)dy\right )}=\exp {\left (-\int _{\xi }^xg' \circ \chi ^{-1}(y)dy\right )}=\frac {g\circ \chi ^{-1}(\xi )}{g\circ \chi ^{-1}(x)},\end {equation}


$z=\chi ^{-1}(y)$


$\chi $


\begin {align*}\norme { T_{(A+B)_{\overline {D(A)}}}(t) \begin {pmatrix} 0 \\ \phi \end {pmatrix}}_X &= \frac {1}{\omega (0)}e^{-t\frac {\sigma }{f(\Ls )}} \int _t^\infty \omega (x) \abs {\phi (x-t)} e^{-\int _{x-t}^x m(y) \mathrm {d}y} \mathrm {d}x\end {align*}


$\omega $


\begin {align*}\norme { T_{(A+B)_{\overline {D(A)}}}(t) \begin {pmatrix} 0 \\ \phi \end {pmatrix}}_X &= \frac {1}{\omega (0)}e^{-t\frac {\sigma }{f(\Ls )}} \int _0^\infty \omega (x+t) \frac {g(\chi ^{-1}(x))}{g(\chi ^{-1}(x+t))} \abs {\phi (x)} \mathrm {d}x \\ &= \frac {1}{\omega (0)} e^{-t\frac {\sigma }{f(\Ls )}} \int _0^\infty \left ( g(\chi ^{-1}(x)) + l(\chi ^{-1}(x+t)) g(\chi ^{-1}(x)) \right ) \abs {\phi (x)} \mathrm {d}x.\end {align*}


$[0,x_1]$


$[x_1,+\infty )$


$x_1$


$c$


$x$


$t$


$\chi $


$\chi ^{-1}(x+t) - \chi ^{-1}(x) \le t \bar {g}$


$\bar {g}:= \max \limits _{x \ge 0 }{g(x)}$


$l$


\begin {equation*}l(\chi ^{-1}(x+t)) \le l ( \chi ^{-1}(x) + t \bar {g}).\end {equation*}


$x \in [0,x_1]$


$\lambda >0$


\begin {align*}g(\chi ^{-1}(x)) + l(\chi ^{-1}(x+t)) g(\chi ^{-1}(x)) & \le c + c l ( \chi ^{-1}(x) + t \bar {g}) \\ & \le c + c e^{\lambda ( \chi ^{-1}(x) + t \bar {g} ) } \le c e^{\lambda \bar {g} t}.\end {align*}


$\lambda $


$0 < \lambda < \frac {\sigma }{2f(\Ls ) \bar {g} }$


$\omega (x) \ge \min \omega > 0$


$[0,x_1]$


\begin {align*}g(\chi ^{-1}(x)) + l(\chi ^{-1}(x+t)) g(\chi ^{-1}(x)) & \le c\frac {\omega (x)}{\omega (x)} e^{ \frac {\sigma }{2f(\Ls )} t} \le c \omega (x) e^{\frac {\sigma }{2f(\Ls )} t} .\end {align*}


$x_1 = \chi (x_0)$


$x_0$


$x \ge x_1$


$t > \frac {x_0}{\bar {g}}$


\begin {equation*}l(\chi ^{-1}(x+t)) \le l ( \chi ^{-1}(x) + t \bar {g}) \le c l ( \chi ^{-1}(x) ) l(t \bar {g}) \le c l ( \chi ^{-1}(x) ) e^{t\frac {\sigma }{2f(\Ls )}}.\end {equation*}


$\omega $


\begin {equation*}g(\chi ^{-1}(x)) + l(\chi ^{-1}(x+t)) g(\chi ^{-1}(x)) \le c \omega (x)e^{\frac {\sigma }{2f(\Ls )}t} .\end {equation*}


\begin {align*}&e^{-t\frac {\sigma }{f(\Ls )}}\frac {1}{\omega (0)} \int _{0}^\infty \left ( g(\chi ^{-1}(x)) + l(\chi ^{-1}(x+t)) g(\chi ^{-1}(x)) \right ) \abs {\phi (x)} \mathrm {d}x \\ &\le c e^{-t\frac {\sigma }{2f(\Ls )}} \frac {1}{\omega (0)} \int _{0}^\infty \omega (x) \abs {\phi (x)}\mathrm {d}x.\end {align*}


$t$


$t > \frac {x_0}{\bar {g}}$


\begin {align*}\norme { T_{(A+B)_{\overline {D(A)}}}(t) \begin {pmatrix} 0 \\ \phi \end {pmatrix}}_X \le c e^{-t\frac {\sigma }{2f(\Ls )}} \norme {\begin {pmatrix} 0 \\ \phi \end {pmatrix}}_X .\end {align*}


$(A+B)_{\overline {D(A)}}$


$(A+DG(\ws )) _{\overline {D(A)}}$


$\left (A+DG(\ws )\right )_{\overline {D(A)}}$


$\left (A+DG(\ws )\right )_{\overline {D(A)}}$


$A+DG(\ws )$


\begin {align*}&\sigma (A+DG(\ws )) \cap \left \{ \lambda \in \mathbb {C} : \Re (\lambda ) > - \frac {\sigma }{f(\Ls )} \right \} \\ &= \left \{ \lambda \in \mathbb {C} : \Re (\lambda ) > - \frac {\sigma }{f(\Ls )} \textrm { and } \Delta (\lambda ) = 0 \right \}\end {align*}


\begin {align*}&\Delta (\lambda ) = 1 - \frac { \rho f'(\Ls )}{f^2(\Ls )} \int _{0}^\infty l\circ \chi ^{-1}(x) \exp \left (-\left (\frac {\sigma }{f(\Ls )}+\lambda \right )x\right ) \mathrm {d}x \\ &+ \frac {\rho \sigma f'(\Ls )}{ f^3(\Ls )}\int _{0}^\infty l\circ \chi ^{-1}(x) \exp \left (-\frac {\sigma }{f(\Ls )}x\right ) \frac 1 \lambda \left ( 1- e^{-\lambda x} \right ) \mathrm {d}x.\end {align*}


$\lambda $


$\Re (\lambda ) > - \frac {\sigma }{f(\Ls )}$


$\Theta \in \mathrm {L}^1((0,+\infty ),\omega (x)\mathrm {d}x)$


\begin {equation*}\Theta (x) = e^{-\int _0^x (\lambda + m(\xi ) + \frac {\sigma }{f(\Ls )}) \mathrm {d}\xi }, \quad \forall x \in [0,+\infty ),\end {equation*}


$\mathcal {L} : \mathrm {L}^1((0,+\infty ),\omega (x)\mathrm {d}x) \rightarrow \mathrm {L}^1((0,+\infty ),\omega (x)\mathrm {d}x)$


\begin {align*}\mathcal {L}(\psi )(x)&= \int _0^x \psi (\xi ) e^{-\int _\xi ^x (\lambda + m(\eta ) + \frac {\sigma }{f(\Ls )} ) \mathrm {d}\eta } \mathrm {d}\xi , \\ &\quad \forall \psi \in \mathrm {L}^1((0,+\infty ),\omega (x)\mathrm {d}x) , \forall x \in [0,+\infty ).\end {align*}


$A$


$B$


\begin {align*}(\lambda I - (A+B)) \begin {pmatrix} 0 \\ \phi \end {pmatrix} & = \begin {pmatrix} \phi (0) \\ \phi ' + \left ( \lambda + m(\cdot ) + \frac {\sigma }{f(\Ls )} \right ) \phi \end {pmatrix}.\end {align*}


$A+B$


$\lambda \in \mathbb {C}$


$\Re (\lambda ) > - \frac {\sigma }{f(\Ls )}$


\begin {equation*}(\lambda I - (A+B))^{-1} \begin {pmatrix} a \\ \psi \end {pmatrix} = \begin {pmatrix} 0 \\ a\Theta (x) + \mathcal {L}(\psi ) \end {pmatrix}.\end {equation*}


$(\lambda I -(A+B))$


$(\lambda I -(A+B+C))$


$I - C(\lambda I -(A+B))^{-1}$


\begin {equation*}(\lambda I - (A+B+C))^{-1} = (\lambda I - (A+B))^{-1} \left [ I - C(\lambda I -(A+B))^{-1}\right ]^{-1}.\end {equation*}


\begin {equation*}I - C \left ( \lambda I - (A+B) \right )^{-1} \begin {pmatrix} a \\ \psi \end {pmatrix} = \begin {pmatrix} a \\ \psi \end {pmatrix} - P\left (a\Theta (x)+\mathcal {L}(\psi )\right )\begin {pmatrix} c_1 \\ - c_2w^* \end {pmatrix},\end {equation*}


$P$


$c_1 = \frac {\rho }{ g(\rmin ) } \frac {f'\left ( \Ls \right )}{f\left ( \Ls \right )^2 }$


$c_2 = \sigma \frac {f'\left ( \Ls \right )}{f\left ( \Ls \right )^2 }$


\begin {align}& I - C \left ( \lambda I - (A+B) \right )^{-1} \begin {pmatrix} a \\ \psi \end {pmatrix} = \begin {pmatrix} \hat {a} \\ \hat {\psi } \end {pmatrix} \nonumber \\ \Leftrightarrow & \begin {cases} \hat {a} = a - c_1 P(a \Theta +\mathcal {L}(\psi )), \\ \hat {\psi } = \psi + c_2 P(a \Theta + \mathcal {L}(\psi )) w^\star . \end {cases} \label {eq:resolvent:compliquee}\end {align}


