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The nonlinear Schrodingier equation is a universal model to
describe propagation of waves in nonlinear dispersive media. For
instance, in the context of optical fibers it writes:

du d?u 5
d /\F—HU\U—O,

u(t,0) = uo(t).

> Z is the position in the fiber and t is the time.
» The solution is complex valued.

» )\ is a parameter of the fiber.



For the mathematical study, we write a more general equation and
switch to usual notations for evolution equations:

du

i +AAu+ [u]*u=0,xcR? t >0,

u(x,0) = up(x), x € RY.

d # 1: transverse variables are taken into account.

o # 1 : higher order nonlinear effects are taken into account.

v

v

The solution is complex valued.
A is either positive or negative:

» )\ > 0 — focusing nonlinearity
» )\ < 0 — defocusing nonlinearity

v

v



Dispersion

d
id—:—i—)\Au:O,xeRd, t>0,
u(x,0) = up(x), x € RY.

Take Fourier transform:

da(g, t)
dt

= —iNglPas 1)

— (6 1) = e PEtag(¢)
— the phase speed depends on the wave length.

Use Plancherel:

JuC O Bogaey = [ 1006 )PdE = [ 1a0(€)2dE = lluo()Zaqea
R R

— The L?(R?) norm is conserved, as well as all H*(RY) norms.



Dispersion

ldt+)\Au—0 x€R? t>0,
u(x,0) = up(x), x € RY.

> (& 1) = e NP () and u(-

» inverse Fourier transform:

_ 1 |x —yP?
U(X, t) = W /Rd exp <I4t Uo(y)dy

sl 2wy = U0 ()l 2y

1
— sup [u(x, t)| = [u(:, )| 1o (re) < ———575 U0l (me
x€R? (4rt )d/2 9
1
— |u(’7t)|LP(Rd) < a(1_1) |U0|LP (R9)
(4rt)2'2 »)



Dispersion + nonlinear effects —- solitary waves.

There exist solution of the form u(x, t) = ety (x) with ¢ real
valued and spatially localized.

Dimension d =1 :

du 0%u -
7+)\W+’u’2 U:O

=W+ Mg + |7 =0
— this requires A > 0 and w > 0.
For A\ =1, 0 = 1, we obtain :

u(x, t) = V2Asech (A(x — xg)) exp(—iA®t + ).



i+ AAu+ |ul*u=0,x R, t >0,

u(x,0) = up(x), x € RY.
Well posed-ness :
— local solutions in L?(RY) for o < 2/d.
— local solutions in H*(RY) for o < 2/(d —2) (00 if d = 1,2).
There are two important invariant quantities:
e The mass M(u) = / |u|?dx

Rd

— global existence in [2(RY) si 0 < 2/d.



1
» The energy H(u) = 2/ IVulPdx — |u[272dx
Rd

=1
(20’ + 2) Rd
» For A = —1 — global existence.
» For \=1and 0 < 2/d:

k
H(u) > c1/ |Vul?dx — ¢ (/ u2dx)
RY RY

— global existence.

» For A =1 and o > 2/d, there are solutions which blow-up in
finite time and solitary waves are unstable



First random model:

We consider an optical fiber with random dispersion and weak
nonlinearity:

d .
id—l;—l—ﬁoAu—Hu]z"u:O, xeER, t>0
u(0) = wp.

The noise 3 accounts for a dispersion which varies along the fiber.



Time white noise

» The time white noise is the derivative of the brownian motion

» A brownian motion 3, i.e. 5(t,w), satisfies:

» (B(t1), B(t2),...,B(t,)) is a gaussian vector for all ty,...,t,

» It has independent increments : E((3(t) — 8(s))5(t)) =0,
t>s.

» E(B(t)*) =t
— E((B(t) — B(s))?) = t — s, 3 is never differentiable ...

— E(B(1)(s)) = min{t,s}.

