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Motivation

Monday 15 June 15

Testable gravity modifications: neutron stars and black holes

• LIGO/Virgo

• LISA

• EHT

• GRAVITY

• …

Monday 15 June 15

Benchmarks for testing General Relativity:



Original model of scalarization by  
Damour-Esposito-Farèse 

� = 8�G
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1
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� is a constant, which feeds into deviations from GR
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Standard scalar-tensor theory:



The idea of scalarization
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NS or BH NS or BH

Profile of the scalar field:



Original model of scalarization by  
Damour-Esposito-Farèse 

Essence of scalarization:

α(ϕ) ≡ d lnA(ϕ)

dϕ
= βϕ

Tm
µν =

2√
−g

δSm

δgµν

This is indeed the case for � � �4 for neutron stars

[Damour&Esposito-Farese’93’96]

• � = 0 is the GR solution;

• For � < 0 and Tm > 0, tachyonic mass � other solutions?

⇤'+ 4⇡G↵(')Tm = 0
<latexit sha1_base64="5v7IIsy4OL9aa/+fAFyumS/FEr0="></latexit>



Original model of scalarization by  
Damour-Esposito-Farèse 

Monday 15 June 15

No scalarization for the Sun and the Earth

Monday 15 June 15

Scalarized neutron stars

Not much deviation from GR in Solar system: check PPN parameters:

γPPN − 1 =
−2α2(ϕ0)

1 + α2(ϕ0)
βPPN − 1 =

βα2(ϕ0)

[1 + α2(ϕ0)]
2

In the limit �(�0) � 0, the PPN parameters coincide with those of GR.

[Damour&Esposito-Farese’92]



Scalar-Gauss-Bonnet model of scalarization

Vanilla DEF modelf(phi)-GB model

[Doneva&Yazadjiev’17
Silva et al’17
Antoniou et al’17]

Ĝ = RµνσαR
µνσα − 4RµνR

µν +R2

⇤'+ 4⇡G↵(')Tm = 0
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⇤'+ f 0(')Ĝ = 0
<latexit sha1_base64="azTpQA/IXJ2h3etKye7dIiNNrvk="></latexit>

When f 0('0) = 0 and f 00('0) > 0 then black holes and neutron stars are
spontaneously scalarized

<latexit sha1_base64="JN5ehbFCBLC/UWzFOm0MJkWfz7I="></latexit>



Instability of the GR solution

Perturbations:

Trivial scalar �GR = 0 and background Schwarzschild metric

d2u

dr2∗
+ ω2u = Veff(r)uSchrödinger-like equation:

⇤'+ f 0(')Ĝ = 0
<latexit sha1_base64="azTpQA/IXJ2h3etKye7dIiNNrvk="></latexit>
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f 00('0)

!
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Instability of the GR solution

Scalarization happens for � � rg, i.e. � � M�
M2

P

Similarly in DEF model:

!δϕ+
κ

2
βTm δϕ = 0

For � � �4 the GR solution for neutron stars, �GR = 0, is unstable

A su�cient condition for the existence of an unstable mode
Z 1

rg

dr
Ve↵(r)

1� rg
r

< 0 ) r2g <
24

5
f 00('0)
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f(') = 1
8�

2'2 + �2
O
�
'4/M2

1

�
, normally M1 ⇠ MP
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Original model of scalarization by  
Damour-Esposito-Farèse 

ear in w . @We shall sometimes refer to model ~2.1! as ‘‘the
quadratic model.’’# When b satisfies b&24, we are in a
regime where nonperturbative effects develop for massive
enough neutron stars. The results of @10# raise a paradox in
the limit where the asymptotic value of w0 tends toward
zero, i.e., a05bw0!0. Indeed, in the case a5bw the right-
hand side of Eq. ~1.2b! is proportional to w , and w(x)[0 is
an exact solution which satisfies the homogeneous boundary
conditions w!0 at spatial infinity. Equation ~1.2b! being
elliptic in the stationary case of an isolated star, it would
seem that the solution, with given boundary conditions, must
be unique, and therefore that in the homogeneous case
w050 the only solution must be the trivial one w(x)50.
This conclusion is correct in the case of weakly self-
gravitating systems ~such as ordinary stars, white dwarfs, or
even low-mass neutron stars!. Should not then physical con-
tinuity require to take always as ‘‘correct’’ solution of Eq.
~1.2b! the trivial one, even when considering strongly self-
gravitating systems such as neutron stars? What can cause a
discontinuity in the configuration of the scalar field ~with
homogeneous boundary condition! for massive neutron
stars? In the simple case of the coupling function ~2.1!, we
have the further paradox that the theory is symmetric under
the reflection w!2w , so that it seems at face value that the
solution of Eqs. ~1.2! corresponding to the self-symmetric
boundary conditions w050 must be self-symmetric and
therefore identically zero.
A solution of these paradoxes, and a clearer understand-