$P \circ \mathcal {L}$


\begin {equation*}\begin {cases} \hat {a} = a\left ( 1 - c_1P(\Theta )\right ) - c_1 P(\mathcal {L}(\psi )), \\ P(\mathcal {L}(\hat {\psi })) = P(\mathcal {L}(\psi )) \left ( 1 + c_2 P(\mathcal {L}(w^\star )) \right ) + ac_2P(\Theta ) P(\mathcal {L}(w^\star )). \end {cases}\end {equation*}


$a$


$P(\mathcal {L}(\psi ))$


\begin {equation*}\begin {pmatrix} 1 -c_1P(\Theta ) & -c_1 \\ c_2P(\Theta ) P(\mathcal {L}(w^\star )) & 1 + c_2 P(\mathcal {L}(w^\star )) \end {pmatrix} \begin {pmatrix} a \\ P(\mathcal {L}(\psi )) \end {pmatrix} = \begin {pmatrix} \hat {a} \\ P(\mathcal {L}(\hat {\psi })) \end {pmatrix}.\end {equation*}


\begin {align}\label {eq:first:exprof:delta} \Delta (\lambda ) :&= (1 -c_1P(\Theta ))(1 + c_2 P(\mathcal {L}(w^\star )) ) + c_1 c_2 P(\Theta ) P(\mathcal {L}(w^\star ))\\\nonumber & = 1 - c_1 P(\Theta ) + c_2 P(\mathcal {L}(w^\star )).\end {align}


$\Delta (\lambda ) \neq 0$


$I - C(\lambda I -(A+B))^{-1}$


$(\lambda I -(A+B+C))$


\begin {align*}&\left \{ \lambda \in \mathbb {C} : \Re (\lambda ) > -\frac {\sigma }{f(\Ls )} \textrm { and } \Delta (\lambda ) \neq 0 \right \} \\ & \subset \rho \left ( \lambda I - (A+B+C) \right ) \cap \left \{ \lambda \in \mathbb {C} : \Re (\lambda ) > -\frac {\sigma }{f(\Ls )}\right \},\end {align*}


\begin {align*}&\sigma \left ( \lambda I - (A+B+C) \right ) \cap \left \{ \lambda \in \mathbb {C} : \Re (\lambda ) > -\frac {\sigma }{f(\Ls )} \right \}\\ & \subset \left \{ \lambda \in \mathbb {C} : \Re (\lambda ) > -\frac {\sigma }{f(\Ls )} \textrm { and } \Delta (\lambda ) = 0 \right \}.\end {align*}


$\Delta (\lambda ) = 0$


$\begin {pmatrix} a \\ \psi \end {pmatrix} \in X\setminus \{ 0 \}$


$I - C(\lambda I -(A+B))^{-1} \begin {pmatrix} a \\ \psi \end {pmatrix} = 0$


$\begin {pmatrix} 0 \\ \phi \end {pmatrix} \in D(A) \setminus \{0 \}$


$\lambda I - (A+B+C)$


$a \neq 0$


$\psi := - ac_2P(\Theta )w^\star + \frac {ac_2^2}{c_1} P(\mathcal {L}(w^\star ))w^\star $


$\Delta (\lambda )=0$


\begin {align*}P(\mathcal {L}(\psi )) &= -ac_2P(\Theta ) P(\mathcal {L}(w^\star )) + \frac {ac_2^2}{c_1}P(\mathcal {L}(w^\star ))^2 \\ &= \frac {ac_2}{c_1}P(\mathcal {L}(w^\star ))\left ( \Delta (\lambda ) - 1\right ) = - \frac {ac_2}{c_1}P(\mathcal {L}(w^\star )),\end {align*}


\begin {align*}\psi + c_2 P(a \Theta + \mathcal {L}(\psi )) w^\star &= \frac {ac_2^2}{c_1}P(\mathcal {L}(w^\star ))w^\star + c_2 P(\mathcal {L}(\psi ))w^\star \\ &= \frac {ac_2^2}{c_1}P(\mathcal {L}(w^\star ))w^\star - \frac {ac_2^2}{c_1} P(\mathcal {L}(w^\star ))w^\star = 0 .\end {align*}


\begin {align*}a - c_1 P(a \Theta +\mathcal {L}(\psi )) = a - ac_1P(\Theta ) +ac_2 P(\mathcal {L}(w^\star )) = a\Delta (\lambda ) = 0 .\end {align*}


$I - C(\lambda I -(A+B))^{-1} \begin {pmatrix} a \\ \psi \end {pmatrix} = 0$


\begin {align*}&\left \{ \lambda \in \mathbb {C} : \Re (\lambda ) > - \frac {\sigma }{f(\Ls )} \textrm { and } \Delta (\lambda ) = 0 \right \}\\ & \subset \sigma \left ( \lambda I - (A+B+C) \right ) \cap \left \{ \lambda \in \mathbb {C} : \Re (\lambda ) > - \frac {\sigma }{f(\Ls )} \right \}.\end {align*}


$\Delta $


$w^\star =u^\star \circ \chi ^{-1}$


\begin {align*}&\Delta (\lambda ) = 1 - \frac {\rho }{g(\rmin )} \frac {f'(\Ls )}{f^2(\Ls )} \int _{0}^\infty l(\chi ^{-1}(x)) g(\chi ^{-1}(x)) e^{-\int _0^x\frac {\sigma }{f(\Ls )}+\lambda + g'(\chi ^{-1}(\eta )) \mathrm {d}\eta } \mathrm {d}x \\ &+ \frac {\sigma \rho f'(\Ls )}{ f^3(\Ls )}\int _{\rmin }^\infty l(\chi ^{-1}(x)) g(\chi ^{-1}(x)) e^{- \frac {\sigma }{f(\Ls )} x} \int _0^x \frac {1}{g(\chi ^{-1}(\xi ))} e^{-\int _\xi ^x (\lambda + g'(\chi ^{-1}(\eta )) ) \mathrm {d}\eta } \mathrm {d}\xi \mathrm {d}x,\end {align*}


$\displaystyle \chi (x) := \int _{\rmin }^x \frac {1}{g(s)} \mathrm {d}s$


$r=\chi ^{-1}(x)$


$y=\chi ^{-1}(\xi )$


\begin {align*}&\Delta (\lambda ) = 1 - \frac {f'(\Ls )}{f^2(\Ls )} \int _{\rmin }^\infty q(r) \exp \left (-\left (\frac {\sigma }{f(\Ls )}+\lambda \right )\chi (r)\right ) \mathrm {d}r \\ &+ \frac {\sigma f'(\Ls )}{ f^3(\Ls )}\int _{\rmin }^\infty q(r) \exp \left (-\frac {\sigma }{f(\Ls )}\chi (r)\right ) \left (\int _{\rmin }^r \frac {1}{g(y)}\exp \left (-\lambda \int _y^r \frac {1}{g(z)} \mathrm {d}z\right )\mathrm {d}y \right ) \mathrm {d}r,\end {align*}


$\displaystyle q(r) := \rho \frac { l(r)}{g(r)}$


$\eta (y)=\chi (r)-\chi (y)$


\begin {align*}&\Delta (\lambda ) = 1 - \frac {f'(\Ls )}{f^2(\Ls )} \int _{\rmin }^\infty q(x) \exp \left (-\left (\frac {\sigma }{f(\Ls )}+\lambda \right )\chi (x)\right ) \mathrm {d}x \\ &+ \frac {\sigma f'(\Ls )}{ f^3(\Ls )}\int _{\rmin }^\infty q(x) \exp \left (-\frac {\sigma }{f(\Ls )}\chi (x)\right ) \left ( \int _0^{\chi (x)} e^{-\lambda \eta } \mathrm {d}\eta \right ) \mathrm {d}x.\end {align*}


$z=\chi (x)$


$p$


$p=l\circ \chi ^{-1}$


\begin {align*}&\Delta (\lambda ) = 1 - \frac { \rho f'(\Ls )}{f^2(\Ls )} \int _{0}^\infty p (z) \exp \left (-\left (\frac {\sigma }{f(\Ls )}+\lambda \right )z\right ) \mathrm {d}z \\ &+ \frac {\rho \sigma f'(\Ls )}{ f^3(\Ls )}\int _{0}^\infty p(z) \exp \left (-\frac {\sigma }{f(\Ls )} z \right ) \left ( \int _0^{z} e^{-\lambda y} \mathrm {d}y \right ) \mathrm {d}z\\ &= 1 - \frac { \rho f'(\Ls )}{f^2(\Ls )} \int _{0}^\infty p(z) \exp \left (-\left (\frac {\sigma }{f(\Ls )}+\lambda \right )z\right ) \mathrm {d}z \\ &+ \frac {\rho \sigma f'(\Ls )}{ f^3(\Ls )}\int _{0}^\infty p(z) \exp \left (-\frac {\sigma }{f(\Ls )}z\right ) \frac 1 \lambda \left ( 1- e^{-\lambda z} \right ) \mathrm {d}z.\end {align*}
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In these models, the parameters are difficult to relate to physiological
processes. Then, the model in MacKellar et al. (2010) is based on three
compartments: small, medium and large adipocytes. The cell size evo-
lution depends on lipid fluxes that are related to protein concentration
controlling lipotoxicity — a cellular dysfunction due to lipid accumula-
tion in non-adipose tissue. These models provide studies of adipose tis-
sue growth dynamics and its bimodality through cell hyperplasia and/or
hypertrophy. These previous works do not study stationary solutions and
rely on large numbers of general parameters. More recently, authors in
Cabeza De Baca et al. (2024) have proposed a statistical approach to
extract characteristics of cell size distributions for several participants
before and after caloric restriction.

