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Primordial black holes as a probe of the end of inflation
The guantum state of cosmological perturbations
The stochastic 6N formalism

Primordial black holes & quantum diffusion



Cosmic Inflation: turning the primordial
universe as a high-energy laboratory

* Inflation is a high-energy phase of accelerated expansion in the early Universe

. 4
ds? = —dt* +a* (t)dz® with a >0 and p< (1016 GGV)

* Quantum vacuum fluctuations are stretched to cosmological distances and seed
the large-scale structure of our Universe
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Quantum mechanics on cosmological scales!
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Primordial Black Holes as a
orobe of the end of inflation
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Primordial Black Holes as a
orobe of the end of inflation
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The quantum state of
cosmological perturbations

» One scalar degree of freedom v o ( (curvature perturbation) oc 67" /T

= X) |Vk) with [T) =

g e?Pk (—1)"tanh"r N, n_g)

COSth
kcR3+
Two-mode squeezed state (Gaussian state)
. . dr _, T i x
- Wigner function W (vg,pg) = F\Ij (v — 5) e~ PR P (yy + 5)
s

0
* Evolution equation aw (U,py t) - = {W (Uapa t) ) H (’U,p, t)}Poisson Bracket

For quadratic Hamiltonians



The quantum state of
cosmological perturbations

0
® EVOIUtion equation &W (U,p, t) — {W (pr7 t) 9 H ('U,p, t)}Poisson Bracket

For quadratic Hamiltonians
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The quantum state of
cosmological perturbations

« Quantum mean value and stochastic average

A A A ~ Lesgourgues, Polarski, Starobinsky (1997)
<O (/Ujp)>quant%/ W (v,p) O (v,p) dvdp Martin, VV (2016)

» True for O (v) and O (p)

» True for Hermitian & quadratic O (v, p)

» True for proper O (0, p) in the super-Hubble (large squeezing) limit

Example: O — 'Ukzv;;pkp;rc + kaLUkU;L — <O>quant — <OA>stoch + 1/4

eQ(N—NHubble crossing)

- Wrong for improper operators, even in the large-squeezing limit
Revzen (2006), Martin, VV (2017)



Stochastic Inflation

Ak wavelength
/k Particle Production Quantum fluctuations
Minkowski | source the background

a/a Hubble radius
vacuum

time

Coarse—grained field qgcoarse grained — / dgk Qbk: (N) e_ik'w&k: + Qb;l; (N) €ka&};}
N = In(a) k<ocaH(N)

d ¢cg = v (¢Cg) + Mg (N) Starobinsky, 1986

At leading order in slow roll: dN 32 (deg) 2

Aqbquant

class

Over one e-fold:

~ ¢



Primordial black holes from
iINnflation

Primordial density perturbations when modes dp
re-enter the Hubble radius after inflation

Rare fluctuations exceeding critical value
collapse to form black holes ¢ > G~ 1

Mass fraction
B(M) < 107°®




| \ uniform density slide
AR A Y 4 5p — O
const £(t,x) = N(1,x) — Ny(t) = 6N
‘‘‘‘‘‘ Wands, Malik, Lyth, Liddle (2000)
S/ Sspatially flat slide
” et y ‘,/// W — O
¢
The realised number of e-folds
is a stochastic quantity:
Ccoarse grained — N = <'/V > ¢end > N

VV, Starobinsky (2015), Fujita, Kasawaki, Tada, Takesako (2015)



Stochastic-ON formalism

Moments obey an interactive equation VV, Starobinsky (2015) v=V/ (24%21\/1:)

n\" _L/ n\’ __L n—1
=5 AP =

¢ dx by d e%y)_ﬁ
Mean number of e-folds (/' )(¢) = J — Y | Invplves the fu”.
@Mm . M, v(y) inflationary domain

Saddle-point expansion

V<K 1,|v2v”/v’2| <1 ¢ dx vix Vo2
ﬁJ' — /( ) I+v(x) — ( ; ( )_|_
V(?) ¢end MPl v (x) V/ (x)
classical result first-order
correction




