LOOP GROUP METHODS FOR THE NON-ABELIAN HODGE
CORRESPONDENCE ON A 4-PUNCTURED SPHERE
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ABsTrRACT. The non-abelian Hodge correspondence is a real analytic map between the moduli space
of stable Higgs bundles and the deRham moduli space of irreducible flat connections mediated by
solutions to the self-duality equations. In this paper we construct self-duality solutions for strongly
parabolic s[(2,C) Higgs fields on a 4-punctured sphere with parabolic weights ¢ ~ 0 using complex
analytic methods. We identify the rescaled limit hyper-K&hler moduli space M+ at t = 0 to be the
completion of the nilpotent orbit in s[(2,C) modulo a Zg X Z2 action, equipped with the Eguchi-
Hanson metric. Our methods and computations are based on the twistor approach to the self-duality
equations using Deligne and Simpson’s A-connections interpretation. By construction we can com-
pute the Taylor expansions of the holomorphic symplectic form w; on My at t = 0 which turn out to
have closed form expressions in terms of multiple polylogarithms (MPLs). The geometric properties
of M; lead to some identities of certain MPLs which we believe deserve further investigations.
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1. INTRODUCTION

Hitchin’s self-duality equations [29] on a degree zero and rank two hermitian vector bundle V — %
over a compact Riemann surface ¥ are equations on a pair (V,¥) consisting of a special unitary
connection V and an (trace free) endomorphism valued (1,0)-form ¥ satisfying

(1) VU =0 and FY+[¥,0*]=0.

These equations are equivalent to the flatness of the whole associated family of connections
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(2) VA=V + 210 4+ \*

parametrized by A € C* — the spectral parameter. Solutions to give rise to equivariant harmonic
maps from the Riemann surface into the hyperbolic 3-space SL(2,C)/SU(2) by considering the Higgs
field ¥ as the (1,0)-part of the differential of the harmonic map [I3]. An application of a classical
result by Eells-Sampson [I5] then shows the existence of a unique solution in each homotopy class of
equivariant maps, i.e., when prescribing the (totally reducible) monodromy of the harmonic map [I3].

As first recognized by Hitchin [29], the moduli space of solutions to the self-duality equations (modulo
gauge transformations) Mgp has two very different incarnations as complex analytic spaces. Firstly
as the moduli space of Higgs bundles M 445, i.e., as the moduli space of polystable pairs (dy, ¥)
satisfying Oy ¥ = 0, and secondly as the moduli space of totally reducible flat connections Mgg. The
non-abelian Hodge correspondence is the map between M p;44s and Myp obtained through solutions
to Hitchin’s equations. Both complex analytic spaces Mpyigqs and Mygr induce anti-commuting
complex structures on Mgp turning it into a hyper-Kéhler manifold when equipped with its natural
L%-metric. Since the mapping is mediated by the harmonic map this correspondence is not explicit
and it is not possible to see every facet of the geometry within one framework only.

Every hyper-Kéhler manifold can be described using complex analytic data (subject to additional
reality conditions) via twistor theory [30]. For Mgp, the twistor space has been identified with
the so-called Deligne-Hitchin moduli space Mpp introduced by Deligne and Simpson [43]. The
space Mppy is obtained by gluing the moduli space of A-connections on the Riemann surface with
the moduli space of A-connections on the complex conjugate Riemann surface, and the associated
family of flat connections naturally extends to a special real holomorphic section — a twistor
line. The main subject of the paper is to construct twistor lines and the hyper-Kéhler structure of
Mp ‘entirely complex analytically, so we bypass the nonlinear elliptic theory necessary to define the
harmonic metrics’ [,

The self-duality equations generalize to punctured Riemann surfaces by imposing first order poles
of the Higgs fields and a growth condition of the harmonic metric determined by their parabolic
weights, called tameness, see Simpson [42]. In the following, we restrict to strongly parabolic case,
where the Higgs fields have nilpotent residues adapted to the parabolic filtration. Then the associated
family of flat connections has (up to conjugation) the same local monodromy at each puncture [42}
table on page 720] for all spectral parameters A € C*. The moduli space of solutions has again
a hyper-Kéhler structure which was first studied by Konno [32]. The complex structure I denotes
hereby the one of the moduli space of (polystable) strongly parabolic Higgs fields, and the complex
structure J denotes that of the moduli space of logarithmic connections with prescribed conjugacy
class of their local monodromy.

In this paper, we study the simplest non-trivial case, where the underlying Riemann surface is a
4-punctured sphere and restrict to Fuchsian systems, i.e., logarithmic connections on the trivial holo-
morphic (rank 2) bundle. On the Higgs side, we assume that the parabolic Higgs bundles are strongly
parabolic with the same parabolic weights +¢ with ¢ € (0, i) at each of the four singular points. The
moduli space of self-duality equations is then denoted by M;. For ¢ — 0 the space of polystable para-
bolic Higgs pairs bounded by tC (for some fixed C' > 0) degenerates to the point given by the trivial
parabolic Higgs pair. When rescaling by ¢ its blow-up limit %Mt at t = 0 is given by the moduli space
of parabolic Higgs fields ® on the trivial holomorphic bundle. Using an implicit theorem argument
we construct for ¢ ~ 0 twistor lines in the (parabolic) Deligne-Hitchin moduli space near this singular
limit using complex analytic methods, i.e., we construct solutions for which the Higgs field ¥ ~ t® is
small enough. The length of ® is measured using its L?-norm, or equivalently by the energy &(V, ®)
of the equivariant harmonic map corresponding to the Higgs pair.

1¢. Simpson in [43, Section 4]
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Theorem 1. For ¢t ~ 0 fized let C > 0 and consider Higgs fields with £(d,®) < C. Then, there
exists € > 0, depending only on the constant C, such that twistor lines s; can be constructed with
st(A = 0) = t® using complex analytic methods only. In particular, the method allows to explicitly
compute the Taylor expansions of the twistor lines in t.

In fact, we find two different families of real holomorphic sections sti of the Deligne-Hitchin moduli
space for a given initial Higgs field ®. Only one of them s, turn out to be twistor lines, while the
other family s; corresponds to higher solutions as introduced in [22]. By construction Theorem also
allows us to study the Taylor expansions of the geometric structures on My, such as its hyper-Kéhler
structure, explicitly. In particular, the (rescaled) limit metric for ¢ — 0 can be identified to be the
Eguchi-Hanson metric gpgyg modulo a Zs X Zs-action. For rational ¢ = #, we can take a suitable
k-fold cover Xy of the four punctured sphere (depending on the value of t), such that the (pull-back
of) logarithmic connections on the sphere are gauge equivalent to symmetric (smooth) connections on
the compact Riemann surface ¥y of genus k — 1 = O(%) The moduli space of equivariant solutions
to the self-duality equations MY, on 3, then converge (on every compact subset) to a corresponding
compact subset of the Eguchi-Hanson space modulo the Zy x Zs-action as k — co. More precisely,

Theorem 2. Let C > 0 and | € N>© be fized. Consider the compact subspaces
Cl, = {[V, 2] € Mip(Zx) | E(V, @) < O}
of Mk, with the induced hyper-Kdhler metric gi. Then for k — oo, we obtain smooth convergence
(Ch.gk) — ({v € T*CP" | Egu(v) < C},32nl gpn)/(Za X Ls).

The main advantage of the approach is that the higher order terms of the metric expansion are also
accessible. We have

Theorem 3. The hyper-Kdhler metric of the moduli space My of strongly parabolic Higgs bundles on
the 4-punctured sphere is real analytic in its weight t and there exist an explicit algorithm to computing
its Taylor expansion at the trivial parabolic Higgs pair in t = 0. More precisely, when computing the
Taylor expansion of the twistor lines in t at the trivial connection, the m-th order coefficients are
polynomials in X of degree n+ 1 and can be expressed explicitly in terms of multiple polylogarithms of
depth and weight at most n + 1.

Also the second family of solutions yields a hyper-Kéahler metric, the n-th order coefficients of the two

metric expansions differ only by (—1)".

It would be interesting to compare our results to those of [18], where the moduli space is studied for
fixed weights and large Higgs fields in the regular locus, as well as in the context of current develop-
ments on hyper-Kéhler 4-manifolds (see e.g. [9, 10, 11]), and in view of the different ways of obtaining
hyper-Kéhler structures on moduli spaces (see e.g. [5] and the references therein).

The paper is organized as follows. In Section [2] we introduce Higgs bundles, the associated moduli
spaces as well as its hyper-Kéahler structure for compact Riemann surfaces. Their complex geometric
properties are encoded in the Deligne-Hitchin moduli space, see [43], and we discuss twistor lines
as special real holomorphic sections induced by self-duality solutions. Furthermore, we identify the
twisted holomorphic symplectic structure on the Deligne-Hitchin moduli space with (a version of)
Goldman’s symplectic structure. We extend this discussion to the case of punctured surfaces and
strongly parabolic Higgs pairs in Section [3] and explain the relationship between the compact and
punctured case for rational weights. Thereafter, we give the ansatz in terms of Fuchsian systems for
constructing real holomorphic sections through an implicit function theorem argument and loop group
methods in Section [f] and prove Theorem [I] in Section [f] To find appropriate coordinates, we first
consider the 4-fold covering of the Higgs bundles moduli space M g49s and we rescale it by by the
factor . The limit space at ¢t = 0 is then given by the blow-up of C?/Zs (with coordinates (u,v)) at the
origin. To perform the implicit theorem argument, we thus first consider the regular case in Theorem
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and then when (u,v) — (0,0) in Theorem [9] It turns out that in the appropriate (u,v) — (0,0)
limit the Higgs field vanishes, and the corresponding sections 53’ are flat unitary connections, which
are twistor lines. Due to the fact that twistor lines form a connected component of the space of real
holomorphic sections, all constructed sections must be twistor lines as well. Interestingly, we find a
Lax pair type equation describing the deformation given by the implicit function theorem. In Section
[l we compute the limit non-abelian Hodge correspondence at ¢ = 0, and identify the rescaled limit
hyper-Kéhler metric to be Eguchi-Hanson. One advantage of our construction is that we can compute
Taylor expansion of all geometric quantities. As an example, we compute first order derivatives of the
parameters in Section[6.3]and put them together to obtain the first order expansion of the non-abelian
Hodge correspondence, the twisted holomorphic symplectic structure and the hyper-Kahler metric.
In the last Section [7] we analyse the structure of the higher order derivatives of the twistor sections
with respect to ¢. As in [27] for minimal surfaces in the 3-sphere, the n-th order derivatives of the
parameters are polynomial in A of order (n + 1). Since the twisted holomorphic symplectic form is a
Laurent polynomial of degree one in A, evaluating it on meromorphic 1-forms which represent tangent
vectors to M (t) yields infinitely many cancelations for higher order terms in A leading to identities for
some iterated integrals, called Q-values, which can be expressed in terms of multiple polylogarithms.
In Section we give some identities of depth three 2-values obtained from this idea which are
non-trivial in the sense that they cannot be derived from the shuffle and stuffle relations alone.

2. PRELIMINARIES

In this preliminary section, we recall basic results about the moduli spaces of solutions to Hitchin’s
self-duality equations with a focus on the twistorial description of its hyper-Kéhler structure. Unless
stated otherwise, the underlying Riemann surface ¥ is assumed to be compact throughout the section.

2.1. The hyper-Kéihler structures and their twistor spaces. The moduli space of irreducible
solutions of Hitchin’s self-duality equations Mgp has through the non-abelian Hodge correspondence
three complex structures I, J, K = IJ which are Kéhler with respect to the same Riemannian metric
g. In fact there exist a whole CP' worth of complex structures defined by

1—|\]? A i(A— X
I e I P P P

I, =
ATIE DR I+ R 1+ M2

for A € C ¢ CP'. Within this family we find the complex structure I at A = 0, and the complex
structure J at A = 1. Let

wr=-g9(,1.) wy=-g(,J) and wg=-—g(,K.)

be the associated Kahler forms so that h = g + iwy, is the corresponding hermitian metric for L €
{I, J, K}. The twistor space of a hyper-K&hler manifold M, introduced in [30], is the smooth manifold

P := M x CP*
equipped with the (integrable) complex structure
I=(Iy1i),

at the point x € M and A € C C CP!, where i is the standard complex structure of CP!. Furthermore,
the twistor space has a natural anti-holomorphic involution 7~ given by (z,\) — (z,—A"1). By con-
struction the twistor space has a holomorphic projection 7 to CP' and a twisted relative holomorphic
symplectic form given by

@ € H'(P,A*’V* @ 0(2))
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where V' = ker dr (is the complex tangent bundle to the fibers) and O(2) denotes the dual of the pull-
back of the canonical bundle over CP'. In terms of the Kahler forms the twisted relative holomorphic
symplectic form has the following explicit expression

~ 0
where
(4) w= A" wy +iwg) — 2wr — Mwy — iwg),

see [30, Equation (3.87)] or below. Sections of P are holomorphic maps s: CP! — P with
mos=Id.

When restricting to M = Mgp, the simplest sections are constant sections
(5) A= ([V, ¥],0)

for a solution of the self-duality equations (V, ¥). By dimension count, these twistor lines give rise to
an open subspace of the space of real holomorphic sections [30]. The following well known theorem
then follows from the completeness of the moduli space of self-duality solutions [29].

Theorem 4. Twistor lines form an open and closed subset of the space of real holomorphic sections.

A convenient set-up for studying associated families of flat connections obtained from solutions to
self-duality equations is to consider them as real sections of the Deligne-Hitchin moduli space Mpy.

2.2. The Deligne-Hitchin moduli space Mpg. The Deligne-Hitchin moduli space was first in-
troduced by Deligne (see [43, [44]) as a complex analytic way of viewing the associated twistor space
of the moduli space of solutions to the self-duality equations. As such it interpolates between the
moduli space of Higgs bundles M g;44s and the moduli space of flat connections Mgrg.

Definition 1. Let X be a compact Riemann surface and A € C fized. A (integrable) \-connection on
a C*®-complex vector bundle V- — X is a pair (0, D) consisting of a holomorphic structure 0 on'V and
a linear first order differential operator

D:T(2,V) = QL9 (x V)
satisfying the A-Leibniz rule

D(fs) =X0f ® s+ fDes,
where 0 is the trivial 0-operator for functions f and s is a section of V', and the integrability condition
(6) DO + 0D = 0.
Remark 2. The operators D and 0 also act on (0,1)-forms and (1,0)-forms respectively. For A\ = 0
the integrability condition @ is equivalent to

D =" ¢ H'(M, KsEnd(V))
being a holomorphic endomorphism-valued 1-form, and for A # 0 we have that
V=41D+90

is a flat connection.

Example 3. Consider on the hermitian bundle V — X a solution (V = 0¥ +9V , V) of the self-duality
equations. Then, the pair

(Y + XT* A0V + 1)
defines a \-connection on 'V for every A € C which coincides with the Higgs pair (OV,¥) at A = 0
and with the flat connection V! =V + ¥ + ¥* at X\ = 1.

Definition 4. A SL(2,C) A-connection is a A-connection on a rank 2 vector bundle V. — X, such
that the induced A-connection on the determinant bundle A2V is trivial.
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Definition 5. A SL(2,C) A-connection (0, D) is called stable, if every O-holomorphic subbundle L C V
with

D(T(%, L) c Q0(x, 1)
s of negative degree and semi-stable if its degree is non-positive. All other \-connections are called

unstable. A SL(2,C) A-connection is called polystable if it is either stable or the direct sum of dual
A-connections on degree zero line bundles.

For A # 0, every 0-holomorphic and D-invariant line subbundle L C V must be parallel with respect
to the flat connection V = %D + 0. Therefore, the degree of L is 0 and the A-connection (9, D) is
semi-stable. Moreover, (5, D) is stable if and only if the flat connection V = %D + 9 is irreducible.
The situation is different at A = 0 and we need to restrict to polystable A-connections to obtain a
well-behaved moduli space.

Definition 6. The Hodge moduli space Mpoq = Muoda(X) is the space of all polystable SL(2,C) A-
connections on V = 3 X C?—>x modulo gauge transformations, i.e., Mpoq consists of gauge classes
of triples (X\,0,D) for A € C and (9, D) a polystable A\-connection. The gauge-equivalence class of
(M, 0, D) is denoted by
[)‘1 57 D] € MHod
or by
[A7 8, D]E S MHOd(Z)

to emphasis its dependence on the Riemann surface.

The Hodge moduli space admits a natural holomorphic map
75 MHaoa — C;  [A\, 0, D] — A

whose fiber at A = 0 is the (polystable) Higgs moduli space M pigqs, and at A = 1 it is the deRham
moduli space of flat (and totally reducible) SL(2, C)-connections Mgr. We consider both spaces as
complex analytic spaces endowed with their natural complex structures I and J, respectively.

The next step is then to compactify the A-plane C to CP'. For a given Riemann surface ¥ let 3 be
the Riemann surface with conjugate complex structure. As differentiable manifolds we have ¥ =2 3
and thus their deRham moduli spaces of flat SL(2, C)-connections are naturally isomorphic. Then the

two Hodge moduli spaces M g,q4(2) and M p,q(X) can be the glued together via Deligne gluing [44]

along A € C* to give Deligne-Hitchin moduli space
Mpr = Muoei(2) Ug Mpoa(%).

The natural fibration s, on M o4 extends holomorphically to the whole Deligne-Hitchin moduli space
to give 7: Mpg — CP' whose restriction to Mpoq(X) is 1/7s.

Remark 7. Note that the Deligne gluing map G maps stable A-connections over ¥ to stable %—
connections on X. Hence, it maps the smooth locus of Mgoq(M) (consisting of stable \-connections)

to the smooth locus of Mpyoa(M), and thus Mpg is equipped with a complex manifold structure at
all stable points. Moreover, since A-connections for X € C* can be reinterpreted as flat connections,
we can identify

C* x Mgr(2) = Myoa(2) \ 75" (0).
Definition 8. A section of Mpg is a holomorphic map
s:CP' — Mppy
such that ™o s =Id.
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Example 9. The associated family of flat connections V> to a solution of the self-duality equations
(1) gives rise to a section of Mpg — CP! via

(7) s(A) =[N, 0Y + AT, A0V + Uy € Mpyoi(E) C Mpa.

When identifying the Deligne-Hitchin moduli space with the twistor space P — CP' of the hyper-
Kdhler space Mgsp (at the smooth points), the section given by is identified with the ‘constant’
twistor line (5), see [43].

Definition 10. A section s of Mpy is called stable, if the \-connection s(\) is stable for all A € C*
and if the Higgs pairs s(0) on ¥ and s(o0) on X are stable.

It follows from Hitchin [29] and Donaldson [I3] that every stable point in M py uniquely determines
a twistor line. Therefore, a twistor line s is already stable if s()\g) is stable for some Ay € C.
Moreover, twistor lines are in one-to-one correspondence with self-duality solutions . The following
characterization of twistor lines as particular negative real holomorphic sections of M ppg is useful to
decide when certain real sections give rise to global solutions to the self-duality equations.

2.3. Automorphisms of the Deligne-Hitchin moduli space. To define a real structure on Mpgy
we need to look at some natural automorphisms of Deligne-Hitchin moduli space first. For every y € C*
the (multiplicative) action of u on CP! has a natural lift to Mpg by

p([A, 9, D]) = [uX, 8, uD).

Definition 11. We denote by N : Mpg — Mppu the map given by multiplication with p = —1,
namely

[\, 0, D] — [—\,0,—D].
Furthermore, we have a natural anti-holomorphic automorphism denoted by C.
Definition 12. Let C: Mpy — Mpg be (the continuation of ) the map
C: Mpyod(2) — Muzoa(T)

given by

Qo

(8) [)\,5, D] — [5‘7 D}f

To be more concrete, for
0=00+mn and D= \0p)+w

where d = Oy + Oy 1is the trivial connection, n € QU1(X,5((2,C)), and w € QV°(2,s(2,C)), we define
the complex conjugate on the trivial C?-bundle over X to be

5:804—7? and D = \p) + @.
The map C' covers the map
AeCP'+— M tecCPh
Since C' and N commute and both maps are involutive, their composition
T=CN

is an involution as well, which covers the fixed-point free involution A — —A~! on CP?.
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2.4. Real sections. Consider the anti-holomorphic involution of the associated Deligne-Hitchin mod-
uli space
T =CN: MDH — MDH

covering the antipodal involution

A =271
of CP!. We call a holomorphic section s of Mpy real (with respect to T) if
(9) T(s(N) =s(=A"")

holds for all A € CP!.