— Formally : E(5(t)5(s)) = de=s



Time white noise

» Formally : 3(t,w) = > ke Xk(w)fi(t) with () a complete
orthonormal system in L2([0, T]) and yx a squence of
independent A/(0,1) random variables.

— [ is the time white noise.

» 3 has regularity less than 1/2. The solution of a stochastic
equation dx = f(x)dt + g(x)dp is not more regular than f.
— The product g(x)d[ is not well defined.

» Two possibilities:

- Ito s F(£)3(t) ~ f(t)w
— it has good mathematical properties.
» Stratonovitch : £(t)3(t) ~ f(t)ﬁ(tJré) — At =9)

— it appears naturally and the chain rule can be used.




du

/'dt+BoAu+|u|2Uu:O,X€]R, t>0

u(0) = up.

» This is a Stratonovich product.

» The mass is still conserved but the equation is not
Hamiltonian anymore. The evolution of the energy is
complicated.



We study a more general equation with ¢ > 0 and d > 1,

idu + Auodf + |u|?°udt =0, x e RY, t > 0
u(0) = wp.

/3 is a time white noise.
We consider this equation as a semilinear one and, as usual, study
first the linear evolution S(t,s) associated to:

idv + AvodB =0, x e R, t > s
v(s) = vs.

— v(t) = S(t,s)vs
Then rewrite the equation in the mild form:

u(t) = S(t,0)uo + i/OtS(t,s)|u(s)|2"u(s)ds.



The deterministic case:

d
id—Lt'+Au+|u|2"u:0,xeRd, t>0

u(0) = wo.

U(t) = ™™ — u(t) = U(t)ug + i/t U(t — s)|u(s)|*" u(s)ds.
0

» We use a fixed point argument in L"(0, T; LP(RY)), we need
that U(t) maps LP/(27+D(R9) into LP(RY) with an integrable
norm.

» We already know:

1

|U(t)vp(may < *m MLP (RY)

> It follows

/Ot U(t — s)v(s)ds

/|ts| G2 (5)] L o s

L7(0,T;LP(R L7(0,7)



The deterministic case:

du
dt

i— 4+ Au+ [u*u=0,xcRY t>0

u(0) = wo.

U(t) = ™™ — u(t) = U(t)ug + i/t U(t — s)|u(s)|*" u(s)ds.
0

» We use a fixed point argument in L"(0, T; LP(RY)), we need
that U(t) maps LP/(27+D(R9) into LP(RY) with an integrable
norm.

> We already know:

1 —d(i_1y
|U(t)V]pray < Elt\ 22227V 1 (ra)y
> It follows

/Ot U(t — s)v(s)ds

S C|V‘ r’ e d
L0, TiLP(RY) L (0, T:LP' (RY))




U(t) = ™ — u(t) = U(t)uo + i/ot U(t — s)|u(s)|> u(s)ds.

S C|V| r’ 1P (R
L7(0,T;LP(R9)) 0T (RD)

[U(-)uol (o, 7:p(re)) < ClUol2(re)

(Strichartz estimates)

2 2
» Forp=20+2,p = 2511 and
2
1u(s) u(s)| ,, = lu(s) 35+

— Fixed point in C([0, T]; L2(R9)) N L7(0, T; LP(RY)) if
o<2/d
(Kato, Tsutsumi, Ginibre, Velo,...)



The stochastic case:

idv + AvodfB =0, x e RY, t > s,
v(t) = S(t, s)vs solution of
v(s) = vs.

> 0(t, &) = e IEPBWO-BE g (¢), t > s, £ € R,

> If vs € L2(RY), then v(-) € C([s, T]; L>(R?)) a.s. and
[v(t)|2 = |vs| (2, a.s. for t > s.

> If v, € LL(RY),

it = ! X i% V.
(t) = (4im (B(t) _B(S)))d/2 /Rde P( 4(B(t) _5(5))) s(y)dy.

