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The nonlinear Schrödingier equation is a universal model to
describe propagation of waves in nonlinear dispersive media. For
instance, in the context of optical fibers it writes:

i
du

dz
+ λ

d2u

dt2
+ |u|2u = 0,

u(t, 0) = u0(t).

I z is the position in the fiber and t is the time.

I The solution is complex valued.

I λ is a parameter of the fiber.



For the mathematical study, we write a more general equation and
switch to usual notations for evolution equations:

i
du

dt
+ λ∆u + |u|2σu = 0, x ∈ Rd , t > 0,

u(x , 0) = u0(x), x ∈ Rd .

I d 6= 1: transverse variables are taken into account.

I σ 6= 1 : higher order nonlinear effects are taken into account.

I The solution is complex valued.
I λ is either positive or negative:

I λ > 0 → focusing nonlinearity
I λ < 0 → defocusing nonlinearity



Dispersion

{
i
du

dt
+ λ∆u = 0, x ∈ Rd , t > 0,

u(x , 0) = u0(x), x ∈ Rd .

Take Fourier transform:

dû(ξ, t)

dt
= −iλ|ξ|2û(ξ, t)

−→ û(ξ, t) = e−iλ|ξ|
2t û0(ξ)

−→ the phase speed depends on the wave length.

Use Plancherel:

‖u(·, t)‖2
L2(Rd ) =

∫
Rd

|û(ξ, t)|2dξ =

∫
Rd

|û0(ξ)|2dξ = ‖u0(·)‖2
L2(Rd ).

→ The L2(Rd) norm is conserved, as well as all Hs(Rd) norms.



Dispersion


i dudt + λ∆u = 0, x ∈ Rd , t > 0,

u(x , 0) = u0(x), x ∈ Rd .

I û(ξ, t) = e−iλ|ξ|
2 t û0(ξ) and ‖u(·, t)‖L2(Rd ) = ‖u0(·)‖L2(Rd ).

I inverse Fourier transform:

u(x , t) =
1

(4iπt)d/2

∫
Rd

exp

(
i
|x − y |2

4t

)
u0(y)dy .

−→ sup
x∈Rd

|u(x , t)| = |u(·, t)|L∞(Rd ) ≤
1

(4πt)d/2
|u0|L1(Rd )

−→ |u(·, t)|Lp(Rd ) ≤
1

(4πt)
d
2 ( 1

2−
1
p )
|u0|Lp′ (Rd )



Dispersion + nonlinear effects =⇒ solitary waves.
There exist solution of the form u(x , t) = e iωtϕ(x) with ϕ real
valued and spatially localized.
Dimension d = 1 :

i
du

dt
+ λ

∂2u

∂x2
+ |u|2σu = 0

 −ωϕ+ λϕxx + |ϕ|2σ+1 = 0

−→ this requires λ > 0 and ω > 0.

For λ = 1, σ = 1, we obtain :

u(x , t) =
√

2Asech (A(x − x0)) exp(−iA2t + iθ0).




i dudt + λ∆u + |u|2σu = 0, x ∈ Rd , t > 0,

u(x , 0) = u0(x), x ∈ Rd .

Well posed-ness :
→ local solutions in L2(Rd) for σ < 2/d .

→ local solutions in H1(Rd) for σ < 2/(d − 2) (∞ if d = 1, 2).

There are two important invariant quantities:

• The mass M(u) =

∫
Rd

|u|2dx

−→ global existence in L2(Rd) si σ < 2/d .



I The energy H(u) =
1

2

∫
Rd

|∇u|2dx − λ

(2σ + 2)

∫
Rd

|u|2σ+2dx

I For λ = −1 → global existence.
I For λ = 1 and σ < 2/d :

H(u) ≥ c1

∫
Rd

|∇u|2dx − c2

(∫
Rd

|u|2dx
)k

→ global existence.