In addition, we have previously proposed mechanistic models based
on lipid fluxes Soula et al. (2013, 2015), Giacobbi et al. (2024), Meyer
et al. (2024), Dauger et al. (2025). These models share common as-
sumptions: a) there is only one adipocyte population type, b) cell size is
determined by lipid fluxes, c) the lipid inflow and outflow are propor-
tional to the surface area of the cell, d) the number of cells is constant:
apoptosis and recruitment of cells are neglected. These previous mod-
els strongly rely on a slow turnover of adipocytes (in humans 10 % of
fat cells are renewed annually Spalding et al. (2008)). However, it has
been reported that 0.6 % to 1.5 % adipocytes are renewed each day for
lean mice ad libitum Rigamonti et al. (2011), Neese et al. (2002), Kim
et al. (2014). It requires reconsidering the hypothesis of slow turnover
of adipocyte cells in rats (since the measurements considered previously
and in this paper are measured in rats).

In this work, we propose a new mathematical model, based on a
partial differential equation, that aims at modeling adipocyte size dis-
tributions taking into account cell turnover (cell “death” and “recruit-
ment”). New adipocytes enter the population at a constant recruitment
rate with a common minimal radius. Cell size over time is related to
lipid uptake, assuming outflow of lipids can be neglected. Based on pre-
vious mechanical considerations, the magnitude of the uptake depends
on the amount of extracellular lipids and on the radius of the cell. The
growth velocity is low for small cells due to size-dependent lipid influx,
increases to a maximum at an intermediate size, then declines toward
zero as radius further increases to reflect tissue constraints. Therefore,
cells will accumulate at sizes where the growth rate is low. Assuming
a death term with constant rate prevents cells from accumulating at
sizes larger than the physiological limit. All these properties allow us
to obtain bimodal cell size distributions. The modeling assumptions and
equations are described in Section 2.1 and the stationary solution is
introduced in Section 2.2. We show that this model admits a unique sta-
tionary solution, locally asymptotically stable in Section 3.1. Numerical
simulation is performed to explore the model output sensitivity to pa-
rameters in Section 3.2 and, then, the model parameters are estimated
with adipocyte size distributions measured in rats in Section 3.3. We
show that the model is in good agreement with the measurements, with
only 3 parameters to estimate. Finally, we conclude this paper with a
discussion in Section 4.

2. Model and methods
2.1. Model for adipocyte size distribution

We present in this paper a new model of dynamics of adipocyte size.
Adipocytes are cells that do not divide and adipogenesis is driven by
pre-adipocyte differentiation Ghaben and Scherer (2019). So, we assume
that new adipocytes enter the population at a constant recruitment rate
p (cell.time™") with a radius of r,;, (um). This first point is taken into
account in the model through a boundary condition at r = r;, (Eq. (2)).
We also assume that the cells undergo apoptosis at rate o (time™!), in-
dependent of age and size. This leads to the right hand side of Eq. (1).
Moreover, cell incorporates lipids (and thus grows in size) at a speed
that depends on its radius r and on the amount of extracellular lipids L
(nmol). We assume that the growth speed has a separable form, defined
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as
V(r, L) = f(L)g(r),

with f an increasing function of the extracellular lipids L and g a pos-
itive continuous function of radius r. The separable form of function V'
means that extracellular lipids availability and cell size influence lipid
uptake independently and in a multiplicative manner. From an analyt-
ical point of view, Theorem 3 gives more precise assumptions on func-
tions f and g to prove existence, uniqueness and stability of the station-
ary solution. At a modeling level, we choose functions f and g as in
Eq. (11) to perform parameter estimation.

We obtain therefore a flow equation, that describes the evolution of
the cell density u(z, r) at time r € R* with radius r € (rp,; +oo[, i.e.

iu(t, r)+ i(V(r, L()u(t,r)) = —ou(t,r) (€8]
Jat or

with boundary condition on r = r;,,

V (Fmin, LU, riyin) = p- )

The extracellular (available) lipid quantity L depends on time ¢: it
increases whenever cells die and decreases when cells grow. The de-
crease depends on the amount of variation of the lipid content of a cell,
denoted by /(r), a function of cell radius r. The assumption that lipids
are redistributed and never consumed by the body leads to a conserva-
tion equation of total lipid amount. We also assume in this paper that
the total lipid amount variations can be neglected. Therefore, the con-
tent of lipids inside all cells (also called intracellular lipid amount in the
following) L;,(¢) at time ¢ is given by the expression

[e+]

Lin) = [ t0outt.5), ®
T'min

and we express that the total amount of lipids, L, (nmol), is constant at

all times 7 by the equation

L(t) + Lip (1) = L for all t > 0. @

Egs. (1), (2) and (4) with initial distribution u(0, r) = uy(r) for all r >
Fmin define a time-dependent size density function. Using fixed point ar-
gument on the function ¢ — L(t), we show that global existence, unique-
ness and non-negativity of solution u € L! ((r,;,,, +00), (1 + /(x))dx) holds
under fairly general assumption. Here, for any measurable weight func-
tion @, L (7, +00), o(x)dx) denotes the space of all measurable func-
tions f such that fo € L!((r,,,, +)), see e.g. Laurencot (2001), Collet
and Goudon (2000), Calvo et al. (2021).

We now give some explicit forms for functions /, f and g. Assuming
spherical shape for the adipocytes, we can link / and r as

Vii(r)y==r’—=r_, (5)

where V; (um3.nmol™!) is a conversion constant Soula et al. (2013) and
Fmin 1S the radius of an empty cell.

An adipocyte captures lipids at a rate proportional to its surface area
and, as cells cannot grow indefinitely, we assume a decreasing growth
speed for large enough radius. Hence, we define the function g as follows

2

B
1+ rkg=k’ ©

glr) =

that is parameterized with the constant § > 0 (um) and exponent k > 2.

In line with the previous model Soula et al. (2013), adipocyte growth
is proportional via parameter a« (um~!.time~!) to a sublinear Michaelian
input of extracellular lipids L with constant x (nmol). Function f is
therefore defined as

FL)=a—E

L+x’ @

We thus assume that cell size grows when extracellular lipids are
available, with a maximal uptake if extracellular lipid amount is large
enough.
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2.2. Stationary solution

This new model assumes only lipogenic activity. However, we can
still derive a stationary cell size distribution and a cell number at equi-
librium.

We define N(¢) as the total number of cells at time 7, e.g.

N@) = /°° u(t, s)ds.

"min

By integrating Eq. (1) over r we obtain

/°° gu(t, s)ds + /°° i(V(s, L())u(t, s))ds = —o'/Dc u(t, s)ds
Jat oar

"min "min "min

then

©

% u(t, s)ds =V (rmin, L@, ropin) = —0'/ u(t, s)ds

"min "min

which leads to
dN
— (@) —p=—-cN(®).
i ®O-»r oN (1)
From this equation, we derive the number of cells at equilibrium
N*=£
o

We refer to u* as a stationary solution of Eq. (1), which satisfies
therefore the following equation

% (V(r, LY u*(r)) = —ou™*(r),

where L* is the stationary amount of extracellular lipids satisfying con-
servation Eq. (4). Then, since V(r, L*) > 0 when r > r,;,, we obtain

(4

d *\, * — _
E(V(r,L w*(r)) = VoI5

V(r, LX) u* (),

and then

" o
Vet o=pe (- [ rlse).
where we have used that V (rp,. L*)u™ (rpin) = p-

For clarity, we now add the dependency of L on u (resp. L* on u*)
and we obtain the final equation

p " c
Voo P <‘ / ) W“) ®

‘mi

w*(r,L*) =

yielding a coupled equation with the following equation for L*, see Egs.
(34,

L*=1L,- / 1(s)u* (s, L*)ds. 9
Therefore, L* is a fixed point of the following function
F(L)=Ly— / I(s)u* (s, L)ds, (10)

with u* given by Eq. (8). When a solution L* to Eq. (10) is found, we can
insert it into Eq. (8) to obtain the corresponding stationary distribution

u*.

Example 1. When g = 1 is constant and [ is given by (5), we obtain the
following explicit form for F

2
413&(4&) P (12 47, )
Vo o c c min

which is a continuous and decreasing function of L and thus admits a unique
fixed point in [0, L] whenever f is increasing with f(0) = 0.

F(L)= Ly -

Example 1 does not satisfy biological assumptions; it is provided only
to illustrate the theory. In Proposition 2, we show that a unique station-
ary solution exists, generalizing previous example 1 for broader choices
of functions / and g, that include biologically-sound choices. Note that
even with a simple shape for V, as in Example 1, the solution of Eq. (9)
has to be found numerically.
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2.3. Parameter estimation

To perform parameter estimation, we set the growth velocity accord-
ing to Egs. (6)—(7) so that
L r?
L+x 1+rkg=%"

Vir,L)=a 1)

with k > 2. From Eq. (8) the stationary solution is consequently equal
to

* k gk x R
W, L) = p Lt Ll exp(—zL +K[—r”+r'l +—2an ).
a

L* ar? L* min T (k — 1)0
(12)
We normalize Eq. (12) to 1 by defining u = 1‘:,—** = % and we
note o* = %% (um). The previous solution becomes
k=1 _ k-1
* * _ x 1+rkg=k * -1 —1 T T Mhin
o . (re7)=0c <r—2 exp| —o™ |—r +rmin+m .
13)

From Eq. (13), the solution u¥  depends on only 3 parameters: ¢*, 0
and k. Note that L* is now considered as a parameter. Assuming L* or
L, as a parameter is similar. Indeed, by observing distribution of cell
sizes u* and assuming / to be known (Eq. (5)), L* only depends on
parameter L, from Eq. (9). In addition, we notice that parameter ¢* is a
combination of 4 parameters, which cannot be estimated separately by
observing u*.