> \V(t)’Lm(Rd) < 72 \Vs\Ll(Rd)-

. 1
|6(t) = B(s)]



|S(¢, 5)vsl2(rey = [Vs|i2(ma)

‘S(t,S)VS’Loo(Rd) < d/2‘VS‘L1(]Rd)'

1
c
80— a7
— For p>2and s <t, S(t,s) maps LP(RY) into LP(RY) and

C /
P I lus|,», us € LP.

< 7
1B(t) — B(s)|22

We need an inequality of the type

|S(t, ) Us| Lo (ma)

/O' S(-, s)F(s)ds

< i o e ey
Lr(0,T;LP(RY))

but we cannot use convolution inequalities ...



Proposition Let o € [0,1), 2 < r < % et p satisfying r' < p <'r,
there exists C, ,, such that for all T >0, g € L,(Q; L7 (0, T)) :

2_«a
< Capr T 218l 1017 (0,1))

/ 1B(t) — B(s)~"le(s)|ds

LE,(Lr(0,T))

Proposition Soient 2 < r < 00, 2 < p < oo tels que

2 1 1

->d (2 — ) et p tel que r' < p <r, il existe ¢, ., > 0 tel que
r p ’

pourtout s € R, T >0et f € L5(Q L (s,s+ T;LP'(RY)))

B
<cprpl |f|LP(Q;Lf'(s,s+T:Lp/))
Lp(Q;Lr(s,s+T;LP))




idu 4 Auodf + |u[**udt =0, x e R, t > 0

u(0) = wp.

u(t) = S(t,0)up + i/o S(t,s)|u(s)|*7 u(s)ds.

2
Theorem (AD, A. de bouard) Let o < 4 and up € L2 ass,,
Fo-measurable, there exists a unique solution in L} (0, o0; LP(R?))
40 +1
as. withp=20+4+2<r< M; and v € C(R*; L?(RY)) as..

o
If up € HY(RY), then u € C(RT; HY(RY)),



If d =1, we can improve the Strichartz inequality to p = 10 et
r=>5
It follows from

E/T |0v2] /tS(t syf(s)as| |||, dt < T 7E (|6 )
0 0 ) L2(R) L1(0,T:L2)
( D2 is the Fourier multiplier by [£[1/2). This implies:

< cTY Y f || iaauir(ssr T:12))

H / S(.,0)f(o)do

L4(Q,L5(s,s+T;L19(R)))

— This gives global existence for o = 2 (AD, Y. Tsutsumi).
Whereas in the deterministic case, there are solutions which form
singularity in finite time.



Numerical simulations
(AD, A. de Bouard, R. Belaouar)

» Splitting + spectral
» Finite differences:
— Crank-Nicolson :
I un X yrL2 n+1/2 n+1/2
E(uj+1 ") + \/n»( i1 T 2u +u g )
1
2(|un|2+|un+1|2) n+1/2

Xn : family of independent A/(0,1).

—— Relaxation scheme:

ntl un Xn ( n+1/2_2 n+1/2 un+1/2) (br.1+1/2u(1+1/2

\/&uﬂrl +Jl J J

) +
1 n— n
§(¢ 1/2+¢+1/2)_|J|2



Conjecture

The problem is well posed for o < 4/d.

This is the critical exponent one can guess from a scaling
argument:

[t6 form of the equation:

idu 4 AudB + iA%udt + |u|*udt =0, x € R?, t >0

u(0) = uo.



Two models with a noise depending on space and time:

> idu+ (Au+ |u|*7u)dt = dW, (additive noise).
> idu+ (Au+ |u|??u)dt = uo dW, (multiplicative noise).

» The noise is due to amplifiers used for the transmission in very
long optical fibers.



The space-time white noise:

» W(t,x,w) Zﬁ, (t,w)ej(x) with (5;) independent brownian
ieN
motions and (e;) is a complete orthonormal system in L2(RY).

dw d i
» Formally: e ﬁ ; ZX:ke:fk

dw dw
» Formally : E( o (t,x)— o (s ,y)> = 0t—s0x—y.



