MINIMAL SURFACES AND ALTERNATING MULTIPLE ZETAS
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ABSTRACT. In this paper we show for every sufficiently large integer g the existence of a
complete family of closed and embedded constant mean curvature (CMC) surfaces deforming
the Lawson surfaces {1 4, parametrized by their conformal type. When specializing to the
minimal case, we discover a pattern resulting in the coefficients of the involved expansions
being alternating multiple zeta values (MZVs), which generalizes the notion of Riemann’s
zeta values to multiple integer variables. This allows us to extend a new existence proof of
the Lawson surfaces £1,4 to all g > 3 using complex analytic methods and to give closed form
expressions of their area expansion up to order 7. For example, the third order coefficient is
2¢(3) (the first and second order term were shown to be log(2) and 0 respectively in [I7]).
As a corollary, we obtain that the area of £1,4 is monotonically increasing in their genus g
for all g > 0.

FIGURE 1. Lawson’s minimal surfaces £;,4 for g = 2,3,4,5 and g = 9. The last picture in a
cutaway view alluding to the convergence to two perpendicularly intersecting 2-spheres for
g — oo. Images by Nick Schmitt.
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1. INTRODUCTION

Minimal surfaces, and more generally constant mean curvature (CMC) surfaces, in three-
dimensional space forms have been the object of intensive study for centuries. Local prop-
erties of these surfaces are completely understood via (generalizations of) the Weierstraf
representation, which gives explicit parametrizations of the surface in terms of holomorphic
data. Determining global properties, such as the topology, area or embeddedness of minimal
or CMC surfaces remains very challenging.

Due to the maximum principle, the behaviour of solutions and their moduli space depends
crucially on the (constant) curvature of the ambient space. The most difficult case is the round
3-sphere, where very few examples have been constructed. The first compact embedded min-
imal surfaces in the 3-sphere of all genera were discovered by Lawson [31] using the solution
of the Plateau problem with respect to a polygonal boundary curve which are then reflected
and rotated along geodesics. Similarly, Karcher-Pinkall-Sterling [28] have constructed com-
pact minimal surfaces with platonic symmetries. The other class of closed minimal surfaces
in S? were constructed by Kapouleas [25] via glueing equatorial 2-spheres using catenoidal
handles. Though topology and embeddedness of these examples are known, other geometric
properties, for example stability or area are very difficult to determine. While the stabil-
ity for the Lawson surfaces &1 4, were proven by Kapouleas and Wiygul [26], no area of any
minimal surface of genus g > 2 has been explicitly computed. In a very recent paper [27],
new minimal surfaces in the round sphere are constructed by equivariant optimization of the
Laplace first eigenvalue. They show that the number of such minimal surfaces grows at least
linearly with the genus. Thus showing that the Lawson surfaces are indeed energy minimiz-
ing seems to be (even) more subtle than in the genus one case, and new techniques are needed.

An alternate approach to constructing minimal and CMC surfaces in space forms uses the
integrable systems structure of harmonic maps. This can be interpreted as a global version
of the Weierstrafl representation, which is often referred to as the DPW method [10] in this
context. For tori, the integrable systems approach was pioneered by Pinkall-Sterling [37] and
Hitchin [23] around 1990, and Bobenko [3] gave explicit parametrizations of all CMC tori in
all 3-dimensional space forms.

Consider a conformally parametrized minimal immersion f: M, — S? from a compact genus ¢
Riemann surface into the round 3-sphere. Then the property of f being harmonic gives rise to
a symmetry of the Gauss-Codazzi equations inducing an associated S'-family of (isometric)
minimal surfaces on the universal covering of M, by rotating the Hopf differential. The



MINIMAL SURFACES AND ALTERNATING MZVS 3

gauge theoretic counterpart of this symmetry is manifested in an associated C*-family of flat
SL(2, C)-connections V* [23] on the trivial C2-bundle over M, of the form

VA=V 4+ A0 — AT,
where W is referred to as Higgs field. This family of flat connections satisfies

(i) intrinsic closing: V* is unitary for all A € S;
(ii) extrinsic closing: V* has trivial monodromy for Ay = —1 and Ay = 1.
(iif) conformality: ¥ € Q19 (M, 51(2,C)) is nilpotent.

The minimal surface can be reconstructed from the associated family of flat connections V*
as the gauge between V™! and V!, ie., ¥ = %(f_ldf)lvo. Constructing minimal surfaces is
thus equivalent to writing down appropriate families of such flat connections. Surfaces with
constant mean curvature H into space forms can be obtained using an associated family of
the form
VA=V 4+ A0 - AT

with the difference that V is no longer the Levi-Civita connection of the CMC surface f and
20 is no longer the (1,0)-part of its Maurer-Cartan form, but rather correspond to the data
of an associated minimal surface obtained via Lawson correspondence. More explicitly, let
U= 22 (f71df)0, with Ay = —1 and Ay = S5 and V = d + ¥ — U*. Then VM =d
and V*2 = d 4+ f~!df has trivial monodromy and the gauge between the connections V!
and V*? is the immersion f.

The DPW method [I0] is a way to generate such families of flat connections on M, from
so-called DPW potentials, denoted by n = 7, using loop group factorisation. In fact, n*
determines the gauge class of the connections V* as

d+n* e [V7.

On simply connected domains D, all DPW potentials give rise to minimal surfaces from D.
Whenever the domain has non-trivial topology, finding DPW potentials satisfying conditions
equivalent to (i)-(iii) for general Sym points A1, A\; € S! becomes difficult. The problem of
finding DPW potentials that fulfill these types of conditions is referred to as Monodromy
Problem.

Though successful in the case of tori, the first embedded and closed minimal surfaces of
genus g > 1 using DPW were only recently constructed in [I7]. This is due to the fact that
in contrast to tori the fundamental group of a higher genus surface is non-abelian. A global
version of DPW has been developed in [19) 20] under certain symmetry assumptions. The
main challenge to actually construct higher genus minimal and CMC surfaces is to determine
infinitely many parameters in the holomorphic “Weierstrafl-data” — referred to as spectral
data. The key idea in our approach is to determine these missing parameters by starting at a
well-understood surface, relax some closing conditions, and deform the known spectral data
in a direction that changes the genus of the surface such that the Monodromy Problem is
solved at rational times. These ideas were first implemented in [16] to deform homogenous
and 2-lobed Delaunay tori in direction of higher genus CMC surfaces giving rise to families of
closed but branched CMC surfaces in the 3-sphere. A similar philosophy was independently
pursued in [39] to find CMC spheres with Delaunay ends in euclidean space, and more gen-
erally, CMC surfaces close to a chain of spheres have been constructed in [4I]. Combining
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both approaches embedded minimal surfaces using the DPW approach were constructed in
[17]. In particular, we gave an alternate existence proof of the Lawson surfaces &; 4, by con-
structing a family f! of minimal surfaces for ¢ ~ 0 starting at two orthogonally intersecting
geodesic spheres and deform its DPW potential into the direction of a Scherk surface such

tmmffszQMtzzﬂﬁﬁy

In this paper we start with constructing Fuchsian potentials to extend this idea of obtaining
closed CMC surfaces by desingularizing two intersecting 2-spheres to Scherk surfaces that
intersect at 1angle 2¢p, for ¢ € (0,%). For better exposition the t-parameter in this paper is

no longer 252 =S but agrees with s up to order > 2 at t = s = 0. Our first main theorem is

Theorem 1. (Ezistence) For every g € N sufficiently large, there exists a smooth family
of conformal CMC embeddings fy,: My, — S* from a compact surface of genus g with
parameter ¢ € (0, 5)
My : o+t = (z —p1)(z —p4)7
’ (z = p2)(z — ps3)
with p1 = €%, py = —e7 %, p3 = —€¥ and py = e satisfying

o for ¢ — 0,75 the immersion fq, smoothly converges to a doubly covered geodesic
2-sphere with 2g + 2 branch points, i.e., the family f,, cannot be extended in the
parameter ¢ in the space of immersions;

® foo= fg%—@ up to reparametrization and (orientation reversing) isometries of S3;

° fg& is the Lawson surface &1,4 of genus g;

e the (constant) mean curvature Hy, of fq., is zero if and only if p = 7.

Combining the results by Kusner-Mazzeo-Pollack [29] and Kapouleas-Wiygul [26] the moduli
space of genus g CMC surfaces is 1-dimensional at the Lawson surface 1 4. Therefore, the
families we construct in Theorem [I| give the first global result on the structure of the moduli
space of CMC surfaces of genus g > 1. By an estimate of Li-Yau [32] surfaces f : M, — S3
with Willmore energy

Wm5/mHWA

Mg

below 87 are automatically embedded. To apply this theorem to the families of CMC surfaces
constructed in Theorem (1], we estimate their Willmore energy.

Theorem 2. (Energy expansion) Let fq.,: Mg, — S3 be the smooth family of conformal
embeddings constructed in Theorem [1. Then there exists an iterative algorithm to compute
the DPW potential as well as the area and Willmore energy of fy., in terms multiple polylog-
arithms (MPLs). In particular, we have

e the Willmore energy of fg., is strictly monotonically decreasing in ¢ for ¢ € (0,%)

1
from 8w to Area(&1,9) = W(&1,9) with Taylor expansion at g = oo given by

(1) W(foe) =8 [ 1= D Wigriay

k=1
k odd

with Wy = —2 [cos()? log(cos(p)) + sin(¢)? log(sin(p))] .
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e furthermore, for ¢ = 7 we have

oo

ag

2 A =8 1-— P ——

) i) =8 | 1= X gy
k odd

with aq = log(2) and ag = %C(i’)), where ¢ is the Riemann (-function.

Remark 1. The a; = log(2) was computed in [17]. Identifying as to be %C(S) was first
suggested by Wolframalpha. The verification of this identity required considerable additional
effort compared to .

An immediate corollary of the energy estimates is that the infimum Willmore energy in the
conformal class of fy, is below 87 for all ¢ € (0,5) and g > 1. Therefore, by [30] the
infimum is attained at an embedding.

Corollary 2. For g > 1 the constrained Willmore infimum
Inf{W(f) | f: My, — S?, conformal immersion}.
is attained at a smooth and conformal embedding.

The main idea of proving the two Theorems [1| and |2 is as follows. Let m: M, , — CP?
be the projection from M, ,, see , to CP! totally branched over the four points p1, ..., pa.
Showing the existence of a (Fuchsian) DPW potential solving a Monodromy Problem on the
4-punctured sphere CP!\ {p1, ..., p4} then gives rise to minimal or CMC surface patches fg#p
in the round 3-sphere with boundary. The closed surfaces f, ,: My, — S? are then obtained
through analytic continuation of fg#,. Since the potential used in [I7] withstood the general-
ization to general wing angles (in a way that an implicit function theorem argument can be
applied to obtain compact surfaces), we give in Section an alternate ansatz using the same
philosophy which allows the intersection angle and the wing angle to be 2¢ with ¢ € [0, T].
For ¢ € (0, §) fixed, we then show the existence of a unique family 7, ;) , of Fuchsian DPW
potentials given by the parameter vector z(t) for ¢ ~ 0 solving the Monodromy Problem. An
advantage of these Fuchsian potentials 7; (1), is that the limiting behaviour for ¢ — 0 (and
¢ — %) can be understood (within the same setup) to obtain a uniform existence interval
in ¢ for all ¢ in Section[d] This gives rise to complete families of CMC surfaces for genus g > 1.

Through the DPW approach it is possible to compute geometric properties of the surfaces
explicitly from the potential 7; ;). The major improvement of the paper at hand is that
we construct Fuchsian DPW potentials that incorporate all symmetries of the immersion. In
stark contrast to [I7] this new approach not only allows to obtain a complete family of CMC
surfaces f; , deforming the Lawson surface £ , but also allows for an iterative algorithm to
compute the Taylor expansions of the DPW potential as well as the area of f;, , explicitly.
For a deeper investigation of the Taylor series, we specialize to the case of Lawson’s minimal
surfaces starting from Section When writing the area expansion for ¢ = 7 as in we

have an iterative algorithm to compute the coefficients «y in terms of certain iterated (£2-)
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integrals. Evaluating these integrals gave

a1 = log(2)

as = 14(3)

as ~ 3.6996269944 . ..

a7 ~ —53.1688000602. ..
ag >~ —459.5656763714 . . .

while the even order coefficients vanish. Note that the coefficients have changing signs, so it
is not obvious whether the area is monotonic in g. Then in Section [8| we first prove a structure
theorem for the coefficients a. With the notations of Section [§ we have

Theorem 3. Every oy can be expressed as a weight k linear combination ( with coefficients
in Q) of products of alternating multiple zeta values at arguments in {1,2,2}.

For example, for the first coefficient «;, it is elementary that

o\~ (DR
(=3 = —log2),
k=1
and only the multiple remains to be fixed. The second coefficient a3 must be a linear com-
bination of weight 3 alternating multi-zetas, for which {¢(3),¢(2)log(2),log(2)3} is known
to be a spanning set. The vanishing of the ¢(2)log(2) and log(2)? coefficient is established
by direct calculation in Section [8] but not yet understood and hints perhaps at some deeper
structures. The pattern underlying the proof of Theorem [3| results in a simplification of the
algorithm, which allows us to compute the coefficients aj up to & = 21 numerically, and
prove close form expressions for those in terms of multiple zeta values up to k = 11 (up to
k = 7 is given in Appendix ) Furthermore, this also allows us to give a proof identifying
ag = %C (3) without the need of any computer algebra system.

A natural question that arises in Theorem [1|is about the interval ¢t € [0,7") for which the
implicit function theorem arguments holds. By complexifying the underlying equations and
going into details of the proof of the implicit function theorem using contraction mapping
principle we estimate

Theorem 4. The Taylor series for the Fuchsian DPW potential, and in particular the series
(2), converges for g > 2.65404.

Remark 3. This is by far not optimal, as we conjecture convergence of our potential for all
g > 1. In fact, when plugging in g =1 and ¢ = T in truncated at k = 21, we obtain the
area of the Clifford torus, which is 2%, up to an error of only 1073. For g = 0 on the other
hand we get a large number, suggesting that the convergence radius should lie between g = 0

and g = 1.

The proof of Theorem [ relies on the evaluation of a large number of iterated integrals and
has a number of interesting consequences: it can be used to numerically compute the area of
Lawson surfaces of genus g > 3 with an explicit bound on the error, see Section [I0] Though
it strikes weird at first that the bound on the genus we give here is not an integer, the explicit
value, or that the value is significantly below 3 is essential to prove that the area is an strictly
increasing function of the genus g for all g > 3 (Proposition. Together with the resolution



MINIMAL SURFACES AND ALTERNATING MZVS 7

of the Willmore conjecture [34] and an upper bound on the area of Lawson’s genus 2 surface
using a coarse triangularization of the fundamental piece in Proposition [65] we obtain:

Theorem 5. The area of the Lawson surfaces §1,4 of genus g is strictly monotonically in-
creasing in g for all g > 0.

More generally, it is natural to conjecture

Conjecture. Consider for (k,1) € N? the area Ay of the Lawson surfaces & ;. Then, Ay is
monotonically increasing with respect to the partial ordering of N? given by (k,1) < (K',I) if
and only if k < k' and [ < ['.

Remark 4. For low genus, the experimental values of Ay for k,l = 1,...,12 given in [5]
suggest that the conjecture holds in these cases. When [ is fized, the area estimates in [17] at
k = oo confirms the conjecture for k sufficiently large.

The paper is organized as follows. We first give in Section [2] the necessary preliminaries
to loop groups, DPW approach and character varieties. The ansatz for the Fuchsian DPW
potential is explained in Section [3] which is then shown to solve a reformulated monodromy
problem. When building the surface from the DPW potential, we show that the symmetries
of the potential actually carry over to symmetries of the surface. We give a detailed study of
these symmetries and of the limiting behaviour of the compact surfaces when g — oo. The
¢ — 0, 5 limit is considered in Section 4| giving us an uniform existence interval for all .

When solving the monodromy problem, we use so-called half-trace coordinates denoted by
p and q. The DPW potential and the area (respectively the Willmore energy) of the corre-
sponding surfaces can be determined from the expansions in ¢ of these coordinates. In Section
we discover a pattern in the Taylor expansion of p and ¢, and use these in Section [6] to
compute the first derivatives of the parameters when they solve the monodromy problem.
An algorithm to compute higher order derivatives is presented in Section [7] and derivatives
up to order three are computed in the minimal case. The coefficients are given by iterated
integrals, which we call Q-values. When specializing to the Lawson case of ¢ = 7 we discover
in Section [§] that every (2-value can be expressed using one single multiple zeta value using
so called iterated § integrals introduced by Hirose-Sato [22]. This drastically reduces the
complexity of computing the Q-values, which was a crucial step to compute ay in (2)) up to
k=21.

Quantitative estimates on the existence interval for the implicit function theorem argument
are given in Section [0 which yields that the Taylor series of our DPW potential converges for
g > 2.65404. Using this convergence radius and the expansion of the area to order £ = 21,
we prove monotonicity for the area of the Lawson surfaces for all g > 0 in Section

The proofs for some technical or folklore Lemmas are included in the appendix. Moreover,
we also attached numerical outputs, such as the computation of the third order derivatives,
and the values of the ag. Supplementary Mathematica notebooks with the implementation of
the algorithm to compute higher order derivatives in the minimal and CMC surface case are
provided. Moreover, we also provide Mathematica notebooks to estimate the Q-values and
to compute the convergence radius for the quantitive implicit function theorem of Section [9}
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2. PRELIMINARIES

The DPW method [I0] is a technique to parametrize minimal and CMC surfaces in space
forms using holomorphic data and loop groups. We first set the basic definitions and the
necessary notations here, for more details adapted to our approach see [17].

2.1. Loop groups. Let G be a Lie group and g its Lie algebra. Then the associated loop

group
AG := { real analytic maps (loops) ®: S' — G, A — &},

is an infinite dimensional Frechet Lie group via pointwise multiplication. Its Lie algebra is
given by
Ag := { real analytic maps (loops) n: S' — g, X — 7}
Let D:={\ € C| |\ <1} and G a complex Lie group. Then
ATG = {® € AG | ® extends holomorphically to D}
denotes the positive part of the loop group AG. Similarly,
ATg:={n € Ag | n extends holomorphically to D}

denotes the non-negative part of its Lie algebra.

Fix p > 1 and define for v € L?(S!, C), given by its Fourier series
U= Z up\F,
k€EZ
the norm

o= 3 fulo < oo.
kEZ
As in [39, 17] the following functional spaces are considered. Let
W, i={ue L*(S,C) | || u [,< oo}
be the space of absolutely convergent Fourier series on the annulus
A,={reC| <A <p}

This generalizes the classical Wiener algebra (which has p = 1). The most important property
of W, is that it is a Banach algebra. Let

W0 = {u =Y wA e W, |u =0 Vk<0}
k
denote the space of functions u € L%(S', C) that can be extended holomorphically to the disk
D, = D(0, p). Similarly, let
W= {u=>Y wuA €W, |up=0 Yk<0}
k
Wili={u=>Y wuA eW,|uy=0 Yk>0}
k
denote the positive and negative space, respectively. Therefore we can decompose every
ueWw,
u=u"+u+u"
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into its positive and negative component u* € WEO, and a constant component u® = wug.

We define the star and conjugation involutions on W, by

u*(A) =u(1/X) and  @(\) = u())
and we denote by Wk , the space of functions v € W, with u = u. Note that u = u* means
that wu is real on the unit circle, while © = u means that u is real on the real line.

Remark 5. For an arbitrary matriz group G, AG, denotes the subspace of AG consisting of
loops whose entries are in W,. Then AG, is a Banach Lie group. To enhance exposition we
will omit the subscript p most of the time.

2.2. DPW approach. A DPW potential 7 on a Riemann surface M is a holomorphic 1-form
n € QYO(M, Asl(2, C))
with
Ay € QB0 (M, ATs1(2,C))
such that its residue at A =0
n-1:= Resx=o(n)
is a nowhere vanishing and nilpotent 1-form.

For a given DPW potential n the extended frame & is a solution on the universal cover M of
M of

dy® = on
with some initial value ®(zp) = ®9 € ASL(2,C) at a fixed 29 € M. In other words, ® is a
parallel section of V2. The Iwasawa decomposition is the unique splitting of ® into a unitary
and a positive factor:

d=FB

with F' € ASU(2) and B € A{SL(2,C), where A SL(2,C) C ATSL(2,C) denotes the space
of positive loops B such that B(0) is upper triangular with positive real numbers on the
diagonal. The splitting depends smoothly on z € M, thus the unitary factor F' is also
smooth in z.

Remark 6. The [wasawa decomposition is a smooth diffeomorphism between the Banach Lie

groups ASL(2,C), and ASU(2), x Af SL(2,C), (see Theorem 5 in [40]).

Consider two unitary complex numbers A\; # Ag € S!, called the Sym-points. A conformal
immersion of constant mean curvature H = 1:\\1f§§ can be reconstructed from the unitary

factor F' by the Sym-Bobenko formula
f=FA)F) ' M — SP.

For any element v € m (M, 29) of the fundamental group, let M(®, ) denote the monodromy
of ® with respect to 7. The conditions for the DPW potential to give a well-defined immersion
f on M are

M(®,7) € AST(2)
(3) ¥y € m (M, 2) { M(@,%!A:Al = M(®,7)xr=», = +1d2

We refer to these conditions in as the Monodromy Problem.
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2.3. The Riemann surface. In this paper we restrict ourselves to genus g Riemann surfaces
My, with a Zg1-symmetry. More explicitly, the Riemann surface M, ., where ¢ € (0, §) is
a parameter, is determined by the algebraic equation

L9l (z —p1)(z — p3)
@) Mgpr 9™ = (z —p2)(z —pa)’

so that it admits a (g + 1)-fold covering
: 1
m: My, — CP
totally branched over the four points
(5) pr=€% pp=—e% py=—e¥ p=e¥

Remark 7. On a compact Riemann surface there exists no DPW potential solving the Mon-
odromy Problem without singularities (e.g. poles). To obtain compact CMC' surfaces we
require the necessary singularities to be apparent, i.e., removable by suitable local gauge trans-
formation.

Rather than constructing the DPW potential directly on M, ,, we consider a DPW potential
7 on

Y =23,:= cpt \ {p1, .., pa}
with simple poles at p1,--- ,p4.

2.4. Fuchsian systems. A SL(2,C) Fuchsian system on the 4-punctured sphere ¥ is a
holomorphic connection on the trivial C2-bundle over ¥ of the form V = d + ¢ with

4
_ E . dz
£ - AJ Z—p]"
Jj=1

4
where A; € sl(2,C) and ZAj = 0 to avoid a further singularity at z = oo. Two Fuchsian
j=1

systems are equivalent (when fixing the punctures p;), if there exist an invertible matrix
G such that flj = G '4;G. Due to its form, a Fuchsian system is automatically flat, and
we can consider the associated monodromy representation of the first fundamental group
71(2). Via the monodromy representation the space of these (irreducible) Fuchsian systems
(modulo equivalence) is biholomorphic to an open dense subset of the space of (irreducible)
representations of the first fundamental group of ¥ to SL(2, C) (modulo overall conjugation).
Of particular interest for the construction of CMC surfaces are Fuchsian systems admitting
a unitary monodromy representation.