ing of the phenomena studied in @10#, is obtained by making
an analogy with the well-known phenomenon of spontaneous
magnetization of ferromagnets ~below the Curie tempera-
ture!. In the latter case, a convenient order parameter is the
total magnetization M ~which is thermodynamically conju-
gate to the external magnetic field B0: M52]E/]B0). In
our ‘‘scalarization’’ case, we can take as order parameter the
total scalar charge vA developed by the neutron star ~labeled
A) in presence of an external scalar field w0; it is defined as
the coefficient of G* /r in the far scalar field around A:
w(r)5w01G*vA /r1O(1/r2) as r!` . As shown in @5#,
vA is energetically conjugate to the external scalar field
w0 :

vA52]mA /]w0 , ~2.2!

where mA denotes the total mass-energy of the star ~in Ein-
stein units!. It is also the quantity which appears directly in
the Keplerian-order interaction energy between two stars:
V int52G*mAmB /rAB2G*vAvB /rAB , where the first term
comes from the exchange of a graviton and the second from
the exchange of a scalaron. In the presence of a nonzero
external w0 , weakly self-gravitating objects develop a scalar
charge which is proportional to w0 in the limit w0!0 ~‘‘sca-
lar susceptibility,’’ the analogue to the magnetic susceptibil-
ityM5xB0 for weak external magnetic fields in the absence
of spontaneous magnetization!.
Following Landau, we can understand what happens for

strongly self-gravitating objects by writing the total energy
to be minimized as a function of both the external field and
the order parameter, mA(vA ,w0)5m(vA)2vAw0 , and by
assuming that the ~Legendre transform! energy function
m(vA) develops, when some control parameter varies, a

minimum at a nonzero value of vA . In our case, if we fix the
shape of the coupling function A(w) @for instance Eq. ~2.1!
with b sufficiently negative#, the control parameter is the
total baryon mass m̄A of the star. A simple model exhibiting
the appearance of a ‘‘spontaneous scalarization’’ of a star in
absence of external field w0 is simply the usual Landau an-
satz near the critical transition point: m(vA)
5 1

2a(m̄cr2m̄A)vA
21 1

4bvA
4 . In absence of external field,

w050, the energy mA is minimum at the unique ~trivial!
solution vA50 when m̄A,m̄cr , while when m̄A.m̄cr , there
appear two energetically favored nontrivial solutions
vA56@b21a(m̄A2m̄cr)#1/2. At the critical transition
m̄A5m̄cr , the slope dvA /dm̄A is infinite. As in the ferro-
magnetic case, the presence of an external field w0fi0
smoothes the transition. For instance, the ‘‘scalar susceptibil-
ity’’ xA5]vA /]w0 which blows up near the critical point as
um̄A2m̄cru

21 when w050 becomes a rapidly varying but
smooth function of m̄A when w0fi0. The results of @10#
clearly exhibit the sharpening of the transition as w0!0.
This is illustrated in Fig. 1, which displays two curves cor-
responding to w052.431023 and w050 for the same theory
@b526 in Eq. ~2.1!# and the same equation of state ~EOS II
of Ref. @12#!. Note that, when w0fi0, it is the sign of the
external w0 which determines the direction of the symmetry
breaking.
It is convenient, notably for the applications to binary-

pulsar experiments, to replace the quantity vA by the related
quantity

aA[2
vA

mA
[

]lnmA

]w0
, ~2.3!

which measures the effective strength of the coupling be-
tween w and the star. It is the strong-field counterpart of the
weak-field coupling strength a05a(w0) and reduces to it in
the case of negligible self-gravity. Correlatively, it is conve-
nient to replace the scalar susceptibility xA5]vA /]w0 by
the quantity

bA[
]aA

]w0
, ~2.4!

FIG. 1. Effective scalar coupling strength 2aA[vA /mA versus
baryonic mass m̄A , for the model A(w)5exp(23w2). The solid line
corresponds to the maximum value of w0 allowed by solar-system
experiments, and the dashed lines to w050 ~‘‘zero mode’’!. The
dotted lines correspond to unstable configurations of the star.

1476 54THIBAULT DAMOUR AND GILLES ESPOSITO-FARÈSE
[Damour&Esposito-Farese’96]



Scalar-Gauss-Bonnet model of scalarization

[Doneva&Yazadjiev’17]

8

values of M there are more bifurcation points but our investigations show the corresponding non-
tivial branches would be even shorter and that is why we have not plotted them. Moreover, it is
expected that only the first nontrivial branch characterized by a scalar field without zeros will be
stable while the rest of the branches correspond to unstable solutions.