Example 13. Twistor lines are real holomorphic sections with respect to T. Let (V,¥) be a
solution of the self-duality equations on ¥ with respect to the standard hermitian metric on C* — X.
Because we are dealing with s1(2, C)-matrices, the unitary connection V satisfies

. o (0 1
V=V V'(—1 o)

\v4 v \v4 \v4

and analogously we have

U R e )
Therefore, the twistor line satisfies

T(s(\) = T([\,0Y + ATU* T + \V]x)
AL AW 4 A0Y), AL (BY + A9

(10) = [ATL Y 4 AT, T - A

which is equivalent to

(2213 4+ 31T, —TF - A-1gY), (_01 é)}z

=[(=2750Y = A7, U - XYy = s(=A7h).
Let s(\) be a real holomorphic section with V* ~ A7'W 4 V + ... being a lift to the space of flat

connections such that (9V, ¥) is stable. For the existence of such lifts see [7l Lemma 2.2 |. Then the
reality condition @[) gives rise to a holomorphic family of gauge transformations g(\) satisfying

VAT = VAN,

Applying this equation twice we obtain

VA g(N)g(=A—1) = V.

Because the section s is stable, the connections V* are irreducible for all A € C*. Therefore

g(N)g(=A~1) is a constant multiple of the identity for every A € C*. By [22, Lemma 1.18] we can
choose g to be SL(2, C)-valued and thus

(11) g\ g(=A—1) = +Id.

The sign on the right hand side is independent of the lift V* of s and is preserved in a connected
component of real sections motivating the following definition.

Definition 14. [7, Definition 2.16] A stable real holomorphic section s of Mppy is called positive or
negative depending on the sign of ,
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Example 15. Twistor lines are always negative sections. In fact, the associated family of flat con-
nections is a canonical lift of the twistor line to the space of flat connections, and with respect to the
standard hermitian structure on C? the gauge

(12) o= 3):

as in , is constant in X\ and squares to —Id.

The space of real sections of M py has multiple connected components. A negative real holomorphic
section lying in the connected component of the twistor lines must be a twistor line itself by Theorem
[ It corresponds therefore to a global solution of the self-duality equation.

2.5. Loop groups. We briefly introduce basic notions and statements about loop groups which are
relevant with regard to the paper. For details we refer to [40] or [14]. Define

e ASL(2,C) := { real analytic maps (loops) ®: S* — SL(2,C), X +— ®*};
e Asl(2,C) := { real analytic maps (loops) n: S* — s5[(2,C), A +—— ).

Then, ASL(2, C) is an infinite dimensional Frechet Lie group via pointwise multiplication with Asl(2, C)
as its Lie algebra. We consider S* = {\ € CP! | A\ = 1}, and denote
ASL(2,C) = {® € ASL(2,C) | ® extends holomorphically to A = 0}

1
(13) A_SL(2,C) = {® € ASL(2,C) | ® extends holomorphically to A = oo}

and
Aysl(2,C) = {n € Asl(2,C) | n extends holomorphically to A = 0}.
We also denote
A*SL(2,C) ={B € A_SL(2,C) | B(co) =1d}.

The following classical theorem, due to Birkhoff, Grothendieck and others, is essential for our method,
see [40] for details and [I4] for the loop group method for harmonic maps from simply connected
2-dimensional domains into positively curved symmetric spaces.

Theorem 5. There is an open and dense subset U C ASL(2,C) called the big cell such that every
g €U admits a factorization

9=9"9"
with gt € AL SL(2,C) and g— € A* SL(2,C). This splitting is unique and depends holomorphically on
g €U. The pair (g+,97) is called the Birkhoff factorization of g.

2.6. Reconstruction of self-duality solutions from admissible negative real sections. A
section s of the Deligne-Hitchin moduli space has lifts to families of flat connections in both Hodge
moduli spaces. Let

v = A"10, + V + higher order terms in A

be a lift around A = 0. Due to s being real, there exists a family of SL(2,C) gauges g()\) satisfying

V=271 = VA g(N).

Assume that the Birkhoff factorization

exist for every z € X.

Assume that the section s is negative, i.e,

(14) g(=A"1) =g (=AY gt(=ATh) = —g(N).
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Since A — —A~! interchanges the ()* and ()~ parts of the Birkhoff factorization, the uniqueness
assertion gives

- — 1

(15) grN =g (A7) BT and g (V) = By (<A )

for B = (gt (A =0))"': ¥ — SL(2,C). Combining and we get BB = —Id. This implies
0 1

that B lies in the same conjugacy class as § = 1 0

> , 1.e., there exist G: ¥ — SL(2, C) satistying

§ = G™'BG. Then N
vr = VA (gt (V)G)

satisfies V27" = V.6 and is therefore the associated family of a self-duality solution with respect to
the standard hermitian metric.

Remark 16. In this paper we construct real holomorphic sections via loop group methods, i.e, we
write down a particular lift of a real section s of the Deligne-Hitchin moduli space around A = 0 in
terms of a Fuchsian potential ) (i.e., a A-dependent Fuchsian connection 1-form). To obtain the actual
harmonic map into the hyperbolic 3-space H3 (or the associated self-duality solution), we need thus
to first perform a global Birkhoff factorization and then show that the obtained section is negative.
This needs further conditions, as examples for which the harmonic map into H? becomes singular and
intersects the boundary at infinity of H? exists [22] as well as positive real sections with global Birkhoff
factorization that give rise to harmonic maps into the de-Sitter 3-space [7, Theorem 3.4].

2.7. Goldman’s symplectic form on the moduli space of A\-connections. Fix A € C and
consider the space of A-connections modulo gauge transformations. Let (9, D) be a A-connection. A
tangent vector to the (infinite dimensional) space of A-connection is given by

(A, B) € Q0 (s1(2,C)) & Q1O (s1(2,C))
satisfying the linearized compatibility (flatness) condition
(16) 0=0B + DA.

Tangent vectors at (0, D) which are generated by the infinitesimal gauge transformation ¢ € T'(X, s[(2, C))
are given by

(A’B) = (5£’D£)

The Goldman symplectic structure Q* on the moduli space of A-connections [16, Section 1] is defined
to be

(17) Q)\((Al,Bl),(AQ,BQ)) :4/2‘51“(/11/\32 7A2/\Bl)

for (A1, By), (Az, Bo) € QOD(s((2,C)) @ Q19 (51(2, C)) representing tangent vectors. On a compact
Riemann surface, the symplectic structure Q* is gauge invariant, and thus can be computed using
arbitrary representatives of the tangent vectors, which makes it well-defined on the moduli space of
A-connections. Since we are not aware of any explicit reference (except for A =0 and A = 1), we give
the simple proof (which is of course an instance of an infinite-dimensional symplectic reduction for
the gauge group action with the curvature as moment map, see [I]).

Lemma 17. Let A € C be fizred. The holomorphic symplectic form Q* is well-defined on the moduli
space of A-connections.

Proof. By construction, Q* is complex bilinear. Proposition [18] below identifies Q* with the twisted
holomorphic symplectic form restricted to the fiber over A, up to a constant factor. Thus closeness
and non-degeneracy follows from [30, Section 3(F)|. It remains to show that Q* descents to the moduli
space. A gauge transformation acts on tangent vectors to the space of connections by conjugation,
and since the trace is conjugation invariant we obtain

Q)\((Ala Bl)'gv (A27 BQ)g) = QA((Alv Bl), (A27 BQ))
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Let (Ay, By) satisfy 0 = OB+ DA and let (As, By) = (9, DE) be a tangent vector that is also tangent
to the gauge orbit. Then,

Q)\((Al, Bl), (AQ, BQ)) = 4/2 tI‘(Al AN Df — 6£ A Bl)

(18)

= —4/ dtr(A& +E€By) — 4/ tr(DA & + €0B;) = 0.
z z

Therefore, Q* is well-defined on the quotient space (the moduli space of A-connections). O

The Goldman symplectic form in fact coincides (up to scaling) with the twisted holomorphic symplectic
form on the twistor space P = Mgp x CP! of the moduli space of self-duality solutions, also
compare with [20, Equation (4.10)].

Proposition 18. Let A € C C CP! be fized. Then, the fiber Px = m 1()\) is the moduli space of
A-connections, and

)\W|7))\ = S)A

1s the Goldman symplectic form on the moduli space of A-connections.

Proof. For X € C fixed, it is shown in [44, Theorem 4.2] that Py = 7~ *({\}) is the moduli space of A-
connections. In order to evaluate the corresponding symplectic forms, we need to first find appropriate
representatives for the tangent vectors. To do so, let i be the standard hermitian metric and let (V, ¥)
be a solution of the self-duality equations. The tangent space of Mgp at [V, ¥] is given by

(&, 0) € QY (sl(2,C)) & Q1O (sl(2,C))
satisfying
0=dv(£—&)+ 5[0 A U]+ LU A ¢*]
(19) 0=0V
=0V¢+ ¢, V]

modulo infinitesimal gauge deformations (see [29, (6.1)]). These equations mean that we have an
infinitesimal deformation

t—= (V+tE—E€), U +1t9)

of a solution to the self-duality equation (for the fixed hermitian metric /), and we can choose harmonic
representatives which are orthogonal to the (unitary) gauge orbit, which is equivalent to

(20) D" (& ¢) =0
where

D: I(Z,5u(2) = QOV(2,51(2) & QUO(S,81(2)); - v ((dV9)", [P, )
see [29] 19]. Provided , hold, the complex structures I, J, K = IJ are given by

see [29] page 109]. Provided , hold for (&, ¢x), k = 1,2, the Hitchin metric on Mgp (see
[29, (6.2)]) is defined to be

g ((&1,01), (&2, 02)) == 2i/2tr (ETNE+ENG+ DL NP+ P2 A PT).
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Thus
wr((&1, ¢1), (&2, ¢2)) = —g((&1, 01), (162, i2))

—2 [ 6 A~ € AE 61 A0+ 2 )
5
wi((&1,61), (&2, 02)) = Q/Ztr(fik Ny —pa N+ o1 AN — &5 N dT)

wi ((&1,¢1), (€2, ¢2)) = *Qi/ztr(*ff Noy —da N+ o1 Ao + &5 N )
which gives

(ws +iwr) (&1, 01), (§2,02) = —4/Etf(¢2 NE — 1 N &a).

Recall that twistor lines corresponding to the self duality solution (V, ¥) are given by
A [N, 0V £ AT U + XV ]x € Mpoqa C Mpy

or equivalently, by the associated family of flat connections

(22) ANECH — VA0 4 \T*,

Thus, the tangent vectors X = (£1,¢1) and Y = (&3, ¢2) correspond to sections of the normal bundle
to the twistor line in Mpgy given by

X A —[0,& + AT, o1 — AET]
and

Y : A (0,8 + A3, 2 — AES).
Therefore, when fixing A € C, we obtain from

QN(X,Y) =0M(& + Ad1, 61 — A&, (€2 + A3, d2 — AE3))

(23) ) 2 )
=(ws +iwg)(X,Y) = 22wr(X,Y) — A (wy —iwg )(X,Y).

3. STRONGLY PARABOLIC HIGGS BUNDLES

In this section we generalise the setup in section [2] to punctured Riemann surfaces. We introduce
strongly parabolic Higgs fields, and explain their relationship to Higgs bundles on compact surfaces
when their parabolic weights are rational. We will restrict to the s[(2,C)-case, which we refer to as
trace-free. In particular, the holomorphic bundles are of rank 2, have trivial determinant bundle, and
the corresponding Higgs fields are trace-free.

3.1. Parabolic structures and logarithmic connections. Let X be a compact Riemann surface,
P1y---,Pn € 3 be pairwise distinct and ¥° = S\ {p1,...,pn}. Let V.= C? x ¥ — ¥ be the trivial
C°°-complex vector bundle over ¥ of rank two and d = 9° 4+ 9° be the decomposition of the deRham
differential d on ¥ into its (1,0) and (0, 1) parts. Furthermore, let d = 9° + v, v € I'(X, Kxsl(2,C))
be a holomorphic structure on V', and consider the corresponding holomorphic rank 2 vector bundle
V := (V,0). Since v is trace free, the determinant bundle A%V of V is holomorphically trivial. A
holomorphic SL(2,C) frame F = (s,t) on an open set U C ¥ is given by two holomorphic sections
s,t € H°(U,V) such that s At = 1.

Definition 19. A (trace-free) parabolic structure P on the holomorphic bundle V with parabolic divisor
D =p; + -+ p, is given by a collection of quasiparabolic lines, i.e., 1-dimensional vector subspaces
L; C Vp,, together with parabolic weights a; € [0, %[ forj=1,... n.
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For a general definition of parabolic structures see for example [35,[42], and for the trace-free convention
see [39].
The parabolic degree of a holomorphic subbundle L of V on ¥ is defined by
0 if L, =¥,
deg(L) = deg(L) + 1%y, ith ;= Pi 7
J J
Two different parabolic structures P and P on two holomorphic bundles V respectively V over ¥ are
called isomorphic if the singular divisors D = D coincide, the parabolic weights are the same o; = &;
for all j, and if there is a holomorphic bundle isomorphism ®: V — V mapping the parabolic lines
onto each other, i.e., ®(f;) = ¢; for all j.

Definition 20. A parabolic structure P on the holomorphic bundle V is called (semi-)stable if and
only if all holomorphic subbundles have negative (non-positive) parabolic degree. A parabolic structure
is called polystable if it is either stable or the underlying holomorphic bundle V is the direct sum of
two holomorphic line subbundles of parabolic degree 0.

The notion of a parabolic structure was introduced to generalize the Narasimhan-Seshadri theorem
[37] to the case of punctured Riemann surfaces [35].

Definition 21. A (trace-free) logarithmic connection on the holomorphic bundle V — X with singular
divisor D = py + -+ + p, is a connection ¥V on V|so with 0V = Oy |50, such that with respect to any
holomorphic SL(2,C) frame F of V on an open subset U C X, the connection 1-form o = ap of V with
respect to F is a meromorphic sl(2, C)-valued 1-form with at most first order poles at UN{p1,...,pn}
and holomorphic elsewhere.

Note that a logarithmic connection on a Riemann surface is automatically flat, as its connection 1-form
is meromorphic. A holomorphic frame F' of V restricted to U C X can be regarded as a holomorphic
isomorphism from the trivial holomorphic rank 2 bundle to V restricted to U. Thus, the residue

res,,V := F ores, apo F~' €sl(V,)

of a logarithmic connection V on a holomorphic bundle V at a singular point p; is well-defined, i.e.,
independent of the choice of the holomorphic frame.

Assume that the two eigenvalues +a; of res,, V do not differ by an integer. Then, the (local) mon-
odromy of V along a simple closed curve surrounding p; lies in the conjugacy class of

) eQTriaj 0
(24) exp(2mires,, V) = ( 0 e_Qﬂmj> .
In particular, if the eigenvalues £a; are real with a; € (0, %), then the local monodromy lies in the
conjugacy class of unitary matrices. In the following, we always assume that this is the case, i.e., we
impose the condition

det(res,, V) € (—1,0)

on the trace-free residues. Then a logarithmic connection determines a parabolic structure with
underlying holomorphic bundle V and singular divisor D = p; + ... p, such that the parabolic weight
0<a; < % at p; is the positive eigenvalue of res,, V and the quasiparabolic line ¢; is the corresponding
eigenline. We will refer to the positive eigenvalues of the residues res,, V as the parabolic weights of
V. If the monodromy representation is irreducible and unitary (up to overall conjugation), then the
parabolic structure is stable. The converse statement also holds by the Mehta-Seshadri theorem [35]:
for every stable parabolic structure P there exists a (unique) logarithmic connection V with unitary
monodromy (up to conjugation) inducing the parabolic structure P.

This correspondence extends to reducible unitary logarithmic connections with strictly polystable
parabolic structures: the induced parabolic structure of a unitary connection with abelian monodromy
is the direct sum of two holomorphic line subbundles of parabolic degree 0. And by abelian Hodge
theory and the residue theorem, the converse is true as well.
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3.1.1. Parabolic structures on the 4-punctured sphere. In this paper, we mainly study the case of rank
2 trace-free parabolic structures over ¥ = CP! with 4 singular points pi,...,ps € CP! such that the
parabolic weights o satisfy

(25) a1:a2:a3:a4:t€(0,%).

By the Birkhoff-Grothendieck theorem, every holomorphic rank 2 vector bundle over CP* with trivial
determinant is of the form V = O(k) & O(—k) for some unique k € N=0.

Lemma 22. For k > 2, the holomorphic bundle V = O(k) & O(—k) — CP' does not admit a
logarithmic connection on the 4-punctured sphere with parabolic weights . In particular, there is
no stable or semi-stable parabolic structure with these weights.

Proof. Assume there is such a connection V on ¥V = O(k) ® O(—k). Writing V with respect to this

splitting gives
_ (D B4
V= ( 7 D*).

Then, the upper-left entry D is a logarithmic connection on O(k) (the definition is analogous to the
51(2, C) case) with dual connection D*, and 84 € HY(CP', KO(2k+4)) and 8_ € H*(CP!, KO(—2k+
4)), where the O(4) factor comes from the 4 singularities. Since K = Kcpr = O(—2) we have by
degree count that 5_ = 0. This is a contradiction, since in this case D would be a meromorphic
connection on L = O(k) with residues +t at the 4 singular points, thus the residue formula gives
0 = pdeg(L) > k — 4t > 0.

The same computation gives that the holomorphic bundle V does not admit a stable or semi-stable
parabolic structure, since the parabolic degree of O(k) is always positive. (|

The two remaining cases k = 1 and k& = 0 behave quite differently.

Lemma 23. Lett € (0, i) U (i, %) Then there is, up to isomorphism, exactly one parabolic structure
P onV=0(1)® O(-1) over CP* with 4 singular points and parabolic weights which admits a
logarithmic connection. The parabolic structure P is stable if and only if t > %. Furthermore, up to

isomorphism, the space of logarithmic connections on O(1) ® O(—1) is a complex affine line.
Proof. We refer to [23, Proposition 18] for the proof. 1

If the bundle V = O @ O is trivial, we can compare the different quasiparabolic lines over the different
singular points with respect to a fixed background C2. Since we will be focusing on ¢ ~ 0 later, we
only discuss stability for ¢t < % here.

Lemma 24. Let t € (0, i) A parabolic structure on O @ O over CP' with 4 singular points and
parabolic weights admits a logarithmic connection if and only if every parabolic line 5, j =1, .., 4,
coincides with at most one other line £y, for k =1,...,4 and k # j. The parabolic structure P is stable
if and only if the parabolic lines {;, j = 1,...,4, are pairwise distinct, and P is the direct sum of
two holomorphic line subbundles of parabolic degree 0 if and only if we have two pairs of (distinct)
parabolic lines.

Proof. Let V be a logarithmic connection on V = O @ O. Let L be some holomorphic line subbundle
of degree 0, i.e., it is isomorphic to O. Take a complementary subbundle L*, which is isomorphic to

O as well, and decompose
_ (D B+
v=(7 )

with respect to V = L @ L*, where D is a logarithmic connection on L, and

B_ € H'(CP', KO(4 —n)),
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n € {0,...,4} being the number of points p; for which L, = ¢;. For n > 2 this implies f_ = 0 which
then gives a contradiction to the residue theorem for the line bundle connection D. Hence, we obtain
n < 3. The converse direction can be shown easily by giving explicit formulas using Fuchsian systems,
or it follows directly by the Mehta-Seshadri theorem once we know that they are stable.

To show stability, note first that there is no holomorphic sub line bundle of O& O with positive degree.
Moreover, the parabolic degree of a line subbundle O(k) C O ® O with k < 0 is always negative since
t < i. Thus it remains to consider line subbundles L that are isomorphic to O, which means L is
constant. If all parabolic lines ¢; are different, then n < 1 and we have pdeg(L) < —2t < 0, from
which stability follows.

The case n = 2 follows from similar arguments together with the residue theorem. (|

Proposition 25. The moduli space Mp.,, of polystable parabolic structures P over CP' with /
singular points p1,...,ps and with parabolic weights given by t € (0, %) can be identified with CP!
with three Zs-orbifold points 0,1, 0.