Spatial correlation:
We take a kernel k and define:

W(x,t) = /Rd k(x,y)W(y,t)dy = Z deiB;

where ®e;(x) = /]Rd k(x,y)ei(y)dy.

> E(\/T/(t,x)w(s,y)) — min{t, s}/dk(x, 2)k(y, z)dz.
R
> c(x,y) = [pa k(x,2)k(y, z)dz is the spatial correlation.
» The spatial regularity of W is linked to the regularity of k.
For k = d4—,, we recover the space time white noise..
» UV has trajectories in [2(RY) for k € [2(RY x RY)
» We can prove that the equations are well-posed under

assumptions of this type. (AD, A. de Bouard, A. Millet, Z.
Bzrezniak, ...)



idu+ (Au+ |u[* u)dt = uo dW

» The mass is preserved.

» Evolution of the energy:

t t
H(u(t)):H(uo)—lm/ / avu.Vdex+1Z// U]V be; Pdd
RY Jo 24 Jo Jre

E(H(u(1))) = E(H(w)) + 5 Z/O /Rd E(|u[2)|V be;|2dxds.

— It grows linearly in time.



Blow-up, o > 2/d

The deterministic case:

V(u) = /]Rd Ix[2|u(x)[2dx, G(u) = Im/ u(x)xVu(x)dx.

Rd

dV(u)
dt

. t
=4G(u), d6(u) = 4H(u) + 2 Jrald / |u[>* T2 dxds.
g Jo R4

> V(u(t)) < V(up) + 4tG(ug) + 8t2H(up)

» impossible if H(ug) < 0.

» If this condition holds, the solution develops a singularity in
finite time.



Blow-up, o > 2/d, multiplicative noise:

V(u(7))

= V(up) + 4G(up)T + 8H(up)7?
U+1 / / |u(s1) ]igjﬁdslds

T S S1
+8 / / / / (52, %)/2 £ (x) dxdspdsy i
0 0 0 Rd

+4Z/ / /rd u(s1, x)[°x - V(per)(x)dx dBy(s1)ds

keN

~161m y" / / / / (52, X)V (52, x) - V(dex) (x)dx d i (52)ds1
keEN R



idu+ (Au+ |u/* u)dt = uo dW

Theorem: Let 0 > 2, up € L2(Q; ) N L27F2(Q; L27+H2(RY)), k
sufficiently smooth. If there exists t > 0 such that

E(V(s0)) + 4E(G () F -+ BE(H(w0))E + 3 PmyE(M(uo)) < 0

then
P(m*(up) < t) > 0.

Using the noise as a control, we then prove that in fact this holds
for all initial data. (AD, A. de Bouard)



Numerical simulations.
AD, M. Barton-Smith, L. Di Menza



It seems that a multiplicative space-time white noise does not

destroy propagation.
On the contrary, it improves it since it prevents collapse of the

wave.
The study of the equation

idu + (Au+ |u*" u)dt = uo dW

with %being a space-time white noise seems out of reach.



A singular equation with spatial noise
The nonlinear Schrodinger equation with a random potential:
Oy = Au~+ Nul* u+ Vu,

» u=u(x,t) e C, xe O, t >0. O is either the whole space
R9, T4 a manifold or a open subset.

v

It describes the evolution of a wave in a disordered medium.

v

When the medium is totally disordered, it is natural to
consider V' = £ a white noise in space.

For A =0, it is a complex version to the Parabolic Anderson
Model.

v



The case of a smooth potential:

i0;u = Au+ Nu[*u+ Vu.

» The mass and energy are again conserved: M(u):/u(x)|2dx,
(@)

Hw) = [ 196t = SR = V(luta)

> It is locally well posed in L?(R¥) for o < 2 and in H*(RR9) for
o< 425

» For o < ﬁ and A <0, we have global well posedness in
H'(R9). For A > 0, we have global well posedness for o < 2
in L2(R9) and in HY(RY):

» The smoothing effect are not strong enough to smooth a
white noise.

» |t seems difficult to obtain Strichartz estimate for the linear
part including the potential.