One can notice as well that Fig. 1 is symmetric with respect to the x-axis that can be shown
easily analytically also using the field equations with the particular coupling function (25). Thus
for a fixed M the solutions with positive and negative values of jH would naturally have op-
posite signs of the dilaton charge, but they have the same metric functions and thus mass. The
components of the metric gtt and grr, as well as the scalar field as function of the normalized radial
coordinate rH/l are shown for some representative solutions with different rH/l in Figs. 2 and 3
for the first tree nontrivial branches. These figures demonstrate what we have commented above
– the different branches of nontrivial solutions are characterized by different numbers of zeros of
the scalar field. As one can see, the metric of the first nontrivial branch can deviate significantly
not only qualitatively but also quantitatively from the Schwarzschild one. We have not plotted
gtt and grr for the next nontrivial branches since they are almost indistinguishable from the pure
general relativistic case.

The dilaton charge as a function of the mass is shown in Fig. 4 and as a function of jH – in Fig.
5. As one can see, while the dependence jH(M/l) is monotonic for the first nontrivial branch
and jH increases significantly for small masses, D(M/l) has an extremum (either minimum or
maximum depending on the sign of jH) and tends to zero for small masses.
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FIG. 1: The scalar field at the horizon as a function of the black hole mass. The right figure is a magnification
of the left one.

The area of the black hole horizon, AH = 4pr2
H and the normalized AH/ASchwarschild

H , where
ASchwarzschild

H is the corresponding area of the Schwarzschild black hole ASchwarzschild
H = 16pM2, are

plotted as functions of the mass in Fig. 6. The first three nontrivial branches of black holes are
plotted in addition to the corresponding dependence in the Schwarzschild case. This graph can
be used to better judge how strong the deviations from pure general relativity are. As one can see,
only the first branch of nontrivial solutions (with scalar field which has no zeros) deviates sig-
nificantly from the Schwarzschild case and the deviations are the largest for intermediate masses.



1. Is tachyonic instability present in cosmology?

2. Is it dangerous?



instability in cosmology

inflation radiation matter dark 
energy

DEF model !ϕ+
κ

2
βTmϕ = 0

very
unstable “stable” unstable slightly 

unstable

Scalar-GB model m2
eff = −6λ2H2 ä

a

inflation radiation matter dark 
energy

very
unstable stable slightly 

unstablestable

h
⇤+ f 00('0)Ĝ

i
�' = 0

<latexit sha1_base64="WlnfA1enUW1WBPdSHVcoqSo+5E8="></latexit>



constraint in DEF model

Shapiro time-delay measurement: �PPN = 1 ± (2.1 ± 2.3) � 10�5

ϕ0 ! 10−3

Can we “naturally” have a small value for the cosmological scalar 
field?



instability in DEF model

Matter domination instability: ϕeq ! 10−10

Radiation domination instability:
ϕeq

ϕi
! 10

ϕi ! 10−11At the end of inflation we should have



instability in DEF model during inflation

Inflation:

〈(δϕ)2〉k∈{kmin,kmax} =
22νΓ2(ν)

2(2ν − 3)π2
· H2

M2
Pl

·
∣∣∣∣
η∗
η

∣∣∣∣
2ν−3

�� is the time when the cosmological mode with wavenumber kmin exits horizon

kmin � H0

Fine-tune � = 0 in the beginning of inflation.
Perturbations:

! 1

η∗
η

∼ e60



attempts to solve the instability problem

Add potential V (�) = m2�2

2 :

at the moment H � m the field starts to oscillate contributing to DM.

The assumptions �i � 1 and �̇i � 0 and the mass m � 10�28 eV.

Otherwise the contribution to the energy density is too large

The instability during inflation gives �i � 1

[de Pirey Saint Alby & Yunes’17]



attempts to solve the instability problem

[Anderson et al’16]

lnA(ϕ) =
βϕ2

2
→ βϕ2

2
+

λϕ4

4

For � > 0 the field ' is stabilized during inflation, so that ' =
p

��/� up to
now.

This scenario does not work, because with the scalarization of neutron stars
does not occur.