I For λ = 1 and σ ≥ 2/d , there are solutions which blow-up in
finite time and solitary waves are unstable



First random model:

We consider an optical fiber with random dispersion and weak
nonlinearity:

i
du

dt
+ β̇o∆u + |u|2σu = 0, x ∈ R, t > 0

u(0) = u0.

The noise β̇ accounts for a dispersion which varies along the fiber.



Time white noise

I The time white noise is the derivative of the brownian motion

•
I A brownian motion β, i.e. β(t, ω), satisfies:

•
I (β(t1), β(t2), . . . , β(tn)) is a gaussian vector for all t1, . . . , tn
•
I It has independent increments : E((β(t)− β(s))β(t)) = 0,

t ≥ s.
•
I E(β(t)2) = t

→ E((β(t)− β(s))2) = t − s, β is never differentiable ...

→ E(β(t)β(s)) = min{t, s}.

→ Formally : E(β̇(t)β̇(s)) = δt=s



Time white noise

I Formally : β̇(t, ω) =
∑

k∈N χk(ω)fk(t) with (fk) a complete
orthonormal system in L2([0,T ]) and χk a squence of
independent N (0, 1) random variables.

→ β̇ is the time white noise.

I β̇ has regularity less than 1/2. The solution of a stochastic
equation dx = f (x)dt + g(x)dβ is not more regular than β.
→ The product g(x)dβ is not well defined.

I Two possibilities:

I Ito : f (t)β̇(t) ≈ f (t)
β(t + δ)− β(t)

δ
→ it has good mathematical properties.

I Stratonovitch : f (t)β̇(t) ≈ f (t)
β(t + δ)− β(t − δ)

2δ
→ it appears naturally and the chain rule can be used.




i
du

dt
+ β̇o∆u + |u|2σu = 0, x ∈ R, t > 0

u(0) = u0.

I This is a Stratonovich product.

I The mass is still conserved but the equation is not
Hamiltonian anymore. The evolution of the energy is
complicated.



We study a more general equation with σ > 0 and d ≥ 1,
idu + ∆uodβ + |u|2σudt = 0, x ∈ Rd , t > 0

u(0) = u0.

β̇ is a time white noise.
We consider this equation as a semilinear one and, as usual, study
first the linear evolution S(t, s) associated to:

idv + ∆vodβ = 0, x ∈ Rd , t > s

v(s) = vs .

→ v(t) = S(t, s)vs
Then rewrite the equation in the mild form:

u(t) = S(t, 0)u0 + i

∫ t

0
S(t, s)|u(s)|2σu(s)ds.



The deterministic case:
i
du

dt
+ ∆u + |u|2σu = 0, x ∈ Rd , t > 0

u(0) = u0.

U(t) = e it∆ −→ u(t) = U(t)u0 + i

∫ t

0
U(t − s)|u(s)|2σu(s)ds.

I We use a fixed point argument in Lr (0,T ; Lp(Rd)), we need
that U(t) maps Lp/(2σ+1)(Rd) into Lp(Rd) with an integrable
norm.

I We already know:

|U(t)v |Lp(Rd ) ≤
1

4π
|t|−

d
2

( 1
2
− 1

p
)|v |Lp′ (Rd )

I It follows∣∣∣∣∫ t

0
U(t − s)v(s)ds

∣∣∣∣
Lr (0,T ;Lp(Rd ))

≤ 1

4π

∣∣∣∣∫ t

0
|t − s|−

d
2

( 1
2
− 1

p
)|v(s)|Lp′ (Rd )ds

∣∣∣∣
Lr (0,T )



The deterministic case:
i
du

dt
+ ∆u + |u|2σu = 0, x ∈ Rd , t > 0

u(0) = u0.

U(t) = e it∆ −→ u(t) = U(t)u0 + i

∫ t

0
U(t − s)|u(s)|2σu(s)ds.

I We use a fixed point argument in Lr (0,T ; Lp(Rd)), we need
that U(t) maps Lp/(2σ+1)(Rd) into Lp(Rd) with an integrable
norm.