Proof. Since every polystable parabolic bundle admits a (unitary) logarithmic connection by the
Mehta-Seshadri theorem the underlying holomorphic bundle is O & O by Lemma and Lemma
Hence, holomorphic gauge transformations of the underlying holomorphic bundle V are given by
conjugation with constant SL(2, C) matrices. If P is stable, all parabolic lines are pairwise distinct.
Fixing the gauge freedom is then equivalent to normalizing the parabolic lines, i.e.,

l1=0, fy=1, and {3 =o00.
Then,

ly=we CP'\ {0,1,00}

uniquely determines a stable parabolic structure (and for each w € CP! \ {0,1, 00} there is a stable
parabolic structure by Lemma. We call w the parabolic modulus of the parabolic structure P. By
identifying

w=20 < €1=f4and€2:€3
(26) w=1 <~ 62 = 64 and 61 = 63

w = 00 < €3=€4and€1=€2

we can fill in the missing three points of CP'. We first claim that it is not possible to find a
holomorphic family w — P(w) of polystable parabolic structures which represents the modulus w in

any open neighbourhood of w = 0,1, or w = co. Consider the case w = 0 and parametrize (in terms
of a centered local holomorphic coordinate ¢ )

6 =CAGDT L =CA+ (O
6(0) =CA+ f5(O¢DT 4(Q) =C(fa(Q¢, DT

Assume that the lines only meet in first order in ¢, which translates to the condition f;(0) # f3(0)
and f2(0) # f4(0). Consider (for small ¢ # 0) the Moebius transformations

(= Cf1(O)(f2(€) = f3(0) ccp
(1 =z = (fs(O) (=14 C(f1(C) = f2(¢)))

(27)

x e CP'—

which satisfy
(0 0, 60— 1, £a(0) — oo
B e (O - BONAQ - AQ)
wl6) = Q) = ~C TR0 — RO+ ChQ) — )

Hence, w(¢) has at ¢ = 0 a simple branch point as claimed. The other two cases w = 1 and w = o0
follow analogously.

(28)

It remains to exhibit the Zs-orbifold structure on the moduli space of polystable parabolic structures
with parabolic weights ¢ at all 4 singular points. As we have seen above, the moduli space Mgy, is
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given by the set of quadruples of parabolic lines £; C C, j = 1,...,4, subject to the condition that the
4 lines are pairwise distinct or that they are pairwise the same as in , up to the action of SL(2,C).
Consider the map

(29) CP! = Mpun = CPY; [u,v] — (41 = [u,v], bo = [v, —u], €3 = [~u,v], £y = [v,u])/ ~

where ~ denotes the equivalence relation induced by the SL(2,C)-action. This map is well-defined,
as the 4 lines are either pairwise distinct ( [u, v] ¢ {[%1, 1], [+¢,1],[0,1],[1,0]}), or £1 = €3 and ¢35 = {4
(lf [U,’U] = [:l:l,l]), or él = 63 and 82 = €4 (lf [U, ’U] S {[O, 1],[1,0]}), or 61 = £4 and ég = 63 (lf
[u,v] = [£1,1]). Consider the Zy x Zy action on CP! generated by [u,v] — [—u,v] and [u,v] — [v, u].
Acting with ((’) BZ-) respectively with (9 é), we see that the map is invariant under the Zo X Zo
action. Furthermore, this map is rational of degree 4, and the only fix points (of the 3 non-trivial
elements of order 2) are [£1, 1], [£4, 1], or [0, 1] and [1, 0], respectively. This proves the proposition. [

As we have seen in Proposition [25| the CP! with three orbifold singularities 0,1, 00 is given by the
quotient of CP' by the Zy x Z; action generated by ¢ — —¢ and ¢ — 1. We will encounter this

¢
Zy % Zsy action again in our symmetric setup, see Proposition [32] below.

3.1.2. Strongly parabolic Higgs fields. Let V and V be two logarithmic connections with the same
induced parabolic structure P on the holomorphic bundle V. The difference V — V is a s[(V)-valued
meromorphic 1-form. Since the eigenvalues of the residues of V and V are the same, and the eigenlines
{£; for the positive eigenvalues coincide, the residues

Rj :=tes,,(V — V) = res,, (V) — res,, (V)
must be nilpotent with ¢; C ker ;. This motivates the following definition:

Definition 26. Let P be a parabolic structure on the holomorphic bundle V with singular divisor
D=p+ -+ p,. A strongly parabolic Higgs field is a meromorphic 1-form

U e H(Z, Kysl(V,C) @ Ox(D))

with (res,; W)l; = 0 for all j. A strongly parabolic Higgs pair (P, ¥) is called stable if every W-invariant
holomorphic line subbundle of V has negative degree, and strictly polystable if V is the direct sum of
two V-invariant line bundles of parabolic degree 0.

We restrict ourselves in the following to the case of the 4-punctured sphere with parabolic weight
t € (0, %) at each puncture. Note that, similarly to the proof of Lemma it can be shown that
there is no stable parabolic Higgs pair on O(k) @ O(—k) with k > 2 over CP* and only four singular
points (together with our restrictions for the range of the weights). As before we treat the cases of
V=0(-1)®O() and V = O @ O separately.

Lemma 27. Let (P, V) be a stable strongly parabolic Higgs pair with underlying holomorphic bundle
YV =0(-1)® O(1). Then, up to isomorphisms of P, all four parabolic lines are contained in O(—1),
and the Higgs field VU takes the form
T — <0 a>
v 0

where v € HY(CPY, Hom(O(—1), Kcp1O(1))) = C is a constant and « is a non-zero meromorphic
section of Hom(O(1), KcprO(—1)) with 4 simple poles at p1,...,ps which is unique up to a scale that
can be fized by an isomorphism of P.

Proof. We can assume without loss of generality that ¢1,¢> and {3 are contained in O(—1) C V, i.e.,

O(—1)|pj = £j7 for j = 1,2,3. Write
)
U =
( .

with respect to the decomposition V = O(—1) @ O(1). Then, 3 is a meromorphic 1-form on CP! with
at most a simple pole at py, thus 8 must vanish. If & = 0 then O(1) would be an invariant subbundle
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of positive parabolic degree. Hence, o # 0 by stability. Since Hom(O(1), Kcp1 O(—1)) = O(—4) is of
degree —4 and a # 0 can have at most simple poles, a must have a simple pole at each p;. Moreover,
this implies « is unique up to scale, which can be fixed by a constant diagonal gauge. Furthermore,
we obtain that « cannot have a pole at p1,...,p4, as the residues of ¥ must be nilpotent, thus v must
be a constant which also implies that O(—1)|,, = 4. O

Lemma 28. Let (P,¥) be a stable Higgs pair with strongly parabolic Higgs field U and underlying
holomorphic structure O @ O. Then, P is polystable. Conwversely, for every polystable P on O & O
there is a 1-dimensional vector space (unique up to parabolic isomorphisms) of strongly parabolic Higgs
fields U such that the Higgs pair (P, W) is stable if ¥ # 0.

Proof. We first show that the underlying parabolic structure P for a stable strongly parabolic Higgs
pair on O @ O, is polystable. Assume P is not polystable, then there is a unique degree zero line
bundle L with non-negative parabolic degree. Thus, L must contain at least two parabolic lines, i.e.,
L|,, = ¢; for two different j € {1,...,4}. A strongly parabolic Higgs field ¥ € H?(K¢p1sl(2,C)) is
given by

4
— . _dz
U = E R; —p;
i=1

with R; € s[(2,C) and Z?Zl R; = 0. Thus if L contains three or four parabolic lines, in which case L
has positive parabolic degree, it must be invariant under ¥ in contradiction to the Higgs pair being
stable. If L contains exactly two parabolic lines, then it is of parabolic degree zero, and we can find
a complementary constant line bundle i, which contains either one or two of the remaining parabolic
lines. Since the quasiparabolic lines lie in the kernel of R;, the matrices R; with respect to the
decomposition O @& O = L& L are either upper or lower triangular with vanishing diagonals whenever
L or L contains the quasiparabolic line ;. Thus by residue theorem, as the sum of all residues R;
must be zero, we obtain that L must contain two parabolic lines and thus has parabolic degree 0. But
then the parabolic bundle is the direct sum of two line bundles of parabolic degree zero and hence P
must be polystable, which gives a contradiction.

Next, we show that dimension of the space of (stable) strongly parabolic Higgs fields for a given
stable parabolic structure is at most 1-dimensional (up to isomorphism). If P is stable, i.e., the
four quasiparabolic eigenlines are distinct, a short computation shows that there exists no non-zero
strongly parabolic Higgs field of P with vanishing residue at one of the singular points by the residue
theorem. This shows that the space of strongly parabolic Higgs fields is at most 1-dimensional, as the
linear combination of two (non-zero) strongly parabolic Higgs fields such that the residue R; at one
singular point vanishes must be identically zero.

The space of stable strongly parabolic Higgs fields is at least 1-dimensional, up to conjugation, since
every stable parabolic structure P with underlying holomorphic bundle O & O and parabolic weights
t € (0, %) is determined by the quasiparabolic lines

(30) 0 = (u,v)'C, ty = (v,—u)'C, f3=(u,—v)TC, 4= (v,u)TC

for suitable u,v € C?\ {0}. Then, it can be easily verified that

—u? dz — —? dz 2 dz — 2 dz
o= (5 2) S () (D) ()
Z—P1 u uv Z — P2 v uv Z — P3 u uv Z — P4

is a non-zero strongly parabolic Higgs field for P. Since P is already stable, the Higgs pair (P, V) is
stable as well.

If P is the direct sum of two line bundles of parabolic degree 0, then a stable strongly parabolic Higgs
field must be off-diagonal (with respect to the decomposition of the rank two bundle into the two
line bundles), with the off-diagonal entries being two non-zero meromorphic 1-forms with simple poles
at the two of the four singular points, where the quasiparabolic lines coincide with the respective
holomorphic line bundle. This gives a two-dimensional space (with two complex lines removed) of
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possible strongly parabolic Higgs fields. Because for non-vanishing off-diagonals the determinant of
the Higgs field is non-vanishing with simple poles, these Higgs fields are stable. By a diagonal gauge,
we can fix the ratio of the meromorphic 1-forms, and we obtain a complex line (without the origin,
where the Higgs field vanishes) of stable parabolic Higgs fields.

d

Lemma 29. Let (u,v) € C?\ {0} and consider the strongly parabolic Higgs field ¥ as in . Then
the underlying parabolic structures are always polystable and moreover, they are stable except for
w=0, u=v or u?=-—-v%

Proof. Since 4t < 1 every holomorphic subbundle of the holomorphically trivial rank 2 bundle with
negative degree also has negative parabolic degree. Let L be a holomorphic line subbundle of degree
0, i.e., a constant line in C2. Thus the parabolic degree of L can be maximized by choosing L = ¢;
to be one of the quasiparabolic lines. These lines ¢1,...,¢4 are given by . If all four lines are
distinct, then any such L has negative parabolic degree —2t¢ and the parabolic structure is stable.
From the explicit formulas in it follows that at most two of the lines /1, ..., 4 can coincide. And
two lines coincide if and only if uv = 0, u? = v? or u? = —v2. In this case we have that there are two

complementary lines L and L with parabolic degree zero and P is polystable but not stable. O

The parabolic Higgs pair, consisting of the parabolic structure P with trivial underlying holomorphic
structure and the strongly parabolic Higgs field ¥ as in , is uniquely determined by the nilpotent
5[(2, C)-matrix

uv —u2
(32) Ry =resy, ¥ = (02 uv) .
In fact, we have
d d d d
(33) U=Ri—— 4 Ry— " + R3—— + Ry——
=D 2 —p2 Z—Pp3 2 — P4
with
(34) Ry = (CD)™ 'Ry (CD), R3=D'RD, Ry,=C 'R, C

for anti-commuting

(35) 0:(‘26> and D:(é_oz.>.

Note that the conjugation of Ry by C, D or C'D leads to a conjugation of the corresponding Higgs field
¥, which is not true in general for arbitrary g € SL(2,C), as g does neither commute nor anti-commute
with C' and D. In fact, a direct computation gives:

Lemma 30. Let 0 # Ry € 5[(2,@) be nilpotent and g € SL(2,C). Then the parabolic Higgs fields

and U corresponding to Ry and Ry, = g~ ' Ryg via and are gauge equivalent if and only if
ge<C,D >,

where < C, D > denote the gauge group generated by conjugation with C' and D. Therefore, the group

of (non-trivial) transformations preserving the gauge orbit is isomorphic to Zo X Zs.

Remark 31. Note that a non-zero stable strongly parabolic Higgs field on O & O uniquely determines
the quasiparabolic lines. Hence if the parabolic weights are given, the Higgs field induces a parabolic
structure. We call a parabolic Higgs field ¥ of the form symmetric.

As a corollary of the above observations, we have the following classification.

Proposition 32. Fort € (0, i) fized, the moduli space of polystable strongly parabolic Higgs fields over
CP* with 4 singular points contains an open dense subset U which is isomorphic to the holomorphic
cotangent bundle T*CP' modulo the Zy X Zy action induced by conjugation by C and D.
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Proof. We define U to be the (open) subset of the moduli space of polystable strongly parabolic Higgs
pairs over CP! with 4 singular points on ¥V = O @ O.

Whenever the Higgs field is non-zero, the parabolic structure is determined by the symmetric Higgs
field W. This Higgs field in turn is determined by the non-zero nilpotent residue Ry € sl(2,C). The
matrix R; is determined unique up to sign by

(u,v) € C2\ {0} — (Z;’ ‘“2).

uv

Recall that the kernel of R; determines the induced quasiparabolic lines via or . Moreover,
by Lemma the gauge class of a strongly parabolic Higgs field (or the induced parabolic structure)
determines R; uniquely up to conjugation by the gauge group Zo X Zs generated by C' and D.

When (u,v) — 0 the induced parabolic structure is determined by the ratio [u : v] in the limit. Thus
the moduli space of strongly parabolic structures & on O @ O is given by the blow up of C?/Z, at
(u,v) = 0 up to taking the quotient by the Zs x Zo action. The blow-up of C?/Zs can then be
naturally identified with the cotangent bundle of CP?. (|

The complement of U is the complex line of parabolic Higgs fields with underlying holomorphic bundle
YV = 0(1)® O(-1). It is possible to explicitly glue this line to ¢/ and turn the moduli space into a
complex orbifold, see for example [36]. We do not give more details of this, since our loop group
methods only work on U as of now.

3.2. Non-abelian Hodge correspondence in the strongly parabolic case. In this section we
recall Simpson’s non-abelian Hodge correspondence [42] in the case of rank two strongly parabolic
Higgs bundles and non-trivial weights, see also [I8] or [31].

The space of hermitian metrics with determinant one is naturally diffeomorphic to the hyperbolic 3-
space. Thus we can measure the distance between two metrics as the distance of the two corresponding
points in the hyperbolic space using the metric d. Let P be a parabolic structure on a holomorphic
rank two bundle V with trivial determinant bundle, z be a local holomorphic coordinate centered at
a singular point p; € ¥, and let £; C V,, be the parabolic line and «; € (0, %) be the corresponding
parabolic weight. Choose a local holomorphic frame (si, s2) of V on U; 3 p; such that

sS1N\Nspa=1¢€ HO(Uj,AQV) = HO(U]‘,O)
and
Sl(pj) S fj.
Consider the hermitian metric h; given by

hi = <(zzo)aj (zz;)_%)

with respect to the holomorphic frame (s1,s2). We call h; a model metric with respect to the parabolic
structure at p;. A hermitian metric h on V over X\ {p1,...,p,} is called tame at p; with respect to
the parabolic structure if and only if

d(h,hj) is bounded on U; \ {p;}.

Since any two model metrics have finite distance to each other the notion of tameness is independent
of the choice of holomorphic frame with the above properties.

Definition 33. Let P be a parabolic structure on a holomorphic vector bundle V over ¥ with singular
divisor p1 + -+ + pn. A hermitian metric on a holomorphic bundle V over £\ {p1,...,pn} is called
tame with respect to P if it is tame at all of its singular points p;.

Given a tame hermitian metric A and a holomorphic structure 0 we denote its Chern connection on
Y\{p1,...,pn} by D* = D" Similarly, for a strongly parabolic Higgs field ¥ we denote its hermitian
conjugate by ¥* = U*" ¢ T(S\ {p1,...,pn}, Ksl(V)).
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FIGURE 1. Two views on an equivariant minimal surface in H® obtained from a strongly parabolic
nilpotent Higgs field on CP! with four singular points and parabolic weight t = aj = %. Image by
Nick Schmitt.

Definition 34. Let (P, V) be a polystable strongly parabolic Higgs pair. A metric h is called tame
harmonic with respect to the Higgs pair if the metric is tame with respect to P and if the connection

Vi=D"+ T4 ¢*h
is flat.

A tame harmonic metric gives a solution of Hitchin’s self-duality equations over ¥ \ {p1,...,pn}
with appropriate growth conditions at the punctures. The notation of a (tame) harmonic metric
is motivated by the fact that there is a direct link to harmonic maps into hyperbolic 3-space: let
UcCX\{p1,...,pn} be open and (s1,s2): U — SL(2,C) be a parallel frame with respect to the flat
connection V. Then, the map

(h(si,sj))ij :U - {AeSL(2,C) | AT = Aand A >0} =H?

is a harmonic map to hyperbolic 3-space H?. Globally, this gives an equivariant harmonic map (with
respect to the monodromy representation of the flat connection V) from the universal covering of
Y\ {p1,...,pn} into the hyperbolic 3-space. We can now state the non-abelian Hodge correspondence
for the parabolic case (pNAH).

Theorem 6. [44] For every polystable strongly parabolic Higgs pairs with singular divisor D = p; +
-+« + pp, and parabolic weights o = (o, ..., ap), o € (0, %) there is a tame harmonic metric h. The
tame harmonic metric is unique if the Higgs pair is stable. This induces a bijection between the space
of polystable strongly parabolic Higgs pairs with singular divisor D and parabolic weights o modulo
isomorphisms and the space of totally reducible flat logarithmic connections with singularities at p; of
conjugacy class modulo gauge transformations by associating

(V,P,¥) = V := D" + ¥ 4 ¢*",

The parabolic structure induced by the logarithmic connection V = D" + ¥ + ¥U*" is not isomorphic
to the parabolic structure underlying the stable strongly parabolic Higgs field in general, but the
parabolic weights are the same. Just as in the compact case, we obtain from a tame harmonic metric
h for a strongly parabolic Higgs pair (V, P, ¥) an associated C* family of flat connections

(36) AECH = VA= D" A1+ ATHR

It follows from Simpson’s construction [44] (see also [45]) that for all A € C*, the connections V*
extends naturally to logarithmic connections on ¥ with the same parabolic weights as the initial
parabolic structure P. In particular, the parabolic weights of V* are independent of \ € C*.

3.2.1. Rational weights. In the case of rational parabolic weights

l ln
Oélzkfll,...,an:k*E(@ﬂ((),%),

Theorem [0 is directly linked to the non-abelian Hodge correspondence on compact Riemann surfaces
through coverings of ¥, see [38, Section 3 and Section 5] for details. The underlying geometric idea
is that the equivariant harmonic map to hyperbolic 3-space obtained from the tame harmonic metric
associated to a polystable strongly parabolic Higgs pair is actually the equivariant harmonic map
associated to a polystable Higgs pair on some compact surface, see Figure We will explain the
details here only in the case of ¥ being the 4-punctured sphere and parabolic weights ¢ = o; = %,
I,k € N, 21 < k, but these constructions also work in the general case of rational weights, see [38].

Consider the k-fold covering of CP! defined by the equation
(2 = p1)(z — ps)

ok
(37) Yriy' = )z —pa)’
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which is totally branched over pi,...,ps, and let 7 = z: 3, — CP?! denote the covering map. Note
that X, is a compact Riemann surface of genus k—1 and there is an action of the finite abelian group Zj,
on ¥, such that Xy /Z; = CP!. Let V — CP! be the underlying holomorphic bundle of the parabolic
structure P. By abuse of notation we also denote its pull-back bundle by V = 7*V — ;. We construct

a new holomorphic bundle V- Yk as follows. Let x: U; C ¥ — C be a local holomorphic coordinate
21
centered at w~!(p;) satisfying o*x = ek x for a generator o of the Zi-action. Let g;: Vi, — C* be

a holomorphic SL(2, C) trivialisation of V over U such that g;(¢;) = C(1,0), where ¢, is the parabolic
line at 7= *(p;). Then, V is the holomorphic bundle which is V over X, \ 7= {p1,...,ps} and over U;
the SL(2,C) trivialisation g;: V|y, — C? is defined by

~ zb 0
(38) 000 Moo= (T 1)-

Note that V has trivial determinant bundle. Moreover, the pull-back of the Higgs field 7%V is given
by

d
giom* Vo g]fl = (8 8) ?x + Ay2z*~'dz 4+ higher order terms in

for some a € C and Ay, --- € sl(2,C). Thus by conjugating with g; o §;1 on U; \ 7 *(p;) the Higgs

field extends smoothly to p; and gives rise to Ve HO(Xg, Ks[(f})). By construction V has a natural
non-trivial Zg-action extending

2mil
~ a e k a
6:U; x C* = U; x C?; (p, (b)) — (o(p), 727rilb )
e k

in the trivialisation g;, and ¥ is equivariant:

~

U = 57105,

Furthermore, let V be a logarithmic connection with induced parabolic structure P. Recall that this
implies that

_ L
resp,; Vo, = £1de;.

