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Plan of the talk

@ Scalar fields in gravitational physics
@ Horndeski model
@ Introduction: Cosmological models with nonminimal derivative
coupling
o No potential
o Cosmological constant
o Power-law potential
o The screening Horndeski cosmologies
@ Perturbations
@ Summary
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Scalar fields in gravitational physics

Scalar fields in gravitational physics:

@ gravitational potential in Newtonian gravity

@ variation of “fundamental” constants

@ Brans-Dicke theory initially elaborated to solve the Mach problem
@ various compactification schemes

@ the low-energy limit of the superstring theory

@ scalar field as inflaton

@ scalar field as dark energy and/or dark matter

e fundamental Higgs bosons, neutrinos, axions, ...

@ etc...
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Horndeski theory

In 1974, Horndeski derived the action of the most general scalar-tensor
theories with second-order equations of motion

[G.Horndeski, Second-Order Scalar-Tensor Field Equations in a
Four-Dimensional Space, 1JTP 10, 363 (1974)]

Horndeski Lagrangian:

Ly=+v—g(Lo+ L3+ L4+ L5) J
Lo=Go(X,®),
L3=G3(X,®)0P,
L4=G4(X,®) R+ 0xGa(X, @) 6L; VeIV D,
L5=G5(X,®) G, VW ® — § OxG5(X, @) 640 VadViOV] @,

where X = —1(V¢)?, and G (X, ®) are arbitrary functions,

and &3 = 280,00, 6,07 = 315),606%,
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Fab Four subclass of the Horndeski theory

There is a special subclass of the theory, sometimes called Fab Four (F4),
for which the coefficients are chosen such that the Lagrangian becomes

Lrs=+—=g(L;+Lp+Lg+ Lr—2A)
with
=V, (®) G, VIOV P,
Lp=Vp(®P) Py pe V'OV OV D,
La=Va(®)R
=Vr(®) (R WagR"”aﬁ — 4R, R™ + R?).
Here the double dual of the Riemann tensor is

v 1 vyd po v v
P g = =7 O BT 5 = =R o + 2RE 8% — 2Ry, 5% — ROL8%)

whose contraction is the Einstein tensor, P*¢, = G*

v
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Fab Four subclass of the Horndeski theory

Fab Four Lagrangian:

LF4=\/—g(£J+EP+EG+[,R—2A) J

@ The Fab Four model is distinguished by the screening property — it is
the most general subclass of the Horndeski theory in which flat
space is a solution, despite the presence of the cosmological term A.

@ This property suggests that A is actually irrelevant and hence there
is no need to explain its value.

@ Indeed, however large A is, Minkowski space is always a solution and
so one may hope that a slowly accelerating universe will be a
solution as well.
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Theory with nonminimal kinetic coupling

Action:

1 ‘
S = 5 /d4x\/—g [Mgl R— (e g +1GL)VFoV ' — 2V(q’))] + S,

Field equations:
MGy =T + 10, + T
[eg"” +nG* |V, V., ¢ = Vy

T4 =€ [VudVid = 591 (V9)?] = 9V (9),

Ou=—3Vud Vi R+ 2Vad V(,0R) — 1(V)’ G + V6 V70 s
+Vu VG ViVad — VuVid O+ g [ — 1V VPG Va0 + L(O¢)?
~Va¢p Vo R

T =(p + P)UpUp + PG »

Notice: The field equations are of second order!
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Cosmological models: General formulas

Based on 0910.0980, 1002.3478, 1204.6372, 1306.5090, 1510.03264,
1604.06085, 1703.04966, 1803.01429

Collaborators: Saridakis, Toporensky, Skugoreva, Matsumoto, Capozziello,
Volkov, Starobinsky

Ansatz:

ds® = —dt* + a*(t)dx?,
¢ = ¢(t)

a(t) cosmological factor, H = a/a Hubble parameter

Field equations:

1.
3ME H? = §¢2 (e —9nH?) + V(9),

MZ2,(2H + 3H?) = f%dﬂ [e +1 (2H +3H? + 4H¢'¢'f1)] +V(e),

3dV(¢)
do

Sergey Sushkov Perturbations in Horndeski Cosmology 8 /42

d .
pn [(e —3nH?)a’$] = —a




Cosmological models: |. No potential V (¢) =0

Trivial model without kinetic coupling, i.e. =10

5= [ dov=g MR - (VoY |
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Cosmological models: |. No potential V (¢) =0

Trivial model without kinetic coupling, i.e. =10

5= [ dov=g MR - (VoY

Solution:

. 1
ao(t) = 1'% ¢o(t) = ﬁlﬂt

ds? = —dt® + t*/3dx?

t = 0 is an initial singularity
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Cosmological models: Il. No potential V(¢) =0

Model without free kinetic term, i.e. ¢ =0

1
5= 1 [ dry=g MR - 1040.]
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Cosmological models: Il. No potential V(¢) =0

Model without free kinetic term, i.e. ¢ =0

1
5= 1 [ dry=g MR - 1040.]