Definition 8. A SL(2,C) Fuchsian system is called unitarizable if there exist a hermitian
metric h on C? — ¥ such that the connection d + ¢ is unitary with respect to h.

The analogous definition on the representation side is

Definition 9. A monodromy representation is unitarizable if it lies in the conjugacy class of
a unitary representation.

We will make use of the following classical theorem, which dates back to Vogt, and Fricke
and Klein, see for example [I]. We give a short and self-contained proof in Appendix
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Theorem 6. Let Ly, ..., Ly € SL(2,C) satisfying L1LoLsLy = 1d with
trace(L;) = trace(La) = trace(L3) =0 and trace(Ls) =7 € (0,2).

Then, Li,...,L4 is uniquely determined up to conjugation by its trace coordinates x =
trace(L1L2), y = trace(LaL3) and z = trace(LaLy). These satisfy

P2+’ + 24 ayz—44+12=0.

Conversely, every solution (x,y,z) to this equation gives rise to Ly, ..., Ly as above with
(z,y,2) as trace coordinates. Moreover, there exists a U € SL(2,C) such that

UL,U ' eSU?2) forall j=1,..,4

if and only if the trace coordinates satisfy (x,y, z) € (=2,2) x (=2,2) x R. The unitarizer U
is uniquely determined up to multiplication by SU(2).

3. A FucHSIAN DPW POTENTIAL FOR LAWSON-TYPE CMC SURFACES OF HIGH GENUS

3.1. The potential. Fix ¢ € (0, F). For small ¢ > 0, we consider on the 4-punctured sphere
Y, a so-called Fuchsian DPW potential of the form
dz

Z—pj

(6) =1ty A;j(\)
where the residues A; € Asl(2,C), are given as follows. Due to the choice of p; in , the
Riemann surface ¥, has three symmetries given by

0z2)=—2z, 7(2)=+, and o(z)=2z2.

We require that the potential 7 is equivariant with respect to these symmetries, i.e., it satisfies

)

—1

§*n=D"'nD with D= ( o )

Fn=C"nC  with c_((.’ 6)

—

oc*n=mn where 7(z,)\) =n(z\).

These are meant to encode the symmetries of Lawson surfaces. We will see in Section [3.5]that
provided the Monodromy Problem is solved, the resulting immersion indeed has the desired
symmetries. The symmetries of 1 are respectively equivalent to

A3 =D 'A1D and Ay=D'A45D
Ay =C7'AC and As=C"14,C
A4:A71 and A3:A72.

In particular, A, = C~'A,C so A; is of the form

1 To + ix3
A = .
Iro — 13 —X1
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with 1 = —x1, T2 = 22 and T3 = x3. In other words, z1 € iWg , and x2,23 € Wg . The
other residues are then given by

—x1 —xo + ix3
Ay = .
—T92 — 13 I

il —Xro — ixg
Az = .
—Z9 + 123 —I1

—I1 Tr9 — 1333
Ay = . .
To + 123 T

4
DA =0.
=0

so the potential is regular at z = oco. The functions x1,x9,x3 are the parameters of our
construction. To emphasize the dependence of the potential on ¢ and = = (x1,x9,x3) we
write 7, and even 7, (in this order) if we need to emphasise the dependence on the angle
. We can rewrite the potential in the form

In particular,

. 3
i Tr1wi Towo + 1x3w3\ o
e =1 (fczwz —izgws  —Twi > B tz; Ehhe
=
where the meromorphic 1-forms w; are given by
oy — 11 n 11 Qs — 4isin(2p)z dz ’
Z—p1 Z—Ppy Z—DPpP3 Z—Dp4 24 —2co0s(2p)22 + 1
oy = 111 N 1 ds — 4cos(p) (22 —1)dz 7
Z2—p1  Z—Py Z—Pp3 Z—Dp4 24 —2co0s(2p)22 + 1
oy — 1 N IS | P sin(¢) (2% + 1) dz ’
Z2—p1 Z—pys Z—DpP3 Z—DP4 24— 2c08(2p)22 + 1)

and

(1 0 /01 (0 i
M=\g —1)> ™7\1 9/ ™=\ o)

Recall that in order for n to be DPW potential, we need Resy—gn to be nilpotent. Using an
index —1 to denote the coefficient of A~! in the expansion, we have

3
det(Resy—on) = _tQZx?,—lwgz‘
i=1

16t% (2 4 sin?(2¢p) 2% — x5 g cos*(@)(2* — 1) + a3, sin? () (22 + 1)?)
(24 — 2cos(2¢)22 + 1)2 ‘

This gives us the equations

2 2

sin’(2p)a3_y +2cos”()a3_y +2sin’(p)ad_; =0
Lo 1 COSQ(‘P) =3 _1 SiDQ(SO)

which determines

(xL—lu €2, —1, 5537_1) = ’I”(i, + Sin(@)a + COS(S")); (S R.
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We choose r = % and the following signs:

(7) (1,1, T2,-1, ¥3,-1) = 5(i, —sin(p), — cos(p)).

There is no loss in generality in fixing r because of the time parameter ¢, and choosing other
signs corresponds to conjugating the potential by C' or D.

3.2. The Monodromy Problem.
The symmetry o indicates that the Sym-points, denoted by A, A2 € S! in the following,
should be complex conjugate to each other. Hence, our ansatz for the Sym-points is

M) =€ and  Ay(0) :=e Y

for some parameter § € R. Let ¥ be the universal cover of ¥ and LT 3 — ASL(2,C) be
the solution of the Cauchy Problem

(8) ds®;y = Oy,  with initial condition @ ,(z = 0) = Id.

Let 41, -+ ,v4 be generators of the fundamental group (3, 0), with 7; enclosing only the
singularity py and y1y2y374 = 1. Let My (t, z) = M(P; 4, v;) be the monodromy of ®; ,, along
7;. Following [17], the goal is to solve the following Monodromy Problem:

(i) 3JU € ASL(2,C), Vj, UL M;U € ASU(2) ;
9) (i) ds >0, Vj, M; has constant eigenvalues e
(i4i) 30 € R, Vj, M;(\ = e*?) is diagonal .

+27is .
b

The first point means that the monodromy representation is unitarizable. Point (iii) ensures
that the monodromies commute at the Sym-points. If Point (ii) is satisfied and s = le,
n.x lifts to M, , to a potential 7; , with monodromies —Id around the points p; = 7 1(p;).
We will see that the points p; are in fact apparent singularities, as desired. This therefore

yields a closed CMC surface f: M, , — S3.

Because of the symmetries imposed on the potential, it suffices to solve Problem [J for j = 1.
We solve this problem in Section [3.4] using the implicit function theorem at t = 0. This will
determine the parameter x = (x1, z2, r3), the unitarizer U, s and the Sym-point angle 6 as
functions of t, for ¢ ~ 0 small enough.

3.3. Half-trace coordinates. Our goal is to reformulate the Monodromy Problem @ in
terms of traces using Theorem @ In the following we will denote by &/ C CP! the simply
connected domain obtained by removing the radial rays from p; to oo, for j = 1,...4, see

Figure [2

~

FI1GURE 2. The simply connected domain ¢/ is C with the green lines removed.
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In this section ® = ®; ,, denotes the solution of d® = &7 in U with initial condition ¢(0) = Id.
Define

P=P(t,x)=P(z=1) and Q=09(t,z)=(z=1).

~U

Y

~U

FIGURE 3. The figure shows a cartoon of the 4-punctured sphere ¥ with punctures
P1, ..., pa, where the points z = oo need to be identified. The initial value of ® at z = 0 is
Id. The extended frame ® along the dark blue curves are given by P and Q respectively.
The principal solution along the light blue curves are given by the principal solution along
the dark blue curves together with the symmetry §. The z-axis and y-axis each consists of
a dark blue, light blue, green and purple line segment, and on ¥ each axis is homotopic to
a curve around two punctures p1, p2 and p2, ps, respectively.

Proposition 10. The monodromies My, Ma, Ms and My are given by
M, = -PCP~'DQCDQ ™
My = QDCQ '"PCP~'D
Mz =D 'M;D
My =D 'MD

where the matrices C' and D are defined in Section (3. 1).

Proof. Recall that 7 is not singular at z = co. Denote by ®(+00), ®(+icc), ®(—o0) and
®(—io00) the value of ® at co obtained by analytic continuation along the positive real axis, the
positive imaginary axis, the negative real axis and the negative imaginary axis, respectively,
see Figure 3] Using the ¢ and 7-symmetries, we obtain

®(+o00) = PCPIC,
®(+ico) = QDCQ 'C D7
®(—o0) = DPCP'C7 D™
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Then

M = ®(+00)®(+ico) ™t = POP~'Cc ' DCOC' D1 Q™!

My = ®(+ic0)®(—00)~ ! = 9DCQ ¢ 1D tcpCc—tp!
which simplify to the formulas of Proposition using DC = —CD and C? = D? = —Id.
The formulas for M3 and M, follow from the d-symmetry. O

We will apply Theorem [6] to the representation given by

(10) Ly =QCDQ™ Y, Ly=D, L3=PCP' and Ly= M, =—-PCP 'DQCDQ "
Then LyLoL3Ly = Id and trace(L;) = trace(Lq) = trace(Ls) = 0. Using Proposition we
thus obtain

(11) My =Ly, My=L;{'Lyly, Ms= Ly 'LyLy, My =Ly L7 LyL1Lo.

Observe that if Li,..., L4 are simultaneously unitarizable, i.e, there exist a U € SL(2,C)

such that ULRU~! € SU(2), then My, ..., My are also simultaneously unitarizable. In view
of Theorem [6] we define the half-trace coordinates p, q,t by

p(t,x) = Strace(LoLs), q(t,x) = —Strace(LiLy) and  t(t,z) = —3trace(LoLy).
Moreover, let
K(z) = —det(Ay) = 2? + 23 + 2.
Proposition 11. Lett > 0 and x be the parameter vector of the DPW potential i such that:

(i) p(t,z) and q(t,x) are real along the unit circle \ € S*.
(i) K(z) is a positive constant (with respect to \) which satisfies

(12) 0 <tyvK(z) < i

(iii) There exists \; = €% € S! such that p(t,z)(A\1) = q(t,z)(\1) = 0.

Then there exists U € ASL(2,C) such that UL;U~' € ASU(2) for all j = 1,...4. The uni-
tarizer U is unique up to left multiplication by ASU(2). Moreover, the Monodromy Problem
@D is solved.

Proof. Let
s =tVK.

Then the residue tA; of the potential at p; has eigenvalues +s. By the hypothesis ,
the Fuchsian system given by d® = ®n is non-resonant at p;, so the monodromy M; has
eigenvalues e*2™¢ proving Point (ii) of Problem @ Moreover,

T = trace(Ly4) = trace(My) = 2cos(27s) € (—2,2).
By Theorem |§|, the half-traces coordinates p, g, v satisfy the equation (after dividing by 4)
(13) p? + ¢% + 2 4+ 2pqr — 1 + cos?(27s) = 0.

The function t is a well-defined holomorphic function of A in a neighborhood of the unit
circle. On the other hand, v is given as the solution of the quadratic polynomial . Since
p and q are real along the unit circle, this polynomial has real coefficients, and since t is
well-defined and holomorphic in A, its discriminant

A =4(1-p*)(1 - ¢%) — 4cos*(2ms)

has constant sign on the unit-circle (its zeros, if any, must have even order). At A\, we
have A = 4sin?(2ws) > 0, so A > 0 on the unit circle. Hence v must be real on the unit
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circle. If p> =1 or ¢> = 1, then A < 0. Hence, |p| and |q| are bounded by 1 along S!. So
trace(L1Ly) € (—2,2), trace(LaLs) € (—2,2) and trace(LaLs) € R. By Theorem [6] there
exists U € ASL(2,C) such that UL;U~! € ASU(2) for j = 1,...,4. Moreover, the unitarizer
is diagonal by Proposition depends smoothly on A along the unit circle by Theorem [10]
and unique up to left multiplication by ASU(2).
Thus point (i) of Problem (9) follows from Equation (1. Finally, to prove Point (iii) of
Problem @, we compute
1 P — P —p
d(+o0) = PCP~'C 1:( e

(froc) p P — P3

of + 9, —iq
—iq Q%Q + Q%l
Hence both are diagonal at A1 and so is M;. By Proposition below, we have p()\;) =
—1% proving Point (iii)

®(ico) = QDCQ D™ = <

p(A\1) = 0 and similarly q(A\;) = 0, so M; is diagonal at Ay = e
Problem @

DO

Proposition 12.

(1) The half-trace coordinate p and q can be expressed in terms of the entries of P and
Q by
p="P11Pa1 —P12Po2 and q=i(Q11Q21 + Q129Q22).

(2) They satisfy p = p (which means p(A\) =p) and q = q.
(3) Att =0, we have p(0,z) = q(0,z) = 0 and the derivatives of p and q with respect to
t att =0 are given by

p'(0,2) =27z3  and q'(0,7) = 27xs.

Proof. The first point is a direct computation using the definitions of p and q. Recalling the
symmetries of the potential, we have c*® = ® so P = P, which gives p = p. In the same
way, (§00)*® = D~1®D so @ = D1QD. This gives § = q.

At ¢t =0, we have P(0,z) = Q(0,2) = Id so p(0,z) = q(0,z) = 0. Differentiating the equation
ds®; o = Dy 21t With respect to ¢ we obtain

3
/ /
ds® . =My = § Tim;w;.
j=1

Integrating, we obtain for z € i/ — the simply connected domain in CP! obtained by removing
the radial rays from pp to z = co —

, [, x1Q1(2) 29Qa(2) + ix3Q3(2)
@O’I(z) _/0 770,95 o ( .13292(»2% —li$3Q3(Z) ’ 2—]]191(2) ’ >

Q;(2) Z/Ozwj-

For further reference, we list the values of all ©; at z = 1 and z = i (which are easily computed
using complex logarithms)

where

(19 (1) =i(r 20, 9a() =1og (1 oD ). (1) =in
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1—mw>

(15) Q1) = —2ip, Qi) = —ir, Qi) = log <1 T ain(e)

This gives
p'(0,2) = P5(0,2) — P15(0,2) = —2iz3 Q3(1) = 2723
q'(0,2) = 1(Q5 (0, z) + Q15(0,z)) = 2iza Qa(i) = 27z2.
O

Using Iwasawa decomposition, we may choose a positive unitarizer U & Aﬁ SL(2,C). It then
has additional properties following from the symmetries:

Proposition 13. The unitarizer U is diagonal and satisfies U = U, i.e. U(X) = U()\).

Proof. Since U unitarizes Lo, we have
UDU'D ' =UL,U'D™! € ASU(2)
and since D is constant diagonal, also
UDU'D™ € AL SL(2,C).
Hence UDU~!D~! =1d, so the unitarizer U is diagonal.

For the second point, we prove that U unitarizes all L;. From the o symmetry, we have

1
M1 = M4 , SO

ULyU ' =UMU '=UM;'U-! € ASU(2).
Since P = P,
ULsU ' =UPCP'U ' = —UPCP WU L = —ULsU ! € ASU(2).
In the same way, using @ = DQD~! and that U is diagonal, we have

1

ULU '=T(DQD HCD(DQ 'D YT ' = —-DULU D! € ASU(2).

Finally, since D is diagonal, ULQU_I = D € ASU(2). By uniqueness of the unitarizer of
Ly, , L4 up to left multiplication by ASU(2), we have UU~! € ASU(2). On the other
hand, UU! € AESL(Z(C), so UU! =1d. O

3.4. Solving the Monodromy Problem for small ¢ using implicit functions. If f is
an analytic function of ¢ such that f(0) = 0, we denote by f the analytic function

- -1 i
fo-{5d" w2
Consider the analytic functions p and q and define
Fi(t,x) =p(t,z) — p(t,2)"
Fot,x) =q(t,x) —q(t,z)"
Hi(t,2,0) = Re (B(t,2) |y_o0)
Ha(t,2,0) = Re (q(t, 2) [r=c0) ,
where 0 is a real parameter. We shall solve the following problem:

(i)  Fit,z)=Fa(t,x) =0
(16) (19)  K(z) is constant with respect to A.
(tit)  Hi(t,z,0) = Ho(t,x,0) = 0.
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Note that F; = 0 is equivalent to p being real on the unit circle. In this case, p(el?) € R
and thus H; = 0 is equivalent to 4p(el?) = 0. Hence, by Proposition a solution (¢, z,0) of
Problem gives a solution of the Monodromy Problem @, provided I satisfies the bound
).
Proposition 14. The maps F; and K have the following symmetries:
Fi=-F and F,=7F
K =K.
In particular, the equation F; = 0 is equivalent to ]-T =0.
Proof. The proposition follows directly from the fact that * is an involution, the symmetries
of p and ¢ in Proposition (12| and z; = ;. O
Proposition 15. At t = 0, the Monodromy Problem has a unique solution such that
K > 0. It is given by
r =LA =N =y
To = —% Sin(go)()\_1 +A) =z,
T3 = —% cos(go)()\_1 +A) =2x3
0=35:=0
and satisfies kK = 1. We use an underscore to denote the value of the parameters at t = 0

and call it the central value.

Proof. Remember that we have fixed the negative part of each parameter x; in @ At t =0,
we have by Proposition
(17) p(0,2) =27z3 and q(0,7) = 2mxs.
The equation F; = 0 gives x3 = x5, hence x3 is a degree-1 Laurent polynomial:
x3 = —% cos(@) AT+ N) + z30.
Then H; = 0 gives
x3,0 = mcos(p) cos(h).
In the same way, the equations F> = 0 and Ho = 0 give
z9 = —1sin(p) (A1 + \) + 7sin(p) cos(6).
From K being constant, we see that z1 must also be a Laurent polynomial of degree 1 which
we write as x1 = %)\71 + 1,0+ z1,1A. Then K expands as
K=X"1 (i1 o—m cos(9))+)\0(xi0—i—ia:1,1 +7? cos2(¢9)+%)+)\(2x17033171 -7 cos(@))+/\2(xi1+i).
Since K is constant in A\, we obtain

x1,0 = —imcos(0)
r11 =36l with &=+l
meos(f)(e —1)=0

K=1(1-e¢).
The choice € = 1 leads to K = 0 which is excluded. Hence ¢ = —1 and cos(f) = 0. O



MINIMAL SURFACES AND ALTERNATING MZVS 19

Proposition 16. For ¢ € (0,%) fized, there exists T = T(p) > 0 such that for [t| <
T, the Monodromy Problem has a unique solution (x(t),0(t)), analytic in t, such that

(2(0),0(0)) = (z,0).
Proof. We write z; = x; + y; where z, is given by Proposition |15 and

Y= (y17y27y3) S IWH%O X WI%O X WH%O
By Equation , we have at t =0

So the differential of (F*,G%, Hy,Ha) with respect to (y,6) at (¢,y,0) = (0,0,0) is given by

dF; = 2ndyd

dFy = 2ndyd

dH;, = 2w cos(p)df + 2mdys(i)

dHga = 27 sin(p)df + 2mdya(i).
The partial differential with respect to (y2,ys) is clearly an isomorphism from (W§0)2 to
(1/\/]§())2 x R2. By the implicit function theorem, for (¢,%,6) in a neighborhood of (0,0, ),
there exists unique values of y» and y3 in W]%O solving it = Ff = 0 and Hy = Ha =
0. Moreover, the differential of ya(t,y1,60) and ys(t,y1,6) with respect to the remaining
parameters (y1,0) at (t,y1,6) = (0,0,0) is given by

dys = dyS = —sin(p)df and  dys = dyd = — cos(p)dh.

Then the differential of I with respect to (y1,6) at (¢,y1,0) = (0,0,8) is

3
dK = 2zdy; = i(A™" = Ndyr + (A" + M)do.
j=1
Observe that for all values of the parameter x we have MC(z) € WH%O. Using Proposition
from Appendix [A| with (u1, u2) = (1, —1), we decompose AK as

AC(z) = K_1(z) + Mo(z) + (A2 — DK (2)

with (K_1(z),Ko(z)) € R? and K (z) € WEO. We want to solve K_; = 0 and K = 0. From
the formula for dKC we obtain

dK_1 = 2d6
dK = —idy; + db.

The partial derivative of (IE, K_1) with respect to (y1,6) is an isomorphism from iWﬂ%O x R
to WEO x R. Hence the implicit function theorem gives rise to a 7" > 0 such that there

exists unique (y;(t),6(t)) € iWH%O x R in a neighborhood of (0, 8) with K € WY for all t with
It <T. O
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Remark 17. A priori, T depends on the angle p. However, the partial derivatives, computed
in the above proof, remain invertible in the limit cases ¢ =0 and ¢ = 7w/2. So provided the
functions F; and H; extend smoothly to ¢ = 0 and ¢ = w/2, the implicit function theorem
will give a uniform T > 0 such that for all ¢ € [0,7/2] and |t| < T the Problem has a
unique solution (z(t),0(t)). We prove that this is indeed the case in Section[{

Proposition 18. (1) The solution (z(t),0(t)) given by Proposition[16] has the following
parity with respect to t:

x(=t)(=\) = —z(t)(A)  and O(—t)=m —0(1t).
(2) Moreover, x(t,p) and 0(t,p) have the following symmetries as a function of ¢,

xl(_tvg _()0) :xl(tv()@)a 372(_757% _()0> =$3<t, ()0)7 x3<_t7g _90) :$2(t790)
01,5 - ) = 0(t,)

In particular, in the case of ¢ = 7 combining (1) and (2) gives
T
21()(A) = —21()(=A), 22()(N) = —23(t)(=A),  and (1) = o,

thus @ = T yields a family of minimal surfaces.

Proof. Given parameters (z,0), consider the parameters (Z, ) defined by
Z(\) = —z(=N), and 0 =m—0.
Note that at the central value, Z = x and 9 = 6. We then have by inspection
N-tz(=A) = Nea(A)
Dy a(—N) = By(N)
p(=t,2)(=A) = —p(t, z)(N)
Fi(=t,2)(=A) = =Fu(t, z)(A)
Hy(—t,7,0) = Rep(—t,2)(e?) = —Rep(t, 2)(—e ™) = —Rep(t, z)(e?) = —Hi(t, x,0)
K(z)(=A) = K(x)(A)
and similar statements hold for q, F» and Hs. Therefore, if (¢, x,0) solves the Monodromy

Problem then (—t,ﬁ,@ also solves the Monodromy Problem. By uniqueness in the
implicit function theorem, 2(—t) = x(t) and §(—t) = 6(t) from which point (1) follows.

To prove point (2), consider this time the parameter Z and the angle @ defined by

~

xr1 = T, fgzxg, @3:.932 and @:g—(p.

Note that at the central value, 2(0, %) = z(0, ). Let ¢(z) = iz. To state the dependance of
objects on the angle ¢, we add a subscript to all objects, for example we write p; ., w;, and
Nt,z,0- Then t(pj,) = pjt1,p, where the indices are considered mod 4. This gives

. < dz ) idz dz
L — 7 N =
Z = Pi+1,p 12 = 1Pj.p 2= Pje

* * *
(18) Cwie = —wip, wye=-—w3, and ("w3gs=w,.

hence
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Therefore, we obtain for the pull-back of the potential under ¢

sp N _ z1(—wi,p) T3(—Wws,p) +iTawa o\ _ o1
2 (n—t,xﬁp) = t($3(w3,4p)i$2w2,¢ 7‘%1(7&)1#) =95 77t7ac,<PS

im/4 0
e
S = ( 0 €i7r/4> .