A short computation similar to the case for a strongly parabolic Higgs field then shows that 7*V gives
rise to an equivariant global holomorphic connection V on V — ¥

oc*V =V.0.

We will refer to both operations (V, P, ¥) — (]A), \f/) and V — V as twisted lifts. Note that gauge
equivalent strongly parabolic Higgs pairs (or respectively logarithmic connections) have gauge equiv-
alent twisted lifts. In other words, let M(3) and M(CP?') denote the moduli spaces of (parabolic)
Higgs bundles or flat (logarithmic) connections on X and the 4-punctured CP?, respectively, then

(39) ~: M(CPY) — M(Zp)

is a well-defined and smooth map between these moduli spaces. Every polystable strongly parabolic
Higgs pair (P, V) gives rise to a tame harmonic metric h, see Theorem @ For rational weights this
can be deduced directly from the fact that a stable and Zj-symmetric Higgs pair (IA), \f/) on X gives
rise to a harmonic metric & which is, by uniqueness of the solution, equivariant with respect to the
Zy-action. Then twisting leads to an invariant harmonic metric h on 7"V descending to the quotient
4-punctured sphere. Using , it can be shown that the metric A on the quotient is tame.
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In particular, we obtain a commutative non-abelian Hodge diagram

{(P, W) | polystable}/ ~ twisted lift {(V, ) | polystable}/ ~

(40) pNAH NAH

{V | logarithmic and totally reducible} / ~ —stedlift {@ | totally reducible}/ ~

where ~ denotes modulo isomorphism/gauge equivalence leading to

Theorem 7. Let (V,P, V) be a polystable strongly parabolic Higgs pair with associated family of flat
logarithmic connections V> = D" 4+ A\~ + \U*. Then, the associated family D? + X710 4 \U* of
the twisted lift (V, V) is (gauge equivalent) to the twisted lift V* of the family V.

3.3. The parabolic Deligne-Hitchin moduli space. Analogously to the case of compact Riemann
surfaces, Deligne-Hitchin moduli spaces can be defined in the strongly parabolic setup, see [3] and [45]
for more details. We restrict ourselves again to the SL(2,C) case with fixed local conjugacy classes.

Definition 35. Let ¥ be a compact Riemann surface and p1,...,p, € ¥ be pairwise distinct points.
A parabolic SL(2,C) A-connection with singular divisor D = py + -+ + p,, is a quadruple (A\,V, P, D)
consisting of a holomorphic SL(2,C) bundle V over ¥ with a trace-free parabolic structure P and
holomorphic trace-free A-connection D on'V |s\(p, ,....p.} Such that with respect to any local holomorphic
frame of V around pj, the A-connection 1-form of D is meromorphic with first order pole at p; only,
and such that the quasiparabolic line £; at p; is an eigenline of the residue res, D with eigenvalue
(Aaj), where o is the parabolic weight at p;.

For A #£ 0, %DJréV is a logarithmic connection with parabolic structure P. For A = 0, D is a strongly
parabolic Higgs field for the parabolic structure P.

A parabolic A-connection is stable (semi-stable) if every D-invariant holomorphic line subbundle has
negative (non-positive) parabolic degree, and unstable otherwise. As before, we also have the notion
of polystability and for \ # 0, there are no unstable parabolic A-connections.

An isomorphism between two parabolic A-connections (X, Vi, Py, D;) and (A, Vo, Pa, Ds) is given by a
SL(2, C) gauge transformation g between the two parabolic structures (V;,P;) and (Va, Ps) such that
D5 0 g = g o D;. The only automorphisms of a stable parabolic A-connection are +Id.

In order to construct a moduli space, we fix the Riemann surface ¥, the divisor D and the parabolic
weights, but neither the holomorphic bundle nor the quasiparabolic lines. Then, the parabolic Hodge
moduli space is the space of all polystable A-connections with A\ € C modulo isomorphism. It is
denoted by ML (%), or by M2 (%) for short. Tt is a smooth complex manifold at its stable
locus, and it fibers over C.

Let V be a logarithmic SL(2,C) connection on ¥ with singular divisor D and induced parabolic
structure P. Let ¥ be the complex conjugate Riemann surface, with divisor D = p;+- - -+p,,. Then V is
a flat connection on X\ {p1, ..., p,}. By Deligne extension, there is a logarithmic SL(2,C) connection
V on ¥ with the same parabolic weights as V, which is gauge equivalent to V on the smooth surface
S\ {p1,...,on} = 2\ {p1,...,pn}. More explicitly, choose a local holomorphic coordinate around
p; € ¥ and a trivialization of V such that the connection V is given by

V=d+<0‘j 0 )dz,
0 —ay ) *

and choose a gauge in this trivialization given by g; = diag((2z)~%, (22)*/), then the logarithmic
connection V on ¥ is given by

~ —a; 0 .
Vv.gder( 0 aj)i
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around p; € ¥ in the same trivialization. It is easy to check that this gives a well-defined map from
the moduli space of logarithmic connections M?I’%al""’a”(E) on Y to the moduli space of logarithmic

D,ay,...,an

connections M, (£) on ? Furthermore, this map can be extended to A € C, to identify the
Hodge moduli spaces of ¥ and ¥ restricted to C*

G: MBI (D) o= CF x MEZD (D) — CF x M (8) = My (2)

C* -

As in the smooth case, G maps the stable (and smooth) locus to the stable (and smooth) locus. In
this way, we obtain the parabolic Deligne-Hitchin moduli space

MBS, Do, .. a) = M (S) Ug MET (8) — CP.
If oy =+ = a, =t we will denote the space by M7} (X,D,aq,...,0,,) = M7 (2, D,t). The
parabolic Deligne-Hitchin moduli space is naturally equipped with a holomorphic C* action covering
p€C* i (A€ CP— puX e CPY).

As before, we denote the automorphism obtained by multiplying with ¢ = —1 by N. Furthermore,
there exists a natural real structure C'. In order to define C' we recall that the underlying complex rank
2 vector bundle has a fixed C*° trivialization V = ¥ x C? with complex conjugation c¢: V — V = V.
For a linear differential operator A let A := ¢ 'o Aoc. Thus if A is complex linear, A is also complex

linear but in general not gauge equivalent to A. If 0 is a holomorphic structure on V — 3, then 0 is
a holomorphic structure on V — 3.

Lemma 36. If (\,0,P,D) is a parabolic A\-connection on ¥ with singular divisor D = py + -+ + py,
then

(X, 9,P,D)
is a parabolic A-connection on X, where P is given by the quasiparabolic lines Zj = c(¢;) and the
parabolic weights &; = o;.

If two parabolic A-connections are isomorphic via a gauge g then their complex conjugate A-connections
on 3 are isomorphic via the gauge ¢ logoc. In particular, there exists an anti-holomorphic involution
C of M5 covering A — XA=' and commuting with N.

Example 37. Let (\,0,P,D) be a parabolic \-connection on ¥ with X € S such that 0 + %D 18
unitary. Then, [\,0,P,D] € MUy is a fived point of C.

For a given polystable strongly parabolic Higgs pair p = (P, ¥) together with its tame harmonic metric
h, the associated family of flat connections gives rise to a holomorphic section s, of M7}, called
twistor line, see [45, Theorem 2.7] for details. With respect to the real structure 7 = CN = NC this
section is real, i.e., T (s,(—A71)) = s,()\) for all A € C*.

We now discuss the necessary and sufficient conditions of a real holomorphic section s of M%7, to be
a twistor line. This is motivated by (and analogous to) the compact case described in Section

Lemma 38. Let € > 0. Let A € Dy, — V* be a holomorphic family of irreducible logarithmic
SL(2,C) connections with first order pole at A = 0 and ¥ =resy—oV>* € T'(Kxsl(V(N))) on a family
of holomorphic bundles V() — ¥ with A-independent parabolic divisor py + -+ + p, and parabolic
weights aj € (0, 1).

Assume that there exists g = g(A): Z\ {p1,--.,pn} = ASL(2,C) such that

(41) V-2 =V g()N).

Then V* gives rise to a real holomorphic section s of the parabolic Deligne-Hitchin moduli space.

Proof. Note that A — V* gives rise to a local section of M%7, over Di . via

D7 yoeOn
D}y X Mg € M (E) |e € Ml (8) € MTE(S).
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We first extend this section to A = 0. Consider the holomorphic structure dy. Then, ¥ is meromorphic
with at most first order poles at pi,...,p,. By assumption the eigenvalues +a; of res,, VvV are
independent of A. This implies that res, W is nilpotent for all j = 1,...,n. We define the quasiparabolic
line at p; as follows: if res, (V) # 0, then ¢; := ker(res,,(¥)), else we define the line to be ¢; :=
Eig((resp, V) [x=0, ;). This gives rise to a parabolic structure P on V with ¥ being a compatible
strongly parabolic Higgs field. To extend the section to A = 0, we need to ensure that the strongly
parabolic Higgs pair (P, ¥) is polystable.

Remark 39. In this paper, all D, -families of logarithmic connections considered will induce stable
strongly parabolic Higgs pairs at X = 0. Thus there is no further gauge necessary to obtain a proper
section of the Deligne-Hitchin moduli space.

Assume the parabolic Higgs pair (P, V) is unstable, then there exists an invariant holomorphic line
bundle L with respect to 0y (on X) of positive parabolic degree. Consider a complementary complex
line bundle Z, which is not holomorphic with respect to dy in general. Define the holomorphic family
of gauge transformations by A € C* — g(\) = diag(1,\) with respect to the C° decomposition
V=LeolL. Then, it can be shown analogously to [22] Section 1.4] that the family of logarithmic
connections

(42) VA := V*§(A) = A1 + V + higher order terms in A

is gauge equivalent to V> for A # 0 and gives rise to a stable parabolic structure at A = 0 with strongly
parabolic Higgs field V.

If the parabolic structure (P, ¥) is semi-stable but not polystable, we can replace the Higgs pair at
A = 0 by a polystable pair in the same gauge orbit. (This case does not lead to twistor lines, but
it does neither occur for the real holomorphic sections constructed by in this paper. In fact, either
the parabolic Higgs field is non-vanishing and induces a stable parabolic Higgs pair by Lemma or
the Higgs field vanishes and the section of the parabolic Deligne-Hitchin moduli space is induced by
a unitary logarithmic connection by Theorem |§| below.)

To extend the section to CP?! recall that the underlying C™ trivialization of the holomorphic bundles
V(A) is of fixed type, so that the complex conjugation ¢ is well-defined. Then, by Lemma and

(@), s extends holomorphically to {A € CU {oo}||A| > ﬁ}, i.e., s gives rise to a global holomorphic
section of M1}, (X) — CP?, which is real by ([{A)). O

We call the transformation V* — V* in the twist of the family V*. The twist transformation
can also be applied if the Higgs pair is stable. In fact, assume that V* is the associated family of a
tame harmonic metric for some nilpotent strongly parabolic Higgs field, which can be interpreted as
an equivariant conformal harmonic map f, i.e., a minimal surface, into the hyperbolic 3-space. Then,
the twisted family v corresponds to the associated family of the equivariant harmonic conformal
Gauss map of f into the deSitter 3-space, see [22].

In the following, we will always assume, without lost of generality, that we start with a family of
logarithmic connections V* inducing a stable (or polystable) strongly parabolic Higgs pair, without
applying the twist transformation first. In particular, if VA = A=W + V + A\¥; + ... such that the
determinant of the strongly parabolic Higgs field ¥ has only simple zeros or poles, the corresponding
Higgs pair must be stable, as it cannot have a holomorphic ¥-invariant line bundle.

Proposition 40. Let s be the real holomorphic section of MW7 given by a family of irreducible

logarithmic connections V> as in Lemma together with the gauge g satisfying , Then, necessary
conditions for s to be a twistor line are

e g, lies in the big cell for all x € L\ {p1,...,pn}, i-€., g» = g5 g, for some gf € A, SL(2,C)
and g; € A_SL(2,C),

o gNg(—A 1) = —Id.
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Proof. If the family of logarithmic connections V* induces a twistor line, then V* is gauge equivalent
to the associated family of flat connections of a self-duality solution (36) by a positive gauge g,

e., gr € ALSL(2,C) for all z € ¥\ {p1,...,pn}. Since by Exampl associated families are
negative sections and the gauge is given by , we obtain by and by irreducibility of V* that
G 1g € A_SL(2,C). The second condition can be derived as in the compact case, for details see [22]
Section 1.3]. O

The next proposition shows that being a twistor line is an open condition.

Proposition 41. Let s be a twistor line of MY},(3, D, o, ..., o) with rational parabolic weights
a; € (0, 4)0(@ Then there exists an open nezghborhood U around s in the space of the real holomorphic
sections of MU (2, D, an, ..., o) such that every § € U is a twistor line.

Proof. Consider the covering surface $ — ¥ which branches over P1,---,Pn of appropriate order. Over
Y. we obtain, after applying the twisted lift construction, a holomorphic family of smooth connections

V=AU 4V + higher order terms in A,

see Theorem [7] such that the induced Higgs pair at A = 0 is stable. Since s is _a twistor line of
M (S, D, ay, . .., ay), the family V> on & gives rise to a twistor line of Mpy () by Theorem
and the gauge ¢ Wlth
6)‘.9 = 6*5‘71

possesses a global corresponding loop group factorization g = gt ¢~ on s

Let 5 be another real holomorphic section of MU (2, D, aq, ..., a,) lying in an appropriate open
neighborhood of s. Then its twisted lift 5 is a holomorphic section of MDH ( ) which can be repre-
sented by a family V)‘ of flat and smooth connections on 3. The family V)‘ can be chosen in a way

such that for all A € K, where K is a compact subset of C* containing the unit circle, V)‘ lies in an
appropriate open neighborhood of V* in the space of flat connections. Consequently, the family of
SL(2,C) gauge transformations g satisfying

VAN = v
lies in an open neighborhood of g for all A € {A € C | A € K,-\"! € K}. By Theoreml we obtain
that g also hes in the big cell, and using the construction in Section we obtain S is a twistor

line of Mpg(S). Then Theorem [7] gives that 5 is also a twistor line of a3, Do, ... ap) as
claimed. 0

Remark 42. Proposition [{1] also holds for non-rational parabolic weights. More generally, the same
conclusion holds if we allow the (positive) parabolic weights as well as the conformal structure of %
and the singular points py,...,ppn to vary. This follows from the results of [43] combined with [31]. In
fact, as a generalization of Theorem [}, the space of twistor lines is open and closed in the space of
real holomorphic sections.

3.4. The symplectic form on the space of logarithmic connections. The symplectic form on
the moduli space of flat connections over compact surfaces [I}, [16] has been generalized to moduli spaces
of flat connections with prescribed local conjugacy classes over punctured Riemann surfaces, see for
example [2] or [4]. We provide a short self-contained account to the construction of this symplectic
form, and describe its relationship to the symplectic form on a appropriate compact covering surface
in the case of rational parabolic weights.

Let ¥ be a compact Riemann surface and py,...,p, € ¥ be pairwise distinct points. Fix SL(2,C)
conjugacy classes

Ci,....,Cp
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of diagonal matrices C1,...,C, € s[(2,C) at the punctures such that the eigenvalues of each Cj
are contained in (0, %) Let z; be a centered holomorphic coordinate at p; for j = 1,...,n. For
Ci,...,Cy fixed let A denote the infinite dimensional space of all flat SL(2,C) connections V on
¥0:= %\ {p1,...,pn} which are of the form

dz.
(43) V= Ajﬁ + smooth connection,
Zj

where z; is a centered coordinate around p; and A; € C;.

Lemma 43. Let X € Q}(X%5l(2,C)) be a tangent vector to V € A. Then, there exists smooth
£ eT(%,51(2,C)) and X € QY (%,s1(2,C)) such that
X=d"¢+X and d°X =0

on the punctured surface X.°.

Proof. Since X is a tangent vector at V to the infinite dimensional space of flat connections, we have
in particular d¥ X = 0. Moreover, X preserves the form (43)), and therefore we can write
dz:  ~
X=14;,61"2 +X
Zj
around p; for appropriate &; € sl(2,C) and a smooth X on 3. Let £ € I'(,5l(2, C)) be a section with
£(p;) = &;. Then the splitting
X =dVé+ (X —dve)
is of the required form. (|
Lemma 44. Let V € A with A; as in and consider two tangent vectors
X=dv¢+X, Y=d"pu+Y eTgA
for & peT(%,s1(2,C)) and )A(,f/ € QL(%,5l(2,C)) as in Lemma . Then
1

L X AY) = L /E tr ()Z* A ff) - mtr(flj [Res,, (X), Res,, (Y)]]).

n
j=1

Proof. Consider the punctured Riemann surface X° and centered holomorphic coordinates z; at the
punctures p;. For £ > 0 small let

,yg: Sl SN ZO; e27ri<p N (Zj)—l(t€27riap).
When splitting X, Y according to
X=dv¢+X, Y=d"pu+Y

we obtain
/ tr (X AY) :/ tr ()?Aff) +tr (dngf/) +tr (f(/\dvu) +tr (dVEndVp).
50 50
For the second term in the above expression we have
/ tr (dvg A f/) - / dtr(eV) — / tr(e(dVY))
»0 »0 %0
= —}i_r)r(l)Z/jtr(fY) =0
i

since dVY = 0 and }A’,f are both smooth on 3. Analogously, we have

/ tr(X Ad¥p) = 0.
>0

(44)
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For the last term we compute

[ d®n = [ av(ed®i =~ Jim > / ey

dz
= — tlg% ZJ: [y{ tr(§[4,, ,u]zij) — %g%z]: /%j tr(something smooth)

(45) = —2mi ) tr(€(py) Ay (py)]) = 2mi Y (A5 18(ps), (p3)])

— o Z @trm 14, €3], [45, 1(py)]])

= —2mi ; 2tr(1A?.)tr(Aj [Resp, (X), Res,, (Y)]])

as claimed. 0

Define a holomorphic complex bilinear and skew-symmetric form on the (infinite dimensional) tangent
space Ty A by
O: TvA X TvA - C
46 1
a0 s |

P

(X AY) 4 EJ: Sl (Respj (v))Q)tr( Res,, (V)[Res,, (X), Res,, (Y)]).

From Lemma [44] we then obtain:

Corollary 45. For dV¢,Y € Ty A we have
O@dVe,Y) = 0.

Therefore, the bilinear form O descends to a well defined holomorphic 2-form on the quotient of A by
gauge transformations.

It can be shown that O is indeed a symplectic form.

Remark 46. If the infinitesimal deformation of the flat connection preserves the holomorphic struc-
ture, i.e., the tangent vector fields X, Y are both meromorphic, then the first summand of O in
vanishes and only the residue terms remain. For A € C;, the complex skew bilinear form
1
X =1[4,4Y = [A p] € TaCj — tr(Al§, p]) = —mtf(A[Xa Y))

is well-defined and known as the Kirillov symplectic form on the adjoint orbit C;.

3.4.1. Rational weights. Assume that the parabolic weights are all rational. Then, the symplectic
form O and the Goldman symplectic form coincide up to scaling and taking the twisted lift. We give
the proof in the case of the 4-punctured sphere, with rational weights oy = -+ = a4 = é As before,
consider the k-fold covering ¥ — CP? given by which totally branches over the singular points.

Proposition 47. Let M(CP%) be the space of logarithmic connections on CP' with singular points
D1, ..., Pa and rational weights oy = -+ = g = % equipped with its symplectic form O. Let m: ¥) —
CP! be the k-fold covering given by which totally branches over the singular points, and let
M(XZy) be the moduli space of flat connections on Xy, with Goldman symplectic form Q. Then

27kO =0Q.