Solution:

alt) = % $t)= ———, n<0

"~ 23]

ds2 = —dt? + t*/3dx>

t = 0 is an initial singularity
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Cosmological models: Ill. No potential V(¢) =0

Model for an ordinary scalar field (¢ = 1) with
nonminimal kinetic coupling n # 0

1
5= 1 [deyTg R o +16")0,6.]
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Cosmological models: Ill. No potential V(¢) =0

Model for an ordinary scalar field (¢ = 1) with
nonminimal kinetic coupling n # 0

1
5= 1 [deyTg R o +16")0,6.]

Asymptotic for ¢t — oc:

a ~ Qa :/1/' N()/:Lll/
(t) ~ao(t) = t'7%;  @(t) ~ do(t) 2\/§1f J

Notice: At large times the model with n # 0 has the same behavior like
that withn =0
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Cosmological models: Ill. No potential V(¢) =0

Asymptotics for early times

The case 7 < 0:

t

2+/3m|n|

ds?_,o = —dt? + t*/3dx?

~ +2/3. N
at—>0Nf/7 Dr—s0 R

t = 0 is an initial singularity

The case 7 > 0:

au 8l ~ —t/\/7
Ap——co R € ¢t—>—oo ~ Ce /v

ds?,_ ., = —dt? + e*Hntdx?

de Sitter asymptotic with H,, = 1//91
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Cosmological models: Ill. No potential V(¢) =0

Plots of « =Inaincase n A0, e =1, V = 0.

2
0 n
_1< 0
]
o) ] ofr) -2
3]
3] 4]
5]
~4-r -6 X
-10 5 0 5 10 100 0 100 200 300
(@) n <0 (b) n>0;
n=0;—1;—-10; —100 n = 0;1;10;100
De Sitt toti (t) t = H !
e oltter asymptiotics: « = — = —
Von Vn

Notice: /n the model with nonmnimal kinetic coupling one
get de Sitter phase without any potential!
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Cosmological models: V. Cosmological constant

Models with the constant potential V(¢) = M3 A = const

S = / d42/=g [ME(R — 20) — [eg" + 1G"]6 6]
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Cosmological models: V. Cosmological constant

Models with the constant potential V(¢) = M3 A = const

5= / d42/=g [ME(R — 20) — [eg" + 1G"]6 6]

There are two exact de Sitter solutions:

. a(t) = Hat, o(t) = ¢o = const,
3nH2 —1|'/°
N Rl

2
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Cosmological models: V. Cosmological constant

Plots of a(t) incase n > 0, e =1, V = MZA

-4 2 0 2 4 4 2 0 2 4

(a) H} < &% <1/9n (b) 1/9n < &* < 1/3n < H3

De Sitter asymptotics:
a1(t) = Hat (dashed),
as(t) = t/+/9n (dash-dotted),
as(t) = t/+/3n (dotted).
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Cosmological models: V. Cosmological constant

Plots of a(t) in cases n >0, e=—1land <0, e=1

6

(a)n<0,e=1 (b)yn>0e=—-1

De Sitter asymptotic:
a1(t) = Hat (dashed).
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Role of potential

&= / d*z/=g {MBR - [¢" +1nG"]$,.0., — 2V ()} J

a

What a role does a potential play in cosmological
models with the nonminimal kinetic coupling?
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Power-law potential V (¢) = Vyo'

Skugoreva, Sushkov, Toporensky, PRD 88, 083539 (2013)

Models with the quadratic potential V(¢) = ;3m*¢*
Primary (early-time) “kinetic” inflation:
1 141

Ht—)—oo ~

Late-time cosmological scenarios:
Oscillatory asymptotic or “graceful” exit from inflation

Ht—>oo ~

2 1 sin 2mt
3t 2mt

quasi-de Sitter asymptotic or secondary inflation
Hioo o —— (14 y/2ym?
t—oo ™~ \/3? 677
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Cosmological models: Power-law potential

T T T T T T T T T T
-10 i} in 20 30 -10 i} 10 20 kil 40

t t
Initial conc_litions Initial condl:tl'ons
$o = ¢o $o = —¢o

De Sitter asymptotics: Hi—, o ~ 1/3/91(1 + $nm?),

Hi oo = 1//37 (I:I: \/énmz).
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Screening properties of Horndeski model:

Starobinsky, Sushkov, Volkov, JCAP, 2015
The FLRW ansatz for the metric:

dr?