I We already know:

|U(t)v |Lp(Rd ) ≤
1

4π
|t|−

d
2

( 1
2
− 1

p
)|v |Lp′ (Rd )

I It follows∣∣∣∣∫ t

0
U(t − s)v(s)ds

∣∣∣∣
Lr (0,T ;Lp(Rd ))

≤ c |v |Lr′ (0,T :Lp′ (Rd ))



U(t) = e it∆ −→ u(t) = U(t)u0 + i

∫ t

0
U(t − s)|u(s)|2σu(s)ds.

I If 1
r = d

2 ( 1
2 −

1
p ):

∣∣∣∣∫ ·
0
U(· − s)v(s)ds

∣∣∣∣
Lr (0,T ;Lp(Rd ))

≤ c |v |Lr′ (0,T ;Lp′ (Rd ))

|U(·)u0|Lr (0,T ;Lp(Rd )) ≤ c |u0|L2(Rd )

(Strichartz estimates)

I For p = 2σ + 2, p′ =
2σ + 2

2σ + 1
and∣∣∣|u(s)|2σ u(s)

∣∣∣
Lp′

= |u(s)|2σ+1
Lp

→ Fixed point in C ([0,T ]; L2(Rd)) ∩ Lr (0,T ; Lp(Rd)) if
σ < 2/d
(Kato, Tsutsumi, Ginibre, Velo,...)



The stochastic case:

v(t) = S(t, s)vs solution of


idv + ∆vodβ = 0, x ∈ Rd , t ≥ s,

v(s) = vs .

I v̂(t, ξ) = e−i |ξ|
2(β(t)−β(s))v̂s(ξ), t ≥ s, ξ ∈ Rd .

I If vs ∈ L2(Rd), then v(·) ∈ C ([s,T ]; L2(Rd)) a.s. and
|v(t)|L2 = |vs |L2 , a.s. for t ≥ s.

I If vs ∈ L1(Rd),

v(t) =
1

(4iπ (β(t)− β(s)))d/2

∫
Rd

exp

(
i
|x − y |2

4(β(t)− β(s))

)
vs(y)dy .

I |v(t)|L∞(Rd ) ≤ c
1

|β(t)− β(s)|d/2
|vs |L1(Rd ).



|S(t, s)vs |L2(Rd ) = |vs |L2(Rd )

|S(t, s)vs |L∞(Rd ) ≤ c
1

|β(t)− β(s)|d/2
|vs |L1(Rd ).

→ For p ≥ 2 and s ≤ t, S(t, s) maps Lp
′
(Rd) into Lp(Rd) and

|S(t, s)us |Lp(Rd ) ≤
Cp

|β(t)− β(s)|
d
2

( 1
2
− 1

p
)
|us |Lp′ , us ∈ Lp

′
.

We need an inequality of the type∣∣∣∣∫ ·
0
S(·, s)f (s)ds

∣∣∣∣
Lr (0,T ;Lp(Rd ))

≤ c|f |Lr′ (0,T ;Lp′ (Rd ))

but we cannot use convolution inequalities ...



Proposition Let α ∈ [0, 1), 2 ≤ r < 2
α et ρ satisfying r ′ ≤ ρ ≤ r ,

there exists Cα,ρ,r such that for all T ≥ 0, g ∈ LρP(Ω; Lr
′
(0,T )) :∣∣∣∣∫ t

0
|β(t)− β(s)|−α|g(s)|ds

∣∣∣∣
Lρω(Lr (0,T ))

≤ Cα,ρ,rT
2
r
−α

2 |g |Lρ(Ω;Lr′ (0,T ))