Parameter estimation is carried out using approximate Bayesian
computation (ABC) Toni et al. (2009). We use the ABC rejection sampler
algorithm: first we draw a uniform distribution for the 3 parameters of
interest, then we compute the L, norm of the error between measured
and modeled cell size distributions with the drawn parameters. We keep
the vector of parameters if the L, norm of the error is lower than the cho-
sen threshold and we reject it otherwise. We are considering normalized
measured distributions and, for the model we use the explicit formula
given by Eq. (13). This procedure is repeated 10° times and the thresh-
old is set to 510~*. The prior uniform distributions for each parameter
are the following: k ~ U°(2.1, 15), 6* ~ U°(1,15) and 6 ~ U/(10, 150). The
algorithm returns the selected parameter vectors. We then compute the
average and the standard deviation of each parameter from the selected
values.

3. Results
3.1. Proof of existence, uniqueness and stability of the stationary solution

We consider here the following Partial Differential Equation (PDE)
problem

%u(l, r)+ ai(V(r, L®)u(t,r)) = —ou(t,r), r>ryn, t>0,
r
V(Fin> LOYW(E, ri) = p, >0,
[se]
L(t)=Ly— / I(s)u(t, s)ds, >0,

r

14

‘min

u(O’ I‘) = MO(I'), F > Fins
and we take a general growth velocity under the form

V(r, L) = f(L)g(r). (15)

To begin with, we study the existence and uniqueness of the station-
ary solution of system (14) defined by Eq. (8)—(9).

As explained previously, we look for a fixed point of function F de-
fined at Eq. (10). In the following proposition, we prove the existence
and uniqueness of the fixed point. Therefore, once L is fixed, there ex-
ists a unique value for the stationary extracellular quantity of lipids L*
and a unique stationary density u*.
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Proposition 2. We assume that

e f is a differentiable strictly increasing function on [0, L,] with f(0) =
e g is a continuous bounded positive function on [r ;,, +0),
e [ is a continuously increasing function on [r,, +o0) with I(r;,) = 0,
o for all 1>0, 1/g€L((rpp,+0), exp(—Ax(x))dx), where y(x)=
L%
roin 85
Then, for all L, > 0, there exists a unique fixed point L* € (0, L)) of function
F : [0, Ly] — R defined by

[so] p N o
F(L)=L,— 1(s) ———— — —dé |d
()= Lo / O °Xp< / 2@ /D é) )

‘min ‘min

Note that functions /, f, g given by (5)—(7)-(6) satisfy the hypotheses
of Proposition 2. The proof of Proposition 2 relies on the intermediate
value theorem and the fact that F is a decreasing function of L. We will
make a repetitive use of the following notation

_ [ L
7(x) .—/r g(s)ds' (16)

By assumption, y is a diffeomorphism from [r,;,, ) to [0, o) and we
define function p by

p(x) = loy 7! (x). a7

Proof. Thanks to notation (16), we can rewrite F as

F(L) = Ly - —” X9 exp <—o 2(s) >ds.

f(L) g(s) fL)

By assumption and from Lebesgue integration theorem, F is a well
defined continuous differentiable function and

* lim F(L) = L, and
. B =) ()
Jim P =Lo= 77— 5 P < "I (L, ))dKLO

Thanks to notation (17) and using the change of variable x = y(s) in the
integral, we obtain

F(L)=Ly— ﬁ /0 p(x) exp <—aﬁ>dx

Computing the derivative of F with respect to L, we have that

=pf/(L) oop(x)(l—a X >exp<—ai>dx
F? Jo S F)

By assumption, f'(L) > 0 for all L > 0, therefore F’ has the same
sign as the integral

/ .D(x)<1—
0
L

>

/m<1—0 X >exp< >d =0.
0 fw f(L)

We can cut the integral above in two parts according to the sign of
1- 6— and we obtain, using that p is an increasing function, that

7D
/wp(x)<1 > xp( d )dx
o 7T )
Sy
_ [ _ X _ X
_/0 ”(")<1 "f(L))eXp< "f(L))dx
o X
/m P )< f(L)> p( f(L)>dx

- _> <_GL)dx
7 ) P\

<(%2) [ (-
£(L) .
“’( - )/@ (1 f(L)> p( f(L)>dx

F'(L)

0L> exp < >dx We can verify that, for every
f) f (L)
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£ . _
<”< >/0 (1 "f(L)) p( f(L)>dX o

We deduce that F’(L) <0, consequently F is continuous nonin-
creasing. Since F(0) >0 and F(Lj) < Ly, F has a unique fixed point
L*€(0,Ly. O

Now, we prove that the unique stationary solution we found is locally
stable for PDE system (14). Thus, the stationary solution represents the
asymptotic profile of the system, provided that the initial datum is close
to the stationary solution.

Theorem 3. We assume that:

(H1) f € CY([0, Ly)) is strictly increasing and f(0) =

(H2) g € C'([rpins +0)), g > 0 and g and g’ are bounded.

(H3) 1 € C'([ry, +00)), | is increasing with I(r,;,,) = 0 and 1’—,1 is bounded.
Furthermore, there exist x, > 0 and K > 0 such that for all x,y > x,
I(x +y) < KIX)I(y).

(H4) For all A>0, both I/g and 4
LY ((riin» +00), (exp(—Ax (x))dx).

belong  to

Then the unique stationary solution of system (14) is locally asymptotically
stable in the space L! ([r iy, +00), (1 + I[(x))dx).

Functions f, g,/ given by (7)-(6)-(5) satisfy the hypotheses. We sketch
here the general idea of the proof, all the details and intermediate com-
putations are given in Appendix A.

Proof. Thanks to the separable form of the growth speed V(r,L)=
f(L)g(r) and using the change of variable v(z,-) = u(t,-) with z(z) =
t

/ f(L(6))dg, we can show that the PDE system (14) is asymptotically

0
equivalent to the following semilinear PDE

(%U(T, r) + (g(r)v(‘r )+ —— f(L( ) v(z,r) =0,
g(rmin)f(L(T))U(T» Fmin) = P»

>0,
L(r)=Ly— / I(ryv(r,r)dr, >0,
r,

min

> P T > 0,

v(0,r) = uy(r), r> ryp-
(18)

Eq. (18) can be rewritten as an abstract semilinear Cauchy prob-
lem on the Banach space X := R x L'((0,4+), w(x)dx) for some suit-
able weight function w. Then, the principle of linearized stability
(Prop. 5.7.1. and 5.7.4. in Magal and Ruan (2018)) allows us to
reduce the stability analysis to the study of the asymptotic behav-
ior of the linearized problem around the stationary solution. The
study of the linearized problem around (u*,L*), leads to consider
the following characteristic function A (see the derivation of A in

Appendix A).
f/(L*)l/w - X< c _a c
AD=1+p - p(x)e UL —e ™ A+ dx
FHL*) A o SLY) FL*)
where we recall that p is defined at Eqs. (16)—(17). It remains to show
that the characteristic function A has no root with non-negative real
part, which implies that the unique stationary solution of system (14)

is locally asymptotically stable. Let us remark that 4 # 0 and A(4) =0 is
equivalent to

_ran [ —— X —ax o
A= pr(L*) p(x)e fUL®) <e </1+ H > f(L*))dx 19
. Then Eq. (19) can be

For the sake of brevity, we set A, := w L*
rewritten as

207 % oo
F (L )/1=/ p()e™H0% (™ (A+ 4g) — Ag)dx
0

pf!(L*)
(o] [se]
= / px)eHothx (A+ 4g)dx — 4y / p(x)e %X dx.
0 0
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Fig. 1. Effect of total lipid quantity on stationary solution. Left panel: plot of stationary solution (9)-(12) for three values of L, (to obtain visually comparable graphs

radii r start at 25um). Right panel: log-log plot of the extracellular lipid amount L* (orange) and intracellular lipid amount L*

(blue) with respect to L,. Parameters

int

are: V; = 1.091.10°ym’.nmol~!, @ = 10~*ym~'.time™!, § = 50um, ¢ = 5.10~* time™!, p = 1 cell.time™!, k = 6, ¥ = 1072 nmol, r,,;, = 10um.

By integration by parts and using that p(0) = 0 by (H3), we get

207 % o o
;f{((iﬁ) :/0 p’(x)e’%“)xdx—/o o (x)e 2% dx

= / p'(x)e_'l“x(e_b‘ - l)dx.
0

Using the complex decomposition of 4 = R(4) + iF(1) and taking the
real part of the later equation, we obtain
fAL*) /°° V) —R()
——=R() = x)e~ 0% (cos(J(A)x)e * — 1)dx.
pf’(L*)() OIJ() (cos(S(A)x) )
FALY)

From (H1), since L* # 0, we have ————
pf!(L*)

> 0. If R(4) > 0, by (H2)

and (H?3), p is increasing, thus we get
[so]
/ P (x)e™40% (cos(S(A)x)e ¥ — 1)dx <0, (20)
0

leading to a contradiction. If R(4) =0, the equation above leads to
3(4) = 0 which is impossible since 1 # 0. Therefore, A has no root with
non-negative real part and we can conclude to the local asymptotic sta-
bility of the stationary solution. O

3.2. Numerical simulation

We perform several numerical experiments, using the model under
consideration with functions /, f, g given by (5)-(7)-(6). First, we ex-
plore the effect of the total lipid quantity L, by computing the stationary
solution defined by the solution of the coupled Egs. (9)-(12). In the left
panel of Fig. 1, we represent cell size distributions for three values of
L. To be able to compare the different graphs, we start the radius value
at 25 ym in the plots. An increase in total amount of lipids L, increases
the lipid volume inside cells, and the distribution of cell sizes remains
bimodal.