The same holds for the extended frame

* —1
L (I)ft’{g’@ =5 @t@#,S.

with

Evaluating at z = 1 we obtain
Q(_t7 @7 @) = Silp(t z, SO)S

which gives

~

CI(—t, €, @) = _P(t, z, QD)

Consequently, if (¢, z,0) solves the Monodromy Problem for the angle ¢ then (—t,Z,6)
solves the Monodromy Problem for the angle ¢ and point (2) also follows by the uniqueness
in the implicit function theorem. O

3.5. Building the surface. In this section, we fix ¢ € (0,%) and consider the solution
(x(t,),0(t,)) of Problem given by Proposition Let

P(t) = tv K (z(t, ).

At t = 0, we have K(z) = 1 so that ¢'(0) = 1. Hence 9 is a diffeomorphism in a neighborhood
of 0.

Proposition 19. For g € N large enough let

(19) t=qp! (29%) .

Then the lift of Ny (1) to Mg, has apparent singularities at p; and defines a conformal CMC
immersion fg.,: Mg, — S? with the following properties:

(1) fg.0 has mean curvature H = cotan(0(t,¢)).
(2) The Willmore energy of fg., is given by

W(fgir) = 87 |1 = K(a(t, 0))7/2 (cos(p)aB(t, o) = sin(p)af(t, )]

(3) Up to an isometry of S3, the image of the quarter disk {Re(z) > 0, Im(z) > 0, |z| < 1}
under fq ., is bounded by four symmetry curves. Each of the four curves is contained
in one hyperplane given by {xe = 0}, {x3 = 0}, {zqy = 0} or {arg(zy + ixe) = g%},
respectively, where (1,22, 73,24) denote the coordinates in R* (not to be confused
with the parameters (x1,x2,x3). In other words, fq . has the same planar symmetries
as the Lawson surface &1 4.

(4) The image of fy /4 is the Lawson minimal surface &1,4 of genus g.

(5) As g — oo, the blow-up g x (fg,, —Id) converges in the simply connected domain U
(given by C with radial rays from z = p; to z = oo removed) to a Scherk minimal
surface in the tangent space of S* = SU(2) at 1d, identified with R3. The Scherk
surface has period 2m and angle 2 between the wings.
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(6) As g — oo, the image of f4, converges to the union of the great sphere given by
{sin(p)z3 + cos(¢)rs = 0} and the great sphere given by {sin(yp)zs — cos(yp)rs = 0}.
These two spheres intersect along the great circle {xs = x4 = 0} with an angle 2.
The convergence is smooth away from the intersection circle.

Remark 20. We will show in Proposition that the Willmore energy of fg., is below 8w
for large g, ensuring that fq , is embedded.

Proof. The Riemann surface M, ., is given as an algebraic curve by the equation

g+1 _ (z —p1)(z —p3)

(z = p2)(z — p4)
Let m: Mg, — CP! denote the projection onto the z—plane, namely 7(y, z2) = z. Then 7 is a
(g-+1)-sheeted covering totally branched over py,- -+, ps. Let pj = 77 1(p;), 7, = TNy (r) and
(T)g be the solution of d‘ig = &)gﬁg with initial condition <T>g(6) = Uﬁt, ¢), where 7(0) = 0 and
the unitarizer U is given by Proposition We first prove that ®, solves the Monodromy

Problem . Let v € m (Mg, \ {P1, - ,]?4},6). Using the generators 1, 74,73, 74 of the
fundamental group of the 4-punctured sphere, we decompose 7 o 7y as

Y

4
roy = [[on)"
j=1
for some indices i1, - ,is € {1,2,3,4} and integers ny, ..., ng € Z satisfying

(20) (=1)%n; =0 mod (g + 1).

1

l
Jj=

Equation comes from the condition that the closed curve 7w o+ on the quotient is induced
from a closed curve y on My, i.e., it stems from the monodromy of the covering map 7, see
[17, Section 4.2]. Then

l
M(@4,7) = [TUM; () U
j=1

S0 ./\/l(&)g,'y) € ASU(2). By our choice of ¢, we have

det(tA;) = —t2K(2(t)) = —s* with s= 29%
so tA; has eigenvalues +s. At the Sym points, all M;, are diagonal and have the same
eigenvalues e*?™5. From the § symmetry, we have M3 = M; and My = My, and since
MiMoMsMy, = 1d, My = M2_1 = M3 = M4_1. Hence M(®g4,7) [x=x,,x, is diagonal and has

eigenvalues

l
exp (£ 2mis ¥ (—1)¥n;) = +1

j=1
thanks to Equations , and s = Tlﬁ' Hence the Monodromy Problem is solved
and the Sym-Bobenko formula defines an immersion fq, on My, \ {P1,--- ,pa} with mean

curvature

A\ \ i0 —if
Mt erre = cotan(0(t, »)).

H=i =1i—
A1 — \g el — ¢—i0
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Next we prove that p1,---,ps are apparent singularities. Let w be a local coordinate in a
neighborhood of p; such that w9t! = z — p;. Then using tvVK = ﬁ we have

~ dw 1 T T +ixg) dw
21 - 14,2 New = —— . ke 9duw.
(21) ng=1t(g+1)A " + O(w9)dw Wis <a:2 i o ” + O(w?)dw

Consider the local gauge

—1/2 _
G1:<1 0><w 0) with k:M

E 1 0 w'/? xo +ixs

A computation gives

N 1 0 T9 + izs
1y.G1 = (

K o2 4adtal—K 0 ) dw + O(w?)dw

(z2tizs) w?
which is holomorphic at w = 0 as K = 2% + 23 + 23. This ensures that f,, extends to a
regular immersion at p;. Similarly, f; , extends to P2, p3 and ps as a regular immersion by
replacing (z1,x2,x3) by (—x1, —22,23), (z1, -2, —3) and (—x1, 2, —23), respectively, in
the definition of k.

Remark 21. Att =0, we have

A—i

AFi’

and hence the gauge G1 has in fact a pole at A = —i. For small t # 0, G1 may have a pole
in the unit \-disk close to —i. Therefore, we need to apply the r-Iwasawa decomposition (for
some 0 < 1 < 1, see for example [35]) instead of the ordinary Iwasawa decomposition. This
does not alter the corresponding immersion.

k= —¢¥

Proof of Point (2). The Willmore energy of a compact CMC immersion f in the 3-sphere
constructed from a meromorphic DPW potential 7 is given by

(22) W(f) =4n Z Resg, trace(n_lijlGj_’é),
j=1

where g1, .. .,q, are the poles of the potential n = S"7° | mAF and G = > 32, G, A\ is a
local gauge defined near g; such that 1.G; is regular at g;. This is proved in [I7, Corollary
17] in the minimal case (where the Willmore energy is of course the area) and in [I8] in the
general CMC case.

As our gauges involve square roots, we need to work on a double covering where the gauges
are well-defined. Hence, in order to apply [I7, Corollary 17] directly, we work on a double

covering Mg,@ — M, , branched at p1,-- - ,ps and let 7, be the pullback of 7, to M\%D. Using
v = y/w as local coordinate in a neighborhood of py, we have

~ 1 T1_ To 1 +ixs _
Resﬁlng,—l _ 1,-1 2,—1 3,—1
VI \T2,-1 —1T3 -1 —21,—-1

VK — 1,0 x1,—1(z2,0 +iz30)
T2, 1 +1x3 1 (wo,—1 +1ix3,1)?

G11Grp = <£1 8) with k=
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Resp, trace (ﬁg,_lGl,lGl_’é) = ﬁ($27_1 +ix3 1)kt

x1,—1(z2,0 +ix3,0)
— 1 L _ ) ) )
G ( Lo To, -1 +ir3, 1 )

= 14 (Cano — ¥ (en + ins)).

By replacing (z1,z2,x3) by (—z1, —22,23), (1, —x2, —x3), and (—x1,z2, —3) respectively,
we obtain

Resp, trace (ﬁg,fle,lGié) =1+ (210 + e ¥ (—20 +iz30))

—

Resp, trace (ﬁg,—lG&lG?:é) =1+ e (—J;LO — ei¢($270 + ix370))

Resp, trace (ﬁg7_1G4,1G;é> =1+ %C (xl,g + 671@(—.’13270 + i$370)) .

Adding all four residues, we obtain,
2 Area(fy,,) = 167 (1 — ﬁ(%’z’o cos(p) — 30 sin(cp))) ,
where the factor 2 is due to us working on a double cover.
Remark 22. Looking at the coefficient of \™% in x% + x3 + az%, we obtain the equation
izq,0 — sin(p)xa,0 — cos(p)rso = K_1 = 0.
Hence the four residues are in fact equal, as should be the case by symmetry.

Proof of Point (3). To describe the symmetries explicitly, we consider the following identifi-
cation of S* with SU(2):

3 4 xr1 + ixg I3 + i£U4
(23) (.%'1,.21/}2,.223,.1‘4) €S’ CR* +— < — 3 +iry @z — iTs > € SU(Q)
Remark 23. Note that the (x1, 22, x3,24) denote the standard coordinates of R* and not the
parameter x = (x1,x2,x3) of the DPW potential in this subsection.

We consider the branch of the extended frame ® in the simply connected domain U such that
®(0) = U, and denote (F, B) its Iwasawa decomposition. We study the symmetries o, o 0 ¢
and o oT.

e The symmetry o(z) = Z. Since o*n = 7 and ®(z = 0) = U = U by Proposition

we have 0*® = &. Hence o*F = F and
o' f =F(M)F(A) ' =F() F(\)~ ' = 1.

In the model , this corresponds to the symmetry x3 — —z3. Hence the real line
is mapped to a symmetry curve in the x3 = 0 hyperplane.
o The symmetry o o 6(z) = —%. Since 6*® = D~'®D in U, we have

(008)d= DI&D.
(008)*F=D"'FD
(co0d) f=D"1f-1D.

This corresponds to the symmetry z4 — —x4. Hence the imaginary axis is mapped
to a symmetry curve in the z4 = 0 hyperplane.
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F1GURE 4. The blue shaded region shows the east sector considered in this subsection.

o The symmetry o o 7(z) = % in the east sector. Here one must be careful since the

domain U, see Figure [2| is not invariant under the symmetry 7. We first study the
symmetry o o 7 in the sector —¢ < arg(z) < ¢ which contains the positive real axis
and is preserved by o o 7. From (0 o 7)*n = C~!'5C, we have

(0o7)*d = RC1&C
for some R € ASL(2,C). Evaluating at z = 1, we obtain
UP = RCT'UPC = RC™'UPC.

Hence

R=UPC P lUC = (UL;U")C € ASU(2)
because U unitarizes L. Moreover, from the properties of P and U, R is diagonal at
the Sym points and R = R. Hence we can write

e 0

R()\l):< 0 e—ia> and  R(\2) = R(\1) = R(\1) ™"

for some real a. To compute the Iwasawa decomposition of (o o T)*(i), we write
C7'B(\ = 0)C = QoRy with Qo € SU(2) and Ry upper triangular with positive
diagonal. Then

(0 07)*® = (RCTVFCQo) (Qy'C~'BC)

€EASU(2) €AF SL(2,0)

SO
(coT)*F = RCT'FCQ
(cgo7) f=R(M)CfICR(\)™!

which corresponds to the symmetry z; + irg — e%%(x; — izy). Hence the image
of the arc —p < arg(z) < ¢ on the unit circle is a symmetry curve in the plane
arg(x; +izrg) = a.

e The symmetry o o 7(z) = L in the north sector.
In the same way, in the sector ¢ < arg(z) < m — ¢ which contains the positive
imaginary axis, we have

(0or)*d = RC1C
for some R’ € ASL(2,C). Evaluating at z = i, we obtain
UQ=RC'UQC =RC'UD'QDC.
Hence using that U commutes with D
R =UQCDQ 'U™'DC = (UL, U Y)DC € ASU(2).
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FiGure 5. The blue shaded region shows the north sector considered in this subsection.

Moreover, from the properties of U and Q, R’ is diagonal at the Sym points and
R’ = D7'R'D. Hence we may write
i8
/ _ € 0 / _ -1
R'(\) = ( 0 —if > and R'(\2) = R'(\)

and by the same argument as in Point (c), the image of the arc ¢ < arg(z) <7 — ¢
on the unit circle is a symmetry curve in the plane arg(z; +izy) = 5. The angle 3 is

related to a by observing that the monodromy of ® along ~; is equal to

UMU ™" = &(400)®(+icc) ™' = R(R) .

Hence R(R')~! has eigenvalues e*2™¢ which gives
7r
oa—f==x2rs =2
b g+1

proving point (3) of Proposition |19/ up to a rotation.

Proof of Point (4). If ¢ = 7, fgxa is minimal and M, ;4 has the additional symmetry
t(z) = iz which we study in the same way as the symmetries in Point (3). For a function
u € W, we use the notation uf(\) = u(—=\).

Lemma 24. If ¢ = 7, the unitarizer U satisfies Ut =U, i.e., U is an even function.

Proof. By Proposition [L8| we have

x = —:cJ{, To = —:c:g, xrg = —x%
Using , we obtain
T Ty it
(24) L*’I’] =1 ( + xlu{l i CL’SW3 TL'L'2(AJ2 ) = S_lnTS
T3ws + 1Tow2 —T W1
with S as defined in the proof of Proposition [I8 Hence
Vo =S57'els
which gives at z =1
Q=S5"'Ppis.

Then, using that U commutes with S

ULy (UN L =UTspTseps—HPH~ts(Uh) ! = s~ YU LU Y)1S € ASU(2).
In the same way,

UTLs(uh ™ =vutsofs—tcs(ohts— 1 (Uh)=! = S(ULU YIS~ e ASU(2).
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Since ¢(71) = 72, we have
My =S"'M]S
UL, = utsml s~ (Ut~ = SUMU YS! e ASU(2).

Finally, since U is diagonal, UTLy(UT)~" = D. By uniqueness of the unitarizer U, we have
UTU~ € ASU(2). Since it is also in A SL(2,C), we have UTU 1 =1Id. O

Returning to the proof of Point (4), we have by equation and U = Ut

S =S51otg

VF=ST1FtS

V= STUF(— M) F(=\) 7S = STLfLS,
and finally for the symmetry ¢ o o(z) = iz:
(too) f=0*(S71f718) =571f8S.
This corresponds to the isometry
(x1,22,23,24) — (T1, —T2, —T4, —T3).

Hence the image of the segment [0,p;] lies on the great circle defined by the equations
29 =0, @3+ x4 = 0. Furthermore, from ®(+ico) = 1*®(+00) we obtain

R'c~'vCc = S"'RICT'UCS.
Evaluating at A1, we obtain § = —a (as should be expected). Using the symmetries of Point

(3), the image of the east sector is bounded by a geodesic 4-gon with two angles of g% at

f(p1) and f(p4) and two right angles at f(0) and f(oc): the boundary of the fundamental
piece of Lawson surface &1 4. The conclusion follows from the uniqueness of the solution to
the Plateau problem in this situation (see the details of the argument in [I7, Theorem 5]).

Proof of Point (5). We fix ¢ and use an index ¢ to emphasize the dependence on the parameter
t, namely, we denote by 7; = 1 () the DPW potential, by U (#) the unitarizer (which is chosen

to be positive), by Cfg = U(t)®y (1) the extended frame, by F; the unitary part of Cfg, and
by f = F; (eie(t)) F (e‘i(’(t))_1 the immersion, which is well defined in the simply connected
domain U, see Figure At t =0, we have ng = 0 and ®¢ = Id, hence U(0) = Id and fy = Id.
We prove that the limit

}ij% 3= (fe —1d) = 3 f li=o
1

parametrizes a Scherk surface in U, which proves Point (5) since g ~ o
argument is similar to the proof of Theorem 4 in [40].

as g — o0o. The

We have the following general formula for the differential of a CMC immersion into S? con-
structed by the DPW method:

df = F(\) [(/\T —X2) By~ (B) ™" + (Ae — M) (B~ (BO)~1)T | F(X) ™"

where A1, A2 are the Sym-points, n~ is the negative part of the DPW potential, F' is the
unitary part of ® and B is the positive part of ® evaluated at A = 0. We differentiate this
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equation with respect to t and obtain at t =0
af' = =i ()~ + (r)7)
_ w1 — w1 isin(p)(we + w3) — cos(p) (w3 + w3)
isin(p)(we + w3) + cos(p) (w3 + w3) —wy + w1 ’

because 1y = 0, Fy = By = Id and 6(0) = %. In the identification of SU(2) with S* given by
, this translates to
df’ = (0, —2Re(iw1), —2 cos(p)Re(ws), 2sin(p)Re(wz)) = Re(0, ¢3, ¢2, ¢1)

with
4sin(2p)(2? — 1)dz
24 —2cos(2p)22 + 1

—4isin(2¢) (2% + 1)dz
= —2 =
¢2 cos(ip)ws 24 —2cos(2p)2%2 + 1

8sin(2¢)z dz

24 —2cos(2p)22 +1°

¢1 = 2sin(p)ws =

¢P3 = —2iw =

We have ¢? + ¢2 + ¢3 = 0 and the Gauss map is given by

_ o1 + g2
®3

With Ozy as the “vertical” direction, this is the Weierstrass Representation of a Scherk
surface with period 47 and angle 2. Scaling by % we obtain Point (5).

G

Proof of Point (6). Consider again the coordinate w in a neighbourhood of p; such that
w9t = 2 — p;. We shall prove that the image of the disk |w| < 1 converges to a hemisphere
as g — 00.

Lemma 25. In the disk D = {w € C | |w| < 1}, we have

lim 59 =P =exp (34, log(w))

g—o0

where A, denotes the matriz Ay at the central value of the parameters. The convergence is
uniform on compact subsets of the disk D.

Proof. By Equation , we have on compact subsets of the disk D
dw

glggo g =A15 = Too-

Hence to prove the lemma, it suffices to compute the limit of &)g at the point w = %, which

corresponds in ¥ to the point ¢;(t) = p1 + (%)g“, where t and g are related by Equation
(19). We define ¥, : &/ — ASL(2,C) by

Uy(z) = exp (tA1log(1l — z/p1)) .
By Equation , we have

lim W (g1 (1)) = exp (341 log(3))
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Moreover, ¥; is uniformly bounded on the segment [0, g1 (t)]. We compare ®; and ¥; on this
segment using the variation of constants method. Writing ®; = Y;¥,, we have

Hence

dz
pl

d®; = Y Wyn = dY; Uy + Yt\I/ttAl

4
dY; =) Y,
j=2

Integrating the equation and taking norm, we obtain on the segment [0, ¢1] the estimate

1Y —1d]| < Cl1) /O 1%

for some uniform constant C'. By Gronwall inequality this therefore yields

Hence,

1Ye(q1(2)) — 1d|| < Clt[exp(Clt]).

lim @4(q1 (1)) = exp (341 log(}))

Since limy_,0 U; = Id by Theorem [I0] we have

lim & g(w=1)=exp (34110g(3)).

g—o0

Remark 26. The content of Lemma |25 is that ®oo(w = 1) = Id. Since the poin
corresponds to z = p1 + 1 and lim;_,o P¢(p1 + 1) = Id, the lemma seems trivial. But since the
convergence to 1 only holds in compact subsets of D, it is not possible to conclude in that

way.

O
tw=1

We now identify the limit immersion fo, on the disk D. Since A; is hermitian on the unit
circle |A| = 1, we have for any angle «

Do (WE') = Ry®oo(w) with R, = exp (2icA;) € ASU(2).
Hence by the Sym-Bobenko formula

io/2 io/2
et = (0 e )i () e ).

so it suffices to study the immersion for w being real. Further,

foo(weio‘) = R,

~

O (w) =

i ((A—i)Q—(A+i)2w e_i‘/’(/\2+1)(1—w)>
vw \ PN+ (w—-1) —(A+i)2+AN—i)Pw )’

Computing the Iwasawa decomposition of <T>OO = F B for w € R gives

i (w —
" e (w —

1)(

r

Ve

w? +1) + (w+ 1)3 + 2iA(w? — w)
1) (ix~

[

Hw? 4+ 1) + 1 —w? = 2idw) =27 H(w? —w) + (w+ 1)% —iX(w — 1)(
A (wt = 1) wt 6w 1 e (= (w? - 1)7 A (wh - 1)
e 21\ (w? — w) 4(w3 + w) + 2\ (w3 — w)
1

VS F Tt F w1

e P (w—1) (_Qi/\‘lw +w? — 14+ iX(w? + )) >
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Remark 27. It is clear that Foy € ASU(2) and Bs € A{SL(2,C). One can verify that
FBo = &)oo by expanding the product. The Iwasawa decomposition was explicitly computed
using another observation. The entries of do are degree-1 Laurent polynomials in \. In
this case, the entries of the unitary part Fs, € ASU(2) are Laurent polynomials of the same
degree. Thus Fy, is entirely determined by its entries Fi1 and Fio which are given by 6

unknown compler numbers. We define By = Foghf)oo and solve the equations given by
B € A SL(2,C) using Mathematica.

The Sym-Bobenko formula then gives after simplification for w € R

1 2w e 1% (1 — w?
Joolw) = 0577 ( ¢ (w? — 1) b ) ‘

Hence for w in the unit disk D we have

1 2w e ¥ (1 — |w]?)
=g (o )

from which we can deduce that the image of D under f., is the hemisphere given by

sin(p)zs + cos(p)xs =0
cos(p)xs — sin(p)xs > 0.

Introducing similar coordinates w; in a neighborhood of each p;, and using the symmetries
o and 0, we conclude that the image of the unit disk |wa| < 1 is the hemisphere

sin(p)zg — cos(p)xs =0
cos(p)xs + sin(p)xq > 0.

and the images of the unit disks |w3| < 1 and |w4| < 1 are the complementary hemispheres
of the above two hemispheres. This concludes the proof of Proposition O

4. DEGENERATING CONFORMAL TYPE

The aim of this section is to strengthen the conclusion of Proposition [16| by proving that T
is uniform with respect to ¢. By Proposition it suffices to consider ¢ € [0, 7].

Proposition 28. There exist T > 0 such that for allt € (=T,T) and ¢ € [0, §], Problem
has a unique solution (x(t,p),0(t,p)). Moreover, z(t,p) and 0(t,¢) are analytic functions of
t, ¢ and plog(y), and at ¢ = 0, we have x(t,0) = z(p = 0) for allt. As a consequence, there
exists go € N such that the immersion fy,: My, — S* exists for all g > go and ¢ € (0, 1)
Finally, for fized g, the image of fq4., converges to a doubly covered great sphere when ¢ — 0

In this section, we use an additional index ¢ to denote the dependence of objects on the
parameter ¢, e.g., 7y, and ®; ;. Since the partial differentials in the proof of Proposition
[16] do not depend on ¢, we only need to show that the maps Fi, F2, Hi, and Hs remain
smooth enough to apply a version of the implicit function theorem at ¢ = 0. For ¢ — 0 the
limit Riemann surface is given by

Yo = CPM\ {#£1}.