Proposition Soient 2 ≤ r ≤ ∞, 2 ≤ p ≤ ∞ tels que
2

r
> d

(
1

2
− 1

p

)
et ρ tel que r ′ ≤ ρ ≤ r , il existe cρ,r ,p > 0 tel que

pour tout s ∈ R, T ≥ 0 et f ∈ LρP(Ω; Lr
′
(s, s + T ; Lp

′
(Rd)))∣∣∣∣∫ ·

s
S(·, s)f (s)ds

∣∣∣∣
Lρ(Ω;Lr (s,s+T ;Lp))

≤ cρ,r ,pT
β |f |Lρ(Ω;Lr′ (s,s+T ;Lp′ ))

où β =
2

r
− d

2

(
1

2
− 1

p

)
.




idu + ∆uodβ + |u|2σudt = 0, x ∈ Rd , t > 0

u(0) = u0.

u(t) = S(t, 0)u0 + i

∫ t

0
S(t, s)|u(s)|2σu(s)ds.

Theorem (AD, A. de bouard) Let σ <
2

d
and u0 ∈ L2

x a.s.,

F0-measurable, there exists a unique solution in Lrloc(0,∞; Lp(Rd))

a.s. with p = 2σ+ 2 ≤ r <
4(σ + 1)

dσ
; and u ∈ C (R+; L2(Rd)) a.s..

If u0 ∈ H1(Rd), then u ∈ C (R+;H1(Rd)),



If d = 1, we can improve the Strichartz inequality to p = 10 et
r = 5
It follows from

E
∫ T

0

∥∥∥D1/2
∣∣∣ ∫ t

0
S(t, s)f (s)ds

∣∣∣2∥∥∥2

L2(R)
dt ≤ cT 1/2E

(
‖f ‖4

L1(0,T :L2)

)
( D1/2 is the Fourier multiplier by |ξ|1/2). This implies:∥∥∥∫ .

s
S(., σ)f (σ)dσ

∥∥∥
L4(Ω,L5(s,s+T ;L10(R)))

≤ cT 1/10‖f ‖L4(Ω,L1(s,s+T ;L2))

−→ This gives global existence for σ = 2 (AD, Y. Tsutsumi).
Whereas in the deterministic case, there are solutions which form
singularity in finite time.



Numerical simulations

(AD, A. de Bouard, R. Belaouar)

I Splitting + spectral

I Finite differences:

−→ Crank-Nicolson :

i

δt
(un+1

j − unj ) +
χn√
δt

(u
n+1/2
j+1 − 2u

n+1/2
j + u

n+1/2
j−1 )

=
1

2
(|unj |2 + |un+1

j |2)u
n+1/2
j

χn : family of independent N (0, 1).

−→ Relaxation scheme:

i

δt
(un+1

j − unj ) +
χn√
δt

(u
n+1/2
j+1 − 2u

n+1/2
j + u

n+1/2
j−1 ) = φ

n+1/2
j u

n+1/2
j

1

2
(φ

n−1/2
j + φ

n+1/2
j ) = |unj |2



Conjecture

The problem is well posed for σ < 4/d .
This is the critical exponent one can guess from a scaling
argument:
Itô form of the equation:

idu + ∆udβ + i∆2udt + |u|2σudt = 0, x ∈ Rd , t > 0

u(0) = u0.



Two models with a noise depending on space and time:

I idu + (∆u + |u|2σu)dt = dW̃ , (additive noise).

I idu + (∆u + |u|2σu)dt = u ◦ dW̃ , (multiplicative noise).

I The noise is due to amplifiers used for the transmission in very
long optical fibers.



The space-time white noise:

I W (t, x , ω) =
∑
i∈N

βi (t, ω)ei (x) with (βi ) independent brownian

motions and (ei ) is a complete orthonormal system in L2(Rd).

I Formally:
dW

dt
=
∑
i

dβi
dt

ei =
∑
i ,k

χi ,kei fk .

I Formally : E
(
dW

dt
(t, x)

dW

dt
(s, y)

)
= δt=sδx=y .



Spatial correlation:

We take a kernel k and define:

W̃ (x , t) =

∫
Rd

k(x , y)W (y , t)dy =
∑
i

Φeiβi

where Φei (x) =

∫
Rd

k(x , y)ei (y)dy .