2 2 2

+ r2(d¥? + sin? 19d<p2)] ) ’

a(t) cosmological factor, H = a/a Hubble parameter

Gravitational equations:

K 1 3 K
—3Mp (H*+ = |+ sev® =S (BH + = ) +A+p=0,

a2 2 2 a2
o 2 g 2 K 71 2 2 g § 275 1/1 o _
Mp1(2H+3H +a2) 261/} ny <H+2H a2+2Hw +A—-—p=0.

The scalar field equation:

1d 3 2 K _
i (2 (o (74 5) =) ) o
where 1) = ¢, and ¢ = ¢(t) is a homogeneous scalar field
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Screening properties of Horndeski model

The first integral of the scalar field equation:

a’ (377 (H2+i§) —E)w:Q,

where () is the Noether charge associated with the shift symmetry

¢ = ¢+ do.

Let @ = 0. One finds in this case two different solutions:

s K A+p
o 2 _
GRbranch: Y =0 = H"+ — = 3012,

) s, K € n(A+p) —e M3
.2 _ 2 _ Pl
Screening branch: H* + 2~ 3 — Y= 0 (e — 3 K/a?)

NOTICE: The role of the cosmological constant in the screening solution
is played by £/3n while the A-term is screened and makes no contribution
to the universe acceleration.

Note also that the matter density p is screened in the same sense.
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Screening properties of Horndeski model

Let @ # 0, then
Q

e [3n(H2+ &) -]’

and the modified Friedmann equation reads

K Q*[e—3n(3H? + &
3Mp, <H2+2): == 3n ;2)]24—1\—!—,0.
a 2a5 [e —3n(H? + &)]
Introducing dimensionless values and density parameters
g
H?>=Hjy, a=aoa, pe =3MpHF, n= TR
A K Q> Q Qs
Qo=—, Q=—5—5, V6= 55— = Per | —1 —
°T e’ T THZaY T GpafHipe TP <a4 e
gives
the master equation:
Q Q5 U Wn-3y+ %
WL L U 1 92]
a a a ab [77 —y+ (T’?]
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Asymptotical behavior: Late time limit a — oo

GR branch:

QQ Qg Q4 (1’} -3 Qo) Q6

1
Qo+ 24242 o(=)= H>->A/3
R I I (O EP <) o

Notice: The GR solution is stable (no ghost) if and only if n > Q.

Screening branches:

Q02 Qe(n —3Q) £ Q2 1
X L 2% Qo(n — 30) 3X+O<>

Qs
frg 7j: -
S (Q—n)a® xad 2(Q —n)%ab

— H?—¢/3a

Notice: The screening solutions are stable (no ghost) if and only if
0< n < Qo.
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Asymptotical behavior: The limit a — 0

GR branch:

Q Q Q204 — 3Q 3030
4 3 2444 6 36+O(1)

y= ? + a3 Q4a2 Q4a

Notice: The GR solution is unstable

Screening branch:

Q Q3Q 0602 + 902
386 3306 5 363+96+O(a),

HTar T %a 3 03

1 4n? 4
y7_7¢97+ 57 (g (Qua® +Q3a®) + O(a")

Notice: Both screening solutions are stable
24 / 42
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Global behavior

Q Q5 Q QWn-3y+H
y=hot ot mt a Tt o, L m
a® [n—y+ 3]

N

P

25 3.0

=Q4=0and forn=6

08

Solutions y(a) for Qo = Qs =1, Q3 =0, Q3
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Global behavior

Q Qs QO [77*3Z/+%
y:QO+a72+a73+a74+—6 012
a® [n—y + 4]

B

02f v

1 2 3

Solutions y(a) for Qo =Qs =1,V =0,Q3=0,=0,n=0.2
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Global behavior

Q Q5 Q QWn-3y+H
y=hot ot mta Tt o, L m
a® [n—y+ 3]

o 1 2 3

Solutions y(a) for Qp = Qg =1, Q3 =5, Q4 =0, 7 = 0.2. One has Qs = 0.
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Intermediate Summary

@ The nonminimal kinetic coupling provides an essentially new
inflationary mechanism which does not need any fine-tuned
potential.