<latexit sha1_base64="66lD3RIxBzxXdZZAUykTebf/qRw="></latexit>



Curing DEF model

idea: Give large normal mass to the scalar responsible for 
scalalrization during inflation and 
kill the mass after inflation ends

� �2�2

V (�, �) = g2�2�2

For � � MPl and H � 1013 GeV, g2 > 10�12

SDEF =

Z
d4x

p
�g

16⇡G
(R� 2@µ'@

µ') + Sm

⇥
A2(')gµ⌫ , m

⇤
<latexit sha1_base64="I7dNbY33GbHMSt4BfHsdTPoqKh0="></latexit>

We assume m
2
e↵ = g

2
�
2 � H

2
<latexit sha1_base64="QYi0fFbQ4F+o2laGPd1maSMOIj8="></latexit>



Curing DEF model

background:

ϕ̈+ 3Hϕ̇+m2ϕ = 0

m2 = g2χ2 + 6βH2

ϕ =
C

a3/2
· cos

[√
m2 − 9H2

4
t+ δ

]

Starting from � � 1 by the end of inflation the field � is relaxed to � � 10�39



Curing DEF model

Perturbations:

δϕ̈k + 3Hδϕ̇k +
k2

a2
δϕk +

κ

2

∂α(ϕ)

∂ϕ
Tmδϕk +

1

2

∂2V

∂ϕ2
δϕk = 0

damped oscillator with an almost constant large mass;

��k decay as 1
a3/2 in the superhorizon regime

〈δϕ2〉unstable(ηf ) =
H2

3πsM2
Pl

·
∣∣∣∣
ηf
η×

∣∣∣∣
3 √

〈δϕ2〉unstable(ηf ) # 10−46

s =

√
m2

H2
− 9

4

ηf
η×

∼ e−60



Curing DEF model

1) Matter-like (p)reheating does not affect the result

2) Trace anomaly is subdominant in the radiation stage

NB. 



No Cure for scalar-Gauss-Bonnet
Vanilla scalar-tensor theory:

A(�) = e
1
2 ��2

� is a constant, which feeds into deviations from GR

Scalar-Gauss-Bonnet theory

λ ∼ M!
M2

P

∼ 1019GeV−1

SDEF =

Z
d4x

p
�g

16⇡G
(R� 2@µ'@

µ') + Sm

⇥
A2(')gµ⌫ , m

⇤
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p
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2
gµ⌫@µ'@⌫'+ f(')Ĝ
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f(')Ĝ =
1

8
�2'2Ĝ+ ...
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No Cure for scalar-Gauss-Bonnet

tinst
t0

∼ H0

meff
∼ 1

λH0
∼ 1023

inflation radiation matter dark 
energy

very
unstable stable slightly 

unstablestable

tinst

tinf
� 1

N�Hinf
� 10�34

for inflation with the scale
Hinf � 1013GeV and N � 102 e-foldings



No Cure for scalar-Gauss-Bonnet

Destabilisation occurs very quickly => no standard 
cosmological inflation

〈φ(x, η) ∂

∂η
φ(x, η)〉 = H2

8π2ν|η| ·
(
2ν

e

)2ν

·
[∣∣∣∣

η1
η

∣∣∣∣
2ν−3

− 1

]

ν =

√
9

4
−

m2
eff

H2
∼ 1032

⇢GB = �6�2
H

3
''̇

<latexit sha1_base64="9vtrqNqBFTWpLoAwTIGZjDf0EAw="></latexit>



Trying to cure scalar-Gauss-Bonnet scalarization 
model

f(φ) =
1

8
λ2φ2 + λ2 φ4

M2
P

Destabilisation happens before the quartic correction kicks in

〈φ2(x, η)〉 # M2
P

λ3H3

√
〈φ2(x, η)〉 ∼ 10−48MP ≪ MP



Trying to cure scalar-Gauss-Bonnet scalarization 
model

The same idea with coupling to inflaton? ∼ g2χ2φ2

However: g2 ! 6λ2H4

χ2
! 1053

for � � MP , �H � 1032, and H � 1013 GeV



Trying to cure scalar-Gauss-Bonnet scalarization 
model

extra coupling of the scalar to higher powers of curvature: ∼ φ2R4

Corresponds to extra scalar d.o.f. a la f(R)

The coupling of this extra scalar to the “scalarization” scalar 
should be huge as in the previous example



Trying to cure scalar-Gauss-Bonnet scalarization 
model

quartic terms in the scalar: 

Destabilization happens long before the correction takes place

∼ φ4Ĝ

Add large coupling? ∼ g̃φ4Ĝ

The scalarized solution would be indistinguishable from GR 
solution



Trying to cure scalar-Gauss-Bonnet scalarization 
model

[Macedo et al’19]

quartic self-interaction: ∼ gφ4

the scalar field is in the minimum of the effective potential during 
inflation

However: φmin ∼ 1064MP

Also extra potential energy: ∼ 10180M4
P



Monday 15 June 15

Old time DEF and modern scalar-Gauss-Bonnet models of 
scalarization gives interesting modifications of gravity, leading to 
different from GR neutron stars or/and black hole solutions. 

Monday 15 June 15

Both models do contain dangerous instabilities during inflation

Monday 15 June 15

It is possible to `naturally’ cure the original DEF model

Monday 15 June 15

It seems however that the cure of the scalar-Gauss-Bonnet model is 
beyond hope.

Conclusions 