White noise potential: i0,u = Au+ MNu|*?u + &u.

We now consider a white noise in space ¢ on the torus T¢. The
one dimensional case d = 1 is easy.

» We again have preservation of the mass and energy:

(0) = a0, H(w) =] [Vul)= S a0 00 () e
> Recall that £ € C%(T) for any o > % and:
| €CNuGOR s = (€ 168%) g5y < el [P

In dimension one H(T) is an agebra for @ > 3:
2 2(1—
/TE(X)IU(X)FO’X < clléllpo N3 < clléllp-o a7 [Vullfs

» This gives a uniform bound in H(T) (for o < 2 if A > 0) and
by compactness a global solution. Uniqueness is easy.



White noise potential: i0,u = Au+ MNu|*?u + &u.
The dimension two is a limit case. The noise £ € C~%(T) for any

a > 1and H*(T) is an agebra for oo > 1

» We first consider the linear case i0;u = Au+ £u and recall the
transformation used for the heat equation (Hairer, Labbé):

AY =¢, v=ue

(Assume for simplicity that we work with zero spatial
average). The equation is transformed into:

i0;v = Av —2Vv-VY + v|VY]%
» Y € C forany v < 1, [VY/|? is not well defined. A

renormalization is necessary.

> Let £ be a smooth noise, AY. = & then
C. =E(|[VY-(x)]?) ~ —clne and |V Y.|?> — C. converges in
C~"(T?) for any x > 0. Denote the limit by : [V Y] :2.



Renormalized equation
> We thus study:

i0tve = Ave — 2V v - VY. + v 1 |VY,] 2
and try to get bounds on v.. Note that this corresponds to:
iOrue = Auz — u (& — C.)

The phase of the unknown is renormalized: the new unknown
is e/t times the original one.
» We have the invariant quantities:

M) = [ luGoPde, H(u) = [ 19600+~ C)lus( P

» On the transformed equation:

M(vg)zAlvg(X),2e2stX, H(VE):/TQVVE(X)F + |V€|2 VY. (x)] :2)e*2Y€dx



H' bound

I\Z(vg)/jrlvg(x)%wsdxj /'fl(vg)/ﬂ:(zvva(x)’2 + !Ve\2 L[V Yo(x)] :2)e*2Y5dx

» Y. converges in C%(T?) for a < 1, the preserved mass implies

a bound in L?(T?):

Ive(0)lF < el M(ve(t) = 7l M(ve(0)) < &*1ele= |[u(0) ..

» For the energy, we are now in a similar situation as in the one

dimensional case. Take x > 0:

/ lve)? - [V Ye(x)| 2 e 2Yedx
T2

IN

H‘VEPHBﬁ1 INAARIE

—K
Boo,oo

IN

AT

A

CHVEHi;HHVVEHEFH

» We get a bound in H. This is not sufficient to control

Vv - VY..



H? bound
i0tve = Ave — 2V v - VY. + v 1 VY| 2

Set w. = O;v, then it satisfies the same equation

iOpwe = Aw, —2Vw, - VY. + w, : [V Y| : 2
» The mass is again preserved: M(w.(t)) = M(w.(0)). But

w-(0) = Avo —2Vwo - VYe + vo : [V Y| 2¢ L2
» We have

E(IVY:lle) < colInel, E (|| [VYel 2| 5) < cplInel?

> We deduce M(w.(0)) < c (||vo|[2 + |Inc[*) provided
vo = uge” € H?(T?).
> It follows [|w.(t)[[;2 < ¢ (||vol[n2 + | In€|*) and writing

Av. = —iw, +2Vv. - VY. — v, : |VY,] 2
We deduce a bound in H?(T?):

lve(t)ll 12 < € (Ivollmz + [Inel*) .