I E
(
W̃ (t, x)W̃ (s, y)

)
= min{t, s}

∫
Rd

k(x , z)k(y , z)dz .

I c(x , y) =
∫
Rd k(x , z)k(y , z)dz is the spatial correlation.

I The spatial regularity of W̃ is linked to the regularity of k .
For k = δx=y , we recover the space time white noise..

I W̃ has trajectories in L2(Rd) for k ∈ L2(Rd × Rd)

I We can prove that the equations are well-posed under
assumptions of this type. (AD, A. de Bouard, A. Millet, Z.
Bzrezniak, ...)



idu + (∆u + |u|2σu)dt = u ◦ dW̃

I The mass is preserved.

I Evolution of the energy:

H(u(t)) = H(u0)−Im
∫
Rd

∫ t

0
ū∇u·∇dWdx+

1

2

∑
i

∫ t

0

∫
Rd

|u|2|∇Φei |2dxds.

E(H(u(t))) = E(H(u0)) +
1

2

∑
i

∫ t

0

∫
Rd

E(|u|2)|∇Φei |2dxds.

→ It grows linearly in time.



Blow-up, σ ≥ 2/d

The deterministic case:

V (u) =

∫
Rd

|x |2|u(x)|2dx , G (u) = Im

∫
Rd

u(x)x∇ū(x)dx .

dV (u)

dt
= 4G (u),

dG (u)

dt
= 4H(u) +

2− σd
σ + 1

∫ t

0

∫
Rd

|u|2σ+2dxds.

I V (u(t)) ≤ V (u0) + 4tG (u0) + 8t2H(u0)

I impossible if H(u0) < 0.

I If this condition holds, the solution develops a singularity in
finite time.



Blow-up, σ ≥ 2/d , multiplicative noise:

V (u(τ))

= V (u0) + 4G (u0)τ + 8H(u0)τ2

+4
2− σd
σ + 1

∫ τ

0

∫ s

0
|u(s1)|2σ+2

L2σ+2ds1ds

+8

∫ τ

0

∫ s

0

∫ s1

0

∫
Rd

|u(s2, x)|2f 1
φ (x)dxds2ds1ds

+4
∑
k∈N

∫ τ

0

∫ s

0

∫
Rd

|u(s1, x)|2x · ∇(φek)(x)dx dβk(s1)ds

−16 Im
∑
k∈N

∫ τ

0

∫ s

0

∫ s1

0

∫
Rd

ū(s2, x)∇u(s2, x) · ∇(φek)(x)dx dβk(s2)ds1ds



idu + (∆u + |u|2σu)dt = u ◦ dW̃

Theorem: Let σ ≥ 2
d , u0 ∈ L2(Ω; Σ) ∩ L2σ+2(Ω; L2σ+2(Rd)), k

sufficiently smooth. If there exists t̄ > 0 such that

E(V (u0)) + 4E(G (u0))t̄ + 8E(H(u0))t̄2 +
4

3
t̄3mφE(M(u0)) < 0

then
P(τ∗(u0) ≤ t̄) > 0.

Using the noise as a control, we then prove that in fact this holds
for all initial data. (AD, A. de Bouard)



Numerical simulations.
AD, M. Barton-Smith, L. Di Menza



It seems that a multiplicative space-time white noise does not
destroy propagation.
On the contrary, it improves it since it prevents collapse of the
wave.
The study of the equation

idu + (∆u + |u|2σu)dt = u ◦ dW

with dW
dt being a space-time white noise seems out of reach.



A singular equation with spatial noise

The nonlinear Schrödinger equation with a random potential:

i∂tu = ∆u + λ|u|2σu + Vu,

I u = u(x , t) ∈ C, x ∈ O, t ≥ 0. O is either the whole space
Rd , Td , a manifold or a open subset.

I It describes the evolution of a wave in a disordered medium.