Hence the quantities corresponding to Q, i.e., Fo and Hs, remain well-defined and depend
smoothly on ¢ in the ¢ — 0 limit. To be explicit, we have at ¢ = 0:

d d d d
T 1Ay + Ag)—= :2t< 0 ag>< : 2)

25 =t(A1 + A -
( ) Nt,x,0 (1+ 4)2_1 z+1 T2 z—1 z+1
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. 0 o 1—=2
(pt7x70 = exp <2t <.’L‘2 0 > ].Og <W>>

-~ o cos(mtxy)  —isin(wtza)
QAt,2,0) = Diao(z =1) = ( —isin(wtzy)  cos(mtxs)
q(t,z,0) = sin(2ntxs).

Applying the implicit function theorem to the equations F» = 0 and He = 0 uniquely
determines the parameter ys € WH%O as a smooth function of (¢, ¢) in a neighborhood of (0, 0)
and the remaining parameters (y1,ys,6) (where x; = x; + y; as in the proof of Proposition
. Moreover, at ¢ = 0, the solution is y2 = 0. Since also z, = 0 at ¢ = 0, we have z9 = 0 at
¢ = 0 for all (t,y1,ys3). Dealing with the limits of the remaining equations is more difficult,
as the limit potential has a pole at z = 1.

4.1. The asymptotic of P. In this section, we assume that y» has been determined by
solving the equations /5 = 0 and H2 = 0 and we denote 7;, the resulting potential, ®; ,
the corresponding solution and P(t,¢) = ®;,(2z = 1), not writing the dependence on the
remaining parameters y; and y3. It turns out that P = ®(z = 1) does not extend smoothly
at ¢ = 0, but rather extends as an analytic function of ¢ and @log ¢, in the following sense:

Definition 29. [41] Let f(z) be a function of the real variable x > 0. We say that f is
an analytic function of x and xlogx if there exists a real analytic function of two variables
g(z,y) defined in a neighborhood of (0,0) in R? such that

f(z) =g(x,xlogz) forx>0 and f(0)=g(0,0).

Remark 30. The terminology used in [41] is that of a smooth function of x and xlogx. Here
we need that g is analytic, which ensures that it is unique. Indeed, if a real analytic function
g satisfies g(x,xlogx) =0 for x > 0, then g = 0. This is false in the C™ class.

Let I' denote the straight line from z = 0 to z = 1. Fix some positive numbers 0 < ¢ < gg < 1.
To study the behaviour of P(t, ) for ¢ — 07, we assume ¢ < €2 and subdivide the curve T
into
I'=Tg-T1, -Top

with

Fo:s— (1—¢)s from0to1l—¢
(26) Fipis— (1-—e)(1—-5)+(1—%)s from1—etol— %

Lopis 14+ 2(s—1) from 1 — £ to 1.

For a flat connection d+n and a curve - : [0, 1] — 3, we denote II(n, ) the principal solution
of n along ~ (see [38]), namely the value at s = 1 of the solution of

{Y'<s> = Y (s)n((s))7'(s)
Y (0) =1d

Then
P(t,p) = U, I') = H(tp, Lo) L(0t,p, T1p) L, Do)
The principal solution along I'y is clearly an analytic function of ¢ in a neighborhood of 0,

since the path I'g is fixed and 7, depends analytically on ¢ on I'g. Moreover, at ¢ = 0 we
have 7;0 = 0 so

(27) (7,0, To) = Id.
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It is more delicate for the paths I'1 , and I'p ,: we will see that the principal solution along
I'1,, extends as an analytic function of ¢ and ¢log ¢ at ¢ = 0, while the principal solution
along I's , is an analytic function of ¢.

4.2. Principal solution along I'p ..
To analyse the ¢ — 0 limit of the principal solution along I'z , we consider for ¢ > 0 the
diffeomorphism
Yp: D(1,1) = D(1,%22); w1+ 22(w — 1),
where D(1, R) is the disc of center 1 and radius R.
Then R
Ty = (1hp) ' oTau: [0,1] — D(1,1); s+ 3(1+s)
is independent of ¢. The pullback potential 7, = ¥7n:, has simple poles at 1, L(p;) for
j=1,..,4.
We have
. -1 . € . -1 1 _ &;
Jim g (pr(p) =1+ 31, lim g (pale)) = 1 - 31,

lim " (b2 () = lim 5" (ps () = oo

So 7, extends analytically to ¢ = 0 with simple poles at 1 & 5i. At ¢ = 0, we have 22 = 0,
and thus A4 = —A; and

(28) Mo = tAr <

dw dw
w—1-51 w-1+5i)"

Hence (1,4, T'2,0) = (7,0, fg) extends analytically to ¢ = 0 and
1

~ . 1+ei
(29) (e, Do) le=0=exp (tfh / / nt,o> = exp <mtA1 —tA;log <1 51))
1/2 -

where we take principal value of the logarithm on C\ R*.

4.3. Principal solution along I'; .
We apply [41, Theorem 5] which we restate here as Theorem m with adjusted notations. To
use this result, it is necessary to view ¢ as a complex number.

Remark 31. For ¢ € C in a neighborhood of 0, the potential 14, is well defined and
depends holomorphically on ¢. The poles e no longer lie on the unit circle breaking the
symmetries. Nevertheless, the complezified equations Fo = 0 and Ha = 0 can be solved using
the implicit function theorem. The solution yo then lies in W=0 instead of WH%O and depends
holomorphically on . (See Sectionfor the complexification of the equations).

For principal solution along I'y ,, consider ¢ € D(0,e3) C C and the diffeomorphism
where A, is the annulus
Ap={zeC |8 <]z 1] <o}
Furthermore, consider the change of parameter ¢ = e¥ with Re(w) < 2logep and let S,
denote the spiral curve from z =1 —¢ to z = 1 — £ defined by

Bt [0,1] = Ay, Buls) =1 — el 25e%)
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Note that
Yy 0 Bu(s) = Pu(l —s),
and for real w, the path 3, is homotopic to I'1 ,. Also B,42xi is homotopic to 7 - B, where
7 [0,1] = Ag; y(s) =1 — ™
parametrizes the circle of radius € around z = 1.
Theorem 7 (Theorem 5 in [4I]). With the notations introduced above consider a family
of DPW potentials n, in A, depending holomorphically on ¢ € D(O,E%). Let 7, = w;mp.

Assume that there exists sI(2,C)-valued 1-forms ng and 1y holomorphic in the disk D(1,e0)

such that
li = d lim 7, = 7
(pli% Ny =T an 8011}% N = To
on compact subsets of the punctured disk D*(1,e¢). Then we have for |p| small enough:

(1) The function F' defined by
F(w) = (np,7) " 25 (1.4, Bo)

satisfies F(w + 2mi) = F(w) and therefore descends to a holomorphic function F on
D(0,2) by F(e) := F(w).
(2) The function F extends holomorphically to ¢ = 0 with
F(0) =1I(no, 1 — &, )II(7o, 1,1 — &),

where I1(ng, 1 — €,1) denotes the principal solution of ny along the straight line from
1—¢tol.

(3) Consequently, for ¢ > 0, the function 11(n,, B,) extends to an analytic function of ¢
and plog ¢ with value F(0) at ¢ = 0.

Returning to our problem, we have |1 — pi| =~ |¢| for small ¢ so A, does contain neither p;,
nor the other singularities pa, p3 or ps. Hence 7, is holomorphic in A,. By Equation
and recalling that zo = 0 at ¢ = 0, we have

li =0.

WIL% Nt

Since v, is involutive, the pullback potential 7, = ¥7n:,, has poles at ¥, (p;) for j =1,...,4
and

lim ¢u(p1(p)) =1 -1, lim ¢u(pa(e)) =1 +1i
©—0 ©—0

lim v, (p2()) = lim v, (pa () = 1.

Hence, using again that xo = 0 at ¢ = 0 which implies A4 = —A; and A3 = —As we obtain

lim 7 A dz dz
11m = — .
oy Tt W21+ 21—

Consequently, the limit 7,9 is holomorphic on D(1, &g). By Point (3) of Theorem |7} IL(; ,,, 1)
extends to an analytic function of ¢ and ¢ log ¢, with value

l—e :
~ g—1 .
(30) (N, T1,p) |p=0= exp (tAl/ nt,o) = exp (tA1 log (E " i> — 7TltA1>
1

at ¢ = 0, where we again choose the principal value of the logarithm C \ RT.
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4.4. Conclusion. We have proved that P extends as an analytic function of ¢ and ¢logp
at ¢ = 0. Moreover, collecting the results of , and , we have at ¢ =0

(31) P |p=0= exp(mitAy).

Hence the functions F; and H; extend as analytic functions of ¢, ¢, ¢ = @plogy and the
remaining parameters y;, yo and 6. We solve the equations F; = 0, H1; = 0 and K constant
using the implicit function theorem to determine (y1, y3, ) as analytic functions of (¢, ¢, ¢) in
a neighborhood of (0,0,0) and then specialize to ¢ = @logy. This proves that the solution
is an analytic function of ¢, ¢ and ¢log ¢ and yields a solution of the Monodromy Problem
(16) for every ¢ in the compact interval [0, %] and ¢ in a uniform interval (=7, T). Moreover,
by Equation (1)), the solution at ¢ = 0 is x(t 0) = 2(0) and 6(t) = § for all ¢, because A, is
hermitian on the unit circle and diagonal at A = +i.

4.5. Convergence to a doubly covered sphere. With the notations of Sectlon [4.2] let
<I)t o = 11[}<p(bt o At ¢ = 0, the unitarizer satisfies U; o = Id for all ¢ by Theorem |1
Since 1), (1) = 1, we have by Equation (3

&)w(l) = exp (witA,).

Consider the change of variable

_w—1-—35i
S w—1+4 si
By Equation ,
~ dw
Meo(w) = tA; - =

Hence

Pr(w) = exp (14, log(w)).
At o = 0, we have K(t,0) = 1sot = 2(g+1) Let m : CP! — CP! be the branched covering

defined by m(w) = w9*!. Then 7r*<f>t70 is precisely given by Lemma (Note that here, g is
fixed and ¢ — 0, whereas in Lemma ¢ was fixed and g — 00.) We have seen in Lemma
that the corresponding immersion parametrizes the great sphere {z4 = 0} C S (since
here ¢ = 0). Unfolding the various changes of variables, this means that a certain small
neighborhood of z = 1 converges to this great sphere. Using the § symmetry, the symmetric
neighborhood of z = —1 converges to the same great sphere. This concludes the proof of
Proposition 28]

5. EXPANSION OF p AND g IN TERM OF ITERATED INTEGRALS

5.1. Iterated integrals. Let «y,---,a, be closed 1-forms on a Riemann surface ¥ and
v :]0,1] — ¥ be a piecewise smooth path. The iterated integral of aq,---,a, along v is
defined by ([8])

/ Gy = / o1 (1 (1) (Y (#1)) 1+ (3 (8)) (Vi ()l
v 0<t1<---<tp<l

If 4 C C is a star-shaped domain with respect to the origin, we define foz ap - oy as the
iterated integral along the straight segment from 0 to z. Using the change of variable t; = s;t,,
for 1 <4 <n — 1, it satisfies the recursive property

o= ([ onocs
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which may also be used as its definition. In our case, U is the complex plane minus the radial
rays from p; to oo as defined in Section [3.3] and we define for z € U

z
Qiy e in (2) = / Wiy *** Wiy
0
We call n the depth of the Q2-value €, ..

“yint

5.2. A pattern for the expansion of p and q. Let ®;, be the extended frame with
®;4(z = 0) = Id and ®7, denote its entries. Define Xy, = (X}, X2,, X},) : U = W3 by
X, = alLof, — of20f

Xiy = i(@, 07 + 2,5977)

XPy = @y, ®7% + @507
We are interested in

p(ta x) - th,ac(l) and q(t,l') - th,x<1)

It is quite remarkable that X , satisfies a first order ODE system. Indeed, a direct compu-
tation using

d(Ith _ (Dt,af " ( T1Ww1 Towo + 1x3wW3 >

TowWo — il‘g&)g —T1W1
gives
(32) dXt,:c = Xt,z taz
with
0 Tr1W1 r3ws
oy =21 —x1w 0 —Tow?
—IT3W3 TaW2 0

Moreover, at z = 0, we have ®;,(0) = I3 so X;,(0) = (0,0,1).

Remark 32. The ODE is in fact induced by the spin covering SL(2,C) — SO(3,C).
To be more explicit, consider the complex inner product

1
(A, B) := —§trace(AB)
on the complex 3-dimensional vector space s{(2,C), and its orthonormal basis

0 i 0 -1 —i 0
o O e () e O

The spin covering is given by the adjoint representation

Ad: SL(2,C) — SO(3,C)
g— (A gAg™h).

With respect to the basis (m1, ma, ms),
D11 P9
b —
<‘I)21 q’z2>

s mapped to
3(PF) — By — B3, +D5y)  F(PF; + Py — B — DDy) D11 Pip — Py Py
Ad(®) = [ —5(0F — @, + 3 — @Fy) (P + P + @5 + D3y) —i(P11 P12+ P P22) |
D11Po — P1oPoo i(P11P21 + P12P22) D11 Pz + P12Poy

DO 0|~
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and the last row of Ad® is in fact Xy .. If ® solve the differential equation d® = ®n, then
dAd(®) = Ad(®)[n, ],

which gives with respect to the basis (m1, ma, m3).

We define
0 21 0 0O 0 O 0 0 2
M, = -2i 0 0|, Ma=1]| 0 0 -—-2i and Ms = 0O 0 O
0O 0 O 0 21 O -21 0 O

such that

3
Ay = E aciMZwi.
=1

Proposition 33. The analytic functions p and q can be expanded as

Z Z t" 7P :c,n Mz "'Min)?:lgh,w,in(l)

n=1141,,in

Z Z t" Liq * x'Ln Mz "'Min)32911,'"7in(i)

n=141,",in

where (M, - - - M;, )i; means the (ij)—the entry of the matrixz (M, - -- M;,) and the summation
is over all (i1, ,in) € {1,2,3}".

Proof. Let Y; » : U — ASL(2,C) be the solution of the Cauchy Problem
sz%,m = }/t,:E to,
Y;g,x(z = O) = 13.
By Leibniz formula we have for n > 1,
0"V 0" (tYr00) " Wia
R T s
Hence integrating from 0 to z yields
ann’x(z) z an—ly}/w
B il Ml v o
¢ o, Ot
Using the recursive definition of iterated integrals we obtain through induction

PVl [y
gm0 = nt [ (@)

— / E le... in il"'Minwil"'win

d

‘tzO Ay .

‘t:O Oy .

The proposition then follows from p(t, x) =Y21(1) and q(t, ) = Y22(i). O

The following proposition characterizes the {2-values which appear in the expansions of p and
q in Proposition [33]
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Proposition 34. Consider the following graph:

€2
3
e3 —————— ¢
Then

(1) (Mi, -+ M;, )31 # 0 if and only if (i1, - ,i,) labels the edges of a path from es to e;.

(2) (Mi, -+ M, )32 # 0 if and only if (i1, - ,i,) labels the edges of a path from es to e.

(8) All Q-values which appear in the expansion of p and q are purely imaginary complex
numbers.

For example, the only Q-values of depth at most 4 appearing in the expansion of p are
(integrated from z =0 to z = 1):

Q3, Q21, 223, D311, 333, D111, D221, 2133, 23123, 23321,

and for q they are (integrated from z = 0 to z = i):

Do, Q371, 211, D332, Q222, Q2132, 2231, 3122, 3111, 23331

Proof. Let (e1, ez, e3) be the canonical basis of C? (seen as line vectors). From

€1M1 = 2i€2 €1M2 =0 €1M3 = 2i€3
eaM; = —2ieg eo My = —2ieg eaMs =0
€3M1 =0 €3M2 = 2ieg €3M3 = —2iey

we see that e; M; is non-zero if and only if there is an edge labelled j adjacent to e;, in which
case e;M; is £2i times its endpoint. So by induction ez, --- M;, is nonzero if and only
if (i1,--- ,in) labels a path starting at eg on the graph, in which case it is +(21)" times its
endpoint. Points 1 and 2 follow.

Regarding Point 3, we have on the segment [0, 1] that wy € iR, we € R and w3 € iR. All paths
from e3 to e; must have an odd number of edges that are labelled with 1 or 3. Therefore,
all corresponding 2-values at z = 1 are purely imaginary. In the same way, we have on the
segment [0,i] that wy € iR, wy € iR and w3 € R. All paths from e3 to ez have an odd number
of edges that are labelled with 1 or 2. Therefore, all corresponding 2-values at z = i must
also be purely imaginary. O

6. FIRST ORDER DERIVATIVES

Let (z(t),0(t)) be the solution of the Monodromy Problem ([16]). In this section, we compute
the first order derivatives x’, 6 with respect to ¢t at ¢ = 0. From this, we obtain first order
estimates for the mean curvature and Willmore energy of fg ..

6.1. First order derivatives of the parameters.
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Proposition 35. The first order derivatives of the parameters at t =0 are given by

1
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z) = —sin(p) cos(¢)(Q21(1) + 9371(1))()\2 +1)

= cos()1 (O + 1) + = sin(p) cos(9) (2.1 (1) + 231 (1)

sin(p) Q2,1 (1)(A* +1) + %0082(90) sin(p)(Q2,1(1) + Q3.1 (1))

T
i
thy=—=
i
h=—2
7T
—2i
0 =

We will compute the

Proof. Define

— sin(p) cos(p) (2,1 (1) + Q3.1(5)) -

required Q-values in Section

p(t) = p(t, 2(t) = $p(t, x(t))
q(t) =q(t, z(t))

Hai(t) = p(t, z(t)) (A = 1))
Ha(t) = G(t, x(t)) (A = €?0)
K(t) = 21(t)% + 22(t)? + 23(t)2.

By Proposition the first order expansion of p and q are

p(t,z) = 273 +

Hence at t = 0,

p = 2maly +4Q91 (1) 2y,

Since x4 = y4 € W20

(

!

p

Hence

and in the same way,

Since H;(t) for all ¢,

(33)
In the same way, the

(34)

—p

4t 9271(1)5611‘2 + O(t2),

G =2mah +4Q31(1) 225

, this gives

Sk _

)To= 2m(a) "+ 4 Q2 (Dzyze — Qoa(Dzias) "

0 = 2m(ah)™ + 2isin(p)21(1)A2.

-
— SIH(QO)QQJ(l))\Q

(eh)* ==

(z5)"

we have H} =0, so

i ‘
g cos(ip) Q31 (1) A%

=/

N :
B =0+ 5 s (-9
27 ((5)° + (25) 7 (1)) + 4921 (1)2; ()ap (1) + 27 cos()¢’
27 (24)" + 27 cos(p) + 2isin(p) Qa1 (1).
equation Hf = 0 gives

27 ()" + 27 sin(p) + 2icos(p)Q.1(i) = 0.

a(t, SU) = 2mxg + 4t QgJ(i).’L’lIg + O(t2).
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Finally, we compute at ¢t =0

3
M\ = Z 2)\%»:5;»
j=1
= i(1 = A)ah = (N + D sinp) ((25)" + (25)T) = (W + 1) cos(e) ((a5)° + (25) )
= i(1 = A)zf — (W + 1)sin(p)(25)° — (A* + 1) cos(p) (z5)°
+%()\2 + 1)A?sin(g) cos(p) (a1 + 3.1).
Since K is constant (with respect to \), the remainder of the division of AKX’ by (A2 — 1) gives
9
MC = —25sin(p)(25)° — 2 cos(p) (z5)° + ;1 sin(p) cos(p)(Q2,1(1) + Q3.1(1)).
Hence K’ = 0 (in agreement with Proposition and

(3) sin(p) (#5)° -+ cos(0)(4)° = — sin(sp) cos() (D1 + 1),

Solving the system of equations (33), (34), determine ¢, (25)° and (z%)" to be as stated
in Proposition Finally, the quotient of AKX’ by (A? — 1) gives

0 = —iz} — sin(p)(23)” — cos(p) (z5)° + %Sin(w) cos(0) (Q2,1(1) + 25,1 (1)) (A* + 2)
which together with equation determines . O
6.2. Mean curvature. In this section and the next one, we need to emphasize the depen-
dence of objects on the angle ¢ so we write x(t, ¢) and (t, ¢). Let Hg , be the mean curvature
of fy,. From Proposition (18 we have H, , = —Hg%_so.
Proposition 36. For g > 1 the mean curvature Hy , is strictly positive for all o € (0, 7).

Proof. We have
1

- 29 +2°

H,, = cotan(0(t, ) with t\/K(t,¢)=s
We want to find a uniform € > 0 such that for
Ve (0.e), Vpe(0.7), 0<6(ty) <

By Propositions [35] and [40] we have

‘Zz(o, ) = 2sin(2¢p) log(tan(y))

s
B .

which is negative for 0 < ¢ < 7. So the existence of ¢ is ensured for ¢ lying in any proper
subinterval of (0, ). To study 6 near ¢ = 0 and ¢ = 7, define

~ 1 m
i, :f(ﬁt, —f)
(t.p) = (0(t9) = 5
which extends analytically to t = 0 with
0(0, ) = 2sin(2¢p) log(tan(y)).
We have 3—2(0 ) = 4. Since g(t, 7) =0 for all ¢, a first order Taylor expansion of g at (¢, %)

4
gives

O(t,0) = (4+01)(p - T) + O((p — T)?)
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where the second O is uniform with respect to ¢, so 6(t,¢) < 0 for ¢ small enough and ¢ <
close enough to 7.

By Proposition 0 extends as an analytic function of ¢ and plog(y) in a neighborhood of
¢ =0 € C. Thus there exists an analytic function ©(t, ¢, ¢) such that

0(t,0) = O(L, v, plog(p)).
At t = 0, we can rewrite

0(0,) = 25in(20) g (12} + an(2e)p ()

with h(z) = sin(@) which extends analytically to z = 0. Hence by uniqueness of ©,

h(y)
cos(cp)) + 4h(2¢)¢.

We have 2—8(0,0,0) =0 and g—g(0,0,0) = 4. Since O(t,0,0) = 0 for all ¢, a first order Taylor
expansion at (¢,0,0) gives
O(t,,¢) = O(t)p + (4 + O(1))¢ + O(¢* + ¢?).
We substitute ¢ = plog(¢) and obtain
6(t,0) = (4+ O(t))p log(p) + O((1w log())*)

where the second O is uniform with respect to ¢. Hence §(t, ) < 0 for t and ¢ > 0 small
enough. O

©(0, ¢, ¢) = 2sin(2¢) log <

6.3. Willmore energy and Area.
Recall that t is related to s = 29% by t\/K(t, ) = s. Since K’ = 0, we have

K(t,p) =1+ O0(t?)
so s ~ t. By Point (2) of Proposition Propositions [35| and {40} we obtain
W(fyey = 8m(1—cos(p)(xh)’s + sin(p)(25)’s + O(s%))

= 8r(1+s COSQ(QD)%QgJ(i) - ssin2(g0)%9271(1) + 0(52))

= 8 (1+2s cos?(ip) log(cos(p)) + 2ssin®(ip) log(sin(p)) + O(s?)) .
In particular, in the minimal case ¢ = 7
(36) W(fgﬂr/4) = Area(§14) = 87 (1 —1In(2)s + 0(82))
which we already obtained in [I7].