Stochastic-ON formalism

Second moment and power spectrum  VV, Starobinsky (2015)

2
duy dx ooy 1 1 1 1 1
— — ex — ex —

Ll'? M, { Ix M, v(y) P [v(y) V(X)] } p [V(X) v(gb)]

Pov dx 1 1 __1
o v eXP [voo v(gb)]

P (#) =2

Saddle-point
expansion 2 V(¢

v L v <l = M2 2 (Cb) [1+5V (GI’) —4
Pl

Third moment and local non-Gaussianity

5 ) V/2 V// v/2 V” V,,, v,,2
f =M |6——-4—+v| 11— — 158— —9— + 118 4.
NL 24 P p2 v V2 v v/ V’2




Need for the full PDF

d¢ V. H d o [V 0> ( H?

= N P(¢p,N) = P)+ P)|=Z;-P

v - 3 oW © oy N =5 <3H2 ) o2 (87:2 ¢
Langevin equation Fokker-Planck equation

Moment equation
" V/ ’ n _ n n—
<“’/>(¢)‘§<”>(¢)=‘_ng1</’/ NP —— ZL () =—n ()

|02, 0 = [0} -r1ap

Equation for the PDF of the first passage time  Pattison, VV, Assadullahi, Wands (2017)

d
—PWN,p)=<" - P
PN = L}



Example W=

Pattison, VV, Assadullahi, Wands (2017)
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classical criterion 12y ~ 2

Example @)= |1+ £

Pattison, VV, Assadullahi, Wands (2017) - B
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classical criterion 12y” ~ /2

Example W) = vy

Pattison, VV, Assadullahi, Wands (2017)

"¢

“classical” regime

Is the Gaussian approximation sufficient?
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Example - 1+<¢

Pattison, VV, Assadullahi, Wands (2017) -

classical criterion 12" ~ 2

"¢

“stochastic” regime
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Example -
Pattison, VV, Assadullahi, Wands (2017)
Remark: {(/4') = 'uzAi;b <1 — %) |
“stochastic’

classical criterion 12y ~ /2

B mass fraction
=
&

VO 1+ -

’regime

Observationally excluded
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Non-Gaussian Talls

Work in progress with Ezquiaga & Garcia Bellido

stochastic regime

—-04 —0.2 0.0 0.2 0.4

¢/

exponential tails

In general: characteristic function

2(t, d)) — <eit/V((/7)> — J@it/t/g’(./’/, ¢)d;/V

Ordinary differential equation
3:; sy =—ity

Back to the PDF

1 [ .
g’(/V,gb) =2—[ e"”’/;((t,qﬁ) dr

TJ_



Non-Gaussian Talls

Work in progress with Ezquiaga & Garcia Bellido

In general: characteristic function

2(t, d)) — <eit/V(¢)> — Jeit/l/g)('/,/, ¢)d,/V

Ordinary differential equation
3:; sy =—ity

Back to the PDF
P (/V,q’)) = ZL[ e~y (t,qS) dr

T
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Non-Gaussian Talls

Work in progress with Ezquiaga & Garcia Bellido

Flat well

Constant slope well v =y, (1 + aMi>

a2 7[2 ( 1 >2 Pl
dvg  p? 2

M3

Pl
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Conclusions

« Primordial black holes can be seeded by large density perturbations that form
during inflation

 When this happens, quantum diffusion, that is, the back-reaction of vacum
quantum fluctuations on the background dynamics as they get amplified and
stretched to large distances, may play an important role

« Regions of the potential dominated by stochastic diffusion can be identified with
a simple criterion: v2<v2y”

* In stochastically-dominated regions, the system must spend less than one e-fold
for PBHs not to be too abundantly produced

- Even in classically-dominated regions, the standard calculations may fail
because of non-Gaussian tails, which can only be described with non-
perturbative techniques such as the stochastic-6N formalism

« Extensions to non-slow roll & multiple field dynamics in progress