Proof. Because of Corollary O is well-defined on the moduli space M(CP?!), and for tangent vectors
X, Y, we can choose representatives that vanish in an open set U € CP! containing all the singular
points. Then, only the first summand in contributes to O(X,Y’). On the other hand, the pull-back
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of 7 X and 7Y to ¥, vanish on 7~1(U), and the tangent vectors X and Y of M(X},) are represented
by 7*X and 7*Y in the trivialization of the holomorphic bundle V = V over ¥ \ 7~ {p1,...,ps}.
Since 7: ¥ — CP! is of degree k, and due to the different scalings in and , the result
follows. O

Remark 48. Proposition [[7 directly generalizes to A-connections. As a consequence, we are able to
compute the twisted holomorphic symplectic form on the open dense subset of Mpy(CPY p; +
-+« +p4,t) consisting of Fuchsian \-connections.

4. INITIAL CONDITIONS AT t = 0.

In this section we write down A-dependent conmnection 1-forms on the 4-puncture sphere CP! \
{p1,...,p4} depending on a parabolic weight a = ¢ € [0, i) and a strongly parabolic Higgs field.
We then explicitly compute the initial conditions at ¢ = 0 which we will deform via an implicit func-
tion theorem argument in Sectionto obtain equivariant tame harmonic maps from CP*\ {p1,...,ps}

into H? for t > 0.

4.1. The potential. To construct real holomorphic sections explicitly, we restrict to the case where
the underlying holomorphic structure is trivial for all A € D, = {\ | [A\]? < a?} for some a > 1. This
restriction is motivated by the fact that an open and dense subset of the moduli space of strongly
parabolic Higgs field (respectively logarithmic connections) has trivial underlying holomorphic bundle,
see Proposition [32] for strongly parabolic Higgs fields (and Lemma for logarithmic connections). In
general (e.g. for large Higgs field with trivial underlying holomorphic structure), the associated family
of flat connections does not have trivial underlying holomorphic bundle for all A in the punctured unit
disc. On the other hand, for fixed weight ¢t and fixed compact subset K of the A-spectral plane,
we will show that there is a constant C' such that for any strongly parabolic Higgs field with trivial
underlying holomorphic structure and norm less than C, the associated logarithmic connection V?* is
Fuchsian for all A € K'\ {0}. This will follow by continuity of the solution depending on the parabolic
Higgs data (with trivial underlying holomorphic bundle), and the fact that for vanishing Higgs field
the associated family is constant (and Fuchsian).

A potential is given by a holomorphic and complex linear loop algebra-valued 1-form
ne Ql’o((cpl \ {pl, . ,p4},A5[(2,(C))
with
()‘77) € QLO((C‘Pl \ {ph e 7p4}7 A+5[(27 (C))v
where Asl(2,C) and Asl(2,C) are as in Section and (An) denotes pointwise multiplication. Mo-
tivated by Lemma 3§ and its proof we call the residue at A = 0
U =1n_1 :=Resrx=0(n)

the parabolic Higgs field of the potential 7. On the 4-punctured sphere we further specialize to n
being a Fuchsian system for every A € D, \ {0}, i.e., we consider potentials of the form

4 4
d
n= E Ajiz satisfying E A;j=0
— Z—Pj —
7j=1 =0

with z being the homogenous coordinate of CP', (AA;) € A;sl(2,C). To be more explicit, the
coefficients of A;, as functions of A, are in the functional space W2 =1 where for | € Z

Wazl = {h = th)\k such that Z |hk|a‘k| < oo} .

k=l k=l
For [ > 0 we obtain the space of absolutely convergent power series in the disk of radius a > 1. We
denote the subspace of convergent power series with vanishing constant term ho by W;. Whenever
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the dependence on a particular a is not important, we will omit this index. More generally, W,
denotes the space of convergent Laurent series on the annulus A, := {a—g < |A]* < a®}. Every element
h € W = W, can be decomposed into its positive part h™ € WT, its constant part h® := hy and its
negative part h~ = h — ht — hO.

Remark 49. FEven though the choice of a > 1 is irrelevant for the application of the implicit function
theorem for t ~ 0, we expect that for larger t and general strongly parabolic Higgs field (with trivial
underlying holomorphic structure), the associated family of flat connection is not Fuchsian for all
A satisfying |\?> < a®. Instead, we expect unstable logarithmic connections (where the power series
expansion in A will necessarily have poles) moving into the unit disc within the t-deformation. This
is in contrast to the case of the equations describing (equivariant) harmonic maps into the 3-sphere,
which differ from the self-duality equation only by a sign, where unstable points cannot cross the unit
circle, see [23].

To fix further notations let C* denote the upper-right quadrant of the plane
C* ={z € C | Re(z) > 0,Im(z) > 0}.
Let p € C* and consider the 4-punctured sphere
Y =13, =CP'\ {p1,p2,p3 4}

with

(47) pr=p p2=-1/p, ps=—p and pis=1/p.

Up to Mobius transformations, every 4-punctured sphere is of this form. By definition ¥ is invariant
under the holomorphic involutions d(z) = —z and 7(z) = 1/z. Consider the Pauli matrices

(1 0 (01 (0 i
m; = 0 -1 mo = 10 mg = i 0

and the holomorphic 1-forms on X

dz dz dz dz
Wy = — =+ —
Z—P1 z — P2 Z—DPps3 2= P4
dz dz dz dz
(48) Wo = — — +
Z—P1 z — P2 Z—DPp3 2 — P4
dz dz dz dz
w3 = + — —

Z=p1 Z—ps zZ-D3 Z—Dp1
Then the w; have the symmetries

(49) {5*w1 =wy, 0wy =—wy, 6'w3z=—ws

T'W = —w1, Tiwa =w2, Tiwsg = —ws.

Ansatz 50. In the following we will consider potentials of the form
3
(50) me=ty_ zi(t)mjw;
j=1

where t ~ 0 is a real parameter and z1(t), z2(t), z3(t) € W="1 are parameters depending on t.

We aim to determine 7, in dependence of ¢ through the implicit function theorem by imposing the
reality condition . The maps ¢t — x;(t), j = 1,2,3, are always assumed to be smooth in some
neighbourhood (—¢, €) of t = 0. We denote the parameter vector by

w(t) = (21 (t), 22(t), w3(t) € W="1)°
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Remark 51. Fort ~ 0, the parameter x(t) is not uniquely determined by the reality condition
as we have a non-trivial moduli space of solutions, which is parametrized by Higgs data. Hence, we
have to incorporate the dependency on the parabolic Higgs pair when applying the implicit function
theorem. We omit this dependency for now, and refer to Section below and to Theorem [§ below
for precise statements.

With this ansatz 7; is a Fuchsian system for every A € D, \ {0} and the residues at a puncture is given
by a Asl(2,C) element
Res.—p,m = tA;

with
_ Il(t) o (t) + il’g (t) o 7I1(t) —XT2 (t) + 7,393(15)
- A= ( wolt) —ims(t)  —an(t) ) Ay = ( —2a(t) — iz (t) 21(t) )
A3 _ ( l‘l(t)' —J,‘g(t) - il‘g(t) ) A4 _ ( —$1<t) xg(t) — i$3(t) )
—xo(t) +ixs(t) —x1(t) xo(t) + ixs(t) x1(t)
satisfying
(52) det(A]’) = —Z‘l(t)Q - Z‘Q(t)Q - Z‘3(t)2

for all j =1,...,4. Moreover, ¥ = resy_on; takes the form with R; = resy—oA4;.

This ansatz is chosen such that the potential has the following symmetries

§*n, =D 'n,D with D= < (’) _OZ. >
(53)

0

We will show that these symmetries can be imposed without loss of generality if we start with a
symmetric Higgs field and ¢ ~ 0 is small.

™, = C 'n,C with C = ( (z) ! )

Remark 52. With this ansatz we only study harmonic maps for which the monodromy becomes trivial
fort — 0 and consequently the corresponding Higgs fields U (t) — 0. In fact, evaluating Ansatz (50))
at t =0 gives the trivial connection with trivial monodromy due to the factor t in Ansatz (50)).

4.2. The choice of initial data at t = 0, and parabolic Higgs fields. In this section, we discuss
the initial data at ¢ = 0 for the implicit function theorem. These initial data are naturally parametrized
by the coordinates (u,v) from , which determine the Higgs pair.

We denote the initial value of the parameters with an underscore z; := z;(0), and accordingly A,.
These are chosen such that z;, z,, 5 at t = 0 satisty

det(4;) = -1
(54) )
Al = Alv
where ()*-operator for matrices is defined as
—7T
M*(A\)=M(=1/\) .
The first equation in implies that the local monodromies of the associated Fuchsian systems d+ 1,

lie in the conjugacy class of diag(exp(2wit), exp(—2mwit)) for every A € D,. The second equation in
is an infinitesimal version of 7T-reality at ¢ = 0. The equations on A, are equivalent to

{xf +ad+a3=1
z; =z, Vi,

where the induced ()*-operator for functions is defined to be

(55) Fr) = f(=1/X).
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Since potentials have at most a first order pole at A = 0 the eligible z; must be a degree 1 Laurent
polynomial

(56) gy =x; AT L0z
with
. R
(57) Lo €
Lj1 = —Lj1-

Then gf + gg + g% =1 is equivalent to
3
> a5 =0
j=1
3
(58) > oz 1zi0=0
j=1

3
> afo =2z P =1
j=1

To solve the first equation of , consider the standard parametrization of the quadric {22 +y?+2% =
0} in C? given by

(59) Ly =UY, Iy 4= %(UZ —u?) and L3 1= %(UQ +0%)
with (u,v) € C?\ {(0,0)}. Then the second equation of gives
(60) wvzy g+ 5% —u?)zp 0+ 5(u? +07) 250 =0

and its (real) solutions are

(61)  zy0=p(lul>—v*), 250=2pRe(uv) and z3,=2pIm(uv), for some p € R.

Finally, the third equation of becomes

(62) PP (uf? + 0*)? = (Juf* + [v]*)* =1

which determines p up to sign. The geometric meaning of these equations and its relationship to the

classical Weierstrass representation of minimal surfaces in Euclidean 3-space is discussed in Section
[6-1 We will show in Section [5.4] below that the correct sign of p to obtain twistor lines is

(63) p =1+ (Jul?+v>)~2>0.

But we obtain T-real holomorphic sections of Mpy(CPY,p; + -+ + py,t) for t ~ 0 for both choices
of sign in .

We have thus fixed the initial conditions of 7, depending on a pair (u,v) € C?\ {(0,0)} which
parametrizes the space of all eligible non-vanishing A-residues of the ;. This gives a 8-fold covering
of the open subset U of the parabolic Higgs bundle moduli space specified by a trivial underlying
holomorphic bundle. In fact, (u,v) uniquely determines the nilpotent residue R; of the Higgs field at

p1 up to sign, and by Lemma [30, Ry determines the gauge class of the Higgs pair uniquely up to the
Zo X Zs action generated by conjugation with C' and D.

Convention 53. In the following, we slightly abuse notation and neglect the Zo X Zo action when
referring to completion of the nilpotent orbit {Ry € sl(2,C) | det(R1) = 0} as the moduli space of
parabolic Higgs fields. This 4-fold covering can actually be identified with an open dense subset of the
space of parabolic Higgs fields on the 1-punctured torus with parabolic weight % — 2t.

We will also ignore the complex line of stable parabolic Higgs fields with underlying holomorphic struc-
ture O(—1)®O(1) att = 0, since the t — 0 limit of the corresponding representations is not the trivial
representation.
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Remark 54. When considering Ansatz for t > 0 we have to rephrase the second condition in
which encodes the reality condition at t = 0. Instead to ensure we have to require that nf
and n; lie in the same gauge class. By Lemma [3§ this corresponds to constructing families of flat
connections that descend to real holomorphic sections of Mpg(CPY,py + -+ + p4,t) for prescribed
strongly parabolic Higgs field at A = 0 by varying parabolic weight t.

Using the above (u,v)-parametrization the parabolic Higgs field ¥ = Resy—o 1; is given by and

has determinant

42wt — (p® + p2)uv? + vh)
22— (p?P+p2)22+1

(64) det(T) =

)

where the singular points pi,...,ps are determined by p € C* via . The 0-eigenlines of the
nilpotent residues of ¥ viewed as points in CP! have homogenous coordinates u/v, —v/u, —u/v and
v/u, respectively. The cross-ratio of these four eigenlines, which together with the parabolic weight ¢
determines the parabolic structure on the trivial holomorphic bundle, is computed to be

U —v —u v —4uv?
(65) <7§>> =5
viu vu (u? — v?)

where the cross-ratio is defined to be

(23 — 21)(24 — 22)
(23 — 22)(24 — 21)

(21,22;23,24) =

The cross-ratio is already uniquely determined by the ratio w/v, up to a Zs X Zy symmetry
generated by u/v — —u/v, u/v — v/u in accordance with Proposition (since scaling u and v
simultaneously just scales the Higgs field).

5. CONSTRUCTING REAL HOLOMORPHIC SECTIONS

In order for the potential d + 7; to be the lift of a real holomorphic section s we impose the condition
that

(66) d+n:(\) is gauge equivalent to d—+n:(—A~1)

forall A € A, = {\ | a=2 < [A\]*> < a?} as in (41). To make this condition more explicit, we identify
the space of gauge equivalence classes of flat connections with the space of representations of 71 (%, zo)
modulo conjugation via the monodromy representation. Let p € CT and ¥ = X, be the 4-punctured
sphere and fix the base point zg = 0. Choose the generators v1, v2, 73 and 4 of the fundamental group
m1(%,0) as in [26], i.e, let 1 be the composition of the real half-line from 0 to +oo with the imaginary
half-line from +ico to 0, and more generally -y is the product of the half-line from 0 to i*~'oo with
the half line from i*oo to 0, so v; encloses pj and v1v27374 = 1. Let ®; be the fundamental solution
of the Cauchy Problem

(67) ds®; = Py with initial condition @;(z =0) =1d

and let My(t) = M(®Ps,v;) be the monodromy of ®; along ;. This gives the left monodromy
representation of the connection d + 7, i.e.,

M () Mo () M3 (1) Ma(t) = 1d.

The identification of the left and the right monodromy representation is done by taking the inverse,
which is in accordance with the fact that for a solution ® of d® = ®n its inverse solves d® 1 = —n®~1.
In particular, two connections are gauge equivalent if and only if their left monodromies are conjugate
to each other. In order to directly use results and explicit computations from our previous work (e.g.
[25] 26]), we will work with the left monodromy in the following.
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Fricke coordinates. The moduli space of representations can be parametrized using the so-called Fricke
coordinates. Define

Sk 1= tI‘(Mk); Skl = tl"(Mle).

Since M}, € SL(2,C), the trace s determines the eigenvalues of My, i.e., the conjugacy class of the
local monodromy Mj,. For the symmetric case considered in this paper we restrict to

$1 = S9 = s3 = 54 = 2cos(27t)
for t € (0, i) and the following classical result by Fricke-Voigt holds.
Proposition 55. Consider a SL(2,C)-representation on the 4-punctured sphere 3. Let
s=s=--=384€(0,2)
and let U = s12, V = so3, W = s13. Then the following algebraic equation holds
(68) U+ V2L W2 HUVW = 282(U+V + W) +4(s* — 1) + s = 0.

When satisfying the parameters s and U, V,W together determine a monodromy representation
p: m(X) = SL(2,C) from the first fundamental group of ¥ into SL(2,C). By imposing the symmetries
, this representation is unique up to conjugation.

Proof. For the first (classical) part of the proposition see for example [I7]. Whenever the represen-
tations are irreducible, [I7] moreover shows that they are uniquely determined by their global traces
U,V,W up to conjugation, even without symmetry assumptions. By [I7, Lemma 5| a representation
is reducible if and only if

sij € {2, -2+ s*} = {2,2cos(47t)}
for all 4,j. For t € (0, 1) then implies that
(U, V,W) € {(2,2,2cos(4nt)), (2,2 cos(4nt), 2), (2 cos(4nt), 2,2)}.

It can be easily checked that for each of the 3 possibilities there is a Fuchsian potential, unique
up to conjugation with C, D, and CD, satisfying the symmetry assumptions and inducing the
corresponding totally reducible representation. O

Using the above proposition the reality condition on the potentials 7; is equivalent to
Sjk: :S;k for (jak) € {(172)7(173)3(2a3)}5

with ()* as defined in (55)). The goal of this section is thus to solve the following Monodromy Problem
sjk = 8y, for (4,k) € {(1,2),(1,3),(2,3)}
3
69
o > 7 =1
j=1

using a similar implicit function theorem argument as in |25 26]. By Lemma [38| and Proposition
we then obtain real holomorphic sections of Mpg(CPY, p; + -+ +py,t). It then remains to show that
the so-constructed real holomorphic sections are negative and in the connected component of twistor
lines. This is done in Theorem [I0] below.

5.1. Setup. As in [20], consider for a fixed potential 7 the extended frame ® satisfying d® = ®n and
®(z=0)=1Id. Let P=®(z =1) and Q = ®(z = i), where we omitted the index ¢. Then the traces
s;i are given by squares of holomorphic functions in terms of the entries of P = (P;;) and Q = (Q;;)
as follows:
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Proposition 56. With the notation above we have

(70) S12 = 2 — 4p2
(71) s23 = 2 —4q°
(72) S13 = 2 — 4¢?
with

p=P11Pa — P12Pa2, q=1(Q11Q21 + QL129Q22)

and

t o= %(7722911 + P12Qa1)? + %(7’22Q12 + P12 Qa2)?
7 7
—§(P21Q11 + 1311(»221)2 — §(P21Q12 + P11Q22)2~

Proof. The equations and have been proven in |26, Proposition 16]. It remains to show .
Using the symmetries § and 70 which fix z =1 and z = ¢ respectively we have as in [26, Proposition
16]

®(+o00) = PCPICH, ®(+ic0) = QDCQ*C~ D™,
M; = ®(400)®(+ico)~t, Ms = DM, D",
This gives with C2 = D? = —Id and CD = —DC that
MMz = —(PCP~'C~'DCQC~'D'Q 'D)*> = — (PCP~'DQCDQ D).
For A € SL(2,C) we have

(73)

tr(—A?%) =2 — tr(A4)?,
hence holds with
v = %tr (PCP~'DQDCQ™'D)
which coincides with the formula given in Proposition [56] after a tedious computation. O
Proposition 57. Att =0, we have
p(0) = q(0) = ¢(0) = 0

with derivatives
p’'(0) = 2mx3(0), q'(0) = 2mx2(0) and +'(0) = 27w1(0).

Proof. At t =0 we have 1, = 0 thus all monodromies are trivial and P = Q = Id from which the first
point follows. For the assertion on the derivatives define as in [26]

(74) %) = | Cu(2)

for j = 1,2, 3, where the integral is computed on the segment from 0 to z. Then

E x;(0 )m;, and Q'(0 E x;(0)2; (2)m;,

from which we can compute
p'(0) = P31 (0) — P12(0) = —2iz5(0)Q23(1)
q'(0) = i(Q5,(0) + le(O)) = 2ix2(0)Q2(7)
v(0) = i(Pa(0) + Q11 (0) — P11(0) = 255(0)) = —2iz1 (0) (21 (1) — 2 (4)).
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By the Residue Theorem, we have for j =1,2,3

1 1 i i
2772':/ w; 2/ wj—/ T*wj—/ wj—i-/ (1) wj.
71 0 0 0 0

Using the symmetries , this gives
(75) Ql(l) - Ql(l) = ’/Ti, QQ(Z) = —mi and Qg(l) =
proving Proposition U

In view of Proposition the monodromy problem can be reformulated to be

p=p"
q=gq"
(76) t=1"

3
D a2 =1

and the following proposition implies that it suffices to solve for two of the three traces only.

Proposition 58. Assume that x:1(t), z2(t), z3(t): (—e,€) = W= are analytic in t, with 2;(0) = z;,
satisfying the following equations for all t

p=yp
qg=q"

3
ij(t)Z =1

Then also v = t* for all t. Analogous statements hold by cyclicly permutating p, q,¢.