Proposition 37. For g large enough, the immersions f, ., satisfies W(fg.,) < 8m for all
0 €(0,%). As a consequence, the surfaces fq, are embedded by the Li-Yau estimate [32].

Proof. Fix g > 1 such that the complete family of CMC surfaces f,, of genus g exists.
We claim that the Willmore energy W(f, ) is strictly monotonic for ¢ € (0, 7). Note that
W(fg.0) = W(fg,r/2—) Dy Proposition Then the proposition follows, since the Willmore
energy for the Lawson surfaces §1,4 = fy /4 is strictly below 87 and the Willmore energy at
@ =01is 8.

It is well-known that CMC surfaces are critical points of the Willmore functional under
conformal variations [6]. The cotangent space to the Teichmiiller space at the Riemann
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surface M can be identified with the space of holomorphic quadratic differentials H°(M, K?).
The Lagrange-multiplier (see [0, Corollary 16 and Remark 4]) for the Willmore functional is
given by %H Q, as the Hopf differential Q) is holomorphic for CMC surfaces. Let II denote the
projection from the space of immersions to the Teichmiiller space and consider the image of
the map II(f,,,) which is a real 1—dimensional submanifold, as ¢ determines the conformal
structure of the surface. For the symmetric surfaces the space of holomorphic and symmetric
quadratic differentials is real 2 dimensional. Moreover, it is well known that II fails to be
submersive at isothermic, and hence at CMC, surfaces. Therefore, the pairing between @
and % is non-degenerate and the Willmore functional is monotonic along the family of CMC
surfaces as long as H # 0. Thus, the result follows from Proposition (|

Remark 38. Proposition[37 can also be proven analogously to Proposition[36 using the first
order derivatives.

Corollary 39. For all ¢ € (0,7) and g > go, there exists a constrained Willmore minimizer
in the conformal class of fg .-

Proof. This follows from Proposition and [30], which gives the existence of Willmore energy
minimizer with prescribed conformal class provided that the infimum energy in the conformal
class is below 8. (]

6.4. Computation of the depth-2 integrals.

Proposition 40. For ¢ € (0, 5) we have

Q2.1(1) = 2milog(sin(p)) and Q31(1) = —2wilog(cos(p)).

Proof. Let v be the closed curve given by the composition of the real half-line from 0 to +oo
with the imaginary half-line from +ico to 0. We compute the iterated integral fﬂ/ wow1 in
two different ways: using the symmetries and by applying the Residue Theorem. Recall that
for 7(2) = 1 we have the symmetries 7*w; = —w; and T*ws = wy. Since 7(1) = 1 we have

7*CQ9 = Q9. Then using the change of variable rule we obtain

400 1 1
/ ngl = —/ T*(ngl) = / QQ(,dl.
1 0 0

+oo 1
/ QQW1 = 2/ QQWl = 29271(1).
0 0

Let v(z) = =t. We have the symmetries v*w; = —w; and v*wy = —ws. Since v(i) = i, we
have v*Q9 = 2Q9(i) — Q9. Then

Hence

/loo ngl = — /01(292<1) - Qg)(—wl) = 292(1)Q1(1) - /01 ngl.
Hence '
/0 ngl = 292(1)91(1)

Note that in these computations, {29 denotes the primitive of wy on the simply connected
domain U. On the other hand, the analytic continuation of {29 along v is equal to 2y + 27i
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on the second segment from ico to 0. Hence using Equation (15|

/Wle = / Qowr —/ (QQ +27Ti)u)1
o 0 0

= 292’1(1) - 292(1)91(1) - 47Tin(i)
= 2Qy1(1) — 4me.

Next we compute the integral using the Residue Theorem. Define for j = 1,2

~ dz ~ =L
Wj = wj — and ;= wj.
Z—p1 0

Then ﬁj is a well-defined holomorphic function in the quadrant bounded by . By the Residue
Theorem and integration by parts

flrn = [l )
= /ﬁzzd;—i—/bg(l— / 1_171 zﬂj}l
v gl K
= 27 (~22(p1) [log (1 — 7) QlLEU; - /Vﬁlzdin [ (log (1 _ m))?
v

= 27i(Qa(p1) — M (p1)) — 27

1— 2L
— : P4 2
= 4ri log 1_7}771 — 27
p3

= 4rilog(sin(p)) — 4.

Comparing the two expressions we obtain
Qp1(1) = 2rilog(sin()).

The second Q-value can be deduced by symmetry. As in the proof of Proposition [I§] let
¢ =5 — ¢ and 1(z) = iz. Equation then yields

i 1 1
*
/ws,@ wi,p :/ C(wapwie) = —/ W2,oW1,p-
0 0 0

Q31(1)(5 — ) = —Q21(1)().

Hence

7. HIGHER ORDER DERIVATIVES

In this section, we present an algorithm to compute the derivatives of the parameters with
respect to ¢ to any order. In the most symmetric case ¢ = 7/4, the algorithm is simple enough
that the derivatives of order 2 and 3 can be computed by hand. This gives the expansion of
the area of Lawson minimal surfaces to order 3 in term of 2-values of depth at most 4.
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7.1. Iterative algorithm to compute the derivatives. We expand the solution x(t), 6(t)
and K(t), which are analytic in ¢, as

zi(t) =Y wiat", ) = 0ut",  K(t) =) Knt"
n=0 n=0 n=0

SO xg-n)

mg-n). We also use the following notation : the index [k] denotes the expansion to order k in

t, so for example

= nlx;,, but it will be more convenient to use the coefficients x;,, than the derivative

k
Ting = T te
7,[k] = gt -
/=0

Proposition 41. For n > 1, the terms x1 .y, T2, and x3, are polynomials in X of degree at
most n+ 1. Moreover, their coefficients, as well as the ones of 0, and K, can be expressed
as functions of ¢ and Q-values of depth at most (n+ 1) if n is odd and n if n is even.

Proof. The proof describes an algorithm to compute x;,, 6, and K, for all n. Fixn > 1
and assume that z;; and 0 have already been computed for all k¥ < n and satisfy the
conclusion of Proposition The method to compute z;, and ¢, is the same as in the proof
of Proposition (where n = 1), except that there are more lower order terms. As in the
proof of Proposition [35| we denote by

p(t) = B(t,z(t) =t~ "p(t,z(t)).
By Proposition [33] we can write
(37) p(t) = 2ma3(t) + Prower (t) + o(t")
with
ﬁlower(t) = Z Z thil,[n*k] © L, [n—k] (Mil T Mik+1)319i1,“' k41 (1)
k=141, igs1

Here the index “lower” denotes a quantity which only depends on terms of order < n, i.e.,
terms satisfying the induction hypothesis. Note that the coefficient of " in thih[n_ KT

1S
§ Tir,gr " Ll Jrogr-

St tjep1=n—k

ik-‘rl?[n_k]

Each term in this sum is a Laurent polynomial in A\, where the negative degree is at most

k (because xjo = z; are Laurent polynomials with negative degree one). By the induction

hypothesis, the positive degree is at most

k+1
Z(je+1)=(n—k)+(k+1):n+1.
/=1

Hence the coefficient of " in p is
gn = 271'.5[737” + ﬁlower,n

where Elower’n is a Laurent polynomial in A of degree at most n + 1. This gives

0= (gn - ﬁ;)—i_ = 271'33;’” + (ﬁlower,n - gikower,n)_‘_
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which determines )

xétn = ﬁ(glower,n - Eikovver,n)+
This is a (true) polynomial of degree at most (n+ 1). Moreover, by the induction hypothesis,
all Q-values in ﬁlower’n have depth at most n + 1, and the only terms of depth n 4+ 1 are of
the form

(38) Ty ey (Mg My )31, g (1)

71 Fin+t1
Now (M;, -++ M;, ., )a1 is either zero or £(2i)"*1. If n is even, this is an imaginary number.
By Proposition Qi ing (1) is also imaginary. Moreover, z; = z for j = 1,2,3. So each

+

a3, if nis even. In the same way,
b

term of the form is invariant under * so disappears in x

-1
+ _ 1 P +
Lon = ﬁ(qlower,n - qlower,n)

with

n
Qlower (1) = Z Z tk:pih[n—k] e 'xik+1,[n—k](Mi1 o 'Mik+1)32Qi1,"',ik+1(i)'

k=11, 511
We expand #H1(t) to order n as follows. First of all,
a5(e”V) = —cos(p) cos(8(1))
= —cos(p)(cos(b,—1)) cos(Ont™) — sin(f, 1)) sin(0,t")) + o(t")
= —cos(p)(cos(p—1)) — Ont™) + o(t").
By Equation evaluated at A = i?();
Hi(t) = 2m23(e”D) + Prower (€?) + o(t")

n
= 27 Z $37k(619["7k] )tk + ﬁlower(eie[nill) + O(tn)
k=0

= 2mwcos(p)f,t" + 27T:Bg7nt” + Hi jower (t) + o(t")
where H1 jower contains all the terms which are already known under the induction hypothesis:
n—1
Hi Jower () = —27 cos(ip) cos(O,—1)) + 27 Z 3 (e¥m-r)th 4 27r1:§fn(i)t” + Plower (€/m=11).
k=1
We expand the function H jower(t) in series to order n in t and denote H1 jower,n the coeflicient
of t". (To get an idea of the complexity of this step, remember that 6|3 denotes the expansion

of §(t) to order k in t, and x3 is a polynomial of degree at most k+1 in A.) Since H;(t) =0
for all ¢, we obtain, by looking at the coefficient of t", the equation

(39) 27 cos(¢)0p + 2mc2,n + H1lower,n = 0.
In the same way, expanding Ha(t) gives the equation
(40) 27 sin()0, + 27r:1;87n + H21ower,n = 0
with

n—1

Hoower(£) = —275i0() c08(0_1)) + 27 S @2 (115 + 2708, () + Frower (1),
k=1
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The coefficient of t" in K(t) is

NE

ICn = TjkTjn—k
j=1 k=0
0 0
= 2£1x1,n + 2@2«%27” + 2@31'3,71 + ’Clower,n
where Kiower,n contains again all the terms which are already known:
3 n—1
_ + +
Kiower,n = 2x025,, + 22325, + E , E :xj,kﬂvj,n—k'
j=1 k=1

Multiplying by A, we obtain the equation

(41) Ay =i(1 = Az, — sin(p) (A + 1)ad, — cos(0)(A + 1)a3 ,, + Miowern-

Observe that K(t) is constant in A, so ), is a constant. Using the induction hypothesis, it
is not hard to see that Ajower,n is a (true) polynomial of degree at most n + 3. Let @y,

R, be the quotient and remainder of the division of Miowern by (A2 —1). The quotient and
remainder of the division of by (A2 — 1) give us respectively the equations

(42) — iz, — sin(gp)mgyn — cos(go)mgvn +Qn=0
(43) — 2sin(p)ay,, — 2cos(p)ay,, + Ry = Ay
Equation at A = 0 gives

(44) sin(@)ag,, + cos(i)al,, = 1R (0).

Equations and give .

T, = 5R.(0) —iQ,
which is a polynomial of degree at most n + 1. The equations , and determine
0y, xgvn and l’gm. In particular

sin cos R, (0
gn = - (90) HZ,lower,n - (90) Hl,lower,n - n( )
27 2 2
Finally, equation (43)) determines the constant KC,, as the coefficient of A in R,,. O

Remark 42. By Proposition |18, we have for alln>1 and j =1,2,3
x],n(_)\) = (—1)n+1$‘7’n(}\) and Hn — (_1)n+10n.

Hence if n is even, a:?m =0 and 0, = 0. So the even steps of the algorithm are much simpler
as we can avoid computing Hi jower and Ha jower to determine x%n, xg’n and 0,. Also, the

even order terms of the expansion of the Willmore energy and the mean curvature are zero
for the same reason.

7.2. Derivatives of order 2 and 3 in the minimal case. The algorithm presented in

Section is much simpler in the case ¢ = 7. Indeed, we then have by Proposition
x1(—t) =x1(t) and wxo(—t) = z3(t).

Hence 21, = 0 if n is odd and z3, = (—1)"x2y, so there are less computations to do.

Moreover, 0(t) = m/2 for all t so 6, =0 for n > 1 and the formula for $g7n simplifies to

Hl,lower,n = 27Tl'3+’n(71) + ﬁlower,n(i)

-1
0
T3n = g}[l,lower,n-
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Proposition 43. If ¢ = w/4, then

r1=212=713=K1 =Ko =K3=0

T3,1 = —T21 = ;\}QQJ()\Z + 1) 1\0/%( )()\2 + 1)

1‘3’2 = ZL‘272 f QQ ()\3 + )\) log\(f) ()\3 + )\)

T35 = —Ta3 = SR (M — 1) = 220510311\ — 222 - 3)
ZI{F;QM(QM?,—39333)()\24-1) 1\[921110\ — 22 - 3)

sLyty

f(92,2,21—93123+92133+Q3321)(>\ +1)?

yLy4y

where all Q) integrals are evaluated at z = 1.

Proof. We follow the algorithm described in Section Proposition |33| gives

ﬁ(t, l’) = 2mxy + 4t QQ 12122 — 8it? (Qg 1 11‘%1’3 + QQ 2 3$§:L‘3 + Qg 3 3l‘§)

+16t% (Q2,1,1,175m2 + Q22217175 — Q3123717275 + V2133717273 + Q3321717273
+0(th) .

7.2.1. First step (n=1).

~ —1 _ —1
Plower,1 = 480212125 = \ﬁﬂm()\ 2\, 113;3;1 = W\&Qz,l)\2
27 —1
H L PO (R
1,lower,1 7'l'\/§ 2,1 3,1 7T\/§ 2,1

7.2.2. Second step (n =2).

~ : 2 2 3
Plower,2 = 4 Qo1 (21221 + Zow1,1) — 81(N,112723 + Q22 32525 + Q3.3 3253)

vz

2 3 —1 . 2 2 3
= Q51 (A" = A7) = 8i(Q3 112725 — Q2232523 — Q33 375)

—V?2
T30 =Ty, = TTQQ%J()\B + )

3
2
Kiower,2 = 423232 + E (z1)
j=1

-2
2\[(/\ A= (N + N+ 2729371@2 +1)2

=0.

\f2

Hence x12 = 0 and Ko = 0. Note this is a cancellation which does not follow directly from
parity.
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7.2.3. Third step (n =3).
Plower,s = 4 Q0121222 — 81(Q3 1127731 + Q2,2,3(23231 + 22025721) + 3 Q33325731
+16 Qz,1,1,1£‘i’£2 + 16 92,272711123 +16(—Q3123+ Q2133+ 93,3,2,1)%&2&%
= D203 (M 1)+ 20,0511 (A A2 -1+ A72)
+ 2015 — 3035) (N + 3N+ 3+ A72) + 2205 1 11 (=X + 207 — 2072 4 A7)
_¥(QQ 021 — Q123+ Q2133+ 301)( A +202 —2072 - \7H).

It il sy &y

Hence
ng?) = ;;@Q%l A — %92,193,1,10\4 —2X2 —1)
2051 (D23 — 30.33) (AL 222+ 3) + B205 1 11 (A - 202)
_%(92,2,2,1 — Q3123+ Q21,33 + 3 321) (A +2)%).
Moreover, Elower,?; (i) = 0 so z33(i) = 0 and this determines x3 3 as in Proposition O

Corollary 44.
Area(€1,4) = 87(1 — a1s — azs®) + O(s)

with s = 1 = log(2) and

1
29127 &

ag = %Q%ﬁ-ﬁf&,l(9272,3—693,1,1—39373,3)4-%(692 1,1,1+22221—03123+022133+023321).

PRk it ] 1Ly It it ]

Proof. Since K(t) = 1+ O(t*), we have t = s + O(s®). By Proposition
Area(&,4) =8 (1 + \@(a:g’ls + 28 35%)) + O(t°).

Evaluating x31 and x33 at A = 0 gives the result. U

7.3. Implementation. The algorithm has been implemented in Mathematica and can be
used to compute the coefficients «,, numerically. We have been able to do so up to ;. The
results are presented in Appendix In general, the algorithm expresses the coefficient «,
in terms of -values of depth up to n 4+ 1. This raises the question of how to compute these
Q-values numerically.

As iterated integrals, they can be computed using a variant of the Simpson method. This
is how the numerical value of a3 was first computed and the number %{ (3) was recognized.
The precision is however not very good. Each 2-value of depth n can be expressed quite
naturally as a sum of 4" Multiple Polylogarithms (in fact only 3", see Appendix. Multiple
Polylogarithms are implemented in most computer algebra systems and this allows for the
computation of the coeflicients ., with arbitrary precision. The coefficient az was computed
with 500 digits precision, confirming the value %C (3), before we found a mathematical proof.
On the other hand, this does not permit computing {2-values of large depth n, as the number
3™ of MPLs gets too large.
™

In the minimal case ¢ = 7, each {)-value which appears in the output of the algorithm
(characterized by Proposition can in fact be expressed as a single alternating multiple
zeta value. This is not trivial and is the subject of Section [§] This observation permits the
efficient computation of each required 2-value and is how computing the coefficients up to

91 could be realized.
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Remark 45. One issue is that the algorithm computes the derivatives of the parameters with
respect to t so expresses the area of Lawson surface &1 4 as a series int (whose relation to g is
not explicit), whereas we want a series in s = 29%. We solve this problem as follows: since
the algorithm also computes K(t) as a series in t, we substitute s = t\/K(t) in the series (?2))
and identify with the series in t computed by the algorithm to obtain a triangular system of

equations determining the coefficients ay.

8. ()-VALUES AS ALTERNATING MULTIPLE ZETA VALUES

In the minimal case ¢ = 7, we can express the (2-values which appear in the expansion of p

in Proposition [33] as alternating multiple zeta values. We start with recalling some definitions
and notations.

Definition 46 (Alternating multiple zeta values). Let nq,...,ng € Z=qo be positive integers,
andletey, ..., ey € {£1}. The alternating multiple zeta value (alternating MZV) with indices
ni,...,Ng and signs €1,...,eq is defined as follows,
k1 kq
61 PR E
C(nl,...,nd;el,...,ed) = Z W
0<ki<-<kg 1 d

The weight of {(n1,...,ng;€1,...,&4) is given by w = ny + -+ + ng, the sum of the indices,
and the depth thereof is d, the number of indices. (Note that this becomes the definition of
the multiple polylogarithm Liy,  n,(c1,...,€4q), if we allow arbitrary e; with |;| < 1, and the
condition (nq,eq) # (1,1) for convergence.)

The alternating MZV ((n,...,ng;€1,...,eq) converges if and only if (ng,e4) # (1,1). It will

be convenient to simplify the notation for {(nq,...,ng;e1,...,&4) as follows. When ¢; = —1,
write n; as the corresponding index, otherwise &; = 1, write the index n; as usual. For
example

C(n17n727 n37n747n75) = C(nlanlv n3, ng, ns; 17 _17 17 _17 _1) .

One can represent an alternating MZV as an iterated integral, over the following family of
differential forms

) = Fo om0 =5 1) = =

By termwise integration of the resulting geometric series expansion of 741(¢;) in the iterated
integral (see [14, Theorem 2.2]), one has

C(nlv"' 7nd;617"'76d)

(45) ! -1 -1 -1

= (_1)d/0 Ney--eq 77(7;1 Nea-eq 7782 c My Ugd )

along the straight-line path 0 — 1. The goal of this section is to establish the following
proposition, evaluating each 2-value which appears in the expansion of p (Proposition ,
as im times a single alternating MZV (expressed in the iterated integral form), with indices
in {1,2,2}. In this section, all Q-values are evaluated at z = 1.

Proposition 47. Consider Q;, ., such that (i1,...,i,) forms a path from ez to e in the
graph of Proposition @ Let the path be ey, = €3 — €y, —> €yy —> =+ —> €4, | — €1 = €y,



MINIMAL SURFACES AND ALTERNATING MZVS 49

then
f(vn)=1

Qilv---fin = (_1)#{Z]:1}17T ) / nf(’”l) e T]f(vn—l) )
f(v0)=0
where f(1) =1, f(2) = -1, f(3) =0.
To more clearly illustrate this proposition, we give the following example. Further examples
can be found in Eq. below, in the context of computing as.
Example 48. Consider the Q-value,
2312222132133
whose indices (z]);il =(3,1,2,2,2,2,1,3,2,1,3,3) corresponds to the path
3 1 2 2 2 2 1 3 2 1 3 3

€3 — €1 — €3 — €3 —>€y—>€3 €2 —>€] —>€3 €2 —>€] €3 —e].
The vertices e,; of this path are given by (vj)]lio =(3,1,2,3,2,3,2,1,3,2,1,3,1).
Applying f as defined above, gives

differential forms
12 _
(f(vj))j:[)_ (\ 0,1-10,-1,0,-1,1,0,-1,1,0, 1 ,)

lower bound upper bound

as the lower bound, differential form indices, and upper bound appearing in the iterated inte-
gral expression, respectively. We count also that #{i; = 1} = 3. So we obtain

1
Q312202132133 = (—1)% - imr - / 71 1=110 =110 N—1 171 70 =1 71 Mo
0

After converting from the iterated integral to alternating MZV form via Eq. , with depth
d =T equal to the number of non-zero forms in the iterated integral, we obtain

Q312000132133 = im - ((1,2,2,1,2,1,2).

Remark 49. Since v; # v;y1, as the graph of Proposition has no loops, the string
fv1)y..., f(vp—1) starts with a non-zero entry, ends with an entry # 1, and never con-
tains two consecutive 0’s, 1’s or —1’s. Hence when in alternating MZV form, the arguments
are exactly from the set {1,2,2} (which correspond respectively to the following sequences in-
side the integral: 1 <> (ne1)n+1, 2 <> (Mz1mo)nr1 and 2 < (ne1n0)nx1, where the sequence in
brackets is the part which gives the size of the index, and the next form determines whether
or not that index is barred). This hence establishes the structural result involving {1,2,2}
indices given in Theorem[3.

As a starting point, consider the Mobius transformation r, which maps (0,—1,00,1) to
(p1, p2, p3, pa) respectively. Explicitly, this is given by
w1

(46) z:r(w):pgw_i.

We compute that
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and observe that 0 = r(—i), 1 = r(—1++/2). So we also have the iterated integral expression

—1+v2

(47) Ui = [ Glw) - (w)

—i
along the straight-line path from —i to —1 + v/2. (The pullback of the straight-line path
0 — 1 is homotopic, relative to the end points, to this straight-line path from —i to —1 + /2,
and by the homotopy invariance of these iterated integrals, we may deform the original path
to the straight-line path.)
Iterated Beta Integrals: We must now consider the iterated beta integrals developed by
Hirose and Sato [22]. Introduce the differential form

(x —y)* Pt

FoB(t) =
O =y
and the associated iterated beta integral, with x; # z;y1,
(ao ‘ al‘ ’an_1 ‘ an> o fW From'" Foviy =+ Fop Jon
"Naolzy Tt | Tp/ fv Folmr ’

along some fixed path ~ from zg to x,,. A useful observation is that the adjacent 1-forms
Fpiptt and Fp'flnt? share the pole x;41; this plays a key role for Hirose and Sato, when
they derive a formula for the total differential of the iterated beta integral.