I When the medium is totally disordered, it is natural to
consider V = ξ a white noise in space.

I For λ = 0, it is a complex version to the Parabolic Anderson
Model.



The case of a smooth potential:

i∂tu = ∆u + λ|u|2σu + Vu.

I The mass and energy are again conserved: M(u)=

∫
O
|u(x)|2dx ,

H(u) =

∫
O
|∇u(x)|2 − λ

σ + 1
|u(x)|2σ+2 − V (x)|u(x)|2dx .

I It is locally well posed in L2(Rd) for σ < 2
d and in H1(Rd) for

σ < 2
d−2 .

I For σ < 2
d−2 and λ ≤ 0, we have global well posedness in

H1(Rd). For λ ≥ 0, we have global well posedness for σ < 2
d

in L2(Rd) and in H1(Rd):

I The smoothing effect are not strong enough to smooth a
white noise.

I It seems difficult to obtain Strichartz estimate for the linear
part including the potential.



White noise potential: i∂tu = ∆u + λ|u|2σu + ξu.

We now consider a white noise in space ξ on the torus Td . The
one dimensional case d = 1 is easy.

I We again have preservation of the mass and energy:

M(u) =

∫
O
|u(x)|2dx , H(u) =

∫
O
|∇u(x)|2− λ

σ + 1
|u(x)|2σ+2−ξ(x)|u(x)|2dx .

I Recall that ξ ∈ C−α(T) for any α > 1
2 and:∫

T
ξ(x)|u(x)|2dx =

(
ξ, |u|2

)
L2(T)

≤ ‖ξ‖H−α
∥∥|u|2∥∥

Hα

In dimension one Hα(T) is an agebra for α > 1
2 :∫

T
ξ(x)|u(x)|2dx ≤ c‖ξ‖H−α ‖u‖2

Hα ≤ c‖ξ‖H−α ‖u‖
2(1−α)
L2 ‖∇u‖2α

L2

I This gives a uniform bound in H1(T) (for σ < 2 if λ > 0) and
by compactness a global solution. Uniqueness is easy.



White noise potential: i∂tu = ∆u + λ|u|2σu + ξu.

The dimension two is a limit case. The noise ξ ∈ C−α(T) for any
α > 1 and Hα(T) is an agebra for α > 1

I We first consider the linear case i∂tu = ∆u + ξu and recall the
transformation used for the heat equation (Hairer, Labbé):

∆Y = ξ, v = ueY

(Assume for simplicity that we work with zero spatial
average). The equation is transformed into:

i∂tv = ∆v − 2∇v · ∇Y + v |∇Y |2.

I Y ∈ Cγ for any γ < 1, |∇Y |2 is not well defined. A
renormalization is necessary.

I Let ξε be a smooth noise, ∆Yε = ξε then
Cε = E(|∇Yε(x)|2) ∼ −c ln ε and |∇Yε|2 − Cε converges in
C−κ(T2) for any κ > 0. Denote the limit by : |∇Y | :2.



Renormalized equation

I We thus study:

i∂tvε = ∆vε − 2∇vε · ∇Yε + vε : |∇Yε| :2

and try to get bounds on vε. Note that this corresponds to:

i∂tuε = ∆uε − uε(ξε − Cε)

The phase of the unknown is renormalized: the new unknown
is e iCεt times the original one.

I We have the invariant quantities:

M(uε) =

∫
T2

|uε(x)|2dx , H(uε) =

∫
T2

|∇uε(x)|2+(ξε−Cε)|uε(x)|2dx .