H" bound, v < 2
» Takee; > e >0 and set r = v, — vs,:

i0r =Ar—2Vr-VYe +r:|VYy|:2 -2V, V(Y — Ys,)

+ v, (0 |V Yy 2 VYL, :2)

» L2 estimate:
/ Ir(x, t)|?e 2 e1dx = —2Im Vv., - V(Ye, — Ye,)Fe 2Yerdx
2 dtt T2
+/m</vgl(: VY., | 2= VY, :2)F62Y51dx>
T2

< | VvepPe |, IV (Ve = Vel g,
+CHV€2Fe72YEIHBf71 ”3‘VY51’2—3’VY52‘32HB<;700

< clIn 52]855/2



H" bound, v < 2
> Take e1 > e >0 and set r = v, — Vg,:

» [? estimate: Ir(t)|2 < c|Inea|*es

v

H? estimate: [r(t)|ge < |ve, ()| g2 + ve, (1)) 2,2

< c|Iney|*.
A(1_2
» Interpolate: [r(t)|y < c|In 52]451“( 2)
» Take a sequence £, = 2 X&q, the corresponding solutions

(ve,) is Cauchy in C([0, T]; H7(T?)).
It is then easy to prove that the limit v satisfies

v

i0iv=Av —2Vv-VY +v:|VY|:?

Uniqueness is easy.



Conclusion

We deduce that for any ug such that vy = uge” € H?(T?) there
exists a unique v € C([0, T]; H7(T?)) satisfying:

i0;v =Av —2Vv-VY +v:|VY|:2 v(0) = w.



The nonlinear case

i0u = Au+ Nul*u+€u, x€T?, t>0.

We assume o < 1.

» We use the same transform: v = we”':

i0:v=Av—2Vv-VY +v:|VY|:2 4xe 277 |v[*v.

» We smooth the noise and use the mass and energy

M) = [ b0 ax,

2
H(v.) = /j; (\VVE(X)\2 + v 2 [V Ye(x)| ) e 2 = dx
/ | E|2(r-l-2 —2((7+1)Yng

0+1

This gives bounds in L% and in H! for A <0 or o < 1.



The nonlinear case: H” bound
We introduce w. = 0;Vv;:

i0rwe = Aw, —2Vw. - VY. + w. : VY| 2 +)\672OY5’V5’20W5
+2X(0 — 1)Y= Re(vo . ) |ve |2 2 v,

» 2 estimate:

2dt/‘ welx, e dx

=2\o — 1)/ Re(vew: )| ve| 2 "2 Im(ve . )e =21z gx
T2

< chaHLoo /2 |we(x, t)\zefzyidx
T

» Brezis-Gallouet:

IVelleee < ellvellpn (T + VIn(L + [[vell12)

< c(1+ /(L + w2 + [Inel4))

A



The nonlinear case: H” bound

iOew. = Awe —2Vw, - VY +we 1 [VYe| 2 426727 v 27w,

+2M(o — 1)e* Y= Re(v.w. )| ve|? 2w,
» |2 estimate:

2dt/ lwe(x, t)[2e Yo dx < c||v.||?% / |w.(x, t)|?e 2Y=dx

» Brezis-Gallouet:

Ivellese < (X + v/In(1 + [Jwel,2 + [Ine[*))

» We obtain

d
EHWa(t)Ifz < c(L+In(1+ [Jwe ()2 + [Inel)) e ()]l 2

and
[wa(t)]| 2 < e (lw=(0)]| 2 + | Inel*)



The nonlinear case: conclusion

» We get a similar, £ dependent, H?bound and use the same
argument to get a H” bound.

» We deduce existence and uniqueness for A < 0 and o0 < 2 or
A >0 and o < 2 of solution in C([0, T|; H7(T?)) if
vo € H?(T?) for

iBv =Av—2Vv-VY +v:|VY|:2+Xe 27V |v|?v.

(AD, H. Weber)

» Extension to dimension 3 (local in time) by (Gubinelli,
Ugurcan, Zachhuber)

» It is also possible to study the equation on R? (AD, J.
Martin).

» It would be interesting to investigate scattering properties,
soliton behavior, blow-up ...



Thanks for your attention.