(77)

Proof. Let
U=s12, V =s93, W=s13 and s=tr(My)
as in Proposition [55| satisfying the quadratic equation

Q=U*+V 4+ W?*H+UVW =235 (U+V +W) +4(s* = 1) +s* = 0.
By substitution of U = 2 — 4p2, V =2 — 4¢% and W = 2 — 4¢2, Q factors as
Q=@QiQ2 with Q;=s>+4(p" +¢* + > —1) +8(~1)’pqr.
Since @ = 0 for all ¢, and @1, Q2 are analytic functions of ¢, one of them must be identically zero.
(We will see in Remark [72| below that j = 2.) The discriminant of @);, considered as a polynomial in
the variable t is give by
A =64(1 — p?)(1 — ¢*) — 1652
and is independent of j = 1,2. Since P, Q are well-defined analytic functions in ¢ (with values in W,),

v is a well-defined analytic function in ¢ as well by Proposition [56] Therefore, A admits a well-defined
square root ¢ such that

- )
v=(=1)""pq + 3
for all t. From the hypotheses of the proposition, we have A = A* hence §* = &, where the sign
€ = %1 does not depend on t because t* is a well-defined analytic function in t. Hence

. 5
v = (—1)+pg + 2.

8
The sign € can be determined using the first order derivatives at ¢ = 0. We have
d' o'
V= 2rx, = 3 and " =2z} =27z, = eg
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Since z; # 0, we obtain ¢ = 1. Hence v = t* for all ¢. O

5.2. Solving the Monodromy Problem. As remarked before, see Remark [51} the potentials d+ 7,
are not uniquely determined by the reality conditions or , but also depend on the Higgs data.
By Proposition [32] we identify the moduli space of strongly parabolic Higgs fields on V = O @ O,
up to taking the quotient by Zs X Zs action, with the completion of the nilpotent orbit in sl(2,C),
which is in turn given by the blow-up of C2/Zy at the origin. First, consider the regular case of
(u,v) € C?\ {(0,0)} and consider for j = 1,2, 3 the quadratic polynomials

Pi(N) = Az () = 2,0 + 2500 — T 7,
where the z; are defined in satisfying , , and , and denote the discriminant of
Pj by

Aj=gio+4lz;|* €R

The following arguments work for both signs of p in , compare with Lemma [63| below. When
statements do depend on the choice of sign, e.g., in Theorem [J] we state them for the correct choice
(63) only.

Proposition 59.
(1) The polynomial P; has a complex root p; with |u;| < 1 if and only if x4 # 0. In this case
wj € Dy depends real-analytically on (u,v) # (0,0).
(2) With the same notation, Py(p;) and Py(u;) are R-independent complex numbers, if {j, k,{} =
{1,2,3}.

Proof. If x;, = 0, the first point is trivial, because in this case P; = z;,A and z;, # 0 since
(u,v) # (0,0). Hence assume in the following z;; # 0. If p is a root of P;, then u # 0. Moreover,
1

x; =z gives that -3 # b is the other root of P;. Thus

1
|#\:1@H*ﬁ:0@%,0: .

For z,0 # 0 the root p; with |u;| < 1 is given by

—Zo+ Sign(gj’o), ny

224

My =

b

which we can rewrite as

Hj = 2
Ljo ZLjo0 <

—_— 2
2£j,1f <4|xj,1| ) with  f(z) = Vv1i4+z— 1.

The function f extends holomorphically to z = 0, therefore 11; depends analytically on (u,v). To prove
the second point, assume for simplicity of notation that j = 1. Suppose by contradiction that Pa(u1)
and Ps(py) are linearly dependent over R. First assume that py # 0. Then the complex numbers
Zo(p1), 25(p1) are linearly dependent over R. Moreover, z; (1) = 0 so

2y(m1)? + z3(p)? = 1
and this implies that 2, (1) and z3(u2) are real. Since all z; ; are real, we obtain

Tyt —Tpapy t ER for k=1,2,3.

Then
3

—1)\2
> (@pam — T ) > 0.
k=1
Expanding the squares and using 22:1 gil = 0 we obtain

3
Z |z, 1* <0
k=1
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which implies u = v = 0 which is a contradiction.
If py = 0, we have P»(0) = 25 _; and P3(0) = 3 ;. From P;(0) = z; _; = 0 we obtain
x5 +z3 =0

and since z, _; and z3 _; are linearly dependent over R, z, _; = 23 _; = 0 which again results in
u = v = 0 leading to a contradiction. O
Theorem 8. Let (u,v) # (0,0) be fived. This determines x; _; for j =1,2,3. Then, there are g > 0
and a > 1 such that there exists unique values of the parameters x(t) = (z1(t), z2(t), z3(t)) € (WZ71)3
in a neighborhood of x for all t € (—eg, €y) depending real analytically on (t,p,u,v) solving with

z(0) = x and prescribed v _1(t) = x; 1. Moreover, ey and a > 1 are uniform with respect to (p,u,v)
on compact subsets of C* x C?\ {(0,0)}.

Proof. Fix (u,v) # (0,0). By Proposition [f9 and (61]), at least one of the polynomials P; has a root
{5 inside the unit A-disc. By symmetry of the roles played by the parameters p, g, t, we may assume
without loss of generality that j = 1. By Proposition it suffices to solve Problem . We fixa > 1
such that a|pu;| < 1 and consider the corresponding function space WZ°. We introduce a parameter
y = (y1,y2,y3) in a neighborhood of 0 in (WZ°)? and set

(78) xp(t) =z, +yk, k=1,2,3.

Note that the negative part of the potential is fixed to its initial value zy 1 =z _;. Since p and q
are analytic functions of (¢,y) which vanish at ¢ = 0, the functions

B(ty) = 7p(y) and d(ty) = Salt.y)
extend analytically at ¢ = 0 and by Proposition 57| we have at t =0
(79) p(0,y) = 2m(zs +ys) and G(0,y) = 2m(zy + y2).
We define
F(t,y) =p(t,y) —p(t,)"
=q(t,y) —a(t,y)"
(80)

3 3
Zaxk :Z Jck—i-yk)z.
k=1

Then solving Problem(77) is equivalent to solvmg the equations F = G = 0 and K = 1. By our choice
of the central value nd due to , these equations hold at (¢,y) = (0,0). By definition we have
F* = —F so F =0is equivalent to F* = 0 and Im(F°) = 0, and the analogous statement holds for G
as well. By Proposition and substituting the partial derivatives with respect to y = (y1, Y2, y3)
are

dF(0,0)" = 2mdys
m(dF(0,0)°) = 27Im(dys o)

dG(0,0)" = 2wdys
m(dg(0, 0)°) = 27Im(dys ).

(81)

Hence, the partial derivative of

(F7,9%, Im(F), Im(G"))
with respect to

(yz+» ygr’ Im(yl())’ Im<y3,0))
is an automorphism of (W;})? x R2. The implicit function theorem therefore uniquely determines
(y4, y3, Im(y20),Im(ys3,0)) € W7 )? x R? as analytic functions of ¢ and the remaining parameters y,
Re(y2,0) and Re(ys o). Furthermore, the partial derivative of (v, v5,Im(y2,0),Im(ys0)) at (t,y) =
(0,0) with respect to these remaining parameters is zero by .
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It remains to solve the equation L = 1. We write the Euclidean division of the polynomial P, by
(A=) as

Pr(A) = (A = p1)Qx + Pr(p1)
with Qj € C[A]. Note that the @ are real analytic in (u,v) by Proposition Observe that since

3
2 _
ng,—l - 07
k=1

K has no A2 term so AKX € W=, We write the division of AKX by (A — 1) as

AM=A—m)S+R
where R € C and S € W=, Note that since |u1| < 1, R and S are analytic functions of all parameters
by [26, Proposition 5]. We have, since P;(p1) = 0 and dy, = Re(dyg o) for k = 2,3

3

3
dAK)(0,0) = D 2Pu(N) dye = 20\ — p1)Qudys + > 2((A — p11)Qx + Pi(1)) Re(dys o)
k=1 k=2

so by uniqueness of the division
dR(O, O) = 2P2(u1)Re(dy2,o) + 2P3(/L1)Re(dy370)
dS(0,0) = 2Q1dy; + 2Q2Re(dy2,0) + 2Q3Re(dys,0)-

If 2y ; # 0, we have p; # 0 and the other root of Py is —1/fi1 so

1
=z A+ —
O 1’1( Hl)

is invertible in W20 because ﬁ > a. (Note that A — ¢ is invertible in W20 if and only if |c| > a.)

If z; ; = 0, we have
Pl =2 0)\

s0 Q1 = 215 € C* is invertible in W% as well. By Proposition Py(pq) and Ps(pp) are R-
independent complex numbers, and the partial derivative of (S, R) with respect to (y1, Re(y2,0), Re(ys,0))
at (t,y) = (0,0) is an isomorphism from WZ2° x R? to W29 x C. Thus, the implicit function theo-
rem uniquely determines (y1, Re(y2,0)) and Re(ys ) as analytic functions of ¢ in a neighborhood of
t=0. (]

5.3. The limit (u,v) — (0,0). In this section, we highlight the dependency of the solutions z(t) =
x(t,p,u,v) provided by Theorem [5| on the parameters p, u,v when necessary, and we drop the depen-
dency of all parameters when convenient.

By Proposition the Higgs bundle moduli space is given by the blow up of C2/Z, at the origin.
Rather than expecting the solution z(t,p,u,v) to extend continuously to (u,v) = (0,0), the limit
(u,v) = (0,0) should therefore depend on the direction in the blow-up. We write

uw=ru and v=1r0 with [u*+[7]®=1.

Let 0 < |r] < % so that (u,v) # (0,0). With a slight abuse of notation, we write z = z(t, p,r, @, ).
Recall that (u,v) — (—u,—v) does not change the initial value z, so the map z(t,p,r, 4, ?) is even
with respect to r.

Our goal is to prove
Theorem 9.

(1) There exists e > 0 such that for |t| < €, the function x(t,p,r,u,v) extends analytically to
r = 0. Moreover, €3 is uniform with respect to p in compact subsets of C* and (,7) in S3.
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(2) Atr =0, z(t,p,0,u,v) does not depend on A and solves the following problem:

(52) {agf € SQ‘L(2,2(C), Yk, UMU~t € SU(2)
i+ x5+ x5 =1

(3) At (t,7) = (0,0), we have for p >0

(83) 21 = ([d% = [7]?), x2=2Re (a%) and @3 =2Im (a%) :

Remark 60. For p <0, we have to replace in (3) the limit (x1,x2,x3) by —(x1, T2, 23).

Proof of Theorem[9 Rewrite the central value z in terms of (r,u,?) as

o~ 1 A~ A~ 2~
z; =717 AT P+ 7T A

with
Ty =00, Ty 4= (0% = u?), Ty 4= 1@ +9%),
Fio= U2 = [0, Zpo=2Re (D), Zyo=2Im(@7),
ij,l = i]y—l
and

Observe that

3 3
(84) ZE k-1 =0, Zxk 0o=1 Zik,—lik,o =0
k=1

and

3

- 1

(85) DoIE P =5
k=1

For given (4, 7) € $%, fix j € {1,2,3} such that Z; ; # 0. (This is possible by (84)). We take as ansatz
that the parameter y; is of the following form
(86) yj = yjo + g, with g7 eW;.
We solve the equations F = G = 0 using the implicit function theorem as in Section [5.2] This
uniquely determines the parameters y,j and Im(yx,0) with k # j as functions of (¢,7) and the remaining
parameters y; o, gj and Re(yx,0) with k # j. Moreover, at r = 0, y;-r =0 and y,j =0, k # j, solve
the equation F* = G = 0. Since y; is an even function of r (due to uniqueness), this means that
we can also write for k #£ j

Yr = yro + 200 with g e wt.
We decompose K = 2% + 23 + 23 as

K=K A '+ Ko+ K" with KT ewt.

When r = 0, K does not depend on A, ie., K_; =0 and Kt = 0. Thus since K_; and KT are even
functions of r, this means that K_i= 2/C L and KT = 72K+ extend analytically at » = 0. More
explicitly,

~ 1 e N oin 2
(7"2§k,—1>\ '+ PZyo+ T2lk,1)\ + yro + sz;:r)

A
Il
- T

= (Tpo + ZUlc,O)2 +2r? (Zp0 + yko0) @ AT H T AT + o(r')

x>
Il
—
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from which we obtain at r =0

k=1
3
Ko lr=0 =Y (Fx,0 + yk.0)
k=1
N 3
Kt im0 =2 Z (Zp0 + Yk.0) @k,l)‘ + ) -
k=1

In particular, at the central value y = 0, we have by Equation that g =1, l€,1 =0and K+ =0
and the differentials with respect to y at (¢,7,y) = (0,0,0) are

3

dK_1 =2 % _ydyro
k=1

3
diCo =2 Zik,odyk,o
k=1
3
AT =2 "3, odJ + Az 1 dyro-
k=1
Keep in mind that §; and Im(y)) for k # j have already been determined and their differential with
respect to the remaining parameters y; o, jj;' and Re(yg,0) with k # j, and are zero at (t,r) = (0,0).
Consider the polynomials Py()\) = Ty 0N+ Ty _q. Recall that I, , # 0, and let fi; be the root of P;.
Then
dK_y + JijdKo = 2 Pu(fij)Re(dyr,o).
k]
By Claimbelow, this is an isomorphism from R? to C. Hence the partial derivative of (I%_l, Ko, IE*)
with respect to ((Re(yr,0))k> vy, 37;') is an isomorphism from R2 x C x W+ to C2 x W+. The implicit
function theorem then gives that there exists €3 > 0 such that for |{| < ¢; and |r| < €1, there exists
unique values of the parameters which solve Problem . When €, /2 < |r| < 1/2, Theorem (8] gives
us a uniform ey > 0 such that for |t| < €p, there exists unique values of the parameters which solve
Problem . They certainly satisfy the ansatz since |r| > €;/2. Take €2 = min(ey,€g). In the
overlap €1 /2 < |r| < €1, the solutions agree for |t| < ez by uniqueness of the implicit function theorem.

So far, we have proven point (1), and point (3) follows by construction. Since for » = 0, the connections
are independent of A, the reality condition implies that the traces s;; are real. Thus, the
monodromy representation is either conjugated to a real representation or to a unitary representation.
Using (3), it immediately follows that the traces for all (j,k) € {(1,2),(1,3),(2,3) sjx € [—2,2] for
small ¢, which implies unitarity. O

Claim 61. For k # j the two complex numbers ﬁk(ﬁj) are linearly independent over R.

Proof. Assume for the simplicity of notation that j = 1 and that ]Sg(ﬁl) and f’g(ﬁl) are linearly
dependent. If py # 0, let

ag = Jiy ' Py(fir) = Zy0 ‘*‘zk,qﬁfl'
Using Equation we have

3
Zaz =1
k=1
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Since a; = 0 and g, a3 are linearly dependent, all o, must be real numbers. Since I, , are real, each
ikﬁlﬁfl must be real. Then using Equation (84]) again, we have

3
Z L, AT =0
k=1

implying that &, ; = 0 for all k contradicting Equation (85)). Thus, Py(fi1) and Ps(fi;) must be
linearly independent, if 1 # 0.

If u1 =0, then Z; _; = 0. Then, if ¥, ,, &3 _; are linearly dependent, we would obtain

3

S (@, 1) =0,

k=1
which again gives Z;, _; = 0 for all k contradicting Equation (85). O

Remark 62. The constructed real holomorphic sections are uniquely determined by the residue
Ai(t,\) at z = p of the potential n; (when fixing the sign in ) The deformation of A = A
in the parameter t can in fact be expressed by a Lax pair type equation

A=A, X],
for some X € ATsl(2,C). Moreover, X is unique up to adding g - A, where g: A — g(\) € C is

holomorphic around A = 0.
A:( a:1. xg—l—m?g)
T2 —1T3 —X1

satisfies det A = —1 and thus A? = 1d. Therefore, we obtain A’A+ AA" = 0 which gives

To see this recall

!/ / /
171 + ToTe + 2323 = 0.

! / A )
A’z(,xl., x2—|—3x3> and X:(a ﬁ).
xh — il —h v —a

Then we can choose X to be given by

Let

a = — (w2 —ix) (25 +izy) + 1 B
(87) B = Lai(xh +iah) + (z2 +iz3)B
v = —Sa1(2h —izh) + (z2 — iz3)(B + a).
with B = —4(xh, + wéo)#&_l chosen to remove the negative powers of .

5.4. Twistor lines. It remains to determine whether the real holomorphic sections constructed in
Theorem |8 and Theorem |§| are actually twistor lines. This finally determines the sign in . We
start with the following observation:

Lemma 63. Denote by T (t) € (WZ71)3 the solutions of the monodromy provided by Theorem@for
the two possible choices of p in their initial data . We then have

2= (—t)(=A) = 2T (H)(V)
for all A € D}

Proof. This directly follows from the uniqueness part in the implicit function theorem, compare with
the proof of [26], Proposition 24]. O

Remark 64. This Lemma shows how to relate the two different choices of the sign for p in the initial
data by changing the sign for the deformation parameter. Since we will show that only one of the sign
choices leads to actual twistor lines, we will restrict to solutions for t > 0 in the following.
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Lemma 65. For small t > 0, let z,,(t) € (WZ™")3 be the solution of the monodromy problem
provided by Theoremwith initial data and p < 0 in (61)), where (u,v) € C*\ {0} parametrizes
the Higgs field via (59)). Let s;’v(t) be the corresponding real holomorphic section of the parabolic
Deligne-Hitchin moduli space. Then the limit

lim Sru,rv = Slu,v]

r—0

TU,TV

is not a real holomorphic section, and s are not twistor lines.

Proof. By Theorem [0} the families of flat connections extend to r = 0. This is true for both possible
signs of p, and it can be directly computed that the corresponding limit for negative p differs from
by an overall sign. Therefore, in the limit (¢,7) — 0, the quasiparabolic lines (the eigenlines with
respect to the positive eigenvalue of the residue A; determined by 1, z2, 23) at any fixed A\g € C* are
given by

(88) 0 = (—v,0)'C, ty=(a,0)'C, (3= (v,0)TC, 44=(-u,0)TC.

On the other hand, the quasiparabolic lines of s, ., for r # 0 at A = 0 are given by . Hence,

the parabolic structure at A = 0 differs from for (u,v) # 0. Therefore, for (u,v) € C2\ {0}, the
r — 0 limit cannot exist.

But this contradicts the fact that the space of twistor lines is open and closed: if s, ., would be
twistor lines for all r # 0, the limit would exist and would be a twistor line as well. Thus s, ,.,, cannot
be a twistor line for all (u,v). O

Lemma [65] shows that taking the limit » — 0 is delicate in general. But using additional symmetries,
we have

Lemma 66. Consider the 4-punctured sphere given by p = exp(%), and let (w,?) = %(1,6)@(%)).
Consider the solution provided by Theorem@for p > 0. Then, we have at v = 0 that holds for
all t > 0 small enough. In particular, the corresponding real holomorphic sections parametrised by r
and t have a limit for r — 0 which is a twistor line.

Proof. The aim is to show that for this special choice of parameters in Theorem |§| and holds for
all t € (0, %), where the implicit function theorem applies, rather than only at (r,¢) = 0.

First, we show that the logarithmic connection given by with singular divisor determined by p
and quasiparabolic lines given by (%, %) has unitary monodromy for all ¢ € (0, 7). Due the choice of p,
there is an additional symmetry z — ¢z which maps the set of singular points into itself. Moreover, the
special choice of (@, ?) gives that the logarithmic connection is equivariant with respect to this order
four symmetry, and therefore descend to a logarithmic SL(2,C) connection V on the 3-punctured
sphere. On the 3-punctured sphere, any monodromy representation is uniquely determined (up to
conjugation) by the parabolic weights, and V must be unitary for ¢ € (0, i) , see [8, Lemma 2.2] for

details. Moreover, the parabolic structure for the pull-back of V to the 4-punctured sphere is uniquely
determined and thus given by (@, ).

Next, consider for (@, ?) = %(1,exp(%)) and r # 0 the solution (z1, 22, x3) = (t, p,r, @, U) provided
by Theorem [9] Then we have

($17$2,$3)(—)\) = —(95173337332)()\)

for all A € C* by the uniqueness part of the implicit function theorem, together with the symmetry
z — iz. As a consequence, the r — 0 limit has the corresponding symmetry as well. But by Theorem
@ point (2), the limit is given by a unitary logarithmic connection V independent of A\, symmetric
with respect to z — iz. This gives that V descents to the 3-punctured sphere and thus has unitary
monodromy for ¢ € (0, ). Therefore V is the pull-back of V, and thus holds for all small
te(0,4). O
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Theorem 10. The real sections constructed in Theorem@ and Them“em@ (fort >0 and p >0 ) are
twistor lines.