We also show the allocation of lipids between the cells and the ex-
tracellular medium. The stationary amount of intracellular lipids is de-
fined by L} := r:n ;—17/[1(53 —rfmn)u*(s)ds, see Eq. (3) and (5). Fig. 1
right panel displays a log-log plot of the stationary extracellular lipids
L* and stationary intracellular lipids L} as a function of L. For low
values of Ly, L* is small and almost constant, and we find that the up-
take of lipids by the cells Li*rlt increases proportionally to the amount of
available lipid L, (a linear regression in a log-log plot gives a regression
coefficient close to 1). Above a certain value of L, a plateau is reached
for the intracellular lipid amount L , corresponding to the maximal
lipid amount the tissue can store. For values above this threshold of L,
the intracellular lipids stop increasing and the extracellular lipids start
to accumulate, i.e. L* increases sharply.

We will perform in Section 3.3 a data fitting procedure using the
normalized stationary solution (13) to estimate 3 parameters: k, 0 and

min

o*. First, Fig. 2 shows the effect of varying these 3 parameters on the
shape of the normalized stationary solution. Fig. 2 top left panel shows
that coefficient k mostly impacts the right mode of the cell size distri-
bution, namely the large-size mode. It plays a role on both the position
and the height of this mode. For the chosen parameters, we notice that
k = 3 is not sufficient to obtain bimodality of the distribution. Fig. 2 top
right panel shows the influence of parameter 6 on the cell size distribu-
tion. Similarly to k, it impacts the position and height of the right mode.
We can say that parameter 6 mostly represents the nadir, that is to say,
the lowest point between the two modes, of the cell size distribution.
Finally, Fig. 2 bottom left panel shows the dependency with respect to
o*. This parameter has a huge overall impact on the distribution since
o* corresponds to the ratio between the cell death rate o and the growth
rate coefficient a—=
frequencies.

*
T+7-- Parameter o* affects both small and large size

3.3. Comparison between modeled and measured cell size distributions

A general fitting approach is not the goal of this article. Instead,
we want to assess if this new model produces accurate cell size distri-
butions. We randomly select four adipose size distributions from our
database, which contains retro-peritoneal adipose tissues of male Wis-
tar rats from different experiments Jacquier et al. (2014), Soula et al.
(2015). The code and the data files to perform the estimations are
available here: https://plmlab.math.cnrs.fr/audebert/adipocyte_rapid_
turnover_modeling.

The ABC rejection sampler algorithm is applied to each data set.
The selection rates are low, as expected with this method Toni et al.
(2009) and the number of selected parameter vectors varies from 52
to 1524. The posterior distributions have a Gaussian shape and are far
from the bounds of the prior uniform distributions, see Sup. Fig. B.5.
The estimated parameters are chosen as the mean of the selected list
of parameters and we also compute their standard deviation. Table 1

Table 1

Estimations obtained with ABC rejection sampler
for each animal. The mean and standard deviation
of the selected list of parameters are presented for
each animal. The procedure is repeated 10° times
and the threshold is set to 510~.

animal o* 0 k

(um) (um)
rat1 6.24+0.6 33.7+2.15 6.08 +0.7
rat 2 7.58 +£0.81 30.33+£437 3.82+0.72
rat 3 528 +0.24 43.07+£0.78 9.26 +0.38
rat 4 6.03 +£0.73 42.87 +£3.09 7.55+1.06



https://plmlab.math.cnrs.fr/audebert/adipocyte_rapid_turnover_modeling
https://plmlab.math.cnrs.fr/audebert/adipocyte_rapid_turnover_modeling

L. Fostier et al.

0.05 1 — k=3
k=4
- — k=5
g — k=
= 0.04 k=6
p — k=7
2 — k=8
5
2 k=9
= 0.03 4 — k=10
2
[
N
@
3 0.02
]
o
ﬂJ
N
£ 0.01
£
o
=
0.00 A
T T T T T T T
20 40 60 80 100 120 140
Radius (um)
0.10 1 — 0'=2um
o =5um
T — o'=7um
g 0.08 1 — 0" =10um
c
o
F=]
5
Q
S 0.06
]
©
[
N
@
3 0.04
o
o
i
©
2 0.021
5
=
0.00
20 40 60 80 100 120 140
Radius (um)

Journal of Theoretical Biology 618 (2026) 112311

0.06 4 — 6=20um
_ 6=30um
£ 0.051 —— 6=40um
3 — 6=50um
c
S
S 0.04
2
5
0
=
o 0.03
N
@
ol
© 0.02
el
(7
N
T
€ 0.01
o
2

0.00

20 40 60 80 100 120 140

Radius (um)

Fig. 2. Sensitivity of stationary solution defined in Eq. (13) to the 3 parameters. Top left: dependency of the stationary solution with respect to parameter k. Top
right: impact of 6 parameter on the stationary solution. Bottom left: impact of ¢* parameter on the stationary solution. Default parameters are: k = 8, § = 40um,

6* =5um, r_. = 10um.

min

presents the estimated values for the four animals. The small standard
deviations show the robustness of the parameter estimation. In addition,
the estimated parameters do not vary wildly between data sets. Fig. 3
shows that the model is in good agreement with measured adipocyte
size distributions.

Considering that adipocyte death follows a linear decay with param-
eter ¢ in Eq. (1), individual adipocyte turnover time is on average equal
to 1/c. We know from literature that 0.6 % to 1.5 % adipocytes are re-
placed each day for lean mice ad libitum Rigamonti et al. (2011), Neese
et al. (2002), Kim et al. (2014). This corresponds to a turnover rang-
ing from 45 days to 115 days. Those estimations enable us to fix the
time unit to day in the model, although before it was an arbitrary time
unit. From the estimated values for ¢*, see Table 1, we can compute an
estimation of the velocity rate a* defined by

* L*

a* = =2 um~" day ™.

* L*+kx o~

Under these assumptions, lower (afl 5) and upper (0‘:5) bounds for the
rate o* can be estimated for each rat. These estimations are presented in
Table 2. From the estimation of «* we can also compute lower and upper
bounds for the velocities with respect to radius, thanks to Eq. (11). Left
panel of Fig. 4 shows the velocity for rat 4 assuming 45 or 115 days for
adipocyte turnover. For 45 days turnover, the velocity increases faster
and higher with respect to radius. In addition, we compute the averaged
velocity V = /] rm"l‘:x V(xur,. (x)dx with lower and upper bounds for a*
and the estimated parameters for each animal, see Table 2. Under our
assumptions, the velocity ranges from 0.28 to 0.92 ym.day~!. Right panel
of Fig. 4 shows, for rat 4, the trajectory of two cells with initial radius of
10 um, one with the highest estimated velocity and the other with the
lowest estimated velocity. The displayed dots represent the cell radius
after 1/, 2/c and 3/c days in both cases. Since turnover time is on

average equal to 1/o, it is likely that the adipocyte dies after reaching

Table 2

Lipid uptake rate and average velocity for each animal. Parameter
o* and average velocity ( /r Fma V(x)uy  (x)dx) are computed with es-
timations from literature for 1 /o and ABC rejection algorithm for the
other parameters (Table 1). The subscript .5 corresponds to the com-

putation for a turnover of 115 days and .,5 for a turnover of 45 days.

animal  af, Viis s Vis
(um~'.day™')  (um.day™') (um~'.day™))  (um.day™!)

rat 1 0.0014 0.2897 0.0036 0.7403

rat 2 0.0011 0.2859 0.0029 0.7308

rat 3 0.0016 0.3537 0.0042 0.9039

rat 4 0.0014 0.3585 0.0037 0.9162

the first displayed dot. A rapid increase in size is observed for the upper
velocity bound, followed by a plateau. The cell with the lower bound
velocity shows similar dynamics with a smaller velocity and ends with
a lower size.

4. Discussion

In this paper, we provide a new dynamical model for the time evo-
lution of adipocyte size distributions. In this model, cells are constantly
growing in size and they tend to accumulate at sizes where growth ve-
locity is low. This can be compared to a “toll effect”, when toll gate slows
down cars, leading to an increase of local density. The growth velocity is
tailored to obtain the desired shape for cell size distributions. However,
we stress that the growth rate remains biologically plausible. Indeed, for
small radii, the growth velocity is proportional to the cell surface Soula
et al. (2015), Gliemann and Vinten (1974), Smith (1971). The growth
rate then increases and reaches a maximum for an intermediate size
around the nadir. For larger radii, the tissue prevents the cell growth,
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radius after 1/c, 2/c and 3/c days in each case.

and growth velocity decreases towards zero. The resulting cell size dis-
tribution yields a bimodal distribution, i.e., cell accumulation around
the sizes of low growth rates both for small and large enough radii. The
death term prevents accumulation of cells at sizes larger than the phys-
iological limit. These model assumptions are different from the models
we proposed previously Soula et al. (2013, 2015), Meyer et al. (2024),
Giacobbi et al. (2024), Dauger et al. (2025). In these former models, the
growth velocity describes lipid exchanges. The two modes of the sta-
tionary solution correspond to the equilibria between lipogenesis and
lipolysis, that is to say, the zeroes of the growth velocity. To conclude,
with a constant inflow of cells, constant cell death, and continuous cell
growth we can obtain extremely realistic adipocyte size distributions.