One of their main theorems on iterated beta integrals is the following invariance in the upper
parameter.

Theorem 8 (Hirose and Sato, [22], in preparation). The iterated beta integral is invariant
under translation of all upper parameters by a constant c,

(ao‘m’ ‘%—1‘%) <a0+c’a1+c’ ‘an—1+0’an+c>
N =B, )

To T Tp—11Tn xo 1 Tp—1 Tn

Proof idea (for details, see Hirose and Sato [22]). Goncharov showed [14, Theorem 2.1] that

the iterated integral
Tn+1
/ Ney = Ny
o
n

Tn+1 Tn+1 Y T; — Titl
d/ 77x1"‘77xn22</ 77x1"‘77x¢"'77xn)'d10g<i>,
0 Ti — X1

i=0 70

has a total differential of the form

where 7)., denotes that 7, is omitted from the integrand. This is a direct calculation by noting
that after differentiating with respect to z; the integral [, _, -, ., (ti) (Somewhere inside

the iterated integral) becomes

dt; 1 1
(t'—IL")2_t' _ayit‘ —
ti—1<t;<tjy1 \" 7 i—1 7 i+1 A
Then by applying the partial fractions identities

dti,1 B 1 ( dti,1 dti,1 )
(tic1 —xic1)(tic1 — @) @i — @ \tiog — Tim1 tio1 — @

dt;1 B 1 ( dtipr  dbi )
(tig1 — ip1) (tig1r — ) i1 — T i1 — g1 tigr — i/
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one can carry out the remaining integrations (over t¢i,... . ,tn), and obtain the above
formula for the total differential.
For iterated beta integrals, the key property that adjacent 1-forms Fy, 7" and Fg,
share the pole x; allows Hirose and Sato to derive a similar Goncharov-type formula for the
total differential in this case. Namely, if «; are fixed, then:
n —
oo | Qp—1 | ag |« a; Op—1 | -1 | oy
S0 D Y A D I T G S S A A £ G
xo l 1 Tn P TolZ1 I

Tn—1 Tp—11Tn Li—11T4

Oéi+1)
Li+1

where the case n = 2, can be given in terms of the usual dlog directly

dﬁy(ao)al ‘ 042) = |$0 - x1|ao—a1|x1 _ m2|0‘1_a2|x2 _ xO’Cm_aOleg (Z1 — 22) ‘
Tolxy1 12 o,

(In particular, this is independent of the path, hence the missing subscript v on d3 on the
right-hand side of the total differential above.)

Supposing that ﬁv(gg ‘ - |‘;‘::) is invariant under translation of o; — ay; + ¢ for m < n, one

sees from the differential equation, that
ag +c¢ an +C ag Qi
(7 ) = Gl

48
( ) Zo T Zo Tn

) = constant ,

as a function of the z;. They then consider a fixed 1 < ¢ < n — 1, and depending on
whether a;_1, v, ;11 satisfy one of three conditions Re(1— ;1 4+aj4+1) > 0, Re(a;—1 — ) >
0,Re(a; — @;41) > 0 (depending only on differences), show that BW(O‘OQ(E:C) |- |a";c(7jc)) -0
with the limit x; — z;—1,2; — x;41 or x; — oo respectively. (Analytic continuation then
gives this for all a;.) So both terms in Equation (48) would go to 0, and the constant of
integration vanishes, which inductively establishes the invariance for all n. O

By setting «, 8 = 0, we have
dt
0,04\ _ _
Fz,y(t) - t— y - ny(t)~

The following Lemma establishes the behaviour of the iterated beta integral as o — 0%.

Lemma 50. Assume that xg # x,. As a — 07, we have

) a| « a |« Tn
i (2, 1) = [
n x

a—0t Tolxy Tn—1 o

Proof. Recall that one can multiply two iterated integrals f: by considering how the inte-
gration indices a < t; < --- < t, <band a < 51 < --- < s, < b are interleaved (measure
zero sets s; = t; can be neglected). This gives rise to the shuffle-product of iterated integrals.
Using this shuffle-product, we have

CIOH I R PNy
7 Zo T Tn—11Tn

T
oy P Pz B
- T

T xT

fzon cho’?m F:%’?m T FLIJO;;?%CCnfl ’ fmon Fﬂgﬁhzn
— x

N - Z?:OQ fmon Fﬂ%gfl T F:g’—ah:vi ngiﬁlyxn chf;,gfi+l e F;;:;?%xnfl
= Tn Fa,a

) Z0,Tn
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The summation in the numerator is finite (as @ — 0), as the last differential form goes to

Nz,_, Which has no pole at x,, and the logarithmic singularity in the ¢; leads to a convergent
integral fol log(t)dt. So in the limit, this will be dominated by the denominator [ Fig, —
0o, as a — 0T,

On the other hand,

Tn Lo fﬁcn—l a,o fxn o,
l. fxO Fxn_hxn 1 o Fxnflyfnn + Tp_1 Fxnflyl'n
1m ——Fna = =
Tn QLA Tn QLA
a—0t z0 FIO7I77, a—0t z0 Fxnyn

This holds because x,, # To means f;;)"’l Fp® on — f:o”’l Nz, , which is finite, and

/xn pae /xn dt B /1 dt B /% o
- Tn—1,Tn A (t _xn_l)a(t_xn)l—oz - 0 ta(t _ 1)1—04 - 20 Z0,Zn

= —im — wcot(am)

so both the numerator and denominator go to infinity at the same rate. We therefore obtain

) o« a |« Tn
hm ﬁ’)’ P — 7’]1’1 e 773:”,1 ,
a—0t Tolx1 Tp—11Tp 0

as claimed. O

We want to consider the case z; € {0, £1}, and the result of the invariance of iterated beta
integrals here.

Introduce the curve
C={(u,v,t) € C¥|u?=t(t—1),v° =t(t+1)},

then a computation via Riemann-Roch shows that C has genus 0, and so it is rationally
parametrisable. In particular, this is given by taking

o (e
)
_ (841 (¢ -26-1)
w= VI = e
_ (2 +1)(2+2a-1)
v=A/tlt+1) = €= :
Then we have
11 dt dt
22 __ _
For™ = tt—1) u
11 dt dt
2'2 __ -
Fo1= tt+1) v
P22 _ dt tdt
1,—-1 — -
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and we can compute the pullbacks of the above differential forms to be

11
Q*F()Q,{2 = w2 (§)
11
g*FOQ,—Ql = W3(5)
11
9*F12,721 = —wi(¢)-
Moreover, we note g(—i) =0, and g(—1 \f) —1. Therefore, if iy — --- — i, is a path

from e,, = e3 = €y, = -+ — €y, | —> €, = €1, we can check that, with qb( ) =0,9(2) =
1,¢(1) = —1, one has

11 11 11
22 _ 172'2 _ 122

FQ1 = F¢( V62 = F¢( Vo) edges labelled 2 between es and eg
11 11 11

F(ffl = Fd)Q( %7(]5(1) = Fq?(l%@(fﬂ) +> edges labelled 3 between e; and eg
11 11 11

F_2121 = F¢2(’§7¢(2) = Fq?(’ %,cﬁ(l) +» edges labelled 1 between e; and e

as F' is symmetric in the lower arguments x,y when @ = § = 51, and each edge can be

traversed in both directions. So

—1+v2
Qiy,.in = / Wiy -+ - Wi,
—i

wii=ny [T 5 7.3 72
= Oy st Fown e Fon ) o)
1 1 1 1 1

o 1
=0 R (o Lo | Lo o)

This has written the Q-value of interest, as an iterated beta integral (up to the normalisation
factor above). However, one can check directly

A=

0=t tt+ 1
Now since the iterated beta integral is invariant under shlftmg the upper parameters by a
constant, we subtract i 5 everywhere, and apply Lemma to find
o) o))
¢(vo) 1 d(v1) d>(vn—1) ¢ (vn)
d(vn)

#(vo)
As a final step, we want to change variables in order to set the upper bound equal to 1, instead
of —1 = ¢(v,) = ¢(1). Make the change of variables ¢ — —t in the iterated integral, then

Ne(—t) = ((i(t;i)x = t%; = n_4(t), and the bounds change from ¢(vg) = 0 and ¢(v,) = —1 to

—¢(vo) =0 and —¢(v,) = 1. So

Qiyoi = (_1)#{ij=1}17r . 57<

—d(vn)

Qirin = (_1)#{ij:1}iw . / N—¢(v1) " N—p(vn-1) *
—¢(vo)
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If we therefore take f(j) = —¢(j), namely f(1) =1, f(2) = —1, f(3) = 0, we have obtained
the result of Proposition [47] O

The required special values for a3. In order to evaluate ag, we require the evaluations
for all valid 2-values of weight < 4, namely

Q3, Qo1, D311, Qo23, 333, D211, D2221, 3123, N2133, Q3321 -
From Proposition 47 we find
Q3 =ir-1

Qo = —im - fol n-1 =im-¢(1),

Q311 = im - fol mn-1 =ir-{(1,1),

Qaoy = im - [y 170 = —im - ¢(2),
(49) Q333 = im - fol mmno = —im - ((2), )
Qo111 = —im - fo n—1mn—1 = im - (1,
o901 = —17T'f0 n-1non-1 = —im C(
Q3123 = —im - fo mn-1mo = —im - ¢(1,2),
(9133 = —im - fo n-1mno = —ir - ¢(1,2),
Q3301 = —im - fo mnon-1=—ir-{(2,1)

Using well-known evaluations, and standard relations amongst alternating MZV’s, we can
express all of the above values in terms of 7, log(2) and ((3). For completeness, we establish
these evaluations directly here, using elementary means. (In particular, we will avoid using the
extended double-shuffle relations, which requires a more detailed discussion on regularisation
to rigorously define [24].)

Firstly,

o
(=Y = 1)

n=1

is well-known and elementary. It is also well known that
P k 6

on the other hand ((3) must (apparently) be left as it is. Then directly from the series
definition, we have the stuffle-product structure

¢(a)C(b) = ¢(a,b) +¢(b,a) + ((a & D)
where with barred entries a ¢ b adds the values, and counts the
ie. 5®3=8503=5®3=8and 503 =38. So ¢(1)? =2¢(1,1) +

CTT) = 5los(2)? ~ 34(2).

number of bars modulo 2,
) + ¢(2), which gives

Next, by splitting into the odd and even terms, we have that

«ﬁzfﬁAV— -2 = -
k2 12
k=1
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More generally ¢ (k) = —(1—2'"%)¢(k), a version of the so-called level 2 distribution relations
in depth 1.

Now, we can consider

¢(1)* = 6¢(T,T,7) +3(¢(1,2) +¢(2,1)) +¢(3)
= 6¢(1,1,1) +3¢(1)¢(2) — 2¢(3).
Whence
CLTT) = —log(2) +  log(2) - 2¢3)
L) =Tglos 1o 08 1
n times
This approach works more generally to evaluate any MZV of the form ((a,a,...,a) as a
1 ial i .
polynomial n C(a)a C(CL ©® a)7 7C(a D ~ ©® a,)

Now, we derive the remaining evaluations by comparing the stuffle-product of alternating
MZV’s (multiplying their sum representation), with the shuffle-product (multiplying their
integral representation). Consider

CD)C@) = ¢(1,2) +C2,T) +¢(3)

1 1
/ - 1/ mn / 771770+/ "7177—1770+/ 1110 N—1
0 0

=((1,2) +¢(1,2) +¢(2,1).

Then subtracting one from the other implies

||r

¢(T1,2) = ¢(1)¢(2) — ¢(DECR) +¢(3) = ="~ log(2) +¢(3).
From this evaluation and the stuffle-product ¢(1)¢(2) = ¢(1,2)+¢(2,1)+¢(3), we immediately

obtain
2

(21) =T log(2) - 1¢(3).

Then consider

1 1 1 1
N h
6(2)4(1)=/ n—1/ ?7—17705:2/ 77—177—1?70+/ n-1mon—1
0 0

=2((1,2) +¢(2,1).
With the evaluation of ((2,1) above, this implies
— 1
((1,2) = 5¢3).

From the iterated integral representation, we can change variables via ¢t — 1 — ¢ (and then
reverse the path) to obtain

1 0 1
C(1,2)=/ 7717717702/ 7707707712—/ oo = ¢(3).
0 1 0



56 S. CHARLTON, L. HELLER, S. HELLER, AND M. TRAIZET

By considering the level 2 distribution relation in depth 2
L+ DM+ (-1)*)

C(1,2) + <12+ <12 +¢T.2) = >

2

k1<ka k1]€2
4 1

=3 s = 50(12),
2
et (2k1)(2k2) 2
we can then obtain
2 1

Finally from the stuffle-product ¢(1)¢(2) = ¢(1,2) + ¢(2,1) + ¢(3), we obtain

_ 72 5
(@) = -7 log(2) + 5C(3).

This has established all of the necessary evaluations; summarising we obtain the following
Q-values

. . . 3
2 = ir, Qo111 =~ C(3) — ¢ 10g*(2) + 75 log(2).
. . 3
. im im
Qo1 = —imlog(2), Qo221 = ZC(3) ~ 17 log(2),
3 13im i3
50 M 002(2) — 7 - _
(50) Q314 5 log™(2) = 45 Q3123 = —5C(3) — -~ log(2),
i3 i3
Q — Q = —log(2) —1i
228 = 75 2183 = 7 0g(2) —im¢(3),
. 3 . 3 .
iT iT oim
Q333 =— Q: = —1log(2) — —((3).
3,3,3 6 3,3,2,1 6 0g(2) 3 ¢(3)
By substitution of the above results in the formula for ag in Corollary [#4] we obtain
9

Using a computer, we can calculate further coefficients oy, both formally and numerically.
We give the output of these computations in Appendix

Remark 51. A more complicated proof that ag = %C(?)), which does not rely on the currently
in-preparation work of Hirose and Sato [22], is available upon request.

9. QUANTITATIVE IMPLICIT FUNCTION THEOREM

In this section we show how to estimate the convergence radius of the Taylor series of the
DPW potential 1, 5 at t = 0 for ¢ = 7/4. This also gives an estimate on the convergence
radius for the series giving the area of Lawson minimal surfaces. To do this, we complexify
the problem and rewrite the Monodromy Problem as a system of holomorphic equations in
the complex parameters (t,z). Then we estimate the radius 7" such that the solution x(t)
obtained from the implicit function theorem exists for all ¢ € D(0,7). By holomorphicity, the
series expansion of z(¢) at ¢ = 0 will have convergence radius at least 7. There are various
Quantitative Implicit Function results which estimate how large 7' can be (see for example
Kantorovitch theory or Smale alpha-theory in chapter 3 of [9]). However, we obtain much
better results by working barehand with the Contraction Mapping Principle. The estimate
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we obtain relies on the numerical estimation (with proven error bounds) of a large number
of Q-values.

9.1. Parity ansatz. For u € W, we define
Ueven(N) = 5 (u(A) +u(=A))

Uoad(A) = 3(u(A) — u(=X))
and denote Weyen the subspace of even functions. The notations are combined in the obvious
way (for example Wﬂigven denotes the space of even functions with real coefficients which
extend holomorphically to the unit disk).

From now on, we fix ¢ = m/4. By the last point of Proposition the solution to Problem
has the following parity with respect to A:

21 (A) = —21(=A)

z2(A) = —x3(—=A).
We impose these symmetries a priori and define

T1 = Z1 + Aiug

To = Xy — Uz + Aus

T3 = T3+ uz + Aus

where w1, uo, us are parameters in VV]R even" We denote u = (ug, u2,us). With a slight abuse of

notations, we denote the potential by 7, instead of 7, ,(,) and likewise we use p(t, u) instead
of p(t,z(u)). A computation gives

(51) K(u) =22 + 224+ 23 =1+ (A% = Dug — vV2(\2 + Dug — XN2uf 4 2ud + 2322,

so K(u) € W22 is even.

even

9.2. Reformulation of the monodromy problem. We define the operator

—u(l
DWW Dy = Y

Using Proposition |66/ and the 1sometry W>O — Wp> =0 ., defined by u — (A = u(A?)), Dis a
bounded operator with norm ||D|| = We define F = (Fj)i1<j<a by

At U) = D(/C(U))

f2(t’ u) = (ﬁ(t’ u) - ﬁ(tv u)*);/en
(52) _(a o *\+

Fa(t,u) = (p(t,w) —p(t,u)")gq

Fu(t,u) = Peven(A = 1).
Proposition 52. Problem is equivalent to F(t,u) =0

Proof. Clearly, Problem (16]) implies F(¢t,u) = 0. For the converse, assume that F(¢,u) = 0.
Then F; = 0 implies that K(u) is constant while F, = F3 = 0 implies that (p — p*)™ = 0.
Since p=p*=p

p(i) =p"(i) = ()— p(—i)
S0 Poad(i) = 0. Hence F; = 0 implies that p(i) = 0. By the proof of Point 2 of Proposition

we have for ¢ = /4
q(t, w)(A) = —p(t, u)(=X)
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and the corresponding statements for q follow. O

9.3. Complexification. We redefine the star operator on W as the holomorphic extension
of the star operator on Wg, namely

u*(A) = Z wup\ ",

kEZ

without the complex conjugation of ug. With that in mind, defines a holomorphic map,
which we denote the same by the same letter

F:Cx (W22 = W22, x WS, x (W)Z9 x C.

even even even

Remark 53. The complexified equation F(t,u) = 0 does not have any geometrical meaning,
if t is not real. In particular, it does not imply that the monodromy is unitary, so there is no
corresponding minimal immersion into SU(2).

9.4. Reformulation as a fixed point problem. Let E = (W22 )3 and consider the partial
differential
L=duF(0,0): B — Wain) X Waen) x Woga) x C
given by
L= (dul —V2D((N + 1)dug), 2ndug, 27 )dus, 27rdu2(i)) .

The operator L is an isomorphism whose inverse is given by
LY (v, v9,v3,04) = (vl + g@(()\_l + )\)vg), %(vg — v9(i) + v4), ﬁvg) )

Following the proof of the implicit function theorem, we consider the map

g : CxFEF—F
(t,u) = L7YF(t,u) —u

so F(t,u) = 0 is equivalent to —G(¢,u) = u. The components of G are given by
G(t,u) =D [K(w) + O+ NB(tw) = Bt 0) )| — w

gQ(t7 'LL) = 2i [(ﬁ<t7 u) - ﬁ(t7 u)*>g/en - (ﬁ(u U) - ﬁ(tv U’)*);fen()‘ = 1) + ﬁ(t7 u)even()\ - 1)] — U2

™

G3(t,u) = (P(t,u) — Pt u)") fgq — us.

27\

Our goal is to find T and R = (R1, Re, R3) such that for t € C, |[t| < T, the map u — G(t,u)
preserves the box

Br={u€ E||lull, < Rj,1 <j <3}
and is contracting (for a norm yet to defined on E, see Section. The proof of the implicit

function theorem ensures the existence of such T' > 0 and R > 0. We want to investigate
how large T" can be. For this we need to estimate ||G;||, and their Lipschitz constants.
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9.5. Estimating G. In this section, we assume that |[t| < T and |u;]|, < R; for i = 1,2,3
and give estimates of ||G;||, in terms of T', R, p. Fix some integer n > 1. By Proposition
the order n — 1 expansion of p=t"lpis

Z >t (u) - wi (W) (M - My )31 Qg (1) + Rn(t w)

k=011, ,ik+1

with Ry (t,u) = O(|t|"). Replacing each z; by its expression in term of u, we obtain an
expression of the form

—1
= "z: Z kot u® + Ry (t, u)

k=0 |a|<k+1
where a = (a1, g, a3) € N3. We use the following standard notations for multi-indices:
u® = uiug?ug®
o] = a1 +ag + ag
R® = R"R5*R5*.
The coefficients ay , are Laurent polynomials of degree at most k4 1 in A whose coefficients
can be computed in terms of {)-values. In the same way, we rewrite (51)) as

= Z bk’atkuo‘
k,a

where of course b, o, = 0 if £ > 0 or o > 2, but this notation is consistent with the notation
for p. Moreover, later on we will add a t-dependent correcting term to each x; and K will
depend on t, so it is better to do the estimate in this general form. We write

Gi(t,u) =Y G +GF

k.«

where Q’f " and gf denote respectively the contributions of the terms thu® and R, to Gi,
where gfm are given by

G5 = D [bi ™ + YO+ X)(akt” — (k)N

tk * * . .
95’0‘ = G [(ak@ua — (akyauo‘) );en — (ak7au°‘ — (ak,auo‘) );en()\ =1i)+ (ak,auo‘)even()\ =1)
k,a tk ayk) T
g3 = = o )\(Gk att” (ak,au ) )odd
0,(1,0,0) 0,(0,1,0) 0,000 We

to which one must subtract u; from Gy , ug from Gy’ and uz from Gy’
estimate each term depending on 7', R and the coefficients ay o, and by 4.

(1) By definition of G;, the linear terms with £ = 0 and |a| = 1 vanish.
(2) The terms with a = 0 are evaluated explicitly:

1G5 1, = THD [bro + 2O + Maro — ato)iaal I,

Tk

k,0 *

||g2 HP = % H(ak70 - ak,O);/en - (ak,o a’k 0)2_\7611( ) + (ak O)EVGI’I(I)H
TF .

1G5l = 2mp (a0 — ak,O):dde

p
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(3) We estimate the remaining terms the best we can, using the following elementary

facts:
ueW = |(u—u)*, <ull,

ue W = [N, < p7Hlull,

0 . —2
U € Waen = [u@)] < p7lull,.
Estimating g§ “ s straightforward:

k k pa

T
k’
1G5 I, < 27Tp||(ak,aua)odd”p < 27 |ak,a,0ddll p-

For Q§ “ we can take advantage of some cancellations. Write

f(A) = (ak,aua)even = Z ng)\%.