I On the transformed equation:

M̃(vε)=

∫
T2

|vε(x)|2e−2Yεdx , H̃(vε)=

∫
T2

(
|∇vε(x)|2 + |vε|2 : |∇Yε(x)| :2

)
e−2Yεdx



H1 bound

M̃(vε)=

∫
T2

|vε(x)|2e−2Yεdx , H̃(vε)=

∫
T2

(
|∇vε(x)|2 + |vε|2 : |∇Yε(x)| :2

)
e−2Yεdx

I Yε converges in Cα(T2) for α < 1, the preserved mass implies
a bound in L2(T2):

‖vε(t)‖2
L2 ≤ e2‖Yε‖L∞ M̃(vε(t)) = e2‖Yε‖L∞ M̃(vε(0)) ≤ e4‖Yε‖L∞‖u(0)‖2

L2 .

I For the energy, we are now in a similar situation as in the one
dimensional case. Take κ > 0:∫

T2

|vε|2 : |∇Yε(x)| :2 e−2Yεdx ≤
∥∥|vε|2∥∥Bκ1,1 ∥∥|∇Yε|2e−2Yε

∥∥
B−κ∞,∞

≤ c‖vε‖2

H
1
2 +κ2

∫
T

≤ c‖vε‖1−κ
L2 ‖∇vε‖1+κ

L2

I We get a bound in H1. This is not sufficient to control
∇vε · ∇Yε.



H2 bound
i∂tvε = ∆vε − 2∇vε · ∇Yε + vε : |∇Yε| :2

Set wε = ∂tvε then it satisfies the same equation

i∂twε = ∆wε − 2∇wε · ∇Yε + wε : |∇Yε| :2

I The mass is again preserved: M̃(wε(t)) = M̃(wε(0)). But

wε(0) = ∆v0 − 2∇v0 · ∇Yε + v0 : |∇Yε| :2 /∈ L2

I We have

E (‖∇Yε‖Lp) ≤ cp| ln ε|, E
(∥∥: |∇Yε| :2

∥∥
Lp

)
≤ cp| ln ε|2

I We deduce M̃(wε(0)) ≤ c
(
‖v0‖H2 + | ln ε|4

)
provided

v0 = u0e
Y ∈ H2(T2).

I It follows ‖wε(t)‖L2 ≤ c
(
‖v0‖H2 + | ln ε|4

)
and writing

∆vε = −iwε + 2∇vε · ∇Yε − vε : |∇Yε| :2

We deduce a bound in H2(T2):

‖vε(t)‖H2 ≤ c
(
‖v0‖H2 + | ln ε|4

)
.



Hγ bound, γ < 2

I Take ε1 > ε2 > 0 and set r = vε1 − vε2 :

i∂r = ∆r − 2∇r · ∇Yε1 + r : |∇Yε1 | :2 −2∇vε2 · ∇(Yε1 − Yε2)

+ vε1(: |∇Yε1 | :2 − : |∇Yε2 | :2)

I L2 estimate:

1

2

d

dt t

∫
T2

|r(x , t)|2e−2Yε1dx = −2Im

(∫
T2

∇vε2 · ∇(Yε1 − Yε2)r̄ e−2Yε1dx

)
+Im

(∫
T2

vε1(: |∇Yε1 | :2−: |∇Yε2 | :2)r̄ e−2Yε1dx

)
≤ c‖∇vε2 r̄ e

−2Yε1‖Bκ1,1‖∇(Yε1 − Yε2)‖B−κ∞,∞

(
+c‖vε2 r̄ e

−2Yε1‖Bκ1,1‖:|∇Yε1|2−:|∇Yε2 |:2‖B−κ∞,∞
≤ c | ln ε2|8εκ/2

1



Hγ bound, γ < 2

I Take ε1 > ε2 > 0 and set r = vε1 − vε2 :

I L2 estimate: |r(t)|L2 ≤ c | ln ε2|4ε
κ
4
1

I H2 estimate: |r(t)|H2 ≤ |vε1(t)|H2 + |vε2(t))|2H2

≤ c | ln ε2|4.

I Interpolate: |r(t)|Hγ ≤ c | ln ε2|4ε
κ
4

(1− γ
2

)

1

I Take a sequence εk = 2−kε0, the corresponding solutions
(vεk ) is Cauchy in C ([0,T ];Hγ(T2)).