We prove that the proposed model admits a unique stationary so-
lution, that is locally asymptotically stable, for a broad class of func-
tional forms. This justifies the data fitting procedure with the stationary
solution. The key assumption that enables the study of the long-time
behavior of the model is the separability of the adipocyte growth rate
into two distinct functions: one depending only on the extracellular lipid
amount, and the other only on the cell radius. The mathematical analysis
of the long-term behavior of general size-structured population models
is known to be particularly challenging. However, when the growth rate
has a separable form, an implicit time-rescaling transformation can be
employed to eliminate the nonlinearity in the growth rate. This transfor-
mation allows us to rewrite the model as a semilinear abstract Cauchy



L. Fostier et al.

problem, to which well-established stability results can be applied Magal
and Ruan (2018). To our knowledge, this strategy has been successfully
applied in the context of erythropoiesis modeling Grabosch and Heij-
mans (1990, 1991), and oogenesis modeling Clément et al. (2024). In
our context, in addition to the separability assumption, the existence
of a unique locally stable steady state mainly relies on two biologically
natural assumptions: (i) adipocytes grow faster when more extracellular
lipids are available, and (ii) the amount of lipids stored in an adipocyte
increases with its size.

The measured, and simulated cell size distributions are in good
agreement. The proposed model reproduces most of the distribution fea-
tures, i.e. the bimodal shape, the overall size range, and the increase of
the large-size mode with higher lipid input. With this model, the adipose
tissue presents a maximum storage capacity beyond which the extracel-
lular lipids accumulate, similarly to former models Soula et al. (2013),
Dauger et al. (2025).

However, our modeling assumptions present some limitations. The
death rate is constant, and does not depend on cell size, which might be
unrealistic, in diet change for example. Increased death rate has been
associated with increased adipocyte size and, in obesity, an increased
turnover has been reported Cinti et al. (2005), Han et al. (2025). For
instance, in Jo et al. (2010), a death rate has been considered only for
cells above a critical size. This death rate was found in agreement with
the decrease of total adipose cell number under 19 weeks of high-fat
diet. Different death rates could be taken into account as extensions of
the model presented in this article, but the death rate should be selected
with respect to the longitudinal study under consideration.

Moreover, we only consider in our model a recruitment of new
adipocytes which is constant in time. Constant rates for cell recruitment,
and cell death are needed to obtain the existence of a stationary solution,
and to compute it. Studying cell size dynamics, a constant recruitment
rate holds only if the rate variation can be neglected over the total time
period that is studied. This assumption has already been made in pre-
vious models for cell size distribution dynamics Jo et al. (2009, 2010,
2012). In addition, what is called recruitment rate here is actually a
sum of several biological processes. New adipocytes come from the dif-
ferentiation of pre-adipocyte cells. This differentiation is the result of se-
quential activation of transcription factors Sethi and Vidal-Puig (2007),
and also depends on hormones, like insulin. An individual-based and
multiscale framework Bernard (2013) would be necessary to take into
account such signaling cascades. In terms of dynamics, no clear connec-
tion between an increase of the number of adipocytes and a growth of
their size is known Spalding et al. (2008). The computation of model so-
lution may be challenging under the assumption that the recruitment of
adipocytes is varying with time, with extracellular lipids or with intra-
cellular lipids. However, it may enable the exploration of the trade-off
between hyperplasia, i.e. increase of cell numbers, and hypertrophy, i.e.
increase of cell sizes, to manage lipid storage Sakers et al. (2022); it is
foreseen to consider the case of varying in time recruitment rate in fur-
ther works.

Until now, we have worked with stationary distributions, assuming
the data are at equilibrium. Time dependent variables will allow us to
study non-stationnay solutions in order to mimic for example dietary
changes and food input imbalance. Time dynamics may enable us to
choose between different assumptions on new adipocyte recruitment or
cell death. In addition, the role of extracellular lipids, and their evolu-
tion over time would be important. One may try to control this quantity
to avoid lipotoxicity. When fat mass increases drastically, the adipose
tissue experiences remodeling, especially the extracellular matrix. These
modifications lead to the accumulation of collagen fibers in the tissue,
that is to say fibrosis. Fibrosis has been associated with metabolic and
adipocyte growth disorders Divoux and Clément (2011). To our knowl-
edge, no mathematical model has considered fibrosis formation within
adipocyte tissues until now. Taking into account fibrosis in future math-
ematical models of adipose tissue is one of the challenges that remain
to be tackled.
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Unlike our previous models, this model links the age (time since re-
cruitment) of the cells and their size. This direct link is due to the con-
stant recruitment of new cells at minimal size and the constantly grow-
ing in size assumptions. It leads to larger cells being “older” than smaller
cells. Whether the adipocyte size is related to its age could certainly be
tested with real experiments. This would enable to establish if adipocyte
size and age are related or not.

One of the true advantages of the proposed model is the explicit form
for a normalized stationary solution, that is parameterized by three pa-
rameters. The fit with the three parameter function is robust and well-
posed, in the sense that a fit will lead to a unique set of parameters. In
addition, one of the parameters, the parameter 6, automatically gives
an estimate of the distribution nadir. We perform an ABC rejection al-
gorithm that can be computationally costly if the cost function is slow
to compute. Here, with the explicit form of u*  given by Eq. (13),
the estimation computations are very fast. This explicit function gives
a new way to fit adipocyte size distributions with only three param-
eters. In past works, distributions of adipocyte sizes have been fitted
with two exponential functions and a Gaussian, yielding at least six pa-
rameters McLaughlin et al. (2007), Jo et al. (2009), Soula et al. (2015).

This model presents a novel, and simple view of the adipocyte size
distribution as a stationary distribution of ever growing, albeit dying,
cells. In accordance with our previous models, it does not suppose any
cell subpopulations, and does not need any individual cell variation
Soula et al. (2013), Dauger et al. (2025) or diffusion term Giacobbi et al.
(2024), Meyer et al. (2024) to reproduce measured distributions.
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Appendix A. Proof of Theorem 3.

We will first show that system of Equation (18) can be written as
an abstract non-densely defined semilinear Cauchy problem on the Ba-
nach space X := R x L'((0, +c0), o(x)dx) for some suitable weight func-
tion w. Then, the principle of linearized stability, stated in Magal and
Ruan (2018) (see Prop. 5.7.1. and Prop. 5.7.4.) for these problems, al-
lows us to reduce the stability analysis to the study of the asymptotic
behavior of the linearized problem around the stationary solution, un-
der some regularity hypotheses on the model parameters. We then study
the asymptotic behavior of the linearized problem thanks to arguments
from linear semigroup theory.

For the reader’s convenience, we recall here the assumptions (H1)-
(H4) of Theorem 3:

(H1) f € C'([0, Ly)) is strictly increasing and f(0) = 0,
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(H2) g € C1([rp»+0)), g > 0 and g and g’ are bounded,

(H3) | € C'([rpip. +0)), [ is increasing with I(rp,) =0 and - is
bounded. Furthermore, there exist x, > 0 and K > 0 such that for
all x,y > xg, I(x +y) < KI(x)I(y),

(H4) for all A>0, both l/g and 4

L! ((rpins +00), (exp(—=A y(x))dx).

belong to

From Proposition 2, we know that L* > 0. Let € > 0 such that L* >
e. As we consider the local stability of the stationary solution, we can
replace f by a function f defined on R such that f > f(/2) >0, f €
C!(R) and f = f on [g,+0). This trick does not change the stationary
solution nor its local stability and it simplifies the formalization of the
abstract Cauchy problem. In what follows, f is denoted by f to ease the
notation.

With arguments similar to those in Section 3 of Clément et al.
(2024), we can check that the stationary solution v* of system (18) is
equal to the stationary solution u* of system (14). As f is a differen-
tiable strictly increasing function on [0, L,], we can verify that the local
L ((7yin» +00), (1 + I(x))dx)-stability (resp. local asymptotic stability) of
u* is equivalent to the local L!((ry,, +00), (1 + I(x))dx)-stability (resp.lo-
cal asymptotic stability) of v*. This time-scaling transformation removes
the nonlinear part of the growth rate, so that the long-time behavior of
system (14) can be studied using results from semilinear equation the-
ory.

As g is positive, we can also perform the following change of space
variable

x = y(r) :=/ $ds

‘min

(A1)

and w(r, x) = v(r, r), which leads to a system with a growth rate constant
equal to 1. Indeed, we obtain the following system for w

L(z) = Ly — [, k(x)w(t, x)dx,
0, w(t,x) + 0, w(t,x)+ (m(x) + L)w(r, x)=0, x>0,7>0,

f(L(7)
g(rmin) f(L()w(r,0) = p, >0,
x>0,

>0,

w(0, x) = wy(x),
(A.2)

where m = g'oy™!, wy = ugoy~! and k = (loy~') x (goy~1). Then, the lo-
cal L!((r . +00), (1 + I(x))dx)-stability (resp. local asymptotic stability)
of u* is equivalent to the local L!((0, +o0), w(x)dx)-stability (resp. local
asymptotic stability) of w*, the stationary solution of system (A.2), given

by w* = u*oy~!. Here, the weight w is defined by
w:=g(l+Doy™". (A.3)

We consider the Banach space X :=R xL!((0,40),w(x)dx) en-

dowed with the norm
= lal + — gl = lal+ o [T awigcoias
C (0) L1((0,400),0(x)dx) = (0) o .