Proof. For p = exp(m) and small rational ¢, this follows from Lemma and Proposition The
general case then follows by continuous dependency of real holomorphic sections from the parameters
(p,t,r, U, V) (Theorem E[) and (p,t,u,v) (Theorem , respectively, together with Remark 42| for non-
rational weights. O

6. THE HYPER-KAHLER STRUCTURE AND THE NON-ABELIAN HODGE CORRESPONDENCE

In this section we explicitly describe the (rescaled) metric and the non-abelian Hodge correspondence
at the limit ¢ = 0. We then compute the first order derivatives with respect to ¢t at t = 0.

6.1. The non-abelian Hodge correspondence at ¢ = 0. The parabolic non-abelian Hodge cor-
respondence on the rank 2 hermitian bundle V is a diffeomorphism that associates to each stable
strongly parabolic Higgs pair (0y,®) the logarithmic connection V*=! of the associated family of
flat connections In the case of Fuchsian potentials on a 4-punctured sphere with parabolic weight
t € (0, ) the underlying holomorphic structure is trivial and the Higgs pair is given by the strongly
parabohc Higgs field ¥ only Due to the symmetry assumptions, VU is fully determined by its residue
at p € C* and since Z j _y = 0, this residue is nilpotent. On the other hand, the connection
1-form for the flat SL(2, (C) connection V*=! is determined by A;(\ = 1) satisfying det A; = —1 and
trA; = 0. Hence A lies in the SL(2,C) adjoint orbit of (§ % ).

Consider the complex 3-dimensional vector space s[(2, C) with its complex bilinear inner product

1
<&n>= —§tf(f77)-
Then its associated quadratic form is the determinant det. Decompose s[(2, C) into real subspaces
sl(2,C) = su(2) & isu(2)

consisting of the subspace of skew-hermitian (A = —AT) and the subspace of hermitian symmetric
(A = AT) trace-free matrices. Note that < .,. > is positive-definite on the 3-dimensional real subspace
su(2) and negative definite on isu(2).

Lemma 67. There is a diffeomorphism between the SL(2,C) orbit through (§ %) without the her-
mitian symmetric matrices and the nilpotent SL(2,C) orbit in s[(2,C).
Proof. Let U be an element in the nilpotent orbit. Then, ® = ¥ — U7 is skew-hermitian and there is
a unique skew-hermitian N € su(2) of length 1 such that
<N, U —UT >=0, <N,i¥V+i0T >=0
and
N x (U —0") =[N, ¥ - 07) =T + 407,
Moreover,
(89) Ay = —/14+ < ®,® >iN + P € 5((2,C)

has determinant —1 and the map
U — Aq;

AN =2 — 14+ < 0,0 >N — AUT

is of the form (54). Plugging in the formulas for the Higgs field ¥ in terms of the (u,v) coordinates,
—V/1+ < ®,® > iN is the constant term of the initial values with p being positive.

is smooth. Note that
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For the converse direction, let A € sl(2,C) be of determinant —1, such that A is not hermitian
symmetric, i.e.,

- %(A— ATy 40,

Since det(A) = —1 and < .,. > is positive definite on su(2), also
€:=5(A+ A7)
does not vanish. Define
N = ﬁf € su(2).

Note that < N, ® >= 0 since det(A) is real. Then,

Uy = L(®—iN x D)
is nilpotent, and using

Ay, = A.

Moreover, the map A — W4 is also smooth. 1
Recall that we identify the nilpotent orbit with C? \ (0,0)/Zs via the 2 : 1 map

C*\{(0,0)} — {¥ €sl(2,C) | ¥ #0; det(V) = 0}, (u,v) — ¥ := (u;; _U2) :

¥ () 0.

In the following, we consider the rescaled space of Higgs bundles, i.e., we study Higgs fields of the form
t¥ on parabolic structures with trivial underlying holomorphic bundle and parabolic weight ¢ > 0
small. On the deRham moduli space side, we consider logarithmic connections of the form d + tn
which converge to the trivial connection for t — 0. We obtain

Note that

Theorem 11. The diffeomorphism in Lemma [67 extends to a diffeomorphism of the blow-up of
C?/Zy at (0,0) which is T*CP', to the full adjoint SL(2,C) orbit through (§ °;) (including hermitian
symmetric matrices). This map is the limit of the non-abelian Hodge correspondence for t — 0 for
rescaled strongly parabolic Higgs fields with trivial underlying holomorphic bundle.

Proof. For (u,v) — 0 take u = r&i and v = r¥ with [i|? = [9]?> = 1 and r € R+ and consider r — 0.
Let W(u,v) = r2¥(%,?) be the associated nilpotent matrix. Then the map ¥ +— Ay extends to 7 = 0
with

}‘liI(l) A\Il(u,v) = —iN

with N € su(2,C) of length 1 satisfying
~ ~ =T ~ o~ =T
<N, ¥Uv—-UT >=0 and < N,¥+:¥U >=0.

Conversely, all hermitian symmetric matrices of determinant —1 can be realized as a limit. It follows
from Theorem [§and Theorem [J] that this map is the non-abelian Hodge correspondence for t — 0. O
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6.2. The rescaled metric at ¢t = 0. By Theorem [T] the rescaled Higgs bundle moduli space at ¢ = 0
is the completion of the nilpotent SL(2,C) orbit, identified with the blow-up of C?\ {(0,0)}/Z2 at
the origin, which is mapped by the limit of the non-abelian Hodge correspondence at t = 0 to the
SL(2, C) orbit through (5 o ) The latter can be interpreted as the rescaled limit of the Betti moduli
space at the identity, compare with the vanishing of @; in the proof of Proposition @ Next, we
show the rescaled limit hyper-Kéhler metric on the rescaled Higgs bundle moduli space at ¢t = 0 is
the Eguchi-Hanson metric. The scaling factor % is chosen so that the central sphere CP' in M Higgs
which is the moduli space of semi-stable parabolic bundles (i.e., Higgs pairs with vanishing Higgs
fields), has constant volume independent of the weight ¢. This is in accordance with the scaling factor
k in Proposition 47| when ¢t = % is rational.

Lemma 68. Let t ~ 0 and consider the space of solutions M(t) provided by Theorem@ and Theorem
@ parametrized by (u,v) € C?\ {(0,0)}. In terms of the parameters x1(t),za(t), z3(t) in (1), the
rescaled twisted holomorphic symplectic form is given by
d
S SCQ(t) A dIg(t) .
.%‘1(75)

Proof. By Proposition [L8|the twisted holomorphic symplectic from is give by the Goldman symplectic
form, which can be computed by . Moreover, since we consider Fuchsian systems, the integral on
Y0 in vanishes and we only need to compute the boundary terms. By construction all 4 residues
Bj = tA; give the same contribution. A direct computation shows that

1
8tr(B?)
On the other hand,

(90) tI‘[(Bl [dBl,dBl]) = —%i(mldxg A dxg - ZL’QdCL’l AN dl’g + l’gdl’l AN dl’g)

0= l'ldl'l + CL’QdiL’Q + l’gdl’g

which combines with (together with the rescaling by 1) to

: 1 dzo N dxs
=4 tr[(B1|dB1 NdB;1]) = —
! 86(BY) r[(B1[dBy 1)) o

proving the lemma. O

For an explicit formula of the rescaled twisted symplectic form in Lemma |68/ at ¢ = 0 let A = A;(\)
be the residue of the rescaled potential %mzo (see ) at t = 0. Recall that

2 2 2 = 2
1w —u lu|* — |v] 2uT —uv -0
A=A ( v —uw ) te ( 2uw [v]2 — |ul? +A w? ww )’

i.e., we compute the symplectic form using the Higgs field coordinates (u,v), where 72 = |u|? + |v|?
and p = v/1+r—%. A direct computation then gives at t =0

6 2 _
(91) w = 2i (—r—’—(l;mdu/\du—)\_ldu/\dv—i— ufquu/\di
pr pr
uv 0 + |ul?
——duNdv—AduNdv — ———dvAdv ).
pr pr

On the other hand,
w= A" wy +iwg) — 2wr — AMwy — iwg)
from which we obtain

wr = # ((r® + |v]*)du A du — wv du A do + v du A dv + (r® + |uf?)dv A dv)

wy=1i(—duAdv+duAdv)
— (du AN dv+du A dv).

WK
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Proposition 69. The rescaled hyper-Kdhler metric of strongly parabolic Higgs bundles on the 4-
punctured sphere at t = 0 is the Equchi-Hanson space modulo a Zo X Zo action.

Proof. Since (u,v) corresponds to Higgs bundle coordinates, we use the complex structure I to com-
pute g = wy(.,I.). Consider the tangent space basis

B= (503 5 ov)

Then the complex structure I can be represented by the diagonal matrix diag(i, —i,4, —i). and we
obtain

1
g = \/1+r*4[du®dﬂ+cﬁ®du+dv®d@+d@®dv—m(uﬂ(du@dﬂ—&-dﬁ@du)
r r
v (du ® dv + dv ® du) + uv(dv @ da + di @ dv) +v@(dv®@+@®dv))]

which by [34] Equation 2] identifies with the Eguchi-Hanson metric with n = 2 and a = 1. O

Obviously, the Eguchi-Hanson metric is independent of the conformal type of the 4-punctured sphere.
On the other hand, it is known that the conformal type of the underlying 4-punctured sphere can be
recovered from the Hitchin metric of the parabolic Higgs bundle moduli space, see [12] and [I8]. We
will see the non-trivial dependence of the metric on the conformal type in the first order approximation
of the metric in ¢.

6.3. First order approximations. The advantage of our setup is that we obtain, analogously to [26],
an iterative way of computing the power series expansion of the twistor lines leading to an approach
towards explicitly computing the non-abelian Hodge correspondence and all involved geometric quan-
tities for the case at hand. In this section, we compute the first order derivatives of the parameters
(z1,x2,23) and derive in particular first order derivatives of the relative twisted holomorphic sym-
plectic form. This yields derivatives of the non-abelian Hodge correspondence as well as derivatives
of the hyper-Kéhler metric.

6.3.1. First order derivatives of the parameters. Define for 1 < j, k < 3 and wy, §; given in and
, respectively,

ij(z) = / ijk-
0
The shuffle relation (see e.g. [26, Appendix|) then gives
(92) Q% = Qi + Dy

Let ()" and ()" denote the first and second order derivatives of a quantity with respect to ¢ at ¢ = 0.
Then the following proposition holds.

Proposition 70. The first order derivatives :z:; for j =1,2,3 are polynomials of degree at most 2 in
A

r_ ’ ’oN2 N+
Ty =@+ TiaA+ TN = 2o + ()

with the positive parts given by

(@) = 2 I @a1(1) + a1 () (2a23)
(93) (@) = — (@1 () (2123) "
(@) = = I (1(1) (212,),
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and the constant terms given by
1

Pho = = (= o)X = 2pusY)
—1
(94) Tho = = (2Re(uv)X — p(v* — u?)Y)
1 B .
T30 = e (2Im(uD)X — pi(u® +0v?)Y),
where 1% = |u|? + |v|?, p satisfying and
3
X=)> z; 2,
j=1
(95) 5
V=3 (2,172 +2;0%.)
j=1

with ;1 and x'; 5 determined by .

Remark 71. The required ) integrals are computed in Proposition[73 to be

p*—1

Im(Q91(1)) = 2w log

p2+1‘

‘ and Im(Qs1(7)) = —27log

Proof. Let ® be the fundamental solution of the equation d®; = ®;n; with ®,(0) = Id. Recall that
M=o = 0 and therefore ®;_y = Id. Differentiating the equation d®; = ®;1n; twice at t = 0 we thus
obtain

d@” — 77// + 2@/ /
hence

#'(:) = [ o +20).

Then we have using the proof of Proposition [57]
3 3 3
n = Z&jwjmja ' = QZEijmjv n' = QZx;wjmj'
j=1 j=1 j=1

This gives

z "_ 9 x’lfll 1'/292 —+ Zl’éﬂg
0 K x25Qg — iz i
and

/Z = < E?Zl 2305 + i@%@g(QSQ — Qa3) £1£2§Q12 — Q1) + i 23(Qg — Q31) )
0 Z129(Q21 — Q2) + iz125(Q1z — Qa1) ijl &?ij + izoxq(Qog — Q32)
Using Leibniz rule, the shuffle relation and that we solved Equation [75| we obtain
P’ = Py —P3) +2(P1 Py — PiaP)
= —dizyQ3(1) + 42125 (Q21(1) — 12(1)) + 4z, 2,0 (1)Q2(1)
(96) = dral + 8z,2,021(1)

q" = i(Qy + Q) +2i(Q1; 95 + 2129)
= 4izh Qo (i) — dxy25(Q13(i) — Q31(2)) + 4y 231 (4)Q3(7)
(97) = Admwh + 8z,x4031 (7).
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Since we have solved p(t) = p(t)* for all ¢, we have p” = (p”)*. Moreover, z; = z7, hence

(98) Ay — An(zh)" = —161 z,2,Im(Q21(1)).

Projecting onto W* and remembering that ' € W29 we obtain the formula for (x%)" stated in
Equation (93], and (z,z,)" is a degree-2 polynomial. In the same vein q” = (q”)* gives

(99) Azl — Am(zh)* = —16i z,25Tm(Q31(4))

which determines (z5)".
For (z})" consider the equation K = 1 which holds for all ¢. Therefore,

(100) K'=0=2) za.
j=1
Then K’ = K’* and Equations (98), give the equation
(101) 4z oy — drzy (2))" = 160 2y zox5Im(Qa1 (1) + Q31(7)).

Dividing by z; # 0 and taking the positive part determines (z})".

To compute the constant terms, we consider the coefficients of A=!, A? and \ in K:

3
/ o / _
K 2 0
-1= Lj1Tj0 =
j=1

3
Ko=2)Y (z;07o+z; _1251)=0
(U =35,073,0 T =5,=175,1/ ™
J=1
3
Ki=2) (212 g+a; 005 +2; 12%,)
1= =5,173,0 T =5,075,1 T =5,—175,2
j=1

which yield the system of equations

3
!/ _

Y a7l =0
=

3

/ —
Zjotjo = —X

=1

3
/ —_
Doy =-Y
J=1

with X, Y as in Proposition [70] Its determinant simplifies to

i
6
det(z; )18, -1<k<1 = 577

Using the Cramer rule, we obtain after simplification. O
Remark 72. The second derivative of ¢t is computed in the following. Through the character variety

equation and the formulas for p” and q" it will give rise to an identity between Q-integrals. Using
Proposition [56 we have

= Z[Pélz + 2P5y Q11 + Q11 + 2P12 Q51 — 2P9 Qg — Py — 2P} Q59 — Q3o
+(Pyy + Q11)* + (Ply + Q12)° — (P + 251)° — (P, + Ql22)2]
= Z[Pélz — P+ Q1) — Q5 + 2(Ply — Py ) (e + Q51) + (Pla)? — (Pgy)” + (Q12)” — ( I21)2]
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where we used that P{y + Pay = Q) + Q55 = 0. This gives

t” = Z[ — 41'/191(1) + 4i£2§3(923(1) — 932(1)) + 4.’E1191(Z) — 4i§2g3(923(i) — Qgg(’é))
+8izox303(1)Q2(1) + 4izozsQ3(1)Q2(1) + 4izgzsQ:(i)Q25(4)]
(102) = Ara)| — 8zyxs (Qa3(1) + Qa2(i) + 77)

using that we solved Equation and the shuffle relation . Observe the similarity with and
97). Remember from the proof of Pmposz’tion that p, q and v satisfy the character variety equation
for all t

(103) dcos(2mt)? +4(p% +q® + 12 — 1) +8(—1)pqr = 0

with either 7 = 1 or j = 2. Taking the third order derivative of the above equation yields (since

p(0) = a(0) =(0) =0)

p'p” +q'q" + e +2( 1p'q'Y =0
Using Proposition and Equations (96} , , we then obtain
8% (212 + 2owh + wawhy) + 167z o4 (21 (1) + 931(1') — Qo3(1) — Qa2(i) — m° + (—1)77%) = 0.
The first summand vanishes, as 3 + 23 + 23 = 1 for all t, thus

921(1) + Q31(i) - 923(1) - 932(2) - 7T2 + (—1)jﬂ'2 =0.

In the most symmetric case of the 4-punctured sphere where p = e'™/* we have by symmetry

le (Z) = 7921(1) and 932(2) = 7923(1)
Hence j = 2 and we have proved the following identity that holds for allp € CT:
(104) Qa3(1) 4+ Qs2(2) = Qa1 (1) + Q31 (4).

Proposition 73. For p € C* we have

21 241
Q21 (1) = 27ilog (pZip ) and Q31(i1) = —2milog (p 2;; > ,

where log denote the principal valuation of the logarithm on C\ R™.

Proof. We first prove the Proposition for p = € with 0 < ¢ < 7/2. In that case, we have by [26]
Proposition 35]

- cos(so))

Q21(1) — Qu2(1) = 4milog(sin p)) — i(m — 2¢) log (1 + cos(yp)

(105)
. . . . sin(g
Q31(i) — Q3(2) = —4milog(cos(p)) + 2iplog (1 sin(e
On the other hand, by the shuffle product formula and using
. 1 — cos(yp)
Qo1(1) + Q12(1) = Q1 (1)Q(1) = —2p)1 —
(1) + Q1s(1) = 2 (1)2(1) = il — 2) Og(mos(@))
Q1 (3) + Qs (i) = 0 (1) (i) = —2iplog | =50
31 13(2) =341 3(t) = plog 1+ sin(p) )

Hence
Q921(1) = 27ilog(sin @)
Q31(1) = —2milog(cos(ip)

proving the result for p = e%®.
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For p € CT, both 2— and &~ +1 are in C\ R~ and both sides of the formulas of Proposition |73 are
well-defined holomorphlc functlons in p € Ct which coincide when p € C*t N'S!, therefore they are
equal. O

6.3.2. First order derivative of the metric. By Lemma we have w = % for all ¢. Recall
from Proposition [32) that the open dense subset of the Higgs bundle moduli space specified by trivial
holomorphic bundles is independent of the weight ¢. Thus the complex structure I is independent of ¢
and also the holomorphic symplectic form wj 4 iwg are independent of ¢t. The same holds true for the
holomorphic symplectic form w; — iwg for the complex structure —I. This gives that the first order
derivatives of the twisted holomorphic symplectic form is given by the derivative of its constant term

1
(106) wo = 2wy = < o, Ode 1 ANdzg _q +drog Ndzg 4 +dzy 1 A x3,0> .
Ty 1 \Zy,_q ’ ’ ’

3 /! / / 3
Using the formulas for 1 ,, 25, and z3 , we obtain

(107) =0 = %[( r 4+ 3@ +up)?) [o]? + r® (Jul? = [v]?)] du A du
N % [(r* + 3(av — wp)?) [v]? + 7® (|o]?* — |u]?)] du A du
N % [(r* = 3(qv + uD)?) T + r® (7w — 3uB)] du A dv
n % [(=r* = 3(av — wv)?) W + r° (@ — 3uB)] du A dv
N % [(r* = 3(av + uv)?) ut + r* (—uv — 3uv)| dv A du
i %[( r* = 3(uv — uv)?) uv + r® (v — 3uv)| dv A du
n % [(=r* + 3(@ + u0)?) [uf® + * (jo]* = [uf*)] dv A dv
N % [(r* + (@0 — uv)?) [uf? +1® (Jul® = [0]*)] dv A do.

where the (-integrals are given by Proposition Note that the (2,0) and (0,2) terms du A dv and
du A dv vanish in accordance with the twistorial description of hyper-K&hler metrics [30].

6.4. Energy. The (Dirichlet) energy of a map f: ¥ — (M, g) from a Riemann surface ¥ to a Rie-
mannian manifold (M, g) is given by

E(f) =1 / o(df A <df)

(where * denotes the Riemann surface x-operator). If f is equivariant (with respect to a discrete group
acting holomorphically on ¥ and isometrically on M), the energy remains well-defined. If (V,®, h) is
a solution to the self-duality equations, the equivariant harmonic map is given by the harmonic metric
f = h, see for example [13| [33]. Furthermore, the energy is then

(108) E(h) = 22’/ tr(® A %),
b
which is L?-norm of the Higgs field ®. We refer to £(h) in (108)) as the energy of the self-duality

solution (V,®,h) and note that it is a Kéhler potential for the hyperkihler metric on the moduli
space of solutions with respect to the complex structure J, see [29].
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Let n = n; be given by the parameters (z1, 22, x3) provided by Theorem [8] Assume that ¢t = % and
let 7 : ¥), — CP! be the k-fold covering as in totally branched over pi,...,ps. A twistor line

provided by Theorem [10| then gives rise to a solution (V,®, h) of the self-duality equations on Y.