=
Then
(f=fH" = Z(fzz — foa)X*
>1
(f = /0 =D (fae = f-20)i*
>1
FO) = fot+ 3 (far + fo20)i®
>1
k
Gy = ;Tr(fo Y (for = Fa)N 2 foa0i™)
=1 >1
and finally
. Tk o Tk R~ 9y~
”gg’ I < o (Hf“p +2p7%|f ||p) < o2 (Hakaa,evennp +2p 2”%70476"‘3‘1”’)) '

To estimate gf’a, we decompose
— F -
Qo ,kodd = A o odd T O a0dd

and observe that (a;a’oddua)” =0 so
Gt = t*D [(bk,a 20Ny A)ag’aﬁodd) u“}
- «a — )\ * +
+ "D [\2/3(/\1 +A) (ak,a,odd“ = (A% 4 0aq”) ) ]

and we can take advantage of possible cancellations in the first term. This gives the
estimate

TkRa

k,a
Hgl HP S pQ —1

(k.o + F2 O + N oaall, + E 0™ + Pl a oaalls) -
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9.6. Estimating the Lipschitz constants. Let o = (o1, 02,03) € (0,00)® be positive
weights. We define a weighted norm on E by

1
lullg,p = lnglfgé 0;  luillp-

Then the Lipschitz constant of the map G on the box Bpg is
1G(t, u) = G(E,v)llop

. . _ —17: ,
) = e T ol 1% Le(G)
lt|<T ’

where
Lin(G) — sup 190 =Gt

uveBR [ = llo,p
ltl<T

The map G is contracting (with respect to u € Bpg) if Lip(G;) < oj for 1 < i < 3. The
weights are additional parameters which help to have a contracting map. In this section
we explain how to estimate the Lipschitz constant of each term gf *. The differential of

u— u® = uftuy?us® applied to v € E is

3

L o

d(uo‘)-v: E ozz-u‘i)” 1U1Hujj.
=1

J#i
Taking norms on both sides and using |lv;|| < 0i||v||,,p, We obtain for u € Bp:

3
i—1 j
ld(u®) - vllgp < 0llgp Y iR o [ [ RS = l[vllopd(RY) - .
i=1 i
By the mean value inequality, for u,v € Bg

[0 = v¥[lg,p < llu = vllo, d(R?) - 0

By the results of Section since each term gf " is linear in u%:

. k,a — — — o
Lip(G;") < [ku,a‘F\Q/T?()\ ! +)\)%+,a,odde+ \2/7?@ 1+P)||ak7a,odd”p d(R%) -0

p? —1
. T*
Llp(g§7a) < o

— ok aevenll + 207 g e AB) - 0

Tk

.k,

Lip(G5™) < 727rp lak,a,0ddllp d(RY) - 0.

In other words, Lip(GF®) is obtained by taking the differential of the estimate of gf “ with

7

respect to R applied to the vector g.

9.7. Estimating the remainder terms QZR. We first estimate the remainder R, of p using
Gronwall inequality.

Proposition 54. There exists constants Co(R, p) and C1(n, R, p), Ca(n, R, p, 0) and Cs(p, 0)
such that for ||uil|, < R; and [t| < T':

IRu(t, u)ll, < T CLT™

and
Lip(Ry) < e TCoTm 4 2% T O,

The proof explains how to compute the constants.



62 S. CHARLTON, L. HELLER, S. HELLER, AND M. TRAIZET
Proof. We equip the space of line vectors M 3()V) with the sup norm:

11, = e 151,

and M3 (W) with the associated matrix norm

Al = max Z 14451

1<5<3

so that || X A|, < ||X],ll|lA]ll,- With the notations of the proof of Proposition |33} let

Zi.2(2) = Yia(2 Zk,Y““ = Yia(z Ztk‘/

We have
For z € [0, 1]

AZi z(2) = Yig(2)tag(z (Ztk/ 1) az(z)

- (Y Ztk/ >x<z>
— (zt,x<z> o [ Z(am) 0a(2).

Integrating and using the recursive definition of iterated integrals gives

(53) Zm(z) = t/ Zt@OZI + tn+1/ (ax)"ﬂ.
0 0

Multiplying on the left by e3 = (0,0, 1) and taking norms:

VA z
lesZea(2)l, < It / lesZeally lloll, + [+ / les(aa)™ .

By Gronwall inequality, for all z € [0, 1]

1 1
(54) lesZea (), < exp (m / waxmp) 1+ [ featen |,

We need to estimate the two integrals. For u € Bgr, we have the straightforward estimate

(55) lzi(u)|, < ci(R,p) with ¢ =p+pRi and co=c3= % + Ry + pR3.
For z € [0,1], we have
4z 2v/2(1 — 2?) 2v/2(1 + 22)
lwi| = 57—, |wo|=—F—F7F < sl =—F——-
1+ 2z 1+ 2 142

Hence

llazlllp = 2max{{[zl, e, [[z2ll, [w2]} + 2[|23]l, lws| < 2max{er|w], colwa|} + 2¢3|ws).

‘We have
Ve +2c3 —
V2es '

calwi| < e2lwa| & 2z <z =
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Hence

1 20 1 1
/ Noall, < 2 / ool + 261 / o + 263 / s
0 0 20 0

Z% + \/52’0 +1
= 2C2 log ﬁ
- 0

The other (iterated) integral is estimated as follows:

1
/ les(aw)™ 1, < Z iy il leadiy - Mi, | /O Wiy Wi |-
Z

7fn+1

> + ¢1(m — 4arctan(z3)) + 2mes = Co(p, R).

Observe that wy, we and ws are real or imaginary but have constant argument on [0, 1], so

1 1
(56) /0 |wiy "'win+1| = |/0 Wiy ""’Jinﬂ‘ = |Qi17"'7in+1(]‘)|'

For u € Br, we can expand x;, - --x;,,, as a polynomial in u1, ug, uz and estimate its norm
in function of p, R. This gives an inequality of the form

max Hes/o (az)""| ) < Ci(n, R, p).

Remark 55. Computing C1 requires the numerical evaluation of €, ... ;. ., where (i1, yint1)
labels the edges on the graph of Proposition [34 from the vertex es to any other vertices, not
just e1 as in Section [§ These Q-values can in general not be expressed in term of MZVs.
We compute them using Multiple Polylogarithms instead (see Appendiz @

By (54), we obtain
IRallp < It esZea(1)ll, < e TOLT™

To prove the second point of Proposition differentiate Equation with respect to u;,
take norms and use Gronwall inequality again:

0Zy 2(2) 207 4 / Doy L / )
0 8u1 Qo+ 0 b 8u2 + 6Uz (Oéx)

3 x
Q H} +|t|n+1/ He3 a:C TL-‘rlH
3th( )

804
Jea 222D, < ccon (|t| / leaZeal |z, + 16" /0 Hesam(ax)““\\p)-

We need to estimate the two integrals. By Inequality .

Doy n Oay
[ 1z Gz, < e [ 1%,

6Ui
074 4 07 |
Jea 2, < 1l [ fea

We compute

Oay, 1

5o, = | 2oken] = 26101 = mp = s

day

192, = [ 200eal + fosh = 20021+ 25(1)) = 25+ 4Tog(vZ + 1) =
3045,;

m / 2p(|Jwa| + |ws|) = 27p + 4plog(V2 + 1) = C3 3.
0
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The other (iterated) integral is estimated as before:

1 0 0
/0 “63%(%3)”“”;; < Z Z ‘H%(%l v 'xin+1)mp lesMiy -+ Mi,, || wiy -+ - Wiy |-

i1, yln+t1

Each term x;, - - - x;, ., is estimated by expanding it as a polynomial in u, differentiating with
respect to u; and then taking its norm. Using the inequality (56|, this gives an estimate of
the form

1
0
/0 ‘}63%(063@)”4_1“[) < CZ,i(n> Rv p)

where each Cy; can be computed by estimating Q-values of depth n+1 (see Remark. By
the mean value inequality, for u,v € Bp:

3
0Z4 »
Ra) = Ra)lp < 117D s 2 vl
i=1 ¢

IA

3
< DT (MO Co i + 17 oo ) 1w vl
i=1

which proves Proposition [54] with

3 3
Cy=Y Chioi and Cs=Y Cp;
=1

=1

Proposition 56. For ||u;|| < R; and |t] < R, we have for 1 <i < 3:

IGR(t, )|, < CReCTCy T

and
Lip(GR) < CR (eS0T 4 20T 0y 05T
with
R V20p 7t +p) r_ (14+207?) r_ 1
Cl == 727[_(,02 — 1) y 02 = 727[_ cmd 03 = 27‘[‘/)
Proof. We have
V2 - .
GR(t,u) = 52D (AT 4+ M) (Ra(t,u) — Ryt u)*) 4]
—1
R < @(P + p)
Hgl (t7 u)”ﬂ = 9 (P2 _ 1) HRn(tvu)HP
2(p~" +p)
R _CR < £ " — .
Hgl (t7u) gl (t7 U)HP = or (pg _ 1) HRTL(t?U') Rn(t, U)HP

The conclusion for g{? follows from Proposition The proofs for Q;z and g§ are similar. 0O
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9.8. Estimating the genus. Assume that we are given some positive number T, R such
that for t € D(0,7"), Problem has a unique solution u(t) € Br. Let

P(t) =t/ K(u(t)).

Recall that the Lawson surface ;4 is obtained by taking ¢t = 1/1_1(29%). Since K£(0) = 1,

it is clear that 1 is a diffeomorphism in a neighborhood of 0. In this section, we give a
quantitative estimate on the size of this neighborhood. For this, we need to know how close
to 1 the number K(u(t)) (which does not depend on \) is. Note that we do not have access
to this number, so we instead estimate K(u), evaluated at A = 1, for all u € Br. (The choice
to evaluate at A = 1 is rather arbitrary, but seems to give better results than A = 0.) With
the notations of Section [9.5] we have

Ku)(A=1) =) bpa(1)tFu(1).
k,a

Since bg o = 1, we have for u € Br
Kw)A=1)=1< > |bpal(1)|T*R* = Cx (T, R).
(k,0)#(0,0)
Proposition 57. Assume that Cx < 1 and let T' = T/1 — Cx. Then the function 1 is
biholomorphic from ~*(D(0,T")) to D(0,T"). Furthermore, 1)~ is real on (=T',T").
Proof. Since K(u(t)) is constant, it is equal to its value at A =1, so

[K(u(t)) — 1] < Ck.

By Lemma [58 below with a = £ and z = K(u(t)) — 1, we have for ¢t € D(0,T)

VK@) ~1] <1~ V1-Ck.
For s € D(0,T"), consider the functions
) =w(t)—s and gy(t) =t—s.
Then for [t| =T :

F2(t) = gs(0)] = 1] |V/R@() — 1| < T(1— VI Cr) =T~ T < T — |s] < |ga(0)].
By Rouché Theorem, fs and g5 have the same number of zeros in D(0,7), and it is clear that
gs has precisely one zero. Hence the equation v (t) = s has a unique solution in D(0,7") so v
is bijective from ¢ ~1(D(0,7")) to D(0,T") and since it is holomorphic, it is biholomorphic.
By symmetry, 1 is real on (=T, T), hence ¥(f) = v(t). It follows that ~1(f) = »~1(t), so
Y1 is real on (=T, T"). a

Lemma 58. For z € D(0,1) and a > 0,

. 1—(1—|2))* ifa<1
(14 2) —1|§{(1+|Z|)a1 fa>1

We use the lemma with @ > 1 in Section

Proof. Simply write
1
(1+2)°*=1= / a(l+ s2)% Lads.
0
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If a—12>0, then

1
(14+2)*—-1] < / a(14 s]z|)27z|ds = (1 + |2])® — 1.
0

If a—1<0, then

1
(142)"—1] < / a1 — sl2])*[2]ds = 1 — (1 — |2])".
0

Corollary 59. Under the hypothesis of Pmposition The series ([2|) converges for
N S
97 oryT—Cx

9.9. Results. The results of Sections and [0.7] give us estimates of the following form,
for [t| < T and u € Bp:

— 1 = genus(7, R).

1Gi(t, w)l| < Cg,(n, T, R, p)
Lip(Gi)| < Crip,(n, T, R, 0, p)
where (T, R, o, p) are formal variables. Fix some number x < 1. We want that
(57) Cg,(n,T,R,p) <kR; for1<i<3
so that G preserves the box Bp, and
(58) CLip,(n, T, R, 0,p) < kg; for 1 <i <3

so that G is contractible for the norm || - ||,, in the box Br. We minimize the function
genus(7, R) (defined in Corollary under the constraints and (58)), with respect to
the variables (T, R,w, p). This gives the following results, depending on the chosen value of
n (which is the order at which we have expanded p):

genus
94.697
17.1829
9.39386
7.3087
6.91425
6.86426

S ULk W N3

Remark 60. (1) This is implemented in Mathematica.

(2) We choose k = 0.99999 and use Mathematica Minimize function to minimize the
genus under the constraints and . This gives us a set of values for the
parameters (T, R, 0,p). We compute again Cg, and Cyip,(n,T, R, 0,p) for this value
of the parameters, this time using interval-arithmetic, and check that the constraints
and are satisfied (for a slightly larger k < 1). We obtain an interval-
arithmetic proof of the claimed results.

(8) Forn = 6, the remainder terms QZR are of order 1074 so further increasing n will not
improve significantly the results.
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9.10. Further results using the derivatives of z(¢). Observe that if z(¢) is a solution of
an equation of the form f(¢,2) = 0 then by the mean value inequality

N tk
(Y2 M(0)5) = o).
k=0 '

We choose some integer N < n and change the definition of x to

N
vi(tu) =2, + > zpt’ + A
k=1
‘ N
ri(t,u) = z; + (—1)7 Ty + Aug + ij,ktk for j =2,3
k=1

(k)

where the coefficients z;, = ; (0)/k! can be computed numerically using the algorithm

presented in Section This kills all terms t*u° in G; for k < N. The functions G; are
estimated in the same way. Note that K now depends on ¢, which is why we took care to
estimate G; in this more general setup. Also, we need to change the estimates of ||z;||, in
Equation ; the constants ¢; now also depend on T'. This gives the following results, with
N=n-1:

genus
16.2129
7.97941
5.16451
4.01048
3.46739
3.28229

N OOk w3

9.11. Quadratic corrections. To make further progress, we may try to kill the quadratic
terms in G, namely terms of the form t*u® with k 4 |a| = 2 (and |a| > 1 since we explain in
Section how to kill the terms with « = 0 by using derivatives). By Proposition the
first order expansion of P is

p(t,u) = 2mas — 4xitlog(2)z 29 + O(£2).
Using the definition of x; and z9, the quadratic term in 2itxixo is

%()\2 + 1)tU1 + ()\_1 - )\)t’LLQ + ()\2 - ].)tU3.

Therefore, adding
log(2)
V2

to z3 (and subtracting it to xs to preserve parity) kills the terms tu; and tug in p. Since
these are even terms, we gain in Gs and we do not loose in G; nor Gs, at least at the quadratic
order. In other words, we replace the former definitions of xo and z3 by

N
, log(2
a5t = 25+ (17 (a4 B 02 4 1)+ Tog(2)02 — Dt ) + s + 3 s
k=1

(A2 4 1)tug +1og(2) (A2 — 1)tus
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The constants ¢; in Equation (55| as well as the constants C j, in Section must be updated
to take into account the new terms. This gives the following results, still using N =n — 1
derivatives:

n | genus
6 | 3.04143
71 2.81835 |
8 1 2.65404

Remark 61. We cannot do the same for the term tus. Indeed, we cannot add log(2)\~ tus
because we cannot add negative powers of A to xz. We could subtract log(2)Atuy to make
Gs smaller. But this actually makes Gy larger because we loose the benefit of a cancellation
between ai(O,l,O),odd and by (o,1,0) in the evaluation of Hgll’(ovl’o) |, and this is not compensated

by the gain in Gs.

Remark 62. It is shown in [15] that there exists for s € (0, i] a real analytic family of
Fuchsian DPW potentials 15 which gives rise to all Lawson surfaces {14, g > 1 for s =
ﬁ this. Up to the reparametrization s = 1(t), the potentials 1 coincide with Niw(r) Jrom
Proposition whenever the power series expansion of 1y 4y at t = 0 converges. This means
Ns=y(t) 1S the analytic continuation of n; 4. However, in order to compute the area of &1 2
explicitly it would be important to know whether the power series of 1, 41y at t =0 converges
for allt with ¢(t) € [0, %] corresponding to g > 2. Though we cannot prove this at the moment,
we do conjecture that the convergence radius should cover the Lawson surface &12 and the
Clifford torus as well. In fact, when plugging in g = 1 into the Taylor series of order 21
of the area function at t = 0, we obtain 272, the area of the Clifford torus, up to an error of
1073,

10. THE AREA OF LAWSON MINIMAL SURFACES &1 4

The goal in this section is to approximate the area of Lawson surfaces &, of genus > 3
using the series with explicit bounds on the error. The coefficients «y of have been
computed up to k£ = 21, see Section and Appendix for the numerical values. We
estimate the error by estimating the remaining coefficients «y, for k£ > 23 using the Cauchy
estimate from complex analysis.

10.1. Estimating |a|. We use the setup of Section respectively with N derivatives.

Proposition 63. There exists a constant C 4(N) such that for k > N,

Cy
=

The proof explains how to compute the constant C 4.

Proof. By Proposition the area of the Lawson surface §; 4 is equal to 87 A(s) with s = 29%
and

1

0 0 :
xo(t) —x3(t)) with t/K(t) =s.
S 0 80 VD
In the setup of Section (just remove the log(2) terms in the setup of Section [9.10)

V2 log(2 N
A(s)=1— 0 (—ug(t) — \g/(i)tu(l)(t) + log(2)tud(t) + kZ:l:L‘g’ktk> .

A(s) =1—
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Consider the holomorphic function defined for s € D(0,7") by

N
h(s) = A(s)—1+v2) af,s"
k=1

V2 log(2)
= %0 <u8(t)+ o tud (t) — log(2)tud(t —l—Zx“( )s —tk>>.

Observe that h and A differ by a polynomial so h*) = A®*) for k > N. For s € D(0,T"), we
have by Lemma

) /K:(t)Sk o tk‘ _ ’t’k } ( )(k:—i—l 1‘ < Tk ((1 + CK)(k+1)/2 ) ]
Hence the function h is bounded by C4 in the disk D(0,7"), with

V2 log(2) k
Ca=———— | Ro+ TRy + log(2)TR3 + TF ((1+ Cr) D2 1) |
d= e (Rot o TR+ log()T Ry ka ((1+cx) )

By the Cauchy Estimate, we have for all k£ € N:
k!
A90)] < Cut e

Hence for k£ > N,
Ca
(T)%

1 1
o] = 1 ADO)] = 1 1h9(0)] <
(]

10.2. Area estimates for g > 3. We use the series truncated to order 21 to compute
an approximate value of Area(&; ) for g > 3. By Proposition the error in the genus g
case is bounded by

(#)° !
8w g |s* < 8m Cu (7)) =8rCqp—+— with s= .
kz% ;3 ) 1— (%)2 29 + 2

k odd k odd

This gives the following results (where 7" and C 4 are computed in the setup of Section
with n =8 and N =7)

genus | approximate area | bound on error
3 22.82027709 0.244537
4 23.32191299 0.000512743
5 23.64134581 5.732114 1076
6 23.86347454 1.4302993 107
7 24.02726927 6.096336 109
8 24.15322275 3.847452 1010
9 24.25318196 3.2867174 1011
10 24.33449044 3.574938 1012

Proposition 64. The area of &1 4 is strictly increasing in g for g > 3.
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Proof. The previous results ensure that Area(§ 4) is increasing for 3 < g < 9. For g > 9 we
have s < T" = &. By Taylor formula, for s € (0,7"), there exists o € (0 s) such that

s7

s7
ZA’““) +A o)z = Z kapst ™! + A®(0) 2.

k odd

Using the Cauchy Estimate we have

8!
8
Since g = log(2), ag > 0 and a5 > 0,
C (T//)7
A'(s) < —log(2) + 7|az|(T")® + SW < —0.668205.

The last inequality is obtained using interval arithmetic in the setup of Section [9.11] with
n =8 and N = 7. Hence A is decreasing on [0,7"] so Area({ 4) is an increasing function of
g for g > 9. (]

10.3. Area estimate in the genus 2 case.

Proposition 65. We have
Area(&1,1) < Area(&12) < Area(&13).

Proof. Since &1,1 is the Clifford torus, we have
Area(€11) = W(€11) < W(E12) = Area(&12)

by the solution of the Willmore conjecture [34]. To prove the other inequality, we construct a
simplicial approximation of £; 2. The genus-2 Lawson surface &; 2 is obtained using reflection
and rotation of a fundamental piece which is the solution of the Plateau problem for a geodesic
4-gon I'y, i.e., it has the least area among all surfaces with the same boundary. The aim is to
find a triangulated surface with boundary I's, i.e., each face is a geodesic triangle, and show
that its area is below the (coarse) lower bound 22.57 < 22.82027709 — 0.245 obtained for the
genus-3 surface i 3.

To compute the area we make use of the Gau3-Bonnet formula applied to a geodesic triangle
Apc in S? with vertices A, B, C and angles «, 3, which gives
Area(AABC):/ KgdA=a+p+~v—m.
AaB,C

The angle a at the vertex A given by the two arc-length parametrized geodesics, y4p and
Yac, connecting A to B and C respectively is given by

a=cos™! (< V4p(0),74c(0) >ps) -
Let S ¢ C? = R* and consider the four vertices of the geodesic polygon I'y given by
Py =(1,0), P=(1,0), Qi =(01), Q2=(0,¢"?)

Let v4p denote the edge connecting the vertices A € { Py, P>, Q1,Q2} and B € {P1, P>, Q1,Q2}.
Then for 4,5 € {1,2} the four edges of the 4-gon I' are

vpP;,Q, (8) = sin(s) P; + cos(s)Q;.

For visualization purposes we consider the stereographic projection of S* to R? such that
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2

P1
Qs Q2

VAN
N

1

FicURE 6. The left picture shows the domain of the triangulated surface.
The labels of the vertices corresponds to their image in S. The right picture
shows how the triangulated surface in S% stereographically projected to R3
look like.

the (z,y)—plane and the unit 2-sphere are images of totally geodesic 2-spheres in S3. The
boundary curve has two reflectional symmetries, which the Plateau solution inherits as well,
namely the angle bisection geodesic 2-sphere of the angles at the P;,

op: S — §2, (2, w) — (2,™3w),
and the one of the angles at the Q;,
0g: S — §?, (z,w) — (iz,w).

Thus as a first refinement of the triangulation, we add a fifth vertex M, which should be fixed
under both op and o, as indicated in Figure @ In other words, we choose M lying on the
fix point set of both symmetries, which is a geodesic v parametrized by

M = cos(s0)(¢™/*,0) 4 sin(s0) (0, /%) ¢ C?,
for some real parameter sg € [0, 7/2)

2

P2

=
m—

/’j1\\ >

Q1 Q2

P.
/ c S
°=\M | |
P

1

Fi1GURE 7. The black lines on the surface are the fixpoints of the two reflection
symmetries of the plateau solution. The green line indicates the intersection
line of the two geodesic spheres which are fixed under these reflexions. The
image of fifth vertex is chosen on this green line such that the total area of
the four (congruent) geodesic triangles are minimized.
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To further refine, we add three points A, B, C' with

A = cos(s1)(e™/*,0) + sin(s1)(0, el*1)

lying in the fix point set of o,

B = cos(s2)(0, e™%) + sin(sq)(e*2, 0)
lying in the fix point set of op, and

C := (0, cos(s3), sin(s3), 0)

lying on the geodesic between ()1 and P, for some real parameters si, s, s3,%1, to lying in the
interval [0,7/2).

The Lawson surface £ o consists of 12 congruent copies of the fundamental piece. Moreover,
due to the choice of the vertices, every fundamental piece splits into four copies of congruent
triangulations, see Figure [} Thus

(59) Area(&2) < 48[Area(Ag, ac) + Area(Aanp) + Area(Aapc) + Area(Apcp,)]

Using the Mathematica Minimize function, we obtain the following values for the six param-
eters:

so = 1.13641, 57 = 1.27441, 59 = 0.848594, s3 = 1.06941,t; = 0.134219, 9 = 1.4755.