< >
'/8
(A.4)

Remark that, by (H4) and Eq. (8), u* € L!((rpn, +00), (1 + I(x))dx), so
that w* € L!((0, +0), w(x)dx) and (0, w*) € X.
Let us define the following linear operator A : D(A) C X — X by

X

¢ —0x¢
(A.5)

and the map G : D(A) = {0} x L'((0, +c0), w(x)dx) — X by
0 R(¢)
G = ,
<¢> (M (¢>>
with

R(@) := L

8rmin) [ (Lo =[5 k()$(x)dx)

A(O> = <'¢(0)>, D(A) = {0} x (L'((0, +00), 0(x)dx) N W 1((0, +00), dx))
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and

M($) = —m¢p —

2 ¢
(Lo = [, k()()dx)

Then, system (A.2) can be written as the following semilinear abstract
Cauchy problem

%(1) = AW(z) + G(W(r)), 7> 0,

w(0) = < 0 > € D(A),
Wo

with w = <w) . Ais alinear operator with a non-dense domain in X (i.e.,

(A.6)

D(A) # X). Therefore, for any linear operator L € L(X), we consider its

restriction to D(A), denoted by Lsny and defined by:

D(L=~) C D(A) — D(A),

LD(A) : D(A)

me = Lx,

for all x € D(Lm) :={x € D(L)n D(A) | Lx € D(A)}. The map G is
continuously differentiable around stationary solution w* = (u?*> and

the linearized problem around w* is given by
Z—W(r) = Aw(z) + DGW*)W(r), T > 0, w(0) = wy € D(A).
T

Here DG(w*) € L(D(A), X) is the Fréchet derivative of G at w* and
is given explicitly as

0 P i;(LL**)z Jo k)p(x)dx
DG(w )<¢> = _o ) [ k()B(x)dx ) w* _( - +m)¢ ,
/.(L*)z 0 f(L*)

(A7)

with L* = Ly — /i k(x)w*(x)dx.

The following proposition is crucial. Indeed, the Hille-Yosida prop-
erty of the linear operator A allows us to apply the principle of lin-
earized stability, namely to verify the assumptions of Prop. 5.7.1 and
5.7.4 of Magal and Ruan (2018). Moreover, the negativity of the es-
sential growth bound of the linearized operator enables us to study the
asymptotic behavior of the linearized problem. To do so, we analyze
the spectral bound of the associated operator, as justified by Corollary
IV.2.11 in Engel and Nagel (2000), similarly to what is done in finite-
dimensional dynamical systems.

Proposition 4. Let assumptions (H1) — (H4) hold. Then A defined by
(A.5) is a closed Hille-Yosida operator. Furthermore, let w* be a stationary
solution of Eq. (A.6), then the essential growth bound of (A + DG(w*))
is strictly negative.

D(A)

Proof. First of all, let us show that A is a Hille-Yosida operator. Consider
A € C such that R(1) > 0 and (a,w) € X, then

()0 203

¢ + i =y
y
S G(y) = ae™ +/ w(s)e 0 9ds, y € [0, +o).
0

Using definition (A.4), we can compute directly

- ()], -16)

L ® -4y
<L /0 lale P ay)dy

1 o0
=|°|+—/ llpll 1
X (0) Jo L1((0,+00),0(x)dx)

1 0 4 (s
L / o(y) / Iy (s)le= 0~ dsdy,
o Jo A
o] [
F(A, y)d
STFLO Jy (4,y)dy

1 [ | o
+m/0 lW(S)IW(S)M/S F(A, y)dyds,
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with F(4,%) 1= o(x)e .
We now introduce the following technical result.

Lemma 5. Let w : [0,+00) > RY. We define for A€ C and x>0,
F(4,x) := w(x)e™**. If for some A; > 0, the function x = F(1,x) is de-
creasing on [0, +o0), then for all A > A, and all s > 0, we have

;/wF(/l Yy < —1
Fhs) J, VYT

Proof of Lemma 5. We first observe that

FOL.Y) _ -1y, By as-
F(4y,9)

F(4y,y)

sumption, F(4,,-) is decreasing, so forall y > s > 0,
F(4y,9)

< 1. Hence,

forall A> 4, and s > 0,

F(Aq,5)
F(A,s)

® F(A,y) F(4,»)
F(4y,5) F(4y,)

1 o0
_F(/LS)/S F(A,ydy =

® 1
< eA=A)s e A—Aydy = — =
= . y A=

O
To apply Lemma 5, we now verify that x —» F(4;,x) is decreasing
for some A, > 0. We compute 9, F; (4, x) = (o(x) — Aj(x))e~41*. There-
fore, 0, F)(41,x) <0 if and only if 1, > £ <x) for all x > 0. Using the def-
inition of w in (A.3) and of y in (A.1), we compute

o _(, " N,
P 1+1)°%

By assumptions (H2) and (H3), g’ and gl’—;l are bounded, so there ex-

’
ists 4, such that 4; > sup ‘;’)(—(;)) This guarantees that F(4,, -) is decreasing
x>0

)

and hence Lemma 5 aﬁplies. Therefore,

o),

So for all 4 > 4,

< <||+L

-4 (0) X

1
A=

H(M -4 HL(X) <

and for alln > 1,
1
(A ﬂl)"

Hence, A is a Hille-Yosida operator.
We now turn to the second part of the proposition, which concerns the
essential growth bound of the linearized operator. From Eq. (A.7), we
can write DG(w*) as the sum of two linear operators as follows

s 3 (3) <)

where B : D(A) —» X is the bounded linear operator defined by

Al = A"l ey < ”(AI] A7 HE(X)

B 0) _ 0 (A.8)

<¢) - (f(L*) + m)¢ .

and C : D(A) — X is defined by
13 /"(L*g

0y _ 8(rmin) f(L*)

C<¢> = P(¢) Y 7(L%) o | (A.9)
(L)

where the linear map P : L!((0, +o0), w(x)dx) — R is given by

P(y) = / k(x)yp(x)dx, Yy € L1((0, +o0), o(x)dx). (A.10)

0

By the Riesz-Fréchet-Kolmogorov theorem, we can check that P defined
by Eq. (A.10) is a compact bounded linear operator. As A is a Hille-
Yosida operator, B is bounded linear and C is compact bounded linear,

IW(S)Iw(S)dS> ST 5

10
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we can apply Theorem 1.2. in Ducrot et al. (2008) to state that the
essential growth bound of (A + DG(W*))W =(A+B+ C)W is less
than or equal to the essential growth bound of (A + B) 5 Further-
more, by corollary IV.2.10 in Engel and Nagel (2000), the essential
growth bound of (A + B 1s less than or equal to the growth bound of
(A+ Bypo: Then, to state the negativity of the essential growth bound
of (A+ DG(w*))W, it is enough to show that the growth bound of
(A+ B)W is negative. Using the characteristic method, we show that

(A+ B)W generates a C*-semigroup {Tias B)W(t)} 0 on D(A) defined
by

0
T(A+B)W(l) <¢> (T(A+B)D(A)(t)(¢)>

where
T, O = 4 PE=De S OA TS g s,
By 0 otherwise.

To compute the norm of T4, g, ___(?) thereafter, we need the follow-
D(A)
ing expression

exp (—/g m(y)dy> = exp (—/ gox 1(y)dy>
¢

coming from the change of variable z = y~!(y) in the integral and the
expression (A.1) of y. Then,

T(A+B)W( )< ¢>

and by using expression (A.11) and using the definition (A.3) of w we
obtain that

T(A+B)W(t)(¢> H
X

gox~ &) L&

(A.11)
gor ()’

1

o
=——¢ /a5
X w(0)

/ o(xX)|p(x —1)|e” S rm(Y)dex
t

® g~ ()
A o(x +1) T+ ) |p(x)|dx

/ (80~ )+ 10 (x + )8 (2™ (x) 1) dx.
0

7e )

@(0)

I e

w(0)

Let us now find an estimate for the integrand, considering separately
[0, x,] and [x,, +o0), where x; will be precised later on. In what follows,
we denote by c¢ all the constants (that do not depend on x or ¢) that may
change from line to line.
One can note that from the definition of y and the mean value inequality
we have that y~!(x +1) — y~'(x) <5 where g := max g(x) and, as / is

increasing, that
17 k) <1 () +19).
First, for x € [0, x,], from assumptions (H2)-(H4), for all 1 > 0,
8 N+ (x+ g7 ) < e+ el (0 +18)
< ¢4 T @HB) < colat

We choose 4 such that 0 < 4 <
[0, x,], we have

- .
T and, as w(x) > minw > 0 on

g+ M x+ gy X)) < ¢ Ex)

)e2/('*) < ca)(x)ezl(l*)

Now, we define x; = y(x,), where x, is given at assumption (H3).
Then, for x > x, and ¢ > %0, with (H3) and (H2)-(H4),

10 x4 1) < 1 () +18) < el Glg) < el (o)e T,

So, we have the same bound as before, using expression (A.3) for w,

g 0 + 1 (x4 D)8 () < ooy T

Hence,

o L / (810 + 10~ x + 0)g G () () ldx
(0) Jo

<o L /0 " o@lomldx.
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So, finally, for ¢ large enough, namely ¢ > 2 2 we have the following
bound

0 0
T(A+B)m(t)<¢> <¢> R

Therefore the growth bound of (A + B)—— o) is negative, and, as a con-
sequence, the essential growth bound of (A + DG(W*))
too. O

o
<ce 2/(L%)

X

DAY 1s negative

As the maximum between the spectral bound of (A + DG(w*))W
and its essential growth bound is equal to the maximum of the growth
bound of its associated semigroup (corollary IV.2.11 in Engel and Nagel
(2000)), we can study the asymptotic of the linearized problem by study-
ing the spectral bound of (A + DG(w*)) B OF equivalently the spectral
bound of A + DG(w*), see Lemma 2.2.10 in Magal and Ruan (2018).
This is the aim of Proposition 6.