@ At early cosmological times the coupling 7-terms in the field
equations are dominating and provide the quasi-De Sitter behavior
of the scale factor: a(t) o eflnt with H,, = 1/,/97.

@ The model provides a natural mechanism of epoch change without
any fine-tuned potential.

@ The model with nonminimal kinetic coupling is distinguished by the
screening property. This property suggests that A is actually
irrelevant and hence there is no need to explain its value.
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Scalar perturbations

Scalar perturbations in the Newtonian gauge:

ds® = —(1 +20)dt* + a®(t)(1 + 2®)d dx’da?
¢ =¢o+ 00 = do(1+ o),
U(t,x) <1, o(t,x) <1, p(t,x) <1

Fourier transformations: W(t,x) = [ dke’**¥(t, k) and so on

Scalar modes:

—3H(¥ — HD) — gw =dr {f@ — $6d

+n (9H¢'>2\i: — 18H%)*® + z—zq's?\p + 9H?$p6¢ + zgm}&q&) ] ,
b — H® — 4 [—¢36¢ . (3Hgi>2<1> _ Y — 2HGsH + 3H2¢5¢)] :

O+ U = —d4mp [4'52(@ —0)+2(¢+ Hd))&ﬁ}
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Scalar perturbations

Scalar perturbations in the Newtonian gauge:

ds® = —(1 +20)dt* + a®(t)(1 + 2®)d dx’da?
¢ =¢o+ 00 = do(1+ o),
U(t,x) <1, o(t,x) <1, p(t,x) <1

Fourier transformations: W(t,x) = [ dke’**¥(t, k) and so on

Scalar modes:

—3H(¥ — HD) — gw =dr {f@ — $6d

+n (9H¢'>2\i: — 18H%)*® + z—zq's?\p + 9H?$p6¢ + zgm}&q&) ] ,
b — H® — 4 [—¢36¢ . (3Hgi>2<1> _ Y — 2HGsH + 3H2¢5¢)] :

O+ U = —d4mp [4'52(@ —0)+2(¢+ Hd))&ﬁ}

Notice: ¥ = —® if n = 0, but generally ¥ # —& |
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Scalar perturbations in the inflationary epoch

On the inflationary stage the unperturbed solutions are
1
a(t) = aeft=t), t) = e 3Hnt=t)  \where H, = ——.
()=, o(t) = 6 -
t; — beginning of inflation

Scalar perturbations on the inflationary stage

k2
a2
U — H,® = 4n¢? 3H,® — ¥],
O+ V= —Ang? [® + U — 2x].

. . k2
3H,(V - H,®)+ SV = —47g? [QHU(\II - H,®) + an] ,

where x = U — %go is a combination of pertubations
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Scalar perturbations in the inflationary epoch

Resolving with the respect of ¥ and ® we find

Scalar perturbations of metric:

AV k2e ¥ ®+ 3V + dngZe O (D + )

dr  6a?H? 1+ 127¢2e=67 ’

d® 79+ 6T — 20m¢le T @

dr 1+ 4mg2e67
k2 e=2" 3(® + 3W) + 87p2e 57 (2@ + 3W) + 1672¢pte 127 (D + U
6a7 H? (14 4mg2e=67)(1 + 12mp2e—57) ’

where we denote 7 = H, (t — t;)
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Scalar perturbations in the inflationary epoch

‘ )2
Assume that 87¢7 = ;7 < 1, then
TPl

Metric perturbations

dv kZe—27

A o + 30

dr 6aZ2H% (@ S,

dd ke 2"
——=—(7® + 6V — (® + 3U).
dr ( i >+ Qa%H% ( i )
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Scalar perturbations: Modes outside the Hubble horizon

Limiting case:

A. k/a; < H, (long-wave modes outside the Hubble horizon)

dv k2e27

P -V (o430,
dr GG?Hf] (@ +30)
d<I> kZe 2T
TP+ 6W)+ — (O + 3V).
dr o= G- a?Hﬁ( )

\P:é(ﬁ\ljl T ‘I)i)e_H"(t_ti) _ %(\I/ 1+ P, ) —6H7,(t—t7¢)7
‘I):—l(G\I/‘ —|—(I)) —H, (t—t;) 4 6 (\I/ —|—(I) ) 76H,,(t7ti)’
U, =9() <1, &, =P(t;) <1, t=t;— beginning of inflation

Perturbs in course of inflation t > t;: U = —® ~ ¢ Hnlt=t) g1

NOTICE: Scalar modes k/a; < H, are exponentially decaying!