Analogously to [25], Corollary 4.3] and similar to the proof of Lemma the energy of the self-duality
solution (V,®, h) corresponding to the real section provided by 1 = 7y, 2,4, O the covering surface
Yk is given by

(109) E(h) = —4m Y Resg, tr (1-1G;1G5) -
J

In this equation G; = G0+ Gj1A+. .. is a desingularizing gauge, i.e., a holomorphic family of gauge
transformations G that removes the singularity of the pull-back potential 7*n at p; = 7! (p;) on Iy,
and extends holomorphically to A = 0 (compare with for fixed A). The reason for the different
sign in (109) compared to |25 Corollary 4.3] is that we are considering (equivariant) harmonic maps
into hyperbolic 3-space here, with associated family of the form V + A71® + \®*  while in [25] we
considered harmonic maps into the 3-sphere with associated family of the form V + A71® — A®*, see
also [6] Theorem 2.4].

A desingularizing gauge in a neighborhood of p; is given by

1 0 w0
To+1iT3

with w the local coordinate with w* = z — p;. Then
1
l

.’1?1’,1(.%‘270 + Z'$3’0> 1wy — (I‘Q’,l — i$3)71)($2,0 + ’L'Jﬁg’())

Ta, 1 +19x3,_1 1,1

Res,;ltr (ﬁflGLlGié) =1- T1,0 +

For the residues at the other punctures, we substitute (x1,x2,xz3) = (—x1, —z2,z3) to obtain

1 - _ To 1 +1x3._1)(T2 0 — i
7Resmtr (17,1G2,1G27(1)) =1+z10 + (2.1 3’x D@20 3.0)
1,-1

and substitute (1,22, 23) — (21, —x2, —x3) to obtain for k = 1,2
ReSﬁk+2tr (ﬁ—le+271GI;-&1-2,O> = R685ktr (ﬁ—le71GI;,é> :

This gives the following formula for the energy of the equivariant harmonic map on Xy,

E=-8rl (1 + (—x2¢,1x3’0 + x2,0x3,1)> .

T1,—1

Therefore, we define for ¢t > 0 the renormalized energy by

(110) ét = =87 (1 —+ (—xg,,lxg’(] + "E270.’E3’1)> .

L1,—-1

Using the central value of the parameters we find that £ extends to t = 0 with

(111) E=—8n(l—pr?) = 8(v/1+rt—1),

where 72 = |u|? + |v|?. The first order derivatives of the parameters then yield

(112) & = —=8Im(Qi(1)) (Jul* + [v]* = 38%0* — 3uD” — 4|u|?|v]?)
+8Im(Q31(4)) (Ju* + |v]* + 3u*v® + 3u*V* — 4|ul*|v]?) .

For the most symmetric case of p = €"™/4, using 21(1) = —milog(2) from Appendix A of [26] and
Q31(7) = —Q21(1), this simplifies to

(113) & =16mlog(2) (Jul* + [v]* — 4|ul?|v]?).
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Remark 74. The energy £ can also be used to give a different proof of Lemmal[63, because for p <0,

the (rescaled) energy in the limit
E=-8r(l++V1+rY) <0

is negative (instead of (111))), but twistor lines must have non-negative energy. In the case of nilpotent
Higgs fields, the (negative) energy can be interpreted as (the negative of ) the Willmore energy of a
Willmore surface, see [6, Section 4].

6.5. Another hyper-Kéihler metric. Recall that the implicit function theorem (Theorem [8) also
applies for the choice of negative p in the initial condition . The corresponding real holomorphic
sections are not twistor lines by Lemma On the other hand, we can still apply the general twistor
space theory [30] to obtain a hyper-Kéhler metric locally. In fact, the rescaled metric at ¢ = 0 is
still the Eguchi-Hanson metric gg g, and therefore, for small ¢ and small Higgs fields, the metric (and
the smooth structure) remains non-degenerate. Using Lemma we can compare the t-families of
hyper-Kéhler metrics g% for both choices of sign in the initial condition and obtain

9% = gen + Z(il)kgktk~
k>1

6.6. Convergence of Hitchin metrics on symmetric components. The aim of this section is
to show Theorem [2] which we restate here for the convenience of the reader.

Theorem. Let C > 0 and l € N>° be fized. Consider the compact subspaces
Cj, = {[V, @] € Mip(Zy) | E(V, @) < C}
of Mk, with the induced hyper-Kdhler metric gi. Then for k — oo, we obtain smooth convergence

(C,lc,gk) — ({’U S T*(C,Pl ‘ EEH(U) < C},327TlgEH)/(ZQ X ZQ)

For the setup of the proof, let 7: ¥;, — CP' be the totally branched covering defined in . Consider
the moduli space of polystable Higgs bundles, and the moduli space of solutions to the self-duality equa-
tions Mgp(Zy), respectively, equipped with the hyper-Kihler metric on its smooth locus M%F(Xy).
Consider the natural Zg-action (generated by o) on Mgp(Xg). The fixed point set of o in MY, (k)
has multiple connected components, which can be distinguished as follows. A fixed point (V, ®, h) of
the Zj action can be represented by a Zg-equivariant solution of the self-duality equations, i.e., there
exists a gauge transformation g,: X — SU(2) such that

" (V,®,h) = (V,®,h).go-

By assumption, (V,®,h) lies in the smooth locus and in particular V is irreducible. Hence g, is
unique up to sign. Moreover, at every fixed point ¢ € ) of o, we have g¥(q) = +Id. Hence,
the eigenvalues of g,(q) are of the form exp(:i:?m‘%) for some integer I, € {0,...,k}. The integers
lp,y-..,lp, are then the invariants of a connected component C of the fixed point set. In fact, for
Lpys--ylp, € {1,...,k—1}, this component is diffeomorphic to Msp(CP,p1,...,pa, %, e %) For
even lp,,...,lp,, this directly follows from the discussion in Section For odd [,;, the gauge (38)
has to be modified to involve square roots, see for example [38], or [24] for the specific 3. Likewise,
one can first go to the double covering Yo — i and then proof that the solutions on Yo are actually
obtained as pull-backs of solutions on Y.

Note that the component C is a hyper-Kéhler submanifold of M%7, (2y) (see for example |28, Theorem
8]). In fact, this easily follows from the uniqueness of solutions to the self-duality equations. These
components can be ‘completed’ by adding orbifold points consisting of gauge classes of reducible
connections.

For fixed | € N>? and every k € N>2 we denote by M, (2) the component of equivariant solutions
corresponding to the integers

lpl = lpz = lps = ZP4 =1
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It then follows that this space is isomorphic to the hyper-Kéhler space Mgp(CPY,p1,...,pa, i) up
to the scaling constant 327k, see Proposition We consider the energy (of the solution of the
self-duality equations) £ on /\/llS p(2x), which corresponds up to a constant with the energy £ ; on

2k
Msp(CPY py, ..., pa, ﬁ) by Section

We consider the Eguchi-Hanson metric gz on T*CP!. By identifying 7*CP' with the blow up of
(C2\ {(0,0)})/Z at the origin, we have the energy

Epn(u,v) =8n(\/1+ (ua+ vv)2 — 1)

defined in terms of the coordinates (u,v) € C2. Consider also the Zz x Za-action on T*CP! generated
by
(eCP'— —(eCP' and (eCP'w— (¢ tecPh

This defines an isometric action on (T*CP!, gry), and has 6 fixed points contained in the zero section
CP! c T*CP!'. Their images in T*CP!/(Zy x Zs) represent the 3 strictly semi-stable parabolic bundles
(with vanishing Higgs field), see Proposition Note that the energy gy is invariant under this
action, and furthermore £x is a Kéhler potential for 32rggz on T*CP! with respect to the complex
structure J (where I is the natural complex structure induced from the cotangent bundle of CP!).

Proof of Theorem[3. We first show that for k large enough, any [V, ®] € C,lC has (semi-)stable under-
lying holomorphic structure V. Recall that every equivariant stable Higgs pair (9V, ®) € MIS p gives
rise to stable strongly parabolic Higgs paif on CP! with 4 singular points and parabolic weight ¢ = QLk
If the underlying holomorphic structure 9V is unstable, then also the parabolic structure is unstable.
By Lemma [27] there is only a complex affine line of corresponding stable Higgs pairs with unstable
underlying holomorphic structure. The Higgs pair with least energy in this affine line has vanishing
determinant, and it remains to estimate its energy. This energy is given by 27d, where d is the degree
of the destabilizing holomorphic line bundle L, see for example the proof of [29, Proposition 7.1]. It
therefore remains to estimate the degree d, which depends on k. Note that the equivariant nilpotent
Higgs field is determined by a holomorphic section

¢ € H (S, KL™?).

Since ¢ is equivariant with respect to o as well, it must have a zero of order (I — 1) at all 4 singular
points pi, ..., ps, compare with [24, Theorem 3.3]. Hence, the degree of KL =2 is 4(I — 1) and since
the genus of ¥ is (kK — 1) we obtain
d=k—-20> i
27
for all k£ large enough.

By Theoremthere exists for every C' > 0 an e > 0 such that for all (u,v) € C2? with 0 < |(u,v)|2 < C
and all e > t > 0, we have constructed a real holomorphic section in M%ZIZ((CPl,pl + -+ py, t) with
parabolic Higgs field t¥ for ¥ as in with residues and . By Theorem@ and Theorem
these real holomorphic sections are twistor lines and our construction extends to polystable parabolic
structures with vanishing Higgs fields. Denote this subset of strongly parabolic Higgs fields (with trivial
underlying holomorphic bundle) by CNt, and (by a slight abuse of notation) use (u,v) as coordinates
on it.
From the results of Section and particularly , we can chose for all C' > 0 a constant C' > 0
and € > 0 such that

E(uv) <€ = (uv)e Cy.
Let t = ﬁ < €. By the definition of £, and by the results of Section we have

E(V, q)a h) = léi (u,v)
2k

for the twisted lift (V, ®, h) corresponding to the strongly parabolic Higgs field given by (u,v).
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Recall that unless (V, ¢) is a fixed point of the C*-action, the energy along rays r € RZ? s £(V,7¢) is
strictly increasing, see for example the proof of [29, Proposition 9.1]. For k large enough, we therefore
obtain that Cj is completely contained in C ; (after taking the twisted lift), and we are therefore in

2k
the domain covered by our implicit function theorem. Thus, the theorem then directly follows from
Proposition [69 and the results from Section [6.2] O

7. HIGHER ORDER DERIVATIVES

7.1. The algorithm. Just as in |26, Section 5| we give an iterative algorithm for computing higher
order derivatives of the parameters in terms of the multiple polylogarithm (MPL) function. The
difference to the minimal surface case [26] is that we have no extrinsic closing conditions but complex
parameters here.

The computation of the higher order derivatives of the parameters involves the iterated integral
Qi, ... i, defined recursively by

z
(114) Qil,"'»in(2> = / Qily"'vin,flwin’
0
where w; is as in for i = 1,2,3. It is shown in |26, A.3] that (and how) these iterated integrals
can be expressed in terms of multiple polylogarithm Li,, . ,,. For positive integers ny,...,nq € Zso,
and z; € C? in the region given by |z; ... z4| < 1, the multiple polylogarithm Lip,,... n, is defined by
k1 Eq
. Zl ... Zd
Lin, ... ng (215005 2d) = Z W

0<k1<ka<---<kq
This function is extended to a multivalued function by analytic continuation. Here the depth d counts
the number of indices n1,...,ny4, and the weight is given by the sum nj + - - - + ng of the indices. The
functions Q;, ... ;. (#) can be expressed in terms of multiple polylogarithms of depth n and weight n.

In the following we denote by xgn), P Q) the n-th order derivatives of z;, P, Q with respect to
t at t = 0 and we suppress the dependence of (u,v) and p.

Proposition 75. Forn>1and 1 <i <3, xgn) are polynomials (with respect to A) of degree at most
n+ 1 and the coefficients of Pt Q"+t gre Laurent polynomials of degree at most n + 1, which
can be expressed explicitly in terms of multiple-polylogarithms of depth n+ 1 and weight n + 1.

Proof. The proof is by induction on n. Let H,, be the statement of the proposition. We have already
proved H; in Section [6.3] Fix n > 1 and assume that Hj, is true for all 1 < k < n — 1 and let the
index ‘lower’ denote all terms of a quantity that depends only on derivatives of lower order. As in [26],
Proposition 37| we have:

n+1

11y _ (n+1)! (n+1—20)
Pl = Zm > ooan T m Q1)
=1 3

i1, 00

with

J=1 =
We rewrite this as
3
PO = (n 4+ 1) Z M m (1) + 7’&2?
i=1

with
n+1
(n+1) _ (n+1)! (n+1—20)
Plower - Z (TL+ 1— €)| Z xil,w,ig mil""yiinlf",ie(l)'
(=2 i1, 50
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Similar formula holds for Q™+ with Q;, ... ;,(1) replaced by €, ... 5, (7). Using Leibniz rule we have

p ) = 27 (n + 1)a{ + p{nth)

with
n+1 - n—+ 1 n+1l— k k n+1 k n+1 n+1
ot =3 (") (PP - PR 4R, - 7

lower, 21 lower,12
k=1 &
and from p(™+1) = (p("+1))* we obtain by taking the positive part:
my+_ 1 ( (n+1) (n+1) +>
(1’3 ) 27T(TL + 1) (plower ) (plower ) .
In the same way

q(n+1) _ 2’/T(Tl+ 1) (n) + q(n+1)

lower

with

n+1) n+1—k) k n+l—k n+1) . ~A(n+1
ql(ov:_er =1 Z ( ) ( Q( " + QgQ) 52+ )) +1 Ql(ov:rer 21 + ZQl(ovj;r?12
k=1
and we obtain .
(n)y+ ( (n+1) (n+1)\+ )
($2 ) 27T(7’l + 1) (qlowcr ) (qlowcr ) :

By inspection and the induction hypothesis, (ac(zn))Jr and (:E:(;"))Jr are polynomials of degree at most
n+ 1.

Remark 76. We could also determine Im(xé 0) and Im(a:éno)) from the zero part of p" = (p™)* and

q" = (q(")) but it is simpler to determine the three complex parameters x by solving a complex
linear system, see below.

Using Leibniz rule:

0=Km —QZx x(n)—f—/C

lower
i=1
with
3 n—1 n
K =3 (k> (5) ,(nb)
=1 k=1

We multiply by A and obtain (recall that P; = Az;):

(115) Pz + Pl + Paaly) = ”;d”) — Pyl — Py

lower

The right hand side of (115) is already known and is a polynomial in A of degree at most n+ 3. Hence
Plasg") is a polynomial of degree at most n+3. When u ~ v, then both roots of P; are in D,, so since

xgn) cannot have poles in D,, it must be a polynomial of degree at most n 4+ 1. This remains true for

all (u,v) by analyticity. Let @, R be the quotient and remainder of the division of the right side of

(115) with respect to P;. Then
(xgn))+ =Qt
and looking at the coefficients of A°, A and A\? in (115]), we obtain a system of three complex equations

with unknowns xg 0) , xéno) and :I:gfo), whose determinant is

det 1 - i - p1 # 0
( ]) <<j<< 2/L
‘:l

As a direct corollary we can express the hyper-Kéhler metric of the moduli space M(¢) in terms of
multiple polylogarithms.
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Proof of Theorem[3 By twistor theory, we can compute the hyper-Kéhler metric explicitly in terms
of the relative holomorphic symplectic form w = 3277‘19”21%. Since 1, x4, z3 depend real analytic on
t the theorem follows from Proposition [75} O

The algorithm has been implemented and using Mathematica we obtain, for example, for p = e"/4

327

n__ 24"
(116) &=

(|u|2 — |v|2)2(37”8 +2ort 4+ 4|u|2\v\2) 10g(2)2.

7.2. Results for the nilpotent cone of the most symmetric case. All following computations
are conducted and simplified using Mathematica. The fully documented Mathematica notebook can
be downloaded on the webpage

https://www.idpoisson.fr/traizet/

We restrict to the case p = €'"/* and assume v = pu, i.e., by we are in the nilpotent cone. The
computations of higher order derivatives then simplify to:

g// — 0
(117) E" = —192m|ul* (127]ul* 4 20) ¢(3)
where ( is the Riemann (-function. If 2o denotes the restriction of @ to the nilpotent cone, we obtain

&' = 8ilul|*log(2) du A du

&" =0
(118) @ = 96i ¢(3)(127]u|® + 10|ul?) du A da.
7.3. New ()-identities. Write
w= Z wk)\k.
k=0

We can compute w), for k = 0,1,2... from the derivatives of the parameters. On the other hand, we
know from section and Lemma that @) = 0 for £ > 1, and also

w(/)l,u,v = w(/)/,ﬂ,ﬂ = 0
Note that w( ;5 = 0 is trivial because of (106) and because dz, _; and dxs _; are holomorphic 1-

forms so vanish on (£, -2). On the other hand, @0 4, = 0 is not trivial and gives identities involving

Q-integrals. In this section, we use the notation

Qil,--- Jin — Qil’... ,in(l) and @ilw“ Jin — Qil,--- Jin (’L)

From
" 1 _1'/1170 . )
Wy = o \a d£27_1 N d§37_1 + sz,O A dg&_l + d£2,—1 A dIC&O
we obtain
(119) S = L[0T — ) (I + T7) + 8(50 — ut®) (T2 + )
T ™
—6 _6 5 _5
uu (] 3u’v  3uv _
— 3t = s+
( ©w o2 7 ) (I3 + I3)]

with

I = 6m(Q333 — O222) + i((Q21)2 + (O31)?) + 27(Q223 — O332) — 87(Q311 — O211) + 10i02;O31
I =i((Q21)% — (031)%) + 27 (Na23 + O332 + Q311 + O211) — 47(Q333 + O222)
Iy = —i((Q21) + (031)%) + 27 (333 — O202 — Qo3 + O332) — 202103
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Since wy uwp =0, I1, I and I3 are pure imaginary. Since they are holomorphic functions of p € Cct,

they must be constant. We find the constants by evaluating at p = e?™/4

from [26, Appendix|, and find

, where all integrals are known

I =—iT
ILb=0
Is = —in?.
Using the elementary values
—im3 1 im3

1
Q333 = 6(93)3 = and O = 6(62)2 = —

6

we obtain the following identities for all p € C*:

Qoo3 + Q311 = ,,(921)
(120) O211 + O332 = 5= (031)?
Qa23 — O332 = — 5= (21 + O31)? %~

From higher order derivatives in ¢ and higher order terms wy we expect a hierarchy of identities for
Q-values. Another source of identities is the character variety of the 4-punctured sphere. Analogously
to Remark , taking the 4th-order derivative of gives rise to the following three identities,
which express linear combinations of Q-integrals of depth 3 as a function of Q-integrals of depth at
most 2, and are non-trivial in the sense that they do not follow from shuffle product relations alone:

(121) Q212 —0121—0212=

1 1 iQ? 3i0)2 i 58 1 1 1
— 502+ 500 — L2, 2h21 TA2thL 501010 + im0 — 30102,
2 4 47 2 2
1 ‘9292 273
— 5O+ 2 Q 02— 720, + 7171'@2 @ 102+ 772@1 + 5
(122)
Q131+Q13—0313=
1 1 1 1 Z@% 3 32@% 1 1 1 SH 3@3 1
— 0 —00 —imQy 5 — —imQs g — —= L4 20305 — —0305, — —2 51
5ot + 5 t1tisn + 2Z7T 1,3 227F 3,1 I + T + 593913 = 503031 or
1 . 1. 1 1 1 0202 1 im3
+ 020, - 0,02 — EQS + §m§z‘f + 19391 - Zwml + gei’ + 417T 3 _ 5(%@% + 720, + 3

(123) Qo3p — O303 =

1 1 1 1 1 1
592923 - 592932 + 593932 - 593921 + 0383 + 593@23 - 593931
16221093 232023 4 31€221031 032031 91Q32 102303

27 2 2w 2 2 2w
302, 0%, 0%, 3i02, irQ2 irO?2
- - — iy — i
T it dr Cap g g TimimTimis
i3

72'7T®23 71'7'('@31 77T292+’/T2@3 - ?
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