Proposition 6.

(A + DG(W*) N {/1 €C: R > —ﬁ}

= {AGC : ER(A)>—f(L*) and A(A) = }
with
e e _
A(A) =1 2L loy (x)exp< <f(L*) + A) )dx

pof'(L*) - 1 _ix
+ —_— f3(L*) / loy 1(x)exp< ) ) (1-e A )dx.

Proof First, for the sake of readablhty, for all A such that R(1) >

- L*) we define the function ® € L!((0, +c0), w(x)dx) as follows

O(x) = fo Am&+ ——% (L* )ds -f

Vx € [0, 4+00),
and the linear map £ : L!((0, +c0), w(x)dx) — L!((0, +0), w(x)dx)

= [ Gm()+ —=)dn

f(L*)

Ly)(x) = /O w(&e d¢,
Yy € L1((0, +0), o(x)dx), Vx € [0, +c0).

We obtain from the definitions of A in (A.5) and B in (A.8)

$(0) >
) )¢

0
(/lI—(A+B))<¢> = <¢,+ (/1+m()+

Hence, by a calculation similar to the one in the proof of
Proposition 4, the resolvent operator of A+ B is, for 1 € C, R(A) >

__°_
f*y’

(I = (A+ B)) <u/> = <a®(x) + E(w)>'

Moreover, one can check that if (Al — (A + B)) is invertible, then
(Al — (A + B+ C)) is invertible if and only if I — C(AI — (A + B))™!
invertible, and we have

(I —(A+B+C) " =l —(A+B) ' [I - CAl = (4 + B)'|”

By (A.9), we have

I-CGI—(A+B)™ <"> = (”) —P(a®(x)+£(u/))< o )
14 14 —Cw

/(1Y)
AL

with P defined in Eq. (A.10), ¢; = —2— Z(E%)

n =
Homn) (o) A2 =0

Then,

I—C( —(A+ B)~! <”) = <“>
"8 '8

- d=a—c;P(a® + L)),
¥ =y +c, Pa® + L(y)w*.

(A.12)
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By applying PoL to the second equation and by linearity, we obtain
a=a(1-c; P©))—c; P(L(w)),
PLW)) = PL@))(1 + c; P(Lw*))) + acy P(O®)P(L(w*)).
Therefore a and P(L(y)) are solutions of a linear system, i.e.

( 1-¢,P®)
¢, P(®)P(L(w™))

riea) (rein) = (ricon)

L+ P(Lw*) )\ P(LW)) ~ \PLG))
The determinant of the matrix is given by

A @ = (1 = ¢; P(@©)(1 + ¢y P(L(w™))) + ¢; ¢, P(O)P(L(w*))

= 1= ¢, P(®) + ¢, P(L(w™)).

(A.13)

Therefore, if A(4) # 0, then I — C(4I — (A + B))~! is invertible, so,
as explained before, (Al — (A + B + C)) is invertible too, which implies
that

{/IEC:QR(/I)> andA(/l);éO}

f(L*)

M -(A+B+C ieC: RN > -2\
Cp(AT—(A+B+ ))n{ € ) > f(L*)}

or equivalently

U(AI—(A+B+C))0{AGC : 91(/1)>—f(‘;*)}

and A(A) = }

AeC:RWA)>—
c{e (4) > f(L*)

On the other hand, let us show that if A(4) =0, we can find <;> S
X \ {0} such that I — C(AI — (A + B))~! <;> = 0, which is equivalent to
find <2)> € D(A) \ {0} in the kernel of AT —(A+ B+ C). We set a # 0

and y := —ac, P(@)w* + 2 P(E(w*))w Then, as A(A) =

2

P(L(y)) = —ac, PO) P(L(w™)) + 5 1"(C(W*))2

= L2 pewr)am - 1) = - 22 Pew)),
¢ c

SO
c2

W+ ¢y P(a® + L(y))w* = ac—zP(E(w*))w* + ¢y P(L(w))w*
1

ac% ac%
= —=P(Lw*))w* - —=P(Lw*)w* =
€ €1

Furthermore,

a—c;Pa® + L)) = a— ac; P(®) + ac, P(L(w*)) = aA(L) =

Hence, from (A.12), I — C(AI — (A + B))™! (;) =0, thus

{/1 eC:RW>- and A(4) = }

f(L*)

CU(AI—(A+B+C))0{/1€C CRUA) > ——2 }
SLr)
Finally, we simplify the expression of A given by (A.13). First, by
replacing all the notations, substituting the expression of w* = u*oy~!

from formula (8) and using formula (A.11), the expression (A.13) be-
comes equivalent to

14 f'(L*) —1 1 /0 % HA+g !~ Ypdn
Al =1- f(L ) dx
% o) F2L5 o ()( )gx™ (x))e
Tpf’([*) e —1 _1 - rr—* x/x 1 —/X(“g’(x_](ﬂ)))drl
I ! FE ¢ dédx,
3L . . ™ ())gx™ (x))e A (}(71(5))e Edx.
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where we recall that y(x) := / %ds. Hence, with the change of
Fmin 84S

variables r = y~!(x) in both integral terms and y = y~'(¢) in the integral
within the second integral term, we obtain

A =1- w B q(r)exp (—(L + /l)){(r))dr

‘min

2L S SL*)
of /(L) [ __o / e (_1/’ 1y )d a
T oy, "(”CXP( Fan* m)( A R N A el
where ¢q(r) := p%. With a change of variables n(y) = y(r) — y(») in the
4

integral within the second integral term, we can verify that

_ 'y [ o
AV =1- G - q(x)exp <_<f(L*) + A) ;((x))dx

cf'(L*) [ o AN
+ ) ) q(x) exp <——f(L*))((x)> (/0 e Mdy |dx.

Finally, with the change of variable z = y(x), recalling that p is de-
fined in (17) by p = loy~!, we obtain

IL* oo
am=1- l;f%(L*)) , PEee <_<f(i*) ”>z>dz
po‘f’(L*) oo s /z iy >
—f3(L*) A p(z)exp( f(L*)Z)< A e dy |dz

! L* 00
=1- pffz((L*)) A p(z) exp <_<_f(z*) + ﬂ)z)dz
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Appendix B. Figures

On Sup. Fig. B.6, we show the evolution of solution to system
(1)-(2)-(4) with respect to time. The numerical simulation presented
here is performed in two steps. First, a numerical resolution of PDE (1)
is computed with a standard Euler explicit scheme in time and upwind
finite volume scheme in space. Second, the extracellular lipid amount
is updated with the new density thanks to Eq. (4). The upwind finite
volume scheme is particularly easy to implement here since the velocity
is always positive.

We start from an initial cell size distribution, where all the cells are
empty and therefore the whole quantity of lipids L, = 10 nmol is out-
side cells. At early times, the lipids enter cells progressively, until nearly
no extracellular lipids are left (Sup. Fig. B.6, top left panel). More pre-
cisely, at early times, radii are increasing and radius of 11um is reached
att =100, 13um at r = 200, 15um at t = 300 and 17um at ¢ = 300, see on
bottom left panel of Sup. Fig. B.6. Then, at around ¢ = 900, a peak of
adipocytes with a very small radius appears and those cells are grow-
ing until the stationary distribution is reached (Sup. Fig. B.6, bottom
right panel). We notice that the extracellular quantity of lipids is os-
cillating before reaching the stationary value, see on top right panel
of Sup. Fig. B.6. This is coherent with the analytical result of the arti-
cle since the eigenvalues of the linearized system are complex with a
strictly negative real part, which leads to an oscillating behavior of the
system.

pof'(L*) [ 4 1 )
W p(z) exp <—mz>z(l—e Z)dz,
O
prior
. .16 A
0.40 - Il posterior 0.16 0.4
0.14 A
0.35 A
0.12 A
0.30 A 0.3 -
0.25 - 0.10 A
0.20 A 0.08 7 0.2
0.15 0.06 1
0.10 A 0.04 1 0.1 -
0.05 A 0.02 A
000 = T T 000 T T T 00 T T
10 15 50 100 150 5 10 15
g* 6 k

Fig. B.5. Prior and posterior parameter distributions from ABC rejection sampler algorithm. The posterior parameter distributions are obtained with cell size
distribution of rat 1. The procedure was repeated 10° times and the threshold was set to 510~*.
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Fig. B.6. Time evolution of solutions of system (1)—(2)-(4). Top left: evolution of the extracellular lipid quantity with respect to time for early times (0 <t < 1000).
Top right: evolution of the extracellular lipid quantity with respect to time for large times (1000 < ¢ < 32,000). Bottom left: cell size distribution with respect to
radius for different early times (0 < 7 < 900). Only the left part of the distribution is displayed (radius between 10 ym and 25 ym). Bottom right: cell size distribution
with respect to radius for several times (0 < ¢ < 12,000). Only the left part of the distribution is displayed (radius between 10um and 17um). Parameters are: k = 6,

0 =50um, @ = 10°*um~'.time™!, 6 = 5.10~* time™!, r_. = 10um.
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