I It is then easy to prove that the limit v satisfies

i∂tv = ∆v − 2∇v · ∇Y + v : |∇Y | :2

Uniqueness is easy.



Conclusion

We deduce that for any u0 such that v0 = u0e
Y ∈ H2(T2) there

exists a unique v ∈ C ([0,T ];Hγ(T2)) satisfying:

i∂tv = ∆v − 2∇v · ∇Y + v : |∇Y | :2, v(0) = v0.



The nonlinear case

i∂tu = ∆u + λ|u|2σu + ξu, x ∈ T2, t ≥ 0.

We assume σ ≤ 1.

I We use the same transform: v = ueY :

i∂tv = ∆v − 2∇v · ∇Y + v : |∇Y | :2 +λe−2σY |v |2σv .

I We smooth the noise and use the mass and energy

M̃(vε) =

∫
T2

|vε(x)|2e−2Yεdx ,

H̃(vε) =

∫
T2

(
|∇vε(x)|2 + |vε|2 : |∇Yε(x)| :2

)
e−2Yεdx

− λ

σ + 1

∫
T2

|vε|2σ+2e−2(σ+1)Yεdx .

This gives bounds in L2 and in H1 for λ ≤ 0 or σ < 1.



The nonlinear case: Hγ bound
We introduce wε = ∂tvε:

i∂twε = ∆wε − 2∇wε · ∇Yε + wε : |∇Yε| :2 +λe−2σYε |vε|2σwε

+2λ(σ − 1)e2σYεRe(vεw̄ε)|vε|2σ−2vε.

I L2 estimate:

1

2

d

dt

∫
T2

|wε(x , t)|2e−2Yεdx

= 2λ(σ − 1)

∫
T2

Re(vεw̄ε)|vε|2σ−2Im(vεw̄ε)e
−2(σ+1)Yεdx

≤ c‖vε‖2σ
L∞

∫
T2

|wε(x , t)|2e−2Yεdx

I Brezis-Gallouet:

‖vε‖L∞ ≤ c‖vε‖H1(1 +
√

ln(1 + ‖vε‖H2)

≤ c(1 +
√

ln(1 + ‖wε‖L2 + | ln ε|4))



The nonlinear case: Hγ bound

i∂twε = ∆wε − 2∇wε · ∇Yε + wε : |∇Yε| :2 +λe−2σYε |vε|2σwε

+2λ(σ − 1)e2σYεRe(vεw̄ε)|vε|2σ−2vε.

I L2 estimate:
1

2

d

dt

∫
T2

|wε(x , t)|2e−2Yεdx ≤ c‖vε‖2σ
L∞

∫
T2

|wε(x , t)|2e−2Yεdx

I Brezis-Gallouet:

‖vε‖L∞ ≤ c(1 +
√

ln(1 + ‖wε‖L2 + | ln ε|4))

I We obtain
d

dt
‖wε(t)|2L2 ≤ c(1 + ln(1 + ‖wε(t)‖L2 + | ln ε|4))‖wε(t)‖L2

and
‖wε(t)‖L2 ≤ ee

ct (‖wε(0)‖L2 + | ln ε|4
)



The nonlinear case: conclusion

I We get a similar, ε dependent, H2bound and use the same
argument to get a Hγ bound.

I We deduce existence and uniqueness for λ ≤ 0 and σ ≤ 2 or
λ ≥ 0 and σ < 2 of solution in C ([0,T ];Hγ(T2)) if
v0 ∈ H2(T2) for

i∂tv = ∆v − 2∇v · ∇Y + v : |∇Y | :2 +λe−2σY |v |2σv .

(AD, H. Weber)

I Extension to dimension 3 (local in time) by (Gubinelli,
Ugurcan, Zachhuber)

I It is also possible to study the equation on R2 (AD, J.
Martin).

I It would be interesting to investigate scattering properties,
soliton behavior, blow-up ...



Thanks for your attention.