)
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Scalar perturbations: Modes inside the Hubble horizon

B. k/a;, > H, (short-wave modes inside the Hubble horizon)

dv_ o ke

o " (@130
dr 6a7 H? (@ +3%),
4o k2 e=2r
—=—(7TP + 6V)+——— (& + 3).
dr (@G0 2(1,fH,2]( &)

—27 —27 12a2H2
U =C + Cse s @:—3[01-1-026 :|—‘r —1 (Y,
where C1 =W; —Cy, Oy = 57 ZHZ (3\1' +<I>)
During the inflation, ¢t > t;, metric perturbatlons tend to

2

NOTICE: During the inflation the initial short-wave perturbations are

amplifying by the factor 2121) !
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Scalar perturbations: Modes inside the Hubble horizon

Estimations:

2

k
v inal ™ ® inal ™ 1 5775 \IIZ (I)Z ~1
finat ~ @ final — 2 (3% + @)

2

m ~ [Plaan]_l - )\mode ~ Lp
i

U, ~ ®; ~ [Planck] =

NOTICE: Only modes with very short (Planckian) initial wavelengths are
able to amplify enough during the kinetic inflation.

TENDENCY: During the inflation, modes with short wavelength are
stretching and come outside the Hubble horizon. After they have gone
outside the Hubble horizon, they are exponential decaying.
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Scalar perturbations: Numerical analysis

Examples of numerical analysis for scalar mode evolution:

0.0010
0.0015
00008
0.0006 ;o 0.0010
[Psi,Phi] [Psi,Phi]
0.0004
0.0005+
0.0002
0 1
0 1
-0.0002 1 '“'DDDS)U
-0.0004 ~0.0010
=-0.0006
-0.0015
Longwave modes Shortwave modes
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Tensor perturbations

Perturbed metric:

d82 = 7dt2 —+ aQ(t) (51] + h”)dxzdxj

Small transversal traceless pertubarions:

hij(t,x) <1, 0Oihiyj =0, hy =0

Two polarizations:  h;; = Z el(-;l)h(A)
A=+,

Fourier transformation: ~ h(*(¢,x) = /dkeikxh(A)(t,k)

Equation for tensor modes h(4)(t,k):

2
(1 + 47nd®)h + (3H(1 + 4mné?) + 87r77q'5<é5> h+ ];—2(1 — 4mnd®)h =0
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Tensor perturbations on the inflationary stage

Unperturbed solutions on the inflationary stage:

a(t) = aie™ 7 g(t) = g N H, = S

Smallness of derivatives of the scalar field: 87n¢? < 1

Equation for tensor modes on the inflationary stage:

@h _dh k2
3— +

—273
dr? dr afH?]e h=0.

NOTICE: Compare with GR: i + 3Hh + %1 =0
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Tensor perturbations: Modes outside and inside the
Hubble horizon

A. k/a; < H, (long-wave modes outside the Hubble horizon)

2h  _dh  k?

—27
—_— —e h=0
dr2 * dTJra,%H,Z]()

h=Ci+ 026_3T

NOTICE: During the inflation longwave tensor modes tend to constant
values (constant modes)

B. k/a; > H, (short-wave modes inside the Hubble horizon)

d?h  _dh k?

o e /727’]]’ — 0
dr?  dr a?Hf] ¢

NOTICE: Shortwave tensor modes are oscillating and damping

Sergey Sushkov Perturbations in Horndeski Cosmology 39 /42



Tensor perturbations: Numerical analysis

Examples of numerical analysis for tensor mode evolution:

0.0010 0.0010

¥ 0.0008
000084
0.0006

00004
0.0006

0.0002+
' /\
0

0.0004

=-0.0002
e 00004+
-0.0006
0 T T 1
0 1 2 3 4 5 ~0.0008
T
Longwave modes Shortwave modes
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Final conclusions

@ The behavior of tensor modes during the kinetic inflation is
analogous to that in “usual” slow-roll inflation.

e Long-wave scalar modes with k/a; < H,, are exponentially decaying
during the kinetic inflation. Therefore, the large-scale structure of
the Universe keeps to be homogeneous and isotropic.

@ During the kinetic |nflat|on the initial short-wave scalar modes are
amplifying by the factor 2H2 Then, they stretch, come outside the
Hubble horizon and exponentlal decay. Only modes with very short

(Planckian) initial wavelengths are able to amplify enough during
the kinetic inflation.
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