This gives the following bound on the area
Area(&12) < 48[Area(Ag, ac) + Area(Aanp) + Area(Aapc) + Area(Apcp, )]

60
(60) < 22.45 < 22.57 < Area(&1.3),

concluding the proof of Proposition O

APPENDIX A. EUCLIDEAN DIVISION IN THE BANACH ALGEBRA Wp

In the Banach algebra W, there is a euclidean division by polynomials with roots in the disk
D,. This results has been used in Sections and

Proposition 66. Let ji1, -+ ,p, € D,. For any u € szo, there exists a unique pair (q,r) €
WPZO x C[\] such that
u=N\—p1) - AN=pp)g+r and deg(r) <n.
Moreover, the quotient g has norm bounded by
1
p=lpal) - (p = |pm

lgll, <
P

Proof. It suffices to prove the case n = 1 as the general case follows by induction. Let
p=p €D, andu e WPZO. Define r = u(p) € C and

u(A) —u(p)

a(A) = -
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We have
00 )\ . oo k—1
§ :Uk :u § :E :Uk)\J k—1—j
k=0 j=0
- _— —lul*
IIqIIpSE E pam —E | < -
== —Iul p—lpl

APPENDIX B. CHARACTER VARIETY

We are interested in the following Betti moduli space for 7 € (0, 2)
:= {(L1, L2, L3) € SL(2,C)? | trace(L;) = 0, —trace(L3LaL1) = 7}/SL(2,C)

where SL(2,C) acts by overall conjugation. The space can be naturally identified with the
moduli space of representations M7 from the first fundamental group of the 4-punctured
sphere into SL(2,C). The local conjugacy classes of a representation p € M" is determined
by

trace(p(y1)) = trace(p(72)) = trace(p(y3)) =0 and trace(p(ys)) =
via p(v;) = L;j for j = 1,...,3. In fact, since L} = L3 = L} = —Id we have (L;LoL3)" ! =
—L3LoLy, and trace(p(y4)) = —trace(LsLaL1).

Fixing the conjugation up to some diagonal freedom, we can assume without loss of generality
that

(61) Ly=(0%)-

We call an element [p] € M7 irreducible if it is induced by an irreducible representation
(generated by L1, Lo, Ls3).

Lemma 67. Every element of M7 is irreducible. In particular, L1 and L3 cannot be simul-

taneously upper (or lower) triangular and neither of the two can be diagonal.

Proof. A direct computation shows that, with the choice of Lg, if L; is upper (respectively
lower) triangular and Ls is upper (respectively lower) triangular, or if either of the two
matrices are diagonal, then the trace of Ly := —LsLsL; must be 0, which is excluded by
assumption. O

Definition 68. The three traces ,y,z € C? defined by
x = trace(L1Lg), y =trace(LoLs3), 2z = trace(LaLy)
are called trace-coordinates of the representation p = p(L1, Lo, L3).
Clearly, (z,y, z) are invariant under conjugation, and define functions on M7. As a direct
consequence of Lemma [67} we only have to consider the following two cases:

Type I: L; is either upper or lower triangular, then it has diagonal entries +i or Fi and
off-diagonal entries being either 1 and 0 or 0 and 1;

Type II: L; is not triangular. Then up to conjugation with a diagonal matrix, there exists a
x € C with 22 # 4 such that L; is given by

@ n=(ea g)
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Lemma 69. With the notations above we have x = trace(L;Ls). In particular, [p(L1, L2, L3)]
is of type I if and only if > = 4. More specifically we have

(1) If x = 2, Ly is upper triangular if and only if z = —y — i1 and lower triangular if
and only if z = —y +iT.

(2) If © = —2, Ly is upper triangular if and only if z = y — i1 and lower triangular if
and only if z=y+1iT.

Thus every solution to 2% = 4 satisfies 72+ (y £ 2)? = 0 and is given by some representation
p(L1, Lo, L3) of type I which is unique up to conjugation.

Proof. This follows by elementary computations in each of the individual cases. O

We aim to show that the trace coordinates (z,y, z) of a representation solve

(63) PT(z,y,2) =1+ (2 +y* +2%) +ayz — 4 =0,

and conversely, every solution (z,y, z) uniquely determines a representation up to conjuga-
tion. For o = £2, this statement is equivalent to Lemma [69}

For L of type II we can assume without loss of generality

(64) Ly = (_biiy “;)

2
with det(L3) — 1 = 1 (—4ab+ y? — 4) = 0. Then trace(LoL3) = y and

1
7 = —trace(LgLoLq) = ZiaxQ —i(a+10)
z = trace(LaoLy) = —trace(LoL3LoLl) = a —b— %awz — %xy.
We directly compute

1
(65) P (z,y,2z) = 1 (2% — 4) (4ab—y* +4) = 0.
Conversely, given (z,y, z) satisfying P (z,y, 2) = 0 and 22 # 4, the triple (L1, Lo, L3) given
by (62), and with a and b determined by det(L3) = 1 and 7 = —trace(LgL2L1) =

%iamQ —1i(a + b) is a representation with these trace coordinates.

Together with Lemma [69| we obtain the first part of the following theorem:
Theorem 9. Let 7 > 0. Then, every representation of the Betti moduli space [p] € M7 is
irreducible. Moreover, M7 and the relative character variety

X7 = {(z,y,2) € C}| P"(z,y,2) = 0}

are complex manifolds, which are biholomorphic to each other via the trace coordinates.

Proof. It remains to show that the complex analytic spaces M% and A7 are smooth. Bi-
holomorphicity then follows from both spaces being complex manifolds using the same coor-
dinates.

By the implicit function theorem, the character variety X7 (for 7 € (0,2)) is smooth. The
space M7 has on the open subset 22 # 4 a natural smooth structure using the normal forms

of L, and L3 given in and . For x — £2, the coordinate for L, extends smoothly to
the upper triangular case. To glue in the L; being lower triangular case, we need to change
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the coordinates using a conjugation by a diagonal matrix, which normalizes the lower left
entry to 1. O

B.1. Unitary representations. If [(L;, L, L3)] € M7, is unitary up to conjugation then
the trace coordinates automatically satisfy (x,y, z) € [—2,2]. But to obtain unitary represen-
tations this condition can be slightly relaxed.

Theorem 10. Let [(L1, Lo, L3)] € M. Then there exists an unitarizer U such that U_leU €
SU(2) if and only if

(66) (x,9,2) €U :=[-2,2P xRN AT =(-2,2) xRN A".

The unitarizer U depends smoothly on the trace coordinate x and we have U = 1d at x = 0.
Moreover, the set U™ of unitary points constitutes a connected component of R® N X7,

Proof. Since PT(£2,y,2) = 72 + (y & 2)?, we have for z = +2 and y € R that z ¢ R. This
gives that unitary representations only occur in type II. Analogously, for y = 2 and z € R we
have z ¢ R. Hence, for (z,y, z) satisfying (66)), we have

22 <4 and 3 <4

Therefore, conjugating the normal forms , , and by the real positive matrix

(referred to as unitarizer)
Y2 g
U = < v 4-2? )

0 \4/4712
V2
we have
_y 1o 2
U™ LU and U 'LyU € SU(2), and U—1L3U:< 2 Qa\/Ly x)
4—x? 2

Since a and b are determined by
2

det(Lg):yZ—abzl and z=a—b— a2’ - lzy
we obtain that there exists two pairs (a4, b1 ) of solutions given by
27 + 2y + 22 +2it — xy — 22
1.2 and by = 1
which gives that U~ L3U is unitary as well.

aL =

Finally, U™ is connected, as every element (z,y,z) € U” can be connected within U” to
either of the points (0,0, +v4 — 72), by sending (z,y) — 0 and these two points can be
connected within U7 via the curve v(r) = (sin(r)v4 — 72,0, cos(r)v4 — 72). It constitutes
a whole connected component of real representations, because the boundary points x — 42
and y — £2 do not give rise to real representations. O

APPENDIX C. NUMERICAL EVALUATION OF MULTIPLE POLYLOGARITHMS

In the process of deriving the results in this paper, one needs to numerically evaluate many
alternating multiple zeta values (more generally: cyclotomic multiple zeta values, or general
multiple polylogarithms).

Multiple polylogarithms are implemented in many computer algebra systems and calculators,
for example Maple, gp/pari, GiNaC, to name a few. The implementation used in GiNaC is
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described in [42], more references can be found in [12, §7.48 inifcns nstdsums.cpp File
Reference]. GiNaC does not guarantee accuracy, but computed digits can be checked by
increasing precision. (Implementation bugs were fixed at various points.) The implementation
in gp/pari is documented in [36, polylogmult(s, z, t = 0)], where accuracy is guaranteed
to a certain number of bits when the algorithm converges. (A warning is given there: the
gp/pari algorithm for multiple polylogarithms might not converge even at moderate roots
of unity, and raises an error.) Finally, a Maple implementation is described in [I1]; it is not
clear if this comprises the built-in routines [33].

Since these different implementations can be cross-checked, one can be essentially certain
that the results are accurate. Nevertheless, we would like to be self-contained, and give
proven accuracy. An approach to evaluating alternating MZV’s is described in [7] using
the Holder convolution formula to express the result via geometrically convergent multiple
polylogarithms. This is essentially the path composition of iterated integrals; an extension
of this approach to evaluate arbitrary cyclotomic multiple zeta values was described in a talk
by Hirose [21I]. We recall the details of this setup and give the necessary bounds to establish
a disc containing the resulting values.

Truncated MPL’s. Introduce the truncated multiple polylogarithm:
ni nqg
: ) Ty Ty
LlN;al,...,ad(zla s 7$d) = Z W ’
0<ny < <ng<N

where the indices a1,...,aq > 1 € Z. Write 0; = Hc-l:j x;. Note that

(2

SR Al R O e ) ey

al aq
nl nd

LiN;al,...,ad(xla R 7xd) =
0<n1<---<ng<N

In the region [6;| <1, j =1,...d, and (aq,zq) # (1,1), the series is convergent as N — oo,
and the limit defines the multiple polylogarithm,

Lial,...,ad(xla . ,a;d) = ]\}gnoo LiN;al,...,ad(xla . ,xd) .

For details see [43] §2.3, and Corollary 2.3.10].

Geometrically convergent MPL’s. Fix 0 < a < 1, and suppose |§;| < o, for j =1,...,d.
Then

LiN;al,...,ad (I’l, L) ‘Td)
converges absolutely, and is bounded by some multiple of the geometric series 223:1 B4, for
any o < 8 < 1.

Proof. By the trivial estimate n; > 1, and |J;| < «, we have

: ni . no—ni Ng—1—Tg— Ng—Nq—
‘LlN;ah“_ﬂd(xl,...,xd)|g E o™ o o i B I VL A e

0<ni<-<ng<N —and

Explicitly extracting the sum over ng4, we can write
N N
= Z ( Z 1> ol < Z ngfla”d.
ng=1 *0<ni<---<ng_1<nqg ng=1

This converges by comparison with the geometric series Zﬁ; _q B O
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Estimate of MPL tails. Fix 0 < a < 1, and suppose |§;| < «, for j = 1,...,d. Then
following bound holds

d 1 .
d—(i—1)
. . N «
L1a17--~7ad(3}1’ s vxd) - L1N§alv~--’ad(x17 R :Ed)‘ <a’- 2_1: Nait+aq ’ (1 _ Oz)

Proof. We have

‘Liah...,ad (1'17 cee 7"Ed) - LiN;al,..A,ad ($1, ce. >xd)‘

D e Y

aq

<
= al
nyteny

0<ni<---<ng
ng>N

Ly oy e e
B ar ., ,,0d

i=1 0<n1 < <n;—1 <N ™ nd
N<n;<---<ngq

For i = 1, using the trivial bounds n; > N in the denominator, and [§;|"+1™™ < @™+17 ™ in
the numerator, since the exponents n;11 —n; > 1, we can write

ni nz2—ni . ., ng—nd—1
’51| ‘52| |6d| < 1 Q™ Q2T L. A1
ay aq = Narttag
nyteny N
N<ni<---<ng N<ni<---<ng

By the substitution n; = N + 01 +--- 4+ ¢;, £; > 1, this is simply

N

Z aN+£1 V2 L. Oéed _ (0% ) « d
= Jerrs Foa Lo Narta \1—a) -
d—

For 2 < i < d, write |§;|" -1 = |§;|V "1 .|6;|" ", and break the numerator at this point,
giving

e gy

n%l DY ngd
0<ni<---<n;—1 <N
N<n<-<ng

O a2 L
nyt gy

0<ni<---<n;—1 <N

‘5i‘ni*N|5i+1|"i+1*ni . |5d|nd*nd71
N<n;<--<ng nil nd

The same argument as above (for the N < n; < -+ < ng tail when ¢ = 1), gives the following
bound for the second factor

> T Ll | e ! ( - >d_(i_1)

fn/a'l PN nzd Nai+"‘+ad 1—«
N<n;<--<ng g
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On the other hand, apply the trivial bound nq,...,n; > 1 and |§;| < « (since the exponents
are positive), to the first factor, giving

al a;—1
U3 ;4

D e S e
O<ni<---<ni—1 <N
< Z aN < Ni=1aN |

0<ny<--<n;—1 <N

Hence we obtain

’(51‘111 ’(52‘712*”1 ygd’nrndq - Ni—1oN a d—(i—1)
Z na‘l [P nad - Nai+"'+ad ’ 1 — ’
0<ni<---<n;—1<N 1 d

N<n;<--<ng
Overall, we then have

Ni—l a \d—(i-1)

. . N
‘Llah_._ﬂd(l‘l, .oy xq) — Lin ey (@1, xd)’ <a- Z Nt Faz (1 — a) )

i=1
This majorisation goes to 0 as N — oo, as the exponential o, 0 < a < 1, dominates any

power of V. O

Efficient evaluation of truncated MPL’s. In order to evaluate truncated multiple poly-
logarithms efficiently, we proceed as follows. (This is a well-known approach.) Write

N ng
. . Z4
LlN;al,...,ad(q}l, sy wd) - § Llnd;al,...,adfl(xla e 7$d71> : nad
ng=1 d
N
. . Ty
= LiN-1;01,....04 (T1,. .. za) + LIN;ahw,adq(xlv ey Ta-1) - Nad '’

Then initialize the vector (v,)?_, as follows, where by convention Lipg(0) = 1 is the only
sensible value to assign.

Initialise:

(vr)?_o = (Lig,p(0), Lioay (1), - - -, Livyay,....ay (@1, - - s 7a)) = (1,0,...,0).
For i =1,..., N iterate as follows, computing the new values (v;)fzo and replacing the old
vector (v,)2_, with the new values. After iteration i, (v,)._, contains (Li; g, a. (%1...,2))% g
Iterate 1 << N:

d \d le mz2 le

(Ur)r=0 = (Vp)r= = (17111 + vo - 2.71,112 + v et ,Ud + Ud—1 - z'Td’> .
Obtain the final result as follows.
Return: vg = Liniay,. ay(®1, ..., 24q) -
This computes the value of Lin.g,, . q,(Z1,...,24) in O(Nd) steps, rather than the naive

O(N?) obtained from iterating over all indices 0 < ny < --- < ng < N directly.
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Reduction to geometrically convergent MPL’s. The final task is to reduce any mul-
tiple polylogarithm Li,,,  q,(21,...,24) to an expression in such geometrically convergent
MPL’s whose values can be computed efficiently, and whose tails can be bounded explicitly.
By disc arithmetic, one can carry the explicit error bounds forward to obtain a value for
Lig,,....ay(x1,...,24) with proven error bounds.

Recall that any multiple polylogarithm can be written as an iterated integral (c.f. Equation
, for the special case where z; = +1; more generally [14, Theorem 2.2]), as follows.

1
. —1 —1 -1
Llal,...,ad (3717 st ,.%'d) - (_l)d/o 776;17781 775;177(012 T 775;17]8(1 9

where &
d
n.(t) = P §; = Hi:j x; (as before).
(Note that |§;] < 11is part of the condition implying the MPL is convergent.) The viewpoint to
take now is that we can compute « (the parameter telling us the rate of geometric convergence

of the given MPL) as
1 |1—0

min; \6;1|  min; ](5]-_1 -0

Yn+1
/ My = Nyn
Yo

is invariant under affine transformations y; — Ay; + p, it can always be rescaled to be an
integral from yp = 0 to y, = 1, via y; — ﬁ Consider the circle centered at the lower
bound of integration p = yg, with circumference containing the upper bound of integration

q = Yn+1- This has radius r = |¢ — p|. The number of radii from ¢ to the nearest pole y;
(# p) gives a~!; this quantity is affine invariant and reduces to (67) when yg = 0, 9,41 = 1.

(67) a=

Since the iterated integral

y; (nearest)

" convergence .-

convergence
at rate «

The goal is therefore to re-express the integral qu (as a sum of products of other integrals)
in such a way as to obtain geometric convergence (with « as small as feasible) everywhere.
We have some relations for iterated integrals to assist us, firstly:

n

q r a
(Path composition) / Q- o, :Z/ Oél'”%"/ Qg1 g -
p p r

1=0

If ¢ is not a singularity of any of the differential forms, then the nearest singularity (5]-_1 to q is
some distance ¢ > 0. The region {z: |z —p| > 1} N{x: |z —¢q| > €} is some positive distance
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d away from the radius p — ¢ (as both are compact). By decomposing the path p — ¢ at
equally spaced points si,..., S, (say), we can replace the circle of radius |¢ — p| centered at

p with circles of arbitrarily small radius % centered at p,si,..., s, along the path p — q.

For each of these integrals, the convergence rate is then < %, which can be made arbitrarily
small.

However, if ¢ is a singularity of some of the differential forms, consider still the nearest
singularity 5]-_1 to ¢, which is a distance ¢ > 0 away. (If no singularity exists, take ¢ = @.)
Take point s on the radius p — ¢, distance € from ¢, and apply path decomposition. The

integral f; is handled as before, to obtain arbitrarily fast geometric convergence. To handle
sq, apply path reversal:

(Path reversal)

Then one can apply path decomposition to qu to obtain arbitrarily fast geometric convergence.

Case: Alternating multiple zeta values: Alternating multiple zeta values are multiple
polylogarithms at x; = £1. The differential forms therefore have singularities are 0,£1. To
speed up convergence, express the path 0 — 1 as the concatenation of 0 — % with the inverse
of 1 — 1.

2
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The integrals fol/ ? have geometric convergence rate %, as both (other) singularities +1 are

distance 1 from 0. The integrals fll/ ? have geometric convergence rate % as the nearest (other)
singularity to 1 is 0, with distance 1.

We therefore express any alternating MZV as a sum of multiple polylogarithms which converge

geometrically, at rate o = %

Case: ()-values: The original definition of €);, ;. expresses the result as a sum of 4"

integrals fol over differential forms with singularities at py = exp(27i(2k—1)/8), k=1,...,4.
To speed up convergence, decompose the path 0 — 1 as the concatenation of 0 — %, with
+ — 2 then the inverse of 1 — 2. The singularity at p; = exp(2ni/8) is the nearest one to each

start points of integral 0,1/3 or 1; it has distance 1, £1/10 — 3v/2 = 0.799817..., /2 — V2 =

0.765367 ... respectively. The slowest rate of geometric convergence we obtain is then o =

1/V/2 — V2 =0.435521. ...

We therefore express any ()-value as a sum of multiple polylogarithms which converge geo-

metrically, at rate a = %.
Case: (-values (refined): Recall the alternative formula for €;, ;. in expresses the

over differential forms with singularities at 0, £1.

result as a sum of 3" integrals | s

In this case, to speed up convergence, we deform the straight-line path —i — —1 + /2 (via
homotopy invariance) to pass through r; = 13—0 — l%i and ro = % — %i (chosen rational for
convenience), and express it as the concatenation of —i — r;, with the reverse of ro — 7y,

and then ro — —1 4+ /2.
The nearest singularity to —i is at 0, so f: has a = ‘l_ji:%l‘l = 0.542984.... For ry
nearest singularity is at 0 or 1, so f:; has @ = 271l — 0.542984... and ngHﬂ has

[r2—0]
a = 2=CHYVRL (549606,
[p2—0]
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—14+v/2 1

We therefore express any (2-value as a sum of multiple polylogarithms which converge geo-

metrically, at rate a = 15—050. Although this is slower than previously, we only have to expand

Q;, ..., as 3" integrals initially, which is a significant saving.

APPENDIX D. HIGHER ORDER TAYLOR EXPANSIONS

D.1. Second order derivatives of the parameters in the CMC case. In principle,
we can compute the n-th order derivatives of the parameters with respect to t for arbitrary
angle ¢ in term of Q-values. However, for ¢ # 7, we cannot compute the required Q2-values
explicitly, except in the case n = 2, where the only Q-values which appear are 31(1) and
23 1(i) which were computed in Section We obtain the following results:

2 =8iX(log(tan(e)) [COSQ(@ log(cos(ip)) (A2 + 4 cos(2p) — 1)
+sin2(¢p) log(sin(ep)) (—A2 + 4.cos(2) + 1) }

4 =4 sin(p) log(cos(i)) [ — 2 cos? () og(cos(p)) (\? — 3)
+log(sin(e)) (cos(2¢) (A2 — 3) + 3A2 — 1) }

2§ =4) cos() log(sin()) | — 2sin(p) log(sin()) (A? - 3)
+log(cos(ip)) (— cos(2p) (A2 — 3) +3A2 — 1) }

K" = ~ 161og(tan(p)) | cos? () log(cos(y)) (3 cos(2¢) — 1)

+ sin® () log(sin(¢)) (3 cos(2¢) + 1)]
6" =0.

D.2. Computation of a;, for k > 3. When specializing to the Lawson surfaces with ¢ = 7
we have been able to compute numerically the coefficient oy, in the area expansion up to
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o1
o1 ~ 0.693147180559945309417232121458176568075500134360255254120680
a3 >~ 2.704628032109087142149410863400762479221219157766122484032610
a5 ~ 3.699626994497618439893380135471044617736329548309105157162310
a7 ~ —53.1688000602634657601186493744463143722221041377109549606883
g >~ —459.565676371488633633252895256096561995526272030689845199417

a1 ~ —260.931729774858246058852756835445016841900749580577223 718493
a3 =~ 26311.75666632241667824049728000376568318761694887921531627959
a5 =~ 219897.7526067197482348266274038050133501624360107896585815548
a7 ~ —204390.987496916879876223326569020676825058179523091704555104
a9 ~ —19346782.5372543220622302604976526258798242712500787552866514
a1 ~ —148960589.720279268862574700035701683223669243796252922710520

2

1

Using the alternating MZV Data Mine [2] we can also give analytic formulas (in terms of a
set of algebra generators) for the coefficients ay up to «aq1, in particular:

as = =8¢(1,1,3) + 2L¢(5) + %-((3) — 21¢(3) log*(2)
16Li5(3) + 16Liy(3) log(2) — 1¢(5) — 14¢(3) log?(2) — 8¢(2) log?(2) + & log®(2)
ar = —256¢(1,1,1,1,3) + $892¢(1,1,5) + 229¢(1, 3,3) + 12810g*(2)¢(1, 1, 3)
+28¢(3)C(1,3) + 20921 (7) _ ABr% ¢(5) AT 3y 109¢(5) |og?(2)
+ 280¢(3) log*(2) — 327 ((3) log?(2) — 112((3)* log(2